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ABSTRACT. Proved is a theorem that allows to transfer Fourier multipliers from
the discrete to the continuous case in spaces more general than the Lebesgue
spaces, for instance the weighted Lorentz spaces.

1. INTRODUCTION AND STATEMENT OF THE RESULT

The essential aim of this note is to furnish a generalization of the following the-
orem proved by Igari.

Theorem ([6]). Let 1 < p < oo and assume that m is a bounded function on RY,
continuous except on a set of Lebesgue measure zero. If {m(en)} € My(Z<) for all
sufficiently small e > 0 and liminf, o+ ||m(en)||ar, ze) < 00, then m € M,(R?) and

lmlar, ey < UEIEéEme(W)HMP(Zd)-

This theorem is a well-known converse to a multiplier restriction result of de
Leeuw, [8]. Here, M,(Z?) and M,(R?) denote the spaces of LP-Fourier multipliers
on Z¢ and R?, respectively, and lmnllar,zey or [[mllar,®ey denote the multiplier
norms of m, or m, that is the norms of relevant operators associated to m, or m
that act on LP((—m,m)%) or LP(RY).

Igari’s result was generalized in several directions, cf. [7], [3], [1], [2], [5], mainly
to orthogonal expansions other than the trigonometric system. The generalization
we consider in this note deals back with Fourier multipliers but in the spaces more
general than the Lebesgue spaces LP. We tried to formulate this generalization in
an abstract, to some extent, form, but an immediate application of our main result,
Theorem 1.5, gives a transference result for Fourier multipliers in weighted Lorentz
spaces, cf. Section 3 for details. Due to this “abstract form” a straightforward
argument from the proof of the aforementioned Igari’s paper, [6], does not apply to
the present situation. More sophisticated argument from [7] does, however, the job.
We use it in the proof of our result.
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In the sequel we fix d € N and use a fairly standard notation. Thus: D = D(R?)
is the space of all O functions with compact support; given f € L*(R9), its Fourier
transform is defined by

flay=| fly)e ™ dy
]Rd

and its inverse transform by
. 1 )
= ) d .
f() 517 o f(y)e™ dy;

also, given f € L1(T9), its Fourier coefficients are defined by

R 1 .

k) = —— e v g kez?

(k) = g [ S0 . ,

and the Fourier series associated to f is the series
fla)~ Y fk)e™.
kezd

Throughout the paper we will consequently use the following convention: given an
object T on R, by T we will denote its “periodic” counterpart, i.e. a “corresponding”

object on T?. Thus, if M denotes the linear space of measurable functions on R?
(two functions are identified when they differ on a set of Lebesgue measure zero)

then M is the linear space of (equivalence classes of) measurable functions on T<.
The family of dilations dy, A > 0, on functions on R? is given by dx¢(z) = ¢(\x).
For functions ¢, b, we write (p, ) to denote the integral [, ¢(2)¢(x) dr whenever
it makes sense.

Definition 1.1. We call a quasi-normed space (X, || - ||x) admissible if

(a) X, as a subset, is contained in M;
(b) (X, - |lx) is 5-homogeneous in the sense that for every A > 0, 0 maps X
into X and

63 fllx =AM fllx,  A>0, feX,

for a homogeneity constant A € R;
(¢c) DCX.
We will consider a fixed family {h,},>1 of elements of D satisfying
(1) 0<h.<1, h.=1 on [-m,x]% supp b, C [-7 — 1/r,m+1/r]?
On the torus T¢ ~ [—m, 7)?, (with the usual identification of the boundary points)
we consider the space of all C*° functions, D = D(T?), which are identified with

27-periodic, C* functions on R¢ (27-periodicity means o(z + 27k) = ¢(z), x € R,
k= (kl,kg, .. .,kd) S Zd)

Definition 1.2. Given an admissible space (X, || - || x) we define (X, || - ll5) by
)Z':{géﬂzg:fxqrd foran f € X}

and
lgll g = nf{[|fllx : 9 = fxra}-
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It may be checked that X equipped with || - || ¢ becomes a quasi-normed space.
Moreover, D C X and
lgllz < llgllx
for any g € D with supp g C (—m, 7)<

Definition 1.3. Let (Y, - ||y) be an admissible space. We say (Y, || - |ly) satisfies

the property (W) provided that for every g € D and the family {h+}r>1 C D that
satisfies (1)

() lglly = tm [larglly-
where the last g is treated as a 2m-periodic function on R%. We say (Y, - |ly)

satisfies the property (Ws) provided that from every sequence {y;}jen C D, which is
uniformly bounded in Y, sup; ||ly;|ly < R < oo, one can choose a subsequence {yj;, }
and an element y € Y N LL _(R?) such that ||y|ly < R and, for every ¢ € D,

(W2) Jim {y;i, ) = (v, 9)-

Definition 1.4. Let (X, ||-||x) and (Y, ||-||y) be admissible spaces and assume D lies
densely in X. We call a bounded measurable function m(x) on R? an (X,Y)-Fourier
multiplier provided for every ¢ € D, (mp) €Y and

[(me) [y < Cllellx
with a constant C > 0 independent of ¢ € D. The least constant C for which
the above holds is then defined to be the multiplier norm of m(x) and is denoted
lm(z)||mue(x,y)- In the same way a bounded sequence {my}eza is called an (X,Y)-
Fourier multiplier provided for every ¢ € D

5k ikx
|5 ],

kezd

< Clleli%-

As before the least C' is then called the multiplier norm of my and is denoted
Hmk”mult()? Y):

Note that the last series is absolutely convergent for every € RY, defines an
element of D hence it also belongs to Y (let us agree to use spherical summation to
sum the above series and those that follow). Due to the assumption on the density
of D in X the operator ¢ — (me)”, initially defined on D, can be extended in a
unique way to a bounded operator from X to Y. The same remark applies to the
operator ¢ — S m(k)@(k)e *  initially defined on D provided D lies densely in X.

Theorem 1.5. Assume (X, ||-||x) and (Y,||-||y) are two admissible spaces with the
d-homogeneity constants A and B respectively, D lies densely in X, and a bounded
function m(x) on R?, continuous except on a set of Lebesque measure zero, is such
that for all sufficiently small e > 0 the sequence {m(ck)}peza is an (X,Y)-Fourier
multiplier and, moreover,

L = liminfeB~ Hm(sk)Hmult(X,y) < 00.

e—0+
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Assume, in addition, that'Y satisfies the properties (W1) and (W3). Then m(z) is
an (X,Y)-Fourier multiplier and ||m(z)||mu(x,v) < L.
2. PROOF OF THE THEOREM

Fix g € D and consider X\’s sufficiently large; in particular so large that d g € D.
Take the dilation d,¢g against the multiplier sequence {m(k/\)} and write

IS /g (k)™ g < 1/ N) e 2.5 1909 5
< Xm0/ N .7 9 x-
Since m(x) is bounded, |m(x)| < K, by Parseval’s identity,
1D mk/N)oag(k)e™ (| L2(pay < KA~ | gl L2gga)-
Letting to denote
Ga(x) =Y _m(k/\)org(k)e™
we rewrite the above as
IGA@Ilg < Xm0/ N s .7 9] x

and
IGA@) L2y < KXY gl p2(may.-

Since, by assumption, Y and, evidently, L?(R%) both satisfy (W), for every n > 0,
given A sufficiently large we can find r = r(A) > X such that

hrny(2)GA(2) [y < (1 +n0)IGAlls

and
73 (2)GA(@) | L2 ey < (1 +0)IIGallL2(ra)-
Consequently,
e (@)GA @)y < (L + A mk/ M) .5 19l x
and

1) (@) Ga(@) | L2y < (140 EX2||g]l L2 (ga),

and the dilation property next gives
1) @/ NG /M)y < (L 4+ mAE /M) e .5 1911 x

and

e (@/NGA(@ /M) || L2®ay < (14 0) K9]l L2Ra)-
Choosing a sequence 0 < A\; < A2 < ..., A\j — 00, such that

XA im0 e .7y < (L + D)L
and letting to denote
F)\j (x) = hr()\j)(x/)\j)GM (x/)\j)

allows to write
IFylly < (T+n)2Llgllx,  JEN,
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and
155l peeay < L+ ) K9l p2ray, 7 €N

In what follows, from a given sequence we will frequently choose a subsequence. To
avoid multiplication of subscripts let us agree to denote the resulting subsequence
in the same way as the sequence we started from. We believe this agreement will
not lead to a confusion.

Since Y satisfies (W) one can choose a subsequence of {\;} and an element
F €Y such that

(2) IFlly < (1+n)Lllgllx

and, for every ¢ € D,
(B0) = [ P (@ola) da = (F.o)

with j — oo. Next, by weak compactness of a ball of arbitrary radius in L?(R9),
from {A;} one can choose a subsequence and an element F, € L*(R?) such that
[Follz2(ray < (1+0)K|lg]l 2 (ray and, for every ¢ € L*(R?),

3) [ B @te)de = F)

with j — oo. From the above it follows that F' = F, € L?(R%). Relying solely on
(3), the weak convergence of Fy, to F, in L?(R?), we will now show that

(4) Fo = (mg)”.

This, the fact that F' = F, and arbitrariness of > 0 in (2) then show
[(mg)°lly < Lllgllx

and finish the proof of the theorem.

Let’s start proving (4). For any given N = 1,2, ... we will use the decomposition
()

Fx(@) = hoga( x/A( >+ D ) (k/Norg(k)e /> = FN () + RY (x),

[K|SN[A] - [k[>N[A]

where |k| = (k% 4+ -+ k2)'/2 and [-] denotes the greatest integer function. We start
with estimating |\R§\V|\L2(Rd). Applying the identity

ag(k) = —(\/[k)*(Gr(Ag))(k),
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where A denotes the Laplacean on R?, and using Parseval’s identity, gives
2

[RN@Pde = [ hao@/n?| 3D mlk/ g de
R R Ik|>N[A]
2
= [ @ | Y /S| dy
R Ik|>N[A]
o 2
< (33)° / mk/Noag(R)e™| dy
']I‘d

[k|>N[A]
< K2BNY@2n)? Y [Gg(k)?

|k[>N[A]
2 d
< BBV (9myt 37 r (20 2
re2a keZ

A

< WHAQHLz(Rdy
Hence, we conclude that
(6) IR | L2may = O(N2),

uniformly in A — oo. By invoking the diagonal argument we can find a subsequence
of {);} such that for every N € N, {Rﬁ\vj } is weakly convergent to a function RY in
L?(RY). Clearly, | RN | 12ray = O(N~2), hence, for an increasing sequence { Ny, }nen
of positive integers, {R"}, e converges to zero a.e. on R?. By defining FN» =
F,— RN» n € N, it is clear that F)]\\j’ — FNn weakly in L?(R%) for every n € N.
Moreover, {FN"}neN converges to F, a.e. on R%. In a moment we will check that
™) tim P (@) = @20 [ ml)g)e dy
Iz Iyl <Nn
for every x € RY. Having this, first note, that for fixed n € N the sequence {F;\\J” }ien

is uniformly bounded on R¢:

@<y Y kA< S S (k)

I kIS NalA)) T kIS Na M)

CK -2 d—2
<2 Y. kTP oNTE

7 kI<NaA]

Therefore, when integrating the sequence {F){\Jf " }jen over any rectangle P = [ry, s1] x
- X [ra, s4], —00 < 1; < s; < 00, using the Lebesgue dominated convergence
theorem is possible. On the other hand, by weak convergence in L?(R%),

/F;\Y“(x)dx—»/ FNo(z)de,
p P
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when j — oco. This, combined with (7), shows that for a.e. z € R?
FY@) =0 [ ma)e dy
lyl|<Nn

and letting n — oo, (4) will then follow. Consequently, the proof of Theorem 1.5
will be finished.
We now return to (7). Fix N € N and # € R?. For large )

FY@) = —— 3 mlk/ N/ N

d
CLENb

tends with A — oo to (2m)~¢ f\lyH<N m(y)g(y)e'™¥ dy since, by assumption made

on m(y), the function under the last integral is Riemann integrable on the region
{yeR?: [lyll < N}

3. EXAMPLES AND COMMENTS

Let m§ denote the distribution function of an f € M with respect to the measure
dpie(x) = ||z||* dz (dz means the Lebesgue measure on R?),

m?(t):,ua({xéRd: |f(z)| > t}), t>0.

It is easily seen that the weighted Lorentz spaces L2:4(R9), 0 < p < o0, 0 < g < oo,
« > —d, that consist of those f € M for which the quantity

1

{ (fo [ l/p]th) /q7 q < 00,

P
SUPp<t<oo [tmf( )l/p]7 q = 00,

is finite, is an admissible space with the homogeneity constant —(d+a)/p. Moreover,
LP9(RY) satisfies the (W;) property, D is dense in LE9(RY) if ¢ < oo, and, when
1 <p<oo, 1< q< oo, LPY(RY) satisfies the (W2) property. The last statement
is easily explained by the fact that the quasi-norm || - ||p,¢e is then equivalent to
a norm and with this norm L29(R?) becomes a reflexive Banach space (with the
above assumptions on p and ¢, the dual space to L24(R%) can be identified with
Lf;@q/ (RY), p' =p/(p—1), ¢ = q/(¢—1)). Needless to say, that if X = L2:¢(R%) then
X = LP9(T?%) and || - || 5 coincides with the usual quasi-norm on L%7(T%) given now
in terms of

/]

m(t) = fia({z € T : |f(2)] > t}).
The result from the proposition that follows (under stronger assumptions and with
additional restrictions) has been used in an outline of proof of a result stated in
p.267 of [4]. In the case of 1 < ps < 00, 1 < g2 < oo the proposition is a direct
consequence of Theorem 1.5. Since the (unweighted) weak-LP case, that is the case
of LP>*>° 1 < py < 00, is important for possible applications, we decided to include
it into consideration.

Proposition 3.1. Let m(z) be a bounded function on RY, continuous except on
a set of Lebesque measure zero. Let 0 < p1 < o0, 0 < ¢1 < o0, « > —d and
either 1 < po < 0 and 1 < g < 00 ora =0, 1 < py < 00 and ¢ = 0.
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Assume further that for all sufficiently small € > 0 the sequence {m(ck)}peza is an
(LPra (T4, LP2:92 (T4))-Fourier multiplier and, moreover,

L =lim infg(dJ”")(l/prl/pz)Hm(sk)Hmult < 0.

e—0
Then m(x) is an (LEY@ (R®), LP2:92(R4))-Fourier multiplier and ||m(z)||mus < L.

Proof. Consider the additional case 1 < py < 0o and g3 = co. The idea of proof that
follows belongs to Connett and Schwartz and the proof itself can be easily read off
from their paper [3], cf. also [1]. We include it here only for a sake of completeness.
Let us also add that using the (W3) property is now simply replaced by applying
Fatou’s lemma. To simplify the notation, in what follows we write p (the Lebesgue
measure) in place of p9o and LP9 in place of LE“.

Fix g € D and t > 0. By assumption, for \’s sufficiently large,

tu({o € T[> m(k/Norg(k)e™| > 1)1/72 < [lm(k/N) el |5xgl| s ey
< AP m(k/ ) e 91| o1 o ety
This gives
tu({e € T |Fa()] > )7 < A=Y OP =182 e/ ) e g o sy

where
Fy(x) = xpa(2/A) ) m(k/N)org(k)e™ /.
We now choose a sequence 0 < A\; < Ag < ..., A; — 00, and a function F, € L?(R%)
such that
(8) tu({z € R« |Fy,(2)] > th'/7 < (L +1/)ll9ll Lorar ey

and {F), }jen converges weakly to F, € L?(R%). The argument for the proof that
F, = (mg) is the same as in the proof of (4) in Section 2. Thus, it remains only to
check that

(9) tu({z € RY : |Fo(2)] > t1)!/72 < Lllgll 11 ma)-

We will use again the decomposition F(z) = F{¥ (x)+ RY (z) from the proof of The-
orem 1.5, cf. Section 2. Arguing as before we have to our disposal a subsequence of
{Aj}nen (let us recall that the agreement concerning avoiding multiplication of sub-
scripts is still valid!), an increasing sequence {NN,, } ,en of positive integers, functions
FNn ¢ L2(R?) and the decomposition

Fy,(x) = FYY(z) + RY (x)

J

that satisfy:

o FN» converges to F, a.e., n — 00;
e foreveryn=1,2,..., F;\Y“ converges to F¥» a.e., j — oo;
J

. HRi\;"HLz(Rd) = O(N,; %), uniformly in j =1,2,... .

n
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We use the above properties to show (9). Fix n > 0. Fatou’s lemma then gives
p({|Fo(@)] > t1)/P2 < liminf p({|FN ()] > t})!/72.
Hence, for a subsequence of {N,},

(10) p({|Fo(a)] > )P < p({|FN ()] > £1)V/P2 + .
Fixn =1,2,... . Fatou’s lemma again gives

p{ | EN ()] > th) 1P < 1iJIgglfu({lF§Z"(x)l >t}

Hence, for a subsequence of {\;},
(1) {1 (@) > Y7 < u({IFN @)] > )7 4,

By invoking the diagonal argument, we can assume that (11) holds for every n, j € N.
Combining (10) and (11) then gives

(12) p{[Fo(@)] > )72 < p({| P ()] > t1)1/P2 + 2.
We now have
pUIEL (@) > )7 = p({[Fx, (z) — RY" ()] > £})1/P
(13) < p({|Fr; (@)] > 61 = D)YP2 4+ p({ IR (2)] > tn}) /P2
By Chebyshev’s inequality

(I RY (@) > t}) < | RY™ 2 gy / (00)

Hence p({|Ry(x)| > tn}) can be made arbitrarily small for sufficiently large n,
uniformly in j =1,2,... . Let

(14) p({IRY (@) > ty}) /72 <
forn > mn, and j =1,2,... . Combining (12), (13) and (14) now gives

P Fo(@)] > )72 < p({| P, ()] > t(1 = m)})'/P* + 3.
By using arbitrariness of n and (8) and letting j — oo shows (9) and finishes the
proof of Proposition 3.1. ]
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