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OIr Introd úctíon and Motivation

. §1. A positi ve view ~f antinonlleS. '

Russell's discovery in ' 190i of the antinomy ' of -the .set óf all sets which are not -

-.mernbers óf themselves prcmpted -a -profound.an d widespread examinatie n of the fou ndatíons .

~f ~athemati.~s for omanY " ~e~ci' to ~;~e.l ' 'No 'other discovery has shaken math:ematics and

logic more deeply than Russell's antinomy, which carne just when set theory was beginning

to be widely acce pted after years of rejection. Frorn that tim e on antin omies have been treated

se riously - to be avoided, to be sure, but neverth eless constituting a stimulating logical

phenomenon at the very heart of mathematical reasoning.

The next natural step was the acceptance of antinornies in their own right. For this to

occur, the basic logical assumptions had to be changed; this was accomplished in various

inge nious ways , setting aside in the process the many ac robatic piroue ttes that logic had been

required to perform in order to jump over antinomies wi tho ut trip ping,

Underlying this acceptance is the belief that there is sornething intrinsically valuable

in antinomies. Evolving from being merely a strong moti vatin g force for deep analysis of the

foundations of mathem atics, antinom ies now became a sig nificant center of attention in
. .

thernse lves, a positive part of reason with their own legitim acy. This legitimacy arises from

the fac t that , althou gh not always so, our thought processes are often antinomic, which in tum

reflects the parallel fact that reality itsel f ís often a:ntinomic - hence why not logie and

mathematies?

What began as a few timid investigations today has pro liferated into a vast variety of

logieal approaehes. different in point of view and method but all sharing in eommon the
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objective of using antinomies positively as valuable, intelligible, and rational parts of the

logical díscourse .'

The many antinomic logics now in existence prove beyond question the feasibility of

the formal incorporation of antinomicity as an extension of rationality. What is still missing,

though, are the strictly mathematical applications of this logical approach . In order to obtain

acceptance of antinomic logic as more than a curiosity, new and effective mathematical

structures must be developed - as happened with nonstandard models, in the limbo of curiosa

before A. Robinson put them to good use. The present work is an attempt to break ground

in mathematics proper, armed with the accepting view just described. Specifically, we shall

examine various versions of antinomic set theory, in particular the axiom of choice, keeping

the presentation as intuitive as possible, more in the manner of a nineteenth century paper than

as a thoroughly formalized system. The reason for such a presentation is the conviction that

at this point it should be the mathematics that eventually determines the logic, rather than the

other way around. .·

§2. Sorne antecedents of this view.

Kant was the first modern thinker to make the point that antinomies are not to be

"solved" but accepted as .constructive rational elements. In his Critique of Pure Reason he

presents them not only as a reflection of the nature of the mind but also as a force to awake

reason from its consuetudinal state of slumber.

Cantor was the first mathematician to acknowledge the presence of inconsistencies in

set theory but he left them alone , only mentioning them casually in a letter published for the

first time in 1932. He said: "For a multiplicity can be such that the assumption that all of its

elements 'are together' leads 10 a contradiction, so that it is impossible to conceive of the

multiplicity as a unity, as 'one finished thing.' Such multiplicities I call absolutely infinite or

inconsistent multiplicities." Also, "Two equivalent multip1icities either are both 'sets' or are

both inconsistent. " 3 Further, Cantor was not particularly upset by Russell's discovery (as Frege

was), having himself discovered in 1895 the "paradox of the largest cardinal number .'

Although a Platonist and therefore a believer in the reality of correct mathematical

propositions, Godel admitted "the amazing fact that our logical intuitions (i.e., intuitions

conceming such notions as truth , concept, being , class , etc.) are self-contradictory." He added

that it is "not self-contradictory that a proper part should be identical (not merely equal) 10 the

6



7

§3. Prelogical antinomies.

§ 4. Truth-and-falsity not a third logical value,

11. Lógic for Antinomies

Sometimes truth is simple and so is falsity, but at other times we hit upon the true by

way of the false in a way that makes the false a necessary component of the true. To see the

true in the true-and-false as different from the true in truth alone is not an accurate conception

of antinomicity. To fit the facts , the logic of antinomicity should not be conceived as a

three-valued logic but as a comple x two-valued one in which truth valuations are not functions

but rather one-to-one or one-to-two correspondences between sentences and the unordered pair

{T,F} . That is. sorne valuations assign to a sentence A the value T, to a sentence B the value

F, and to a sentence e both values T and F.

Before the antinomies of simultaneous truth and falsity, we have the antinomies of

sense and nonsense - Zeno's parado x being-one such prelogical antinomy. And, before the

latter, we still have concrete apophantic antinomies, i.e., factual antinomies in which two

opposite qualities are displayed simultaneously in the same given entity or event; for example,

when something is both plural and unitary, or when a movement both helps and hinders

reaching an objective , etc. However, even though an antinomic logic can be based on an

antinomic semantics of sense and nonsense , so too can such semantics be based on the

phenomenological apophantic description of a contradictory reality. We shall put aside these

last two important prelogical areas, for they must be treated at length elsewhere. Here, we

shall deal only with the true-and-false kind of antinomy , treating it as the absolute beginning.

We must always keep in mind, however, that any talk of difference in identity - say, of

something being simultaneously the same and different, which occurs naturally and correctly

in ordinary language - already involves antinomic thinking and points implicitly to the

coexisten ce of truth and falsity.

whole, ... and it is easily seen that there exist also structures containing intinitely many

different parts, each containing the whole structure as a parto,,5 "Furthermore, there exíst

sentences referring to a totality of sentences to which they themselves belong. ,,6



§ 5. Assertion and negation independent of truth and falsity.

As mentioned, there are aIready many antinomic logics in the literature, with more to

come. The logic outlined here is clearly not the only possible one. In accordance with the

comment at the end of §1 to the effect that we-do not want to reflect prejudice towards any

of the new directions that will arise from mathematical applications , we shall set here only a

minimum list of conditions that are indispensable for our own objectives, leaving the rest

indefinite. It should be obvious, for example, that reduction to the absurd as a method of

proof cannot be allowed if one is to avoid the derivability of every well-formed formula from

a single contradiction, i.e., a fall into absolute inconsistency.

It is indeed extraordinary that even the most sophisticated definitions of truth and

falsity, as well as those of assertion and negation, rely on one another in a blatant vicious

circle. Thus, for example, the truth of an atomic predicate formula is defined in accordance

with the interpreted terms of the formula belonging or not belonging to the set-theoretic

relation that interprets the predicate, a metalinguistic definition that leans on negation and set

theory as much as it does on the law of excluded middle - the n-tuple of terms <tw"'l:u> in

P<!¡,...,r.,) is a member of the relation R that interprets the n-ary predicate P, or it is not, one

or the other, with no third alternative possible. In turn, the semantic definition of negation

is given in terms of truth values as follows: If a sentence A is true, its negation lA is false,

and if A is false, then lA is true. This definition is taken to be the last word on the matter,

and is uncritically used whenever negation is used (except that within many-valued logics ­

which lie beyond our scope - a different approach to negation is considered) . In the classical

propositional calculus, then, given a sentence A and a structure g that interprets the language

in which the sentence is formed, the sentence is either simply true or simply false: in symbols,

",A or not-e-A, but not both. Further, syntactically only A or lA are provable; again, no third

alternative is allowed.

Here, however, negation wiU be looked at differently, accepti,ng the principle that

negation is not a logical operation definable in terms of truth and falsity, but that its meaning ,

in effect, stands prior and beyond whatever any truth table rule can provide. Russell has

already observed that there is something primitive and peculiarly irreducible in the notion of

negation that escapes the truth-table approach: he believed in the necessity of sorne "negative

basic propositions" side by side with the positive ones" - fundamental propositions, atomic

in their own way. This belief, followed systematically, sets negation apart from the other
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As for the truth of a sentence A. we can simply say - also informally - that A is the

case in a given context Now, A can be fully the case - simply true - or onl y partly the

case - true-and-false. Further, A is simply false if the context fully opposes A. and neither

true nor fal se if the context is full y irrelevant to A. This is all we shall say here to make

understandable our having four possible truth valuations (T, F, T&F, neither T nor F) for a

given sentence, plus four truth valuations for its negation. Note. again , that negation does not

determine truth and falsity but is given either a single value , two values, or none, regardless

connectives - which is precisely the objective of this section. Our reasoning , however, arises

fro m the antinomic approach, that is, by the acceptance of the fact that there are cases in

which one can see con tradictions in a negation - that lA is true-and-false - and hence, that

truth is not necessarily simply the negation of a falsity . Or even more strikingly, we come

to the same reasoning by recognizing the existence of cases in which a negation is neither true

nor false o Antinomies, which themselves do nor necessarily depend on negation, force upon

us the inevitable conclusion that truth and falsity must be divorced from asserti on and

negation, that lA may be simply true, simply false otrue and falseoor neither true nor falseo

To make all this intuitive let us say informally that the negation of a sentence A refers

to all assertions A¡ that are in opposition or disagreement with A. Negation, therefore, is a

form of indirect assertion; as such, it can be characterized as a mapping on the class S of all

well-formed sentences of a given language 51' into the power ser of S as.follows: lA={A¡: iEl}

where the indexed A¡'s (a finite or infmite family) are all the assertions in 51' which stand in

opposition to A. If, for example, we consider A to be the sentence "four is even ," there is of

course only one sentence in opposition to A: "four is odd,' hence , the semantic meaning of

the expression lA is in this case the singleton {"four is odd"}. In fuzz y set theory on the

other hand , if A stands for aE ab. (a is a member of b with probability zero), then lA is the

uncountable set of sente nces {aE,b: where r is a real number such that O<r~l} . It has been

suggested that lA means to assert the disjunction A¡vAzv ...vA. of a fmite sequence of

sentences in opposition to A. Apart from the A¡'s possibly being infinite in number as in the

last example, this interpretation of negation would subject it to the truth-table definition of

disjunction. Since we want to have negation fully independent of all other connectives,' we

shall adhere to the "neutral" set-theoretic characterization given abo ye - not a definition

proper but an informal intuitive one similar to Cantor's characterization of a set as "a

multiplicity taken as a unit," (which, incidentally, was Kant 's characterization of a totality ).



of the truth values for the corresponding assertion. In other words, each of the four cases for

A branches out into four additional cases for lA: negation extends assertion, does not exclude

it. Needless to say, we shall malee room for the preservation of the standard two-value

situation of ordinary sentences, i.e., "two is even" is to remain true and "two is not even"

false, etc. Whether the expression above, "to be the case, " is an assumption or is to be

determined by an effective rule whenever possible depends on mathematical considerations

that cannot be established in advance.

Now, a theory can be considered complete in two metalinguistic senses: (i) every

sentence A is tautologically true or logically valid if and only if it is provable from the

theory's axiorns: in symbols, ..A iff I-A (completeness theorem) and (ii ) given a sentence A in

a theory Yo either A is a theorem or lA is: I-A or I-lA (definition of complete theory).

Classically, the metatheorem "(i) implies (ii)" is proved by metalinguistic contraposition and

the law of excluded middle. That is, if (ii) fails there is a sentence A which is neither

provable nor refutable, but A must be true or false according to the law of excluded middle­

that tells us ..A or "lA, which contradicts (i). The metatheorem "(ii ) implies (i)" is proved

in a similar way by contraposition and contradiction. In contrast, an antinomic logic sets aside

proofs by contradiction and the laws of contraposition and excluded middle (although fue latter

will be acceptable for metalinguistic statements, as will be made clear below). Hence, (i) and

(ii) are to be considered simply hypotheses independent of one another. All this means that

while I-Aand I-lA are both possible simultaneously, if ..A is the case, not- ..A cannot also be

the case; although A can be true and false, not- ..A (A is not true) is not synonymous with

falseo The metalinguistic contradiction ..A and not- ..A is not allowed: contradictions belong

to the object language. Furthermore, (i) applies to true formulas but says nothing about false

ones: a false formula may be provable or not, even if (i) is assumed. Also, the law of

excluded middle does not extend to the metalinguistic staternent "..A or "lA ," for neither ..A

nor "lA may be the case if both A and lA are simply false, say; on the other hand, ..A and

"lA may also be compatible . Finally, not-..A and not-"lA may both be the case

simultaneously (again, keep in mind that not- ..A is not the same as A is false).

Metalinguistically, then, negation preserves some of the characteristics of its classical

use; for example, as already indicated, no metalinguistic assertion or negation is both true and

not true. and it must be either one or the other. The metalinguistic "not," then, abides by

no-contradíction and excluded middle. in contrast to the object-Ianguage negation "l" which
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For A faIse ler us use the symbol EA, given that falsity, just as negation, will have a

positive meaning here, not a negative one: A faIse may mean A holds in a differen t conte xt,

or in the same context relative to a different rule than the one that makes A hold, if the latter

is indeed the case. This is patently clear in model theory, where the truth of a sentence is a

function of the domain of interpretation (the unive rse of discourse or context of the mornent)

and the specific rules attached to that interpretation. This relativity of truth and faIsity will

be expanded: not onIy will there be no absolute truth and no absolute faIsity but aIso truth and

falsity will not be truth vaIues rigidly connected to one another.

Metamathernatically, then , although simultaneously we can have ",A and EA, we cannot

have EA and not-sa, and at most we can have one or the other; nor can we have I=)\. and

not-I=)\., but at most only one or the other. The metalinguistic rule of excluded middle which

applies to "not" does not, however, extend to the following: ",A or EA, EA or I=)\. (A and )\.

may both be not false), not-",A or not-EA (A may be true and false). The following are

possible though: (i) EA and I=)\., (ii) not-",A and I=)\. , and (iii) ",A and not-I=)\. . Sirnilarly, we

cannot have I-A and nor- i-A, or I-)\. and not-l-)\.. Nor is it the case that if I-A then not-l-)\.,

or that if I-)\., then not- i-A. (Incidentally, were we to have severa! truth values ti' t2, •• • , tm,

and severaI faIse vaIues 11,f2' ... .t; using them to distinguish "'tiA,..., "'mr'1, !=nA, ..., !=J , the

metalinguistic law of excluded middle would extend in the sense that "',¡A or not- o=,¡A but not

both, and either I=¡¡A or not-q..A but not both).

will not satisfy either. However, the laws of contraposition and double negation (in both

directions) and the proofs by contradiction will not be valid in ei ther the metalanguage or the

object-language of our antinomic logic. These proof-theoretic lirnitations have been adopted

to broaden negation's mean ing and are nor more restrictive than those of intuitionisrn, which

rejects the laws and proof method just mentioned , except for A::::;.l)\. and (A::::;.B)::::;.(jB::::;.)\.).

In addition , antinomic logics are for the most pan nonconstructive and are therefore in a

stronger proof-theoretic position than intuitionism to find deducti ve replacements for the laws

and proof method in question . For example, we shall assume completeness in the sense of

(i), i.e.• ",A iff f-A; thus , the proof of the semantic truth of A will automaticaIly entail A's

syntactic provability. In addition, the systems to be proposed can be extended to complete

extensions in the sense that for every sentence A either f-A , or f-)\., or both, extensions in

which because of (i), either ",A, or "')\., or both must be the case respectively. (Once more,

note that " f-A and f-)\." does not imply "",A and not-s-A" but merely "",A and "')\." as stated.)
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§6. Truth tables for the positive fragment of logíc, and other assumptions.

The following example shows how these tables were generated for the antinomic cases.

If classically A is either true or false and B is true. then the compound statementA~B is true

for both cases; hence, if A is antinomíc (T&F) and B true,A~B is true. If A is antinomic and

B is falseoA~B is antinomic since it is false if A is true-, and true if A is falseo If A is false,

F T &F

T T &F

F T &F

FF

T T

A~B

\ B T
A \

T &F T &F T &F T &F

A~B

T T F T&F

F T T T

\ B T F T&F
A \

T &F T T&F T&F

F T&FF T

T T T T

Av B

\ B T F T&F
A \

T &F T T &F T &F

F F FF

T T F T&F

i lAB

\ B T F T&F
A\

T&F _&F F T&F

Having made the point that antinomicity is better off with 'a revised negation that

makes it a nonexclusive operation independent of any truth table, we must now tum to the

remaining connectives of the propositional calculus - the positive fragment - as well as to

the definitions of truth , of an antinomic model for the predicate calculus, and of first-order

theories. We shall adopt the following tables for the four positive connectives.

We shall emphasize that, although a sentence in a given language is designated as true

or falseo or both, or neither, in accordance with context and interpretation, these designations

need not be understood in set-theoretic terroso An explicit assumption, or a constructive or

nonconstructive rule is indispensable of course, but assumptions and rules can be presented

in many forros that are decidedly independent of set theory. Also, whereas in the classical

propositional calculus the cIass of allthe negations of tautologies is a disjoint mirror image

of the class of tautologies, here - with the broader rneaning of negation - the two classes

intersect and in the class of tautologies we shall find both propositions and their negations.

Finally, antinomic logic makes room for an included middle, which intuitionism will

abhor. In antinomic logic if A and lA are both simply false, and AvlA is also simply false,

the latter may not exclude a tertium datur, say l lA, which is a consequence of the fact that

true and not-true, false and not-false, are metalinguistic assessments - and compatible ones

at that. In other words, AvlA is neither a tautology nor a contradictory statement (always

false). It is a contingent statement, true or false as the case may be. Metamathematically,"

even both not-I=AvlA and not- l=l (AvlA) are contingento



the truth value of B is irrelevant, A~B is therefore true: hence, if A is false and B antinomic,

A~B is true. These tables are the same as those proposed in a previous paper,"

As for the syntax, we shall keep the two positive propositional axiom schemes given

in Mendelson": (i) A~(B~A ) and (ii) (A~(B~C»~«A~B)~(A~C», dropping the axiom

scheme (iii) (]B~14)~«(]B~A)~B), the last being the only propositional axiom scheme

involving negation. We shall also keep A,A~BI-B (modus ponens ), applicable exclusively to

positive statements, that is, staternents in which "1" does not occur at al!.

Let us call positive tautology any positive propositional statement that is either true or

antinomic by construction as determined by the aboye truth tables. In tum, let us call negative

tautology any propositional staternent that involves at least one occurrence of negation and that

is either true or antinomic by specific designation, whatever the truth values of all the positive

statements involved. Schemes (i) and (ii) and modus ponens generate positive tautologies

only, i.e., I-A implies I=A, understanding I=A to mean A is true or true-and-false.

We shall assume the completeness theorem as a rneta-axiom for the propositional

calculus, í.e., we now add I-A if and only if I=A for all well-formed statements, positive or

negative. As a consequence, a negative statement automatically becomes a syntactic axiom

whenever it is declared true or antinomic by specific designation, i.e., by an ad hoc

assumption or rule. since no truth table or general axiom scheme regulates negation. In this

manner, we are able to move freely not only from syntax lO semantics but also from semantics

to syntax.

For the predicate calculus, the usual notion of interpretation is to be expanded as

follows. Given a domain of interpretation or universe D (a set-theoretic particularization of

the broader concept of context), each predicate P of a formal language g is associated not only

with one but with four relations RI, R2, R3, R4 such that if Pis an n-ary predicate, the relations

R¡ (i=1,2,3.4) are all n-ary, and each is a subset of the Cartesian product D". In addition,

formal terms ti' t2•••• are interpreted in the domain D by specific individuals of D in the usual

way. The interpreted terrns will be denoted by t ¡,t¡ ,..., etc. Now to the defmitions of truth ,

falsity. and negation in a given interpretation fI with domain D:

Definition l . PÚl'...,t,) is true in fI iff <ti" '" t,,>E R¡; in symbols: I=.;PÚ¡....,t,) .

Definition 2. PÚ¡,...,t,) is false in fI iff <tI....' t,,>ER2; in symbols 1=.1PÚ¡,...,t,).

13



10. R)uR.cU; for sorne n-tupl es <11" " ,1,>. l Pú¡,....1,) is neither true nor falseo

Having considered the atomic predicate formulas. we can now use Definitions 1 and

2 to extend the notion of satisfiability to all positive well-formed formulas.

14

Definition 5. A(x l , ... , X¡,) is a well-formed positive predicate formula iff it is formed in

accordance with th,e usual rules of formation and neither "l" nor the existential quantifier "::Ix;"

occur in the formula.

2. R1uR2cU: for sorne n-tupl es <tI ' .. . • (D>' PÚI , ..••1,) is neither true nor falseo

As these examples show, there is no truth and falsity in the abstract but only in

reference to a specific interpretation: R¡ to R. and their set-theoretíc relationships can be

assigned to P very differently in diffe rent domains.

6. R)'(;;,R2: if lPúI , .....1,) is true, PÚ¡,...,!,.) is false, the converse is not necessarily

the case.

5. R2'(;;,R3: if PÚI , •• •,1,) is falseo lPÚI" "'1,) is true. the converse is not necessarily

the case.

The set-theoretic relations R¡ are not fixed beforehand: they can be pairwise disjoint,

intersect, be included one in another, etc. Thu s we can have the following cases for a given

predicate P.
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Here, then, asse rted form ulas involving existential quantification wilI each have the

sta tus of a proper axiom. Only the positive fragment of the antinomic predicate calculus wiU

retain its cIassical deductive generality, it being understood that "true " in Definition 6 aboye

incIudes the case in which a positive well -forrned form ula is both true and false.

Definition 6. A well-formed positive predicare formula A(x¡....•t n) is satisfiable in a

given interpretation ,1 iff for sorne n-tuple <t ¡,...,t.>. A(x¡.....x,,) meets the usual defin ition of

satisfiability. T hen, A(x¡,...,xn) ís true in ,1 iff it is satisfied by all n-tuples in !l. and logically

valid iff it is true in al! interpretations,

As with the truth of negation in the prop ositional calculus, expre ssions invo lving

nega tion and the existential quantifier are to be cons idered satisfiable, true, or logical ly valid

in an ad hoc manner. Althou gh much of the meaning of cIassica l existential quantification

is meant to be retained, the usual defin ition "3xACt) stands for 1Vx 14(x)" does not hold in

this work, that is, 3x is to be taken as a prim itive operator, The usual rela tion berween

universal and exis tential quanti fication "V xA(x) ~ 3xA(x) ," which is intui tionistically

acce ptable, wilI be the case here occasionally but not always. It is possible to have o=VxA(x)

and 0=13xA(x) . Since intuitio nistical ly VxA(x) must be construc tively detennined, it stan ds to

reaso n that 3xA(x) follows, i.e., that what is true for all must be true for sorne. But if

nonconstructive methods are accepted (excIuded middle, axiom of choice , and the like),

V xA(x) may be dedu cible without our having any method to find an x such that A(x). thus

opening the possibility that no such x exis ts.

Further, since we do not have the cIassical satisfiability rules for existential

quantificati on, it is poss ible to have o=3xA (x) and o=l :JxA (x): an x that satisfies A(x) may exist

and not exist. For exa rnple, to say that a function f ma pping the set A onto the set B in a

one-to-one manner exists means: for every aEA there is a unique bEB such that (a.b)Ef Yet ,

if there is an aEA such that not only (a,b)Ef but also l (a,b)Ef , then we must concIude that

f simultaneously exists and does not exi st, and that the image f(a) of a exists and does not

exis t ar the sarne time. Th e exis tence or not off means, precisely, the membership or not of

the appropriate ordered pairs (a,b) to f In general, V xA(x) may be true in an abstract sense

without having any concre te individual x satisfying A(x); in these cases , l :JxA(x) is asse rted

- a possibili ty that is not counterintuitive but rather is the natural resuIt of the acceptance of

nonconstructive methods,



Definition 7. The model for a well-formed predicate formula A is any interpretation

.ff in which A is true or antinomic according to the following. (i) If A is positive, A is true in

an interpretation .ff iff A fulfills-in off the usual definition of truth restricted to such positive

formulas; note that A may also be false , i.e., antinomic. (ii) If A is negative then A is

asserted as true, antinomic, or logically valid by specific designation." Note that for both the

positive and negative formulas we can have A (i) antinomic for sorne valuations in the given

interpretation off ; (ii) antinomic for all valuations in off : in other words, true and false in off or

fully antinomic in off ; (iii ) false for sorne valuations in off ; (iv) false for all valuations in #;

lv) logically false, Le.. false in all interpretations, a notion that is independent of negation

since, again, false is not necessarily "not true": and (vi) logically antinomic, i.e., fully

antinomic (true and false) in all interpretations.

As for syntax, the axioms for the positive fragment of the predicate calculus are the

same classical positive axiom schemes:

(i) 'v'xA(x)=>A (t), with t a term free for x in A(x).

(ii )'v'x(A=>B )=>(A=>'v'xB ), with A having no free occurrence of x.

No axiom scheme for negative formulas will be added: negative formulas will be

asserted as needed, not inferred, much as one chooses proper axioms for a given first-order

theory.

In addition, let us postulare the rule of inference of generalization, from A, 'v'xA

follows: in symbols, Af.·'v'xA, where A is a positive well-formed formula (only positive

formulas can be inferred).

An altemative way to define a positive predicate logic would be to retain /\ , v, =>,~,

but substitute the universal quantifier with the existential one. Whereas the positive logic with

'v'x exclusively is a logic of generalities, the positive logic with :3x exclusively is a logic of

particular cases. In the latter, the axiom schemes would be different, including, for example,

A (x)=>:3xA(x) ; also, the rule of generalization would be replaced by the introduction of the

existential quantifier as follows: if B does not contain x free, then A(x)=>BI-:3xA(x)=>B. The

positive predicate logic thus obtained would be different from the previous one, of course, and

the negative formulas would be those in which "1" or "'v'x" occur. Once more, the negative

fragment of this predicate calculus would share sorne of the characteristics of a first-order
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theory, with any asserted negative formula having the status of an ad-hoc axiom. These

axioms would be all the negative theorems since, again. we would have no rule of inference

for negative formulas, a situation that is similar to the way in which one defines a complete

theory by postulating as axioms all the well-formed formulas true in a given model.

Whether one selects Vx or 3x as the positive quantifier , neither one can be defined in

terms of the other and negation in the usual way. We have already made the point that, with

Vx as the positive quantifier, we cannot automaticall y transfer the validity of a property for

a whole class of individuals to the validity of that property for a single specific individual.

In the second case. with 3x as the positive quantifier. it is possible to have >= 3xA(x) and

>= Vx 14(x), that is, local validity does not necessarily have any of the usual consequences for

global validity. Here, we shall stay with the first case. Le.. with Vx as positive, and add the

completeness theorem of the predicate calculus as a meta-axiom for all well-formed formulas,

positive and negative. Thus A is logically valid if and only if it is a theorem, >=A iff r-A . As

a resulto a negative formula that is true or antinomic in all interpretations is automatically an

axiom of the predicate calculus. For the negative fragment of the predicate calculus , then,

semantics fully determines the syntax; the positive fragment remains close to the classical

two-way form of completeness (allowing, of course, for the possibility of true formulas that

are also false).

Let us pause now to elaborate on the meaning of the existential quantifier in the

context of this antinomic logic. Informally, we shall characterize the existential quantification

3xP(x) not as the disjunction P(x¡ )v P(x.;)v ... v P(xk) (extendable ro an infinite number of

disjuncts), nor as the class {x ¡:P(x¡)} of all individuals X¡ for which P(x¡) holds, but as one

single individual choice from the collection of all individuals satisfying P(x): in symbols.

u P(x) , extending the meaning of the iota symbol (introduced by Russell for the description

of individuals) frorn referring only te the unique x such that p(X)1l to referring to a

nonspecified individual chosen from {x¡:P(x¡) }. Having put aside the usual definition "3P(x)

stands for lVxlP(x)" allows us te map the well-formed formula 3xP(x) into one single

individual as the formula 's meaning (if no x satisfies P(x) in a given interpretation , uP(x) is

the ernpty set). AII this is similar to the above mentioned informal characterization of set

given by Cantor; i.e., it is intended to provide an intuitive justification for the cleavage we

have drawn between Vx and 3x. Note that since >=VxP(x) and not - >=3xP (x) are simultaneously

possible, a property can be generally true without being true specifically : >=VxP(x) is
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compatible with not being able to find an individual value a for ~ such that =P(a). Let us

look at an example of this situation, still informally.

Let C(x) be a function that determines the cardinality of a set x. that is, a set Ix I that

can be defined with or without the axiom of choice. Let E Y indicate that x can be mapped

in a one-to-one manner onto y . We shal l ass ume that there may be several suc h cardinality

functions, but that if C and C are any two 01' such functions, then C(x )=:C(x). Ass ume tha t

uni versal and existential quantification is restricted to these cardinality functions. Then

=VC«C(x)=C(y)~ C(x)=:C(y» obtains. but not- =3 C« C(x)=C(y )~ C(x)=:C(y)) can be the case

at the same time, since there are models of Zermelo-Fraenkel's set theory with a proper class

of atoms in which no function C can be defined fo r all x with the property

C(x)=C(y) ~ C(x)=:C(y).12

It is advisable now to point out explic itly sorne classical theorems and metatheorem s

which will hold in sorne cases but definitely not in al!. For example, classically, if in any

theory T it is the case that I-AvB implies I-A or I-B. then and only then T is syntactically

complete, i.e. , I-A or I-lA for any well-formed form ula A. The proof of this equiva lence

requires excluded middle, contraposition, and the tautology lA ~ «AvB) ~ B), all of which

are not valid here , both in the object language and in the metalanguage. In addition, the

following negative formulas can be true, or false, or both, or neither: l(AAlA~B),

l« A~B)~« A~lB)~lA) ), l(AvlA )· lCl lA~A) , l(A~llA), l(ClA~lB)~(B~A)). There

will be cases in which Av lA is a good choice for sorne A 's and l (BvlB) is a good choice for

sorne B's. The same applies to the other formulas just listed. In parti cul ar, the law of

excluded middle, a negative rnetatheorem not itself responsible for contradictio ns and nor

ass umed here in general, as we mentio ned, could be ass ume d in partic ular to malee room for

the conclusion that every real number has a decim al expansion, eve n though Brou wer actually

exhibited a defin ite number for which it is not known if there is a first digit in its decimal

expans ion. l3 The prime ideal theo rem, used in the proof of Godel's cornpleteness theorem, is

also a negative metatheorem which will no t be ass umed here, altho ugh the completeness

theorem will be assumed in general as a meta-ax íorn for every first-order theory.

Finally, as alread y stated, both 3xA(x) and l 3xA(x) may be true , and hence axio ms.

But it is also possible that not-=:JxA(x) and not- =l3xA(x) are the case. together with

not-E3xA(x) and not-El3xA(x): that is. 3xA (x) and its negation are neither true nor falseo

Thus. instead of saying that the sentence "there is a white unic om " is false because unicoms
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do not exist in reality, here, precisel y because unicoms cannot be found in reality and

therefore a white one cannot be selec ted, the sentence is neither true nor falseo If A.

Robinson's definition of the complete diagram of a given model is exte nded to include not

only those sentences which are true in that model but also those which are antinomic in the

model , then we must also exclude fro m the diagram not only the simply false sentences but

also those which are neither true nor false in the model. Note that whereas the positive

frag ment of this complete diagram can be considere d deductively predetermined , the negative

fr agrnent is always open to enlarge ment when negative formulas are axiomatically added as

needed (again. the interpretation of negati ve atornic formulas does not predetermine the truth

or falsity of the compound ones).

§7. Equality as an antinomic predicate.

The motivation behind antinomic logic lies in the conviction that, irreducibly, there is

identity in difference in many realm s, including nature. As a consequence, o=x=y and ~y

together must be considered possible for sorne values of x and y. Since here equality is to be

defined in terms of membership , we shall not add equality as a primitive antinomic predicate

because it will tum out to be antin omic as a deri ved one."

§8. Other kinds of antinomíc íty.

It is a mis take to think that antinomicity is exclusively ca used by nega tion: negationless

systems can harbor their own forms of antinomicity. Nor must antinomic staternents be

defined in terms of truth and falsity. Any kind of opposition can produce its own form of

antin omicity - whole and part, one and many , and a host of other contrasting conce pts which

do not necessarily involve negation and which can be conside red independently of truth and

falsity. Here we shall restrict ourselves solely to antinomic sentences and formul as in the

sense in which they have been introduced aboye .

111. Antinomic Set Theories

§9. Antinomic membership.

Sorne sets will be antinomic in the sense that they belong and do not belong to another

set. that is, o=xEYAXey and ExEY. regardless of whethe r Exey or not-are y, abbreviated XE e y.
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which will be read "x is an antinomic member of y." or "y contains x as an antinomic

member." The set y need not be an antinomic member of another seto In what follows, sorne

sets will be antinomic members 'of other sets and nonantinomic members of still others; sorne

sets will not be antinomic members of any other set; and other sets will be antinomic members

of any set 10 which they belong. Symmetrical1y, sorne sets may have sorne antinomic

members and sorne nonantinomic ones; others may not have a single antinomic member; and

still others may have only antinomic members.

The language of set theory will include variables x, y , Z, u, V, W . Xl' X 2, x3, ... , to range

in given domains. and also constants a, b, e, a l' a2• a3, •••, to represent single fixed sets, We

shall postulare set-theoretic completeness below; as a consequence, if aeb is true ( >=(le b) , then

ae b is an axiom or a theorem (I-aeb), and vice versa. Also, if -aeb, then -aeb, and vice

versa.

In addition to the notation ae Éb already introduced, we shall represent by aE b the

case in which »aeb but not->=aÉb and not-~eb, regardless of whether ~Éb or not-~Éb.

The metamathematical negation "not- o-A" stands for "A is not true," and is equivalent

metamathematically to nor-i-A, "A is not provable," given completeness; not-~ means A is

not falseo Therefore, aE b implies that the sentence aeb is neither true nor a theorem.

Finally, let us use aÉb to represent the case in which -aeb but not->=aeb and not-~Éb,

regardless of whether ~e b or not-~e b (ae b is neither true nor is it therefore a theorem).

As determined in Part Il, the metamathematical negation "not" must be distinguished from the

formal negation "l" in that the metamathematic s of antinomic set theory is not antinomic in

the following sense: although A may be true and false, it is not the case that A is and is not

true (>=A and not-i-A): or, correspondingly, that A is both provable and unprovable ( I-A and

not- i-A).

Given an arbitrary set b and a member a both in a given universe w such that ae w and

be W or b is included in w (see Definition 10 below), we shall assume that it is always

determined which of these three mutually exclusive cases is in order: (i) aE b, (ii) aÉ b, or

(iii) ae Éb. These cases are relative 10 the given universe w; that is, aE b in W¡ is compatible

with aÉ b in w2' and with ae Éb in w3: although the antinomicity of membership is a matter

between a set a and the set b to which a belongs, it is dependent on the universe w in which

both 'are being considered, Further. within the same universe w, a may be an antinomic

member of b and a nonantinomic member of a proper subset or a proper superset of b. In a
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relative universe IV, antinomicity is strictly an internal relation between a and b, a complex

kind of membership and not a property that is intrinsic to the member a or the set b. Thus,

we can say that a is a "circumstantially" antinomic member of b which can be

"de-antinomized" by changing the universe IV. or simply by consideringa as a nonantinomic

member of another set e in the same universe. Antinomicity is a variable. not an absolute

condition.

§10. Axioms for an antinomic set theory AS I based on membership.

The presence of antinomic sets in a given universe IV forces us to review the usual

axioms to make room for the new cases . Let us begin by considering equality.

Definition 8. y=z stands for \fX(XEY-:=>XEz). If y and z are included in IV (see

Definition 10 below), this definition thoroughIy defines equality in IV. If YE IVI\ZE IV, the

following becomes necessary.

Axiom 1. y=Z~\fU(yE U-:=>ZEu). This extensionality in terms of E obtains in the

relative universe IV within which x, y , z, and u are considered. But extensionality determines

uniqueness of sets only insofar as the alI-inclusive membership E is concerned - that is,

uniqueness must be understood as "modulo" antinornicity, disregarding the branching of XEY

into either xE y or XE e:y .

Each specific unique set in this sense will be represented by a constant a, b, c. etc.•

as mentioned. But although y=z is an equivalen t relation that implies that y and z have the

same E-members in a given universe IV and may be represented therefore by the same

constant a. because the type of membership of x to z may vary from universe IV I te universe

IV2, then if y=z in both \VI and 1V2, the follow ing two cases are compatible with XE a (the

meaning of ZQV is given in the usual way in Definition 10 below).

Defi nition 9. ,v;t'z stands for 3x((XEYAXe: z)v(xe:yAXEz))v3u((yEu/\ze: u)v(ye:UI\ZEu» .

Let us then distinguish the following particular cases : (i) y=z sta nds fo r

Y=Z/\\fx(xE y-:=>xE z)/\ \fu(y E u-:=>zE u)/\\fX(XEe:Y-:=>XE e: z)/\\fU(yE e:U-:=>ZE e:u) .

(ii) Ya=Z stands for y=z /\3X(XE e: y)/\\f V(VE Z~vE z). Symmetrically, the meaning of

Y=aZ is obvious.
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(iv) y~ 1'or yQ A 'v'x(xEy~xEYAXEz).

(iii) y, c ,z for y,ezAYC,Z.

To repeat, note that membership of a set x to a set y, being stric tly a matter betwee n

x and y relative to the universe in which they are considered, has nothing to do with the kind

01' membership of x to the proper subsets of y or to the proper supersets of y. That is, if

XE ucyez. it is possible to have XE E uAXEYAtE E z, etc. In addition, if we change the relative

(i) y,cz for yez A 3X(XEE YAXE z).

With this definition, y=z is compatible with yez and zc y ; obviously, y,= z implies yez.

We shall distin guish the fol!owing cases :

Defi nition 10. YQ stands for 'v'X(XEy~XE z), with proper inclusion, yc:z , meaning yQ

A:3X(XEZAXE y).

(ii) yc.z for vez A:3x(xE YAXE E y ).

(vi) / ,="z stands for Y,=, ZAY'='Z.

Let us now define inclusion in the usual way .

(iii) Y,=,Z stands for Y= Zt\3x(XE E Y)A:3V(VEE Z)I'\.X;t:V.

(iv) / =z stan ds for y=ZA:3U(YE E U)A'v'V(ZE v~zE V). The mean ing of y='Z is obvious.

(v) y"='Z stands for Y= ZA:3U(YE E U)A:3V(ZE E v)AU;év.

§11. Inclusion.

These different cases show that eq uality is a type of equivalence relation that can be

interpreted as strict regular iden tity in terrns of E and E E if and only if y=z. Thus, even if

y=z obtains in all universes IV, the kind of exten sionality of y and Z may vary from one

universe to another, say, y,=z in IV ¡ and y=' z in w2' even if y and z are not only equal but have

exactly the same E -members in w I and w 2• Also , since y;éz obtains if :3x(XE YAXE z), then y=,z

entails Y=ZAy;éZ, i.e., equality is antinomic in such cases. In particular, two relative universes

IV¡ and W 2 may be equal and different at the same time if, say w¡=w2 but IV1,=W2 specifical!y.

Al! this necessarily affects the application 01' any of the forthcoming axiom s in which the

exis tence of a set is relativized to a given universe.



universe w in which x and y are considered, xE y may become XE Ey. As a partic ular case,

if in any universe w a set x is an antinomic member of every set to which it belongs,

'¡¡'W'¡¡'y(XEWI\(yEWVY~W~(XE)'~XEE Y»), we can represent this situatio n with the one-place

predicate Anux), defmed by the las t form ula which reads "x is universally antinomic."

Finally, antinomicity makes possib le mutual proper inclusio n. In other words, if proper

inclusion is taken as the set -theoretic mean ing of the phrase "being a part of.' then it is

possible for two sets to each be a pan of the other. Further, we can even say that the whole

can be part of the partoi.e., y czc)' if y = Z and 3x(XE )'I\XE z)I\:JV(VE YI\VE z). This is also the

case if we use the express ion "being a part of" in the set-theoretic sense of being a member

of, that is. XEYEX. We shall not assume the axiom of foundatio ns that rules out XEX , XEYEX,

etc.. hence.ccs x, xE x, XE EX, XEYEX, etc., all are distinctly possible.

§12. Axiom of comprehension.

One goo d mathematical reason for building antinomic set theories is to retrieve

Cantor's compre hensio n axiom in its original unrestricted form; this retu rn to "Cantor's

paradise" would have significa nt consequences for the mathematical usefuln ess of such

theories. Here, however, since we want to relativize mem bership as much as possible, we

shall use an antinomic version of Zermelo's axiom of separation, the standard form of wh ich

is expressible as follows: Given a set y and an arbitrary se t-theoretic form ula A (x ) in whic h

y does not occur and x is a free variable, ther e exists a set z such that XEz~(xEyAA(x» . In

this form, seve ral possibilities are in order in accordance with the two mutually exc lusive

meanings of membership, that is, whether XEY is interp reted as xE y or XE Ey. and whether

XE Z is interpreted as xE z or XE E Z. To leave the ambiguity unresolved would mean that z

would not be stric tly unique; in effect, we could have as many z's as there are ways in wh ich

these four possibilities can be com bined. In order to make Z uniquel y determined in each

relative unive rse w, we postulate specifically :

Axiom 2: '¡¡'W'¡¡'Y()'EWV)'~W~ :Jz(z~)'I\ '¡¡'X(XE W ~« xE z~A(x)AxE Y) 1\

(XEE z~A(X)I\XE E y» » . in which A(x) does not involve any of the quantified variables w, y,

and z, and in which x is a free variab le. In other words , the kind of membership of x to z is

determin ed by the kind of mernbership of x to y. The notation

z= {X: (XE WI\XE Y)I\.(yE wvygv)AA(x)} is now in order. and its meani ng is unamb iguously

determined by Axio m Scheme 2. If ». is fixed excl usively, then the expression
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Z={X:XEYAA(x)} suffices: and if in addition y is w, then z={xA(x) } suffices, and z will gather

those sets x which are members of W and satisfy A(x), with w fixed.

§13. Russell's paradox.

lf A(x) is xex, then Z={x:xEYAXex}. If ZEY and zs z, then ZE Z, that is, ZE eZ - z is

an antinomic member of itself. If y is also an antinomic member of itself , then YE z. although

ye Z remains undetermined. lf VX(XEy~xe x), then z=y, even if XE e x for sorne x . If, on the

other hand. there is an x such that xE x, then zcy. In any event, Russell's parado x is harrnles s

even if it leads to contradictions.

§14. Other axioms and the Boolean operations.

The following axioms are not all independent and each is relativized to a circumstantial

universe w in which the sets involved are (i) members of w, (ii) members of members of w,

or (iii) subsets of w. We shall not malee this relativization to w explicit in all the axioms nor

for all the sets, and will assume w fixed when it does not occur in the expressions that follow .

Note once more that the kind of membership of x to w does not determine the kind of

membership of x to any member of w.

Axiom 3. VyVZ(yEWI\ZEW~ 3U(UE \1 ·AVX(XE U~=YVX=z))) . Pairing .

Axiom 4. 'liY(YEW~ 3U(UE WAVX(XEU~Xº·» ) . Power set,

Axiom 5. V y3 U'liX(XE U~3Z(XE ZAZEy» . Union.

Axiom 6. 3y(Vx(d Y» AVyVZ(VU(uÉ Y)I\Vv(vÉ ~)~y=z). Null set,

Definition 11. {Y,Z.} represen ts the unique set modulo antinomicity determined by

Axiom 3; {y } stands for {y ,y} . B'U') represents the unique power set modulo antinomicity

determined by Axiom 4. The expression "modulo antinomicity" already used in connection

with equality here means, precisely, that in applying Axioms 3, 4, and 5 as well , two sets u

and u' may exist in each of these three cases that satisfy the axiom but such that xE UAXE e u' ,

say, and yet, u=u' in each case. Finally , 0 represents the unique null set: 0 does not have

antinomic mernbers, although it may be the antinomic member of other sets : further, 0 E a

may be true in the universe w ¡ but 0 Ee a may also be true in w2•

Note that the various kinds of inclusion, together with Axiom 2, allow us to distinguish

special power sets as follows.
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(i) ~)={X:XE~y)/\XQ'} '

(ii) g>aY= {X:XE~y)I\XQ},

(iii) a~y)= { X:XE ~y)l\Xag' ).

(iv) ag>aY={X:XE~y)l\XaQ) .

The kind of rnernbership of x to g>aY. etc.• is determined by the kind of rnernbership of x to

B'(y) in accordance with Axiorn 2.

Axiorn 2 also guarantees the exis tence of the usual set- theoretic operations, but sorne

restrictíons should apply on the possible kind s of rnembership. For the case of intersection,

for example, the usual Boolean definition xEynz~xEYI\XEZ will hold in general. but whether

xE ynz or XE e:ynz will depend on the kind of membership of x to the universe Win which

the intersection is considered. To make certain that the operations are single-valued in each

universe, we then define the following:

Definition 12.

(i) yn,..z= {X:XEYI\XE z}, which implicitIy means « xE w=:>xE ynz)/\(xE e:W=:>XE e:ynz) .

The kind of membership of x to y and to Z is irrelevant; note also that y and Z are each either

a member or a subset of w, given that Axiorn 2 relativizes comprehension to a fixed universe

w. The subindex Win ynwZ can be dropped when Wis taken for granted. In fact, given the

final remark in §12, ynz= {X:XEYI\XEZ) is sufficient as a definition of intersec tion if we take

A(x) to mean XEYI\XEZ with y and z as fixed parameters.

(ii) yU".z= {X:XE YVXEz}, which irnplicitIy means «xE w=:>xE yUZ)/\(XE e:W=:>XE e:yuz)).

(iii) y',,= {x:x e: y }. which implicitly rneans «xE w=:>xE y')I\(XE e:W=:>XE" y')) . Again,

note that the kin d of membership of x to the complement of y is determined not by the kind

of nonmembership of x to y but by the kind of membership of x to w. Thus, the two

mutually exclus ive cases follow : first, if xE WI\XEy', then xEy', whether d y or XE .. y;

second. if XEe: WI\XEy', then XE e:y' , whether xÉy or XE e:y. The express ion y',,={x :xe: y }

implicitIy assumes this distinction.
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(iv) SwY={X:XEYVX=Y). where xESwY if xEw, and xEeSwy if XE eW . In addition,

Swy={x:xE yv x=y } where yE w and hence yE Sy also. If w is fixed, we sirnply write Sy and

Sy. For Sy, and Sy in particular, we shall assurne =l}'=z~Sy=SZ)A(Sy=SZ~Y=z).

(v) Nat(x) iff x=0 V(X=SYANat(y», x is a natural nurnber.

o4xiom 7. 3y(0E YA'<ix(xE Y=':::>SxE y». Existence of an infinite set with an infinity

uf nonantinomic members. The axiom also guarantees the existence of an infinity of natural

numbers.

o4xiom 8 (meta-axiorn). The antinomic set theory AS¡ satisfies completeness in the

sense that A is an axiom or a theorem of AS¡ if and only if it is true in all models of AS¡: 1-04

iff <=04 . It should be re-emphasized that <=04 includes these two mutually exclusive cases: (i)

A is sirnply true, <=04 but not-tx , and (ii) A is true-and-false, <=04 and EA, noting that A could .

be simply true in one model and antinomic in another despite being true in all rnodels of AS¡.

For positive formulas in AS¡ the only change with respect to the classical situation is the

addition of semantic antinomicity in sorne cases. For negative formulas in AS¡ the application

ofAxiom 8 is ad hoc and goes from semantics to syntax. Again, the positive diagram of a

given model of AS¡ is predetermined by the axioms. The negative diagram, i.e., the collection

of all negative formulas true or antinomic in.such, a model , remains incomplete and open to

successive additions.

Axiom 8 does not imply that AS¡ is syntactically complete. although the existence of

a complete extension of AS¡ can certainly be assumed. Since AS¡ is far from having a

recursive set ofaxioms, Gódel's first incompleteness theorem do és not apply; but even if AS¡

could be presented as an axiomatizable extension of formal number theory, once one gives up

the premise of consistency Godel's second incompleteness theorem does not apply either.

§15. Relative cornplementation and Venn diagrams.

Definition 13. z-y={X:XEzAXey }, complement of y relative to z for all sets y and Z that

are either members or subsets of the implicit universe w.

Because of antinomicity, sorne members x of a relative universe w, which in tum

contains y as a subset, may belong to y and to its complement. The Venn diagram for the

complement of y (y represented by the horizontal ly.shaded area inside the circle) would look

like the following vertically shaded area.
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That is. y and y' intersect, and the members of this nonempty intersection are those within the

doubly shaded area inside the circle. The area inside the circle not in yn y' corresponds ro

y-y'= {X:XEy/\Xe y'}={x:xE y }.

Note that XE e y is compatible with x~ y' (if xE w), and precisely because the antinomic

member of a set is not necessarily the antinomic member of its complement, y'*y" is possible.

In effect, y" may be a proper subset of y if y' has no antinomic members, but if it does, then

again y' and y" would intersect and y" would not be contained in y: if xE y' , then d y".

Also, zcy does not imply y'o'. since for the same x we may have XEe y and xE z, i.e.,

XE y' /\Xe z'. Further, since XE e Y/\XE e z/\XE ynz is possible (if xE w), then xe (yn z)' even

though XEy' /\XEz'. If we define in the usual way the generalized intersection n i Yi (relative

to a universe w) of a family of sets (each included in IV) indexed by an index set l. then if

there is a set x such that Vi(iE /=;xE e y¡), xEnJ'¡ but also XEn i.v¡' , lf the relative universe IV

contains a single antinomic member XE e IV, then the complement of W is not empty. If y!::IV

and all the members of y are antinomic, Y9" : also, many subsets y¡ of IV could have the same

complement , and if for each y¡ all its members were antinomic, then y'¡=w for all i. In

extreme cases, if y!::W and Vx(XEy'=;XEY), then y'g'=w, and if Vx(XE Y'~XE Y), then y=y'=w.

Because the laws of double negation are not valid, the logical De Morgan laws do not

obtain, and neither do the set-theoretic De Morgan laws. For example, (i) (Ynz)'cy'uz' and

(ii)(ynz)'=:ly'uz' are both possible cases. To see this, consider that the kind of membership

01' a set x to l , z' , (ynz)', and (yu z)' is determined according to Axiom 2 and Definition 12

by the kind of membership of x to the relative universe w of which y and z are members or

subsets. The proper inclusion (i) is possible because members x of l uz' may not be members

of (ynz)' if the following obtains : if xE W , XE e y. xE z, then XE y' and xE y'uz', but xE ynz,

hence X~ (ynz) '. As for (ii), it may obtain if XE e IV. xE y, and xE z, for then XE e ynz but

x~ y' and x~ z' , hence xe y' u z'. Also, neither (ynz)' nor y'uz' may be included in the other.
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As hinted. if we iterate the operation of complementation various cases are possible.

(i) If xe: y and XE e:l. we cannot in general assert yg" or y"g. Similar situations arise if

(ii) xEe:YI\XEy'. and (iii) XE e:YI\XEe:y' . Cases (iv) xEYI\XEy'. and (v) xEYI\XEl are the

usual nonantinomic ones. In tum oxE y" . xE y" . and XEe:y" yield corresponding cases for y".

All these cases are of course determined by the kind of membership of x to the relative

universe IV ; that is. if xE IV . only cases (ii) and (iv) can obrain: and if XEe:IV , only cases (i)

and (iii) are possible. A change in universe may change not only the members x of l. y" ,

etc.. but also the kind of membership of each x to l. y", etc.

§16. Ordered pai rs, relations, func tions, cardinaliti es, Sierpiriski's theorem.

Definition 14. (i)(y,Z) stands for {{ y }},{ {y,z}} . The existence of the ordered pair

follows Axiom 3; (x.y) could have antinomic members if {Y}E e:(y.z) or {Y,Z }E e:(y.z),

(ii) yXz stands for {(u, v): UEY/\VEz}, The existence of the Cartesian product follows

Axiom 2: again, yXz could have antinomic members.

(iii) Rel(R) iff Rg Xz for sorne y and z members or subsets of w. R is a binary

relation, and if y=z, R is a relation on y. R is antinomic iff there exists a pair (z,v) such that

(U,V)Ee R, nonantinomic otherwise . We shall only consider binary relations here.

(iv) If R is a relation, Dom R={u:(U,V)ER ), Rng R={ V:(U,V)ER} . Domain and range

of a binary relation. .

(v) Given the sets y and z in IV . Func(F) iff FgXzADom F=YA

RngFQ~«U,V)EFA(U,!)E F~v=!) . F is a function on y into z. F is antinomic iff it is an

antinomic relation, nonantinomic otherwise.

(vi) Inj (F) iff FgXzAFunc (F)A«U ,V)EF~ 3 !u«U,V)E F) . F is a one-to-one or

injective function on y into z. 3 !u is defined by 3uA(u)A\ir\is(A(r)AA(s)~r=s) .

(vii) Sur(F) iff Fg'xzAFunc(F)ARng F=z. F is a function on y onto z, or surjective.

(viii) Bij(F) iff FgXzAInj (F) /\Sur(F) . F is a one-to-one function on y anta z, or

bijective.

(ix) Tw~ sets y and z have the same cardinality (or are equinumerous) iff

3F(Bij (F) /\Dom F= y/\RngF=z), denoted by Card y=Card z. A set x is inductive, Ind(x), iff

3y3F(Nat(V)ABij (F) ADom F=XARng F=y).
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(x) A set y is of cardinality less than or equal to that of z iff 3F(F(;;;yXvJnj(F)1\

Dom F=YI\Rn g Fg), denoted Card y:::::Card z. Card y<Card z stands for Card y:::::Card ZI\

Card }~ard z. A set y is reflexive, Ref(y). iff 3x3F(xC}'I\B ij (F)I\DomF=YI\RngF=x).

Th e eq uiva le nce re lat io n C ard y =Card z is an ti no mic i ff

3F¡(B i j( F ¡)I\D om F 1= YI\Rng F 1= ZI\3 ( /I.v)«u. V) E e: F 1» v3F2(Bij(F2)I\D om F2=zl\

Rng F2= yl\3(u.v)((U,V)E e: F2». which allows for three possibilities: (i) Card y.=Card z iff the

first disjunct is true, but the second one is not in the disjunction just given: similarly. (ii)

Card y=. Card z iff there is no F¡ but there is a F2 for the sarne formula. and (iii)

Card Y.=. Card z iff there is both a F¡ and a F2•

Correspondingly, Card y. :::::Card z iff 3F(Inj (F)1\ Dom F=YI\ Rng F QI\

3(u.v)((U.V)E e: F». The meaning of Card y.<Card z is obvious.

Definition 15. The cardinal number of a set y. denoted Card y, is the equivalence c1ass

of all sets u equinumerous to y in a universe IV (Card u=Card y). Card y is a subset of w and

hence relative to the given universe: from universe w¡ to universe w2• Card y may change its

members, and y its relative cardinality vis-a-vis other sets. Card y may contain antinomic

members as well as members which are and are not equinumerous to y.

In 1947 Sierpiriski showed that given a function F on y into z. it is not possible to

prove without the axiom of choice that the cardinality of the range of F is not greater than the

cardinality of the domain of F. That is, without the axiom of choice. Card y< Card Rng F

is not inconsistent with ser theory. Clearl y, with the antinomic comparability of cardinalities

if 'v'F«(F~yXzI\ Func(F)1\ Dom F=YI\Rng F=zI\Bij (F)~ 3(u.v)« u,V)E e: F» . then Card z >

Card y as well as Card y :2: Card z. Thus, even with the axiom of choice Card z > Card y is

not excluded.

§17. Mediate sets.

It was Bolzano in his Paradoxes of the Infin ite who first distinguished between a set

being finite if (i) it is inductive, i.e.• counted by a terminal sequence of positive integers, or

(ii) it is not reflexive, i.e.. equinumerous to a proper subset of itself (today a nonreflexive set

is also called Dedekind finite). A mediate set is defined in Principia Mathematica'? as one

which is noninductive and nonreflexive. The existence of such sets is ruled out by the axiom

of choice: without the axiom of choice. their existence is possible. The cardinality of a

mediate set J1 is comparable to that of an inductive set x in the sense that Card x < Card J1
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(mediare sets contain finite subsets ), but it is not comparable to the cardinality of a refiex ive

(Dedekind infinite ) set: that is, l (Card u« l\ o) /\ l(Card p ~ l\ o), a mediate cardinal being the

cardinal number of a mediate seto There is neither a minimum nor a maximum mediate

cardinal : also, Card p * Card p +1 and Card p * Card p -1. The mediate cardinals are closed

under addition and under multiplication by a mediate cardinal or by an inductive cardinal

different from zero. Further, if Card p Card u is mediate, then u 01' v is mediate. However, if
Curd "

P is mediare. then 22 - is not mediate but ref1exive (the power set of the power set of a

nonempty. noninductive, and nonrefiexive set is refiexive). As for 2Card u with p mediate,

sometimes it is mediare. sometimes it is reflexive."

A papel' by Dorothy Wrinch" generalizes the notion of mediate cardinals to those

which are comparable to all the usual cardinals up to an aleph greater than or equal to~. The

negation of the existence of such generalized mediate cardinals implies the axiom of choice"

and is therefore equivalent to such axiorn, since the latter implies the nonexistence of all

mediate cardinals. Axiom 7 aboye asserts the existence of nonmediate infinite sets but leaves

open the possible existence of mediate sets. One of the various axioms of choice to be

proposed here will be relativized to nonmediate sets: yet, choice and mediate sets will be

compatible.

Since classicaliy mediate cardinals do not satisfy the axiom of choice. they need not

necessarily be comparable. "The existence of incomparable mediate cardinals is still an open

question . Mediate cardinals have been described as "small" in that they share with inductive

sets the property of being nonreflexive, and as "large" because they cannot be obtained by

adding 1 to Oa finite number of times ("fmite " used in the intuitive sense that such addition

has an effective end). Here, because functions can be antinomic, a set y can be mediate and

nonmediate if every function F that maps y onto a proper subset of y contains a pair (u,v)

which belongs and does not belong to F. As a consequence, in such a case. 'tIz(zcy/\

Card y=Card z ~ Card z < Card y). A mediate set y which is not nonmediate shall be called

strictly mediate : if y is both mediate and nonmediate it shall be called antinomically mediate.

A set can be simultaneously antinomically mediate and the antinomic member of another set.

Note that a refiexive set y may have an injective image in an antinomically mediate set z:

since z is refiexive and nonrefie xive. then y may be comparable and noncomparable to z. In

fact, if every function F that compares y to Z is not only antinomic and injecti ve but bijective

as well. and such that 'tI lI'tI V((lI .V)EY)(z/\(lI .V)EF)~(lI.v)e: F). then z is both mediate and

equinumerous to a refiexive set. One should keep in mind, though, that being finite, infinite .
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or mediate in any sense are properties relative to the universe w. Changing the universe may

malee a set reflexive, if it was not, by adding the appropriate function. or malee it

antinomically ref1exive if it was simply ref1exive. etc. It is a prejudice to think that mediate

sets are useless; like the generic sets produced by forcing methods, they throw light on the

understanding of sets in general and on the axiom of choice in particular. More about this

latero

§18. Amorphous sets.

The standard definiti on of infinite set is that of a set not equinumerous with a natural

number , and finite if it is. A set is called amorphous if it is infinite in the standard sense but

it is not the union of two disjoint infinite sets. There are models of set theory in which the

axiom of choice fails and which have amorphous sets : one such is the basic Fraenkel model.

A set y is called Tarski finite (T-finite) iff every nonernpty c;;;;-monotone chain Xc;;;;,9'Xy)

has a c;;;;-maximal element Every amorphous set is T-finite; hence. not every T-finite set is

finite in the standard sense. Further, every T-finite set is nonref1exive (Dedekind finite) but

the converse is not true.

Since amorphous sets are infinite in the standard sense they are noninductive, and

because they are also nonreflexive, they are mediate. One must remember that if we do not

assume the axiom of choice, there are severa! nonequivalent ways of defining infinite sets, as

well as finite sets . Thus , a set may be nonfinite in one sense and finite in another. According

to Von Neumann, this situation raises serious objections to constructive philosophies of

mathematics - intuitionism and the Iike." The fact is that without the axiom of choice we

do not know exactly what finite means, the one concept that constructivism deems

fundamental and unmistaleable. We must face this issue: without the axiom of choice the idea

of finite becomes ambiguous and hazy, and a set can be finite in one sense and infinite in

another, as well as being both finite and infinite in the same sense, as is the case with an

antinomically mediate set, both Dedekind finite and Dedekind infinite.

§19. An antinomic set theory AS2 based on inclusion.

In a previous paper" we took inclusion instead of membership as the one basic

primitive set-theoretic predicate: the other primitive ideas were those of set (x. y. Z• .. .. variable

sets: a. b. al ' a2• G, ... .. constant sets), and binary relations (R. S. T. ...). The definitions and

axioms offered there are as follows.
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Defin ition 1. y=z iff Vx(xg~xQ). Equality.

Axiom 1. VyVz(v=z~Vu(YQl~z~u») . Extensionality .

Definition 2. ycz iff YQ/\y;éz. Proper inclusion.

Axiom 2. 3yVz(zg;)'/\Vu(u;=Y~)'Ql»). Null set, denoted by 0 and not included in

itself.

Axiom 3. Refiexivity (for all sets other than 0 ). antisymmetry , and transitivity of

inclusion.

Axiom 4. Vy3z«zg/\Vx(xg/\<jl(x)~xQ)/\VuVv«vg/\<jl(v)~v~u)~z~u)).

Separation, where <jl(x) is any well-formed formula in the language of ASz in which y. z, u.

and v do not occur and x is a free variable. If <jl(y) is also the case. then yQ, i.e., y=z by

antisymmetry. Since sorne subsets of y may not satisfy <jl, "separation" does not have the

clear-cut meaning that it has in Zermelo's set theory, Le.• it is possible for z to have as subsets

sets without the property <jl.

Definition 3. The notation z={x:xg/\<jl(x)} represents the least set u that contains all

the sets included in y having the property <jl.

Axiom 5. Vx3y3z(xgAZgAZQ/\X!l:Z). Expansion. There is no class of all sets,

Now let al be an arbitrary but fixed set, and a2 a nonspecified but fixed superset of al

satisfying the condition that y satisfies in Axiom 5. that is, al~zA3z(z~zAZ!Z:a l/\al g;z); the

existence of this Oz is guaranteed by the axiom. Let a3 be a nonspecified but fixed superset

of az satisfying the same condition. In general. let ar>+1 be a similar superset of ao' The finite

sequence al ' az, ...• 0.. ar>+1 can be made as long as one wishes by successive application of

Expansion. However, in order to assert the existence of an infinite set that contains as subsets

all the possible terms of this sequence, we need the following additional axiom scheme.

Axiom 6. For any sequence al' Oz• ..., ao• •. • satisfying the description just given

3)'(alg/\(aog~ar>+lg». · Infiníty. The infinite set y contains all the sets a¡ of the sequence,

plus all the subsets of each of these terms.

Axiom 7. VxV)'3zVu(u~ug~uQ). Union.
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Axiom 8. VxVy3zVu(lt~:;;XAU~Y<=>Ug:) . Intersection, Union and intersection as

determined by these axioms differ from their usual definitions as operations given in terms

uf mernbershi p: for example, no new subsets can be obtained in z by the union of x and y

other than those already in x and y.

D efin i tion 4. E(x) stands for x;t:0 /\Vy(y,.:0~y!UVy=x) . Elementhood . Elernents are

nonempty sets without nonernpty proper subsets, The null set is not an element, although it

can be the term of a predicate formula and is certainly the subset of every set except itself .

Schroder asserted that "nothing" is a subject of every predicate, to which Frege

objected, drawing the contradictory conclusion that if so. then <1>(0)/\l <l>(0 ) would obtain,

suggesting that if one must have the null set at all, it is better to have it as a subset of every

set." From an antinomic point of view both positions can be made simultaneously acceptable.

Axiom 9. Vx(x;é{O~3y(yg/\E(v» . Regularity. Every set contains at least one

element.

Axiom 10. Vx3y3z(xQ'I\ZQI\ZOAE(z» . Element expansiono There is no set of all

elernents, and there is an infinity of them.

Defini tion 5. XEY stands for xQ'AE(.x). Membership. Only elements are members.

Also, every element is a member of itself, and given two distinct elernents, neither one is a

member of the other.

Axiom 11. 3yV X(XEy<=><I>(X». Comprehension for elements. <I>(x ) is a well-formed

formula in which y does not occur and x is a free variable. This axiom asserts the existence

of a set containing as members all the elements that have the property <1>. The set of all

elements which are not members of themselves is ernpty, Le.. Russell's paradox cannot be

transferred to AS2•

The objective of the approach just described is to have a set-theoretic base on which

to build a topology of multiple locatíon." Here. we shall outline briefly how to use inclusion

as an antinomic predicate. Assume that sorne sets are antinomic in the sense that they are

included and not included in another set, that is. O=Xs.VAXty and i=x~y . regardless of whether

i=xg:y or not-arcy, abbreviated X~g;y. which reads "x is an antinomic subset of y " or "y is an

antinomic superset of x." The set y need not be an antinomic subset of another se t. In fact.

(i) sorne sets can be antinomic subsets of other sets, X~g;X included as a possibility, and (ii)
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sorne sets rnay not be antinornic subsets of any seto Syrnmetrically, (iii) sorne sets may have

only antinomic subsets, (iv) others rnay have sorne antinornic subsets and sorne nonantinornic

ones, and (v) sorne sets, finally ; rnay not have a single antinomic subset.

Similar to the notation proposed for mernbership, given the constants a and b

representing fixed sets, at:;;;,b stands for <=(1r;;;}; but not-l=a~b and not-E'ar;;;};. regardless of

whether sa cb or not-E'a r::.b. Also. ag;[) stands for -ozb but not- l=ar;;;}; and not-E'a ll:b, regardless

of whether E'ar;;;}; or not-Ea~b. Assuming completeness as we did with ASI , l=ar;;;}; is

metamathematically equivalent to 'r-ar;;;};, which also holds for every positive or negative

formula of AS2, whose axioms can now be extended to include antinomic cases. Thus, for

example, y=z/\)";éZ may obtain, and the existence of g>,y= (x:x~Il:Y } be justified by Separation,

even though not every set in fi',y must be an antinomic subset of y. The notions of ordered

pair. Cartesian product, relation, function , equinurnerosity, and comparability of cardinals

given in the earlier paper" can also be antinomically extended and an antinornic topology

based on inclusion developed. Further, as with membership, the kind of inclusion in XQ' may

be relativized to a universe IV, and modified from universe to universe. Incidentally, the null

set can also be the antinomic subset of other sets.

It should be remarked that Frege, following Schroder, considered inclusion as "the most

important relation between sets.?" fully identifying the part-whole relation with set-theoretic

inclusion. On the other hand. Hao Wang observed that an unavoidable conclusion of the

independence of the continuum hypothesis is that, from the point of view of classical set

theory, we still do not know what being a subset really means.

§20, An antinomic set theory AS3 based on union taken as a primitive predicate.

In a previous paperfunion was used as a primitive binary predicate rather than as an

operator. Here we shall expand the predicate of union and make it antinomic. Let us assume

a universe of sets x, y, z, u, v, S , t, Xl' X2' X3' .• . in which for sorne sets X, y, uxy holds (" x is

united to y") , for other sets u, v, l u uv holds ("u is disunited from v") and for still other sets

s, t, ust/\l u st holds ("s is united lO and disunited from t") .

As with E, u is an ambiguous notation to cover both the nonantinomic and the

antinomic cases. Accordingly . we shall identify the following possibilities: (i) u luxy

represents the cas-e l=u xy/\l uxy and aJxy, regardless of whether El uxy or not-Eluxy; (ii)
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UXv.

(iÜ)R'1 is the inverse relation of R iff Rc;;;;ux v/\ R'1e;;;;vXU/\VxVy (u (x. y)R~u(y, x )R·!).

In particular: y=z iff
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(ii) Given Rc;;;;uxv. Dorn R = {x: uxu/\u(x. y) R} and Rng R={y:u yu/\u (x. y) R }.

Dornain and range of a relation.

Definition 4. (i) R is a binary relation in uXv means Rcux v.

Axiom 7. VuVv3 !zVxVy(uxu/\uyv~u(x, y)z). Binary Cartesian product denoted by

Definition 3. (r , y) stands for {{x}, {x, y } }. Ordered pair.

Axíom 5. For any positive integer k. :3x!, 3x2, .. . . 3xk (X1;z!oX 2!\Xl ;z!oX3/\... !\Xk. l ;z!oXk). This

scherne guarantees the existence of an infini ty of sets.

Axiom 2. Vx(llso(x)~uxx); VxVy(uxy~uyx) . (Union is not necessarily transitive.)

Definition l . y=z iff Vx(uX)'~uxz) .

Vx(Uxy~Uxz)/\Vu(u luuy~ul u uz).

Axiom 3. Vy3x(llso(x)/\luX)'). Unity of sets is not universal for nonisolated sets.

Definition 2. yQ: iff Vx(u.xy~uxz) . Note that yQ: iscornpatible with

3u(uluuy/\Uuz).

Axiom 4. Vy3zVx«Uxz~U.xy/\A(x))/\(uluxz~ulu.xy/\A(x))) , where A (x ) is a

well-forrned formula in the language of AS3 in which y and z do not occur and x is a free

variable. Separation scherne. Since z is uniquely determined, the notation z={x:u .xy/\A(x) }

is justified. Note that if Iso(u)/\ A(u) is the case. still l U uz obtains: z does not gather isolated

sets.

Axiom 6. VxVy3 !z(u xz/\U)'z/\Vu(uuz~u=xvu=y)) . Paring. The notations {x.y} and

{x} are now justified if we define 3 !x, "there exísts one and only one x such that ...," by

:3xA(x)/\VuVv(A(u)/\A(v)~u=v) .

U .xy for the case >=u.xy but not-»l u x)' and not-EUX)'. whether I=lu.xy 0 1' not-e=l uX)'; (iii) l U.xy

for the case >=l u .xy but not- >=u X)' and not-l=l u X)'. whether EUxy 01' not-EU.xy.

Axiom l . 3xVy<lUX)'). There is at least one isolated set strictly disunited frorn all

other sets including itself. If x is one such set. we write Iso(x).



(iv) F is a function In uXv iff F is a relat ion in uxv and 'elx'ely'elz(u(x, y)F/\

u(x. z)F =>y=z).

(v) F is a bijection on Dom F onto Rng F iff F and F l are both functions .

(vi) Card u = Card v iff there exists a function F which is a bijection on u onto v with

u= Dom F /\ v=Rng F.

(vii) If z=Dom R =Rng R with R a relation in uXV, then R is a linear ordering on z

iff (ux;:=>u(x.x) R) /\(u (x.y)R /\ u (v.x)R => x=y)/\(u(x.y)R/\u(y ,z)R =>

u (x.z)R)/\'elx'ely(uxz/\uy;:=>u(x,y)R v u(y.x)R). In particular, R is a well-ordering on z.

denoted RWOz or WO(;:) if R is tacitl y assumed to exist, iff R is a linear ordering on z and,

in addition, 'elw(wQ/\lIso(w) => :J!s(u sw/\'elr(u tw=>u (s,t)R» ).

It should be mentioned that instead of union, intersection can be taken as an antinomic

predicate, antinomic sets being those that satisfy í\X)'/\l í\X)'. This will not be pursued bere.

IV. Antinomic Axioms of Choice

E. Hobson proved in 1905 that the standard axiom of choice does not rule out the

existence of antinomic sets." Obviously, an antinomic axiom of choice should be based on

such sets. More recently, it has been shown that the standard axiom of choice implies the law

of excluded míddle." The proof, however, breaks down if one assumes the logic outlined in

this papee thus, the antinomic versions of the axiom of choice to be proposed will not imply

excluded middle, although they will be compatible with specific instances of this law. (The

proof that standard choice implie s excluded middle uses contradiction. which is why it fails

here.) More important. antinomic versions of the axiom of choice are compatible with

sequences of more than two alternatives: <j>¡vl '1>I V<h v<1>3V...V<PD' To bring antinomicity to

choice. then, is in keeping with the fact that although ovl<I> understood as an exclusive

alternative simplifies logic , the situation in mathematics and the natural sciences is replete

with instances in which '1> and l '1> are far from being tbe only options available .

§21. Antinomic axioms of choice for ASI .

Because die standard proofof the equivalence of the axiom of cboice with , sayo the

well-ordering principie relies on contradiction. we cannot assume here that the axiom implies

36



the principIe or vice versa - as is the case with most equiva len t forms of the axiom of

choice. This nonequivalence has, in effect , its positive co nsequences in that it returns to each

of these forms sorne of the independence, strength. and breadth of scope with which they were

originally conceived.
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Axio m 2. lMed(§)=:-3 '&zVX(XE '&z~3A (AE 3'AXEA/\VY(YE '&z/\YE A =:-x=y))). Choice

for nonmediate sets.

Axiom 1. WO(§)=:-3 '&¡VX(XE '&¡~3A(AE ffAXEA/\VY(yE '&¡/\YEA=:-x=y))) . Choice for

well-ordered sets.

D efiniti on 1 . WO (z) or e quivale ntly RWOz iff 3 R (Rel (R)/\

Dom R=Rn g R= z /\ V X ( XE z =:-(X. .X)E R ) /\ V xVY ( (X .Y) E R /\ ( Y . X ) E R =:­

x = y ) /\ V X V Y V u ( ( x , y ) E R r; (y .u ) E R =:-(x , u ) E R ) /\ V X v'y ( X E Z /\ y E Z =:­

(X.y)E Rv (y,x )E R)/\VV(VQ/\v-F0=:-3S(SEz/\ Vt(tEZ=:-(S,t) E R»). The expressio n WO(z) means

",W O( z) but not-",lWO(z) and not-EWO(z), whether i=lWO(z) or not-i=lWO(z); l WO (z) means

",l WO(z) but not -",WO (z) and not-ElWO(z), whether i=WO(z) or not-i=WO (z); WOlWO(z)

means ",WO(z)/\l WO(z) and i=WO(z), whether i=lWO(z) or not- i=l WO (z). WO(z) will read

"z is strictly well-ordered," WOlWO(z) will read "z is antinomically well-ordered. "

An antinomic axiom of choice AAC for AS¡ may be introduced in a number of ways;

we shall select two of them . The idea is that AAC should not apply to all sets but only to

those which are, for example, well-ordered or nonmediate. That is., we shall break the

universe w into two classes not necessaril y disjoint : in onecase, the class of well-ordered sets

and the class of non-well-ordered sets : in the second case, the class of nonmediate sets and

the class of mediate sets . Accordingly, we have the following two axioms in which sr is a

give n family of sets, A is a member of the family .'7, and '& is the choice set.

Well ordering can be defined as follows within AS¡.

Simil arl y, the predicate Med (z), "z is mediate," can be defined in AS¡ as

lInd(z)/\l Ref(z), using the definitions of Ind (z), "z is inductive," and Ref(z), "z is refl exive,"

given in §16. Med(z), l Med(z), and Med[Medtz) stand for "z is strictly mediate ," "z is

strictly nonmediate," and "z is antinomicall y mediate," defined respective ly as aboye for

W O(z), and l WO(z), and WOlWO(z).



Both axioms leave room for subuniverses in which AAC does not apply; both are also

ambiguous in the sense that all the following are possible: (i) WO (.S') or WOlWO(.~, (ii)

xE '5'1or XEe '5'1' (iii) AE ff or AEe §; (iv) xEA or XEeA, (v) l Med( B') or MedlMed(&», and

(vi) xE 'i?2 or XEe '5'2' Classically, (i) WO(B')~WO( '5'I ) and (ii) l MedCff) = l Med('5'J, since

the injective correspondence given by F:A~x mapping ;y; onto '5'1 (or '5'J , with x the unique

representative of A in '5'1 (or '5'2)' makes '5'1 well-ordered (and '5'2 nonmediate), We shall

assume implications (i) and (ii); hence, W O(B') and lWO( '5'I ) will be incompatible (and so

will lMed(B') and Med( '5'J).

Axioms l and 2 are ambiguous in that the kind of membership of x to '5'1 (or to '5'J

is not uniquely determined, making '5'1(and '5'2) not uniquely determined either. The situation

is similar to the one which arose in connection with the separatio n axiom. Therefore, in order

to determi~e the choice sets '5'1 and ~2 more specifica lly, we must state the following. Note

that x and A, either one or both, can be well-ordered (or nonmedíate), or the opposite.

Axiom 1'. WO(&»~:3 '5'/(\fx(xE 't"1'~:3A(AE .~I\XEAA\fy(y E '5'/ AyE A~X=y) )A

\fU (UEe '5'/ ~3A(AE ffAUE eAA\fV(VE e '5'/ AVEeA~u=v))A\fr\fs(rE '5'/ ArEAASE '5'1'ASEA

~r=s)) .

Axiom 2'. With lMed(&» as a premise , same conclusion as in Axiom l ' replacing '5'/

by '5'2"

Since in the four preceding axioms the major implication goes only in one direction,

the existence of a choice set does not mean that g; must be well-ordered or nonmediate; in

fact, '5'/ and '5'2' themselves can be non-well-ordered or mediate respectively. If g; is strictly

mediate, the bijection F:A~x on g;onto '5'2' makes the latter strictIy mediare. as the following

metamathematical reasoning shows. If '5'2' were antinomical ly mediate, then a bijection G

would exist that maps '5'2' onto a proper subset of itself y; however, such mapping must have

at least a pair (u,v) such that UE '5'2' , VE y, and (U.V)Ee G, since '5'2' is both ref1exive and

nonref1exive. The composition of the three mappings F, G, and F I in this order is a bijection

on g; onto a proper subset of ítself, where F I is the inverse of F. But then g; would be both

strictly mediate and antinomicall y mediate, which is a metamathematical impossibility. Of

course, as mentioned aboye, f!i could be both well-ordered and nonmediate . and the bijection

FA~x in each case would yield the necessary function te also make '5'/ and '5'2' well-ordered

and nonmediate. respectively.
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Othe r set-theoretic properties could be used to make room for a subuniverse in whic h

the axio m of choice holds and in whose compleme nt it does not necessarily hold. For

exarnple, since using choice it cannot be proved that every set is similar to an ordinal. once

the ordinals are introduced one could use Co unt(x), "x is similar to an ordinal." as a substitute

for either WO(x) or l Med(x), which would lead to an altemative version ofAxioms l and 2.

The same appli es to other principIes usually given as equivale nts of the axiom of choice. We

shall not pursue this matter here.

Let us final ly link well-ordered sets and nonmediate sets with the following.

Defini tion 2. IVo= {X:XE IV/\lMed(x) }. IVo is the nonmediate subuniverse .

Axiom 3. WO(X)=?XEIVo' every well- ordered set is nonmediate.

§22. Ordinals.

We now represent the sequence 0. {0}, {0. {0}}, ... by 0.1,2....• the finite ordinals

or natural numbers. Using the axiom of infinity, let us call ro the intersection of all sets that

have 0.1,2,..., as members. Sro=rou{ro} will be denoted by (0+1, etc. We then define the

seque nce of ordinals Ord in the usual way:

Defi nition 3. a E Ord iff (i) xE yE a =?xE a and (ii) 'v'z(zE a=?(uE vE z=?uE z)).

Ordinals will be rep resented by Greek letters except for the class of all ordinals Ord,

which is also an ordinal, and belongs and does not belong to itself. For ordinals a and p we

have the following:

Axiom 4. 'v'a'v' p(aE pva= pvpE a ). In addition, aE Ord=?E WOa and

aE Ord=?lMed(a), every ordinal is well-o rdered by E and no ordina l is rnediate. Finall y,

Ord is well-ordered by E .

Essen tially, ordinals behave like their standard counterparts, although they can be

untinomic members of sets which are not ordinals. Addition, multiplication, and

exponentiation of ordinals can be defined inductively in the usual way , and the necessary

theorems postul ated wheneve r their classical proofs include negative form ulas: such theorems

include the principIe of transfinite induction, the statement that ro is the smallest limit ordinal.

the uniqueness of-ordinal operations. etc.
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Extending to set theory an idea introduced in a previous paper for formal aríthmetic,"

let us now add strict order as a primitive antinomic predicate.

Axiam 5 . VaVpVy((a<p"p<y~a<Y)" <lN at(a)"lNat( p )~a<p"p<a)"

(a <Ord" Ord<a )). Transitivity of < in Ord. and syrnmetry (hence reflexivity) of < for all

nonfinite ordinals. Each nonfinite ordinal is greater and less than all other ordinals including

itself, that is. every geometric representation of < requires bilocation. Whereas the order type

of the E -ordering of Ord is Ord , the usual one. the <-ordering of Ord has the following

order type: 1+ Ord •+eo+ Ord + 1, "I" being the order type of Ord itself, the greatest and

hence the least ordinal, Ord 'is the mirror image of Ord , the last being the standard type

of the set of nonfinite ordinals, and ro the order type of the set of finite ordinals placed in the

middle of any model , Each finite ordinal has simple location, and each nonfinite ordinal has

one location to the right and another to the left of the fragment of all finite ordinals, that is,

one in the segment of type 1+ Ord • and another in the segment of type Ord +1.

§23. A mediate continuum hypothesis.

Although by Axiom 3 every well-ordered set x is nonmedi ate, as already mentioned

x is not necessarily similar to an ordinal ; Godel 's indirect proof that every well-ordered set

is similar to an ordinal cann ot be carried out .in AS¡.23 Further, the converse of Axiom 3 does

not hold, as the following classical example shows: if p is strictl y mediate, [1(p) is either

strictly mediate or strictly nonmediate, and !1'!/V.L) is strictl y nonmediate, yet although

reflexive, the latter is not well-ordered since it contains as a subset a replica of p. In other

words. sorne nonmedi ate sets have mediate subsets, whereas all mediate sets have nonrnediate

subsets,

The cardinal number Card x of a set x was defined in §16 as the equivalence class of

all sets equinumerous to the set x; Card x is a subset of the universe w and is relative to that

universe. Each set XE w, then, has a cardinal number Card x regardless of the kind of order

it may have, and whether or not x is a mediate set,

The alephs can now be defined as follows.

Defi nition 4. · ~ a is the cardinal number of a given nonfinite ordinal y. The class of

all alephs is well-ordered as follows: ~ a ::; ~~ iff Y1 EY2V'f¡=Y2' where Yl and '12 are any

ordinals such that Y¡E l\ a and Y2E ~ ~.
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Axiom 6. For every ordinal a. there exists a cardinal number ~ lX' The class of all

alephs is not only well-ordered but it is also similar to Ord. Since mediate sets are members

of w, not every nonfinite set has an aleph for its cardinal number.

Cardinal arithmetic can be defined as follows. Let us symbolize cardinal numbers with

bold face letters m. D and let m. n. .... be any representative of the classes m. D,

respectively; 1. 2. 3 are Card l . Card 2. Card 3.....

Definition 5. (i) m-n is the cardinal number of the disjoint union of m and n; (ii) m-n

is the cardinal number of the Cartesian product mxn: (iiijm" is the cardinal number of the set

of all functioos on m into n. The antinomicity of sorne of the entities involved in (i)-(iii) does

not affect the uniqueness of the operations defined.

The beth numbers are defined as follows.

Assuming the generalized continuum hypothesis (GCH), J"=~ ,,, and the beth notation

becomes superfluous. GCH is not assumed here, and the relatioo between the alephs and the

beths is left undetermined. In addition to these two kinds of nonfinite cardinals , oow we need

to introduce two more, given that not every nonfinite cardinal is an aleph or a beth.

Definition 7. If ll=Card pis the mediate cardinal of a mediate set 11, then 2P= J p is a

gimel number indexed by ji 10 indicate it provenance. Gimel numbers can be mediate or

nonmediate, and only sorne mediate numbers are gimel numbers.

Definition 8. If J.1=Card ji is the mediate cardinal of a rnediate set ji, then 22" =1P

is a daleth oumber indexed by ji to indicate its provenance. Daleth numbers are nonmediate.

Whether 1p is an aleph, a beth, or another yet undefioed kind of noofinite reflexive cardinal

is left as an open questioo. The relation between daleths and gimels is given by Axiom 8

below.

The gimel and daleth numbers are not linearly ordered, and even if a gimel number

is nonmediate, it is not necessarily equal to a daleth, a beth, or an aleph. Further , if the

daleths were beth ór aleph numbers, they would be well-ordered by the ordinals, thus inducing
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a well-ordering of the med iate sets, Howe ver, we shall postulate the following mediate

continuum hypothesis (MCH).

Axiom 8. Med(p)~ 3J1'(Med(p')Alp= J ~.). Every daleth equals a gimel numbe r, i.e.,

the cardinal number of the power set of the power set of a mediate set is the cardi nal number

of the power set of sorne med iate ser.

From the viewpoint of the Foundations of Mathem atics, Axiom 2 has the adv antage

over Axiom l of making the choice operation independent of order , for there is indeed

something more basic about choice than any kind of orde ring that one mig ht attach ro a ser.

But as menti oned , the altemative of taking §" as nonmediate to guara ntee the existence of a

choice set is not indispe nsab le either: f7 could be merely nonamorphous, in whic h case sorne

medi ate families f7 could also yield a cho ice ser. However, it seems rather forced ro

extrapolare the well-ordering principle from the set of natural numbers to all unimaginable sets

simply to be able to single out a definite individual from every nonempty set. And it seems

just as forced to identify infinity wi th Dedekind infinity since, for example. it is shortsighted

to assume that nonfinite nonreflexive sets are useless because we have not yet found any use

for them . In contrast, the ope ration of choice is itself trul y primitive and intuitively natural

whene ver it is applicable. Alth ough not always feasible, it is essential even for selecting the

very first symbol to put on papero Indeed, choice is as indispensable from a mathematical

point of view as the equall y primitive operation of co rnprehension, i.e., the gathering of

individuals that share in a give n property. Still other antinomic versions of the axiom of

choice should yield new foundational approac hes as well as new struc tural understanding of

these two fundamental mathematical operations of choosing and gathering.

§24 . Axioms of choice for AS ).

Axioms of choice for A Sz and AS) parallel those pro posed for AS l . Let us look briefl y

at the case of AS).

Axiom l . WO(§)~3 '€(V'x (U x'€<=:) 3A (U A8fAU xAA V'y(UY'€AUyA~

x=y)))AV' ll(Ul U ll '€<=:)3A(u luA f7AUl u uAAV'V(UlUV'€AuluvA~u=v)))AV'rV's (u r'€A

UrAAUs'€AUsA~r=s). The predicate W O(z) was defined in §20 .

As is the <:.ase with AS!. premi ses other than WO (.§:) may conditi on the existence of

choice set '€; fo r example, we may gather all the sets generated by applications of separation

scheme 3 give n in §20, as shown in the following definition:
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Definition 1. Compiz) means z exists by virtue ofAxiom scheme 3. §20. i.e., there

is a well-formed formula A(x) in the language of AS3 which gathers z. If the language of AS3

is uncountable, there would be an uncountable number of such formulas. and potentially an

uncountable number of sets z satisfying Comp(z).

Axiom 2. With Comp (~ as a premise. same conclusion as in Axiom 1 aboye. Again,

not only is the existence of a choice set not equivalent to the well-ordering of g; but also is

not equivalent to the "predicability" of g;as given in the definition of Compt z) just proposed.

(It is ironic that here choice depends on predicability even if it is nonconstructive.)

§25. A final remark.

The logic on which the set theories AS¡, AS2, AS3 are based is obviously a limit one

in that, apart from its positive fragment, it is built semantically, posing negative formulas true,

falseo or both when desired , then postulating the true and antinomic ones as axiom-theorerns

- syntax following semantics except for sorne metamathematical reasonings. At the level of

formulas, this is not unlike the device of adding an uncountable number of constant symbols

te the language of a theory in order to use them syntactically in the formation of terms and

formulas. These symbols provide a name for each individual in the universe of a given

structure, thus producing an uncountable number of formal atornic sentences from which to

gather those which are true in the structure. The notion of diagram introduced by A.

Robinson employs these constants and is the set of atomic sentences true in the given

structure. This diagram constitutes a ready-made complete theory." Here, the structure is not

given in advance, and negative formulas are successively incorporated as true or antinomic

in the development of what we may cal! an "open diagram," a progressing diagram that keeps

adding determining characteristics and entities to the models of the true and antinomic

formulas previously posited. The purpose is not te obtain a syntactically complete theory but

to establish the existence of desirable entities or to modify those already introduced. The next

step in the evolution of this and other chapters of antinomic mathematics should move from

this limit position toward one more proof-theoretically balanced. How far it is possible to go

in this direction and how advantageous it would be to do so are open questions. Yet, the

effort involved cannot fail to throw valuable light on the foundational problems that have been

touched upon here.
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Introducción

EN LA UNIVERSIDAD COMPLUTENSE

laenMatemáticas
a Madrid.

de las
traslado

La Complutense Cisneriana se centra en torno al Colegio Mayor de
San Ildefonso y abarca el periodo comprendido entre 1499 y 1545.

El historiador Esteban Azaña es quien aporta más datos sobre el
sistema educativo alcalaino a lo largo del siglo XIV y durante la primera
mitad del siglo XV. Asegura el cronista decimonónico que el Estudio
medieval de Alcalá de Henares, aunque débil y sin duda intermitente,
tuvo vida académica a lo largo del siglo XIV. Pero, sin embargo, es en el
siglo XV donde empezó su esplendor, ya que en 1421 se contaba con
cursos de hebreo, MATEMATICAS y música. De mediados del siglo XV
son las tres cátedras que dotó el arzobispo Carrillo con los frutos y
rentas provenientes de los beneficios de su diócesis. Una era de
Gramática, otra de Lógica y la tercera de Ciencias.

La empresa iniciada por Sancho IV y conbtinuada por Carrillo
llega a su fin en las postrimerías del siglo XV con la fundación, por el
Cardenal Cisneros de San Ildefonso en Alcalá de Henares.
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MADRID

HISTORIA. DE LA ENSEÑANZA DEL ALGEBRA

Sancho IV ordenó que se estableciera el Estudio General de Alcal á
de Henares en su Real Carta de 1293.

En 1993 se cumplen 700 años de la fundación de la Universidad
Complutense, una efemérides que debe ser motivo de orgullo y
reflexión. Los que hoy formamos parte de ésta Universidad, estamos
orgullosos de ser complutenses y vamos a unirnos a los actos
conmemorativos de su VII · centenario. Estudiaremos la historia de la
enseñanza del Algebra en nuestra querida Universidad.

§1.. Historia de la enseñanza
Universidad Complutense ha,sta , su

Rev. Academia de Ciencias. 49 (1994)



48

T R A TAn Q DE ' . '-~ .,,~
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Su punto de part ida va unid o a la ca pita lidad de Madrid ,
decretada por Felipe 11 en 1561 , Y a la creació n en és ta c iudad. en 1545 .
de los Estu dios de San Isidro, un a esc ue la de enseñanza sec undaria
destinada a la prep aración de los hijos de la nobleza. A partir de esa
fec ha co mie nza a decaer, aunque lentamente , la U niversi dad que creó
Cisneros en Alcalá y a co nsolidar se el Institu to de Madrid.

Efigie del Cardenal Cisneros Tratado de matemáticas (siglo HUI)

Estudiarem os ahora la historia de la Complutense po stcisneriana
que dur a cas i do s siglos y coincide co n el period o de gobierno de los
A us tr ias.

La Fac ultad de Artes Liberales exp ed ía títulos de bach iller ,
licen ciado y maestro . El Bach ill erato y la Li ter atura se cursaba n en
cuatro años - dos cada uno - y se estudiaban las sig uientes asignatur as:
Sú mulas logica les . Predi camentos , Hermen éu tica, Tópicos , El en cos,
MATEMA TICAS , GEOMETRIA, PERSPECTIV A, Etica, Filosofía natural y la
Me tafí sica de Ari stóteles .

La Universidad Complutense durante elperi odo de Cisner os co ntó
con cuatro Facul tades: Teología , Artes . Medicina y Derech o Canónico y
con dos Escuelas de Gramática, que ope raban en los Colegios Menores de
San Euge nio y San Isidoro .



La inuestidura del grado de doctor estaba rodeada de gran ceremonial,
al que había que asistir adornado con las mejores galas

Fachada del Colegio Mayor de San IIdefonso
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§2.- La creación de la Univer sid ad Central de Madrid.

La Universidad Complutense post ci sneriana . aunque gozó de
momen tos de esplendor, tuvo que soportar múltiples conflic tos : luch as
estudiantiles , guerra de. Comun idades, liti gios co n el Arzobispo de Toledo
y la Compañía de Jesús, etc .

Dichos conflictos , unidos al despojo de su patrimonio por parte del
poder real. al de sgobi ern o de algun os rectores , que conculcaron la s
norm as cons titucionales dictadas por el cardenal Cisneros y a la sangría
o fuga de cerebr os que se produ jo en las primeras décadas del siglo
XVII , debid o a que la Inqui sición hizo huir de sus aulas a los partidarios
de las doctrinas filosóficas de Erasmo de Rotterdam, explican los varios
intentos de tra slado de la Complutense a Madrid . que culminarán un
siglo despué s: Su acta de defunción se produce el 29 de octubre de 1836
con la Real Orden que dispone su traslado a Madrid .

Aula Magna de la Uniuersidad de la calle San Bernardo,
antes nouiciado de los jesuitas
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En 1876 se creó la Institu ción Libre de Ense ñanza que pro pugnó
la coeducación y la enseñanza del Arte . Asímismo creó la Junta par a la
Ampliac ión de Estud ios e Investi gaci one s Cie ntíficas .

De sgraciadamente, la Ciudad Uni versitaria se CO nV IrtIO en pri mera
línea de batalla durante la Guerra Ci vil y fué durament e cas tiga da por
los bombardeos. El resultad o fu é la dest ru cci ón de los fo ndo s
do cumentales y científicos y de los edificios.

En los cursos cel ebrados entre 1875 y 1902 la matrícul a de las
asignaturas ascendió de mod o pro gre si vo . Hombres brillantes por sus
contribuciones científicas fueron José Echegaray, Antonio Aguilar , que
instaura eh Madrid el Observatorio Astronómic o , Carl os Ye bes ,
ca tedrá tico de Geometría , y el matemático Gum ersind o Vicuña.

enXI II

co nti nu ó
Ciud ad

Alfonsoporcreadanueva ciudad universitaria
"La Moncloa".
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Te rminada la contiend a el arq uitec to L ópe z Otero
tecnicamente al fre nte de la junta co nstruc to ra de la
Universitaria, creada de nuevo en 1940.

§3.- La
la finca

La march a de las ob ras fué e ficaz e ini nter rumpida ; e l rey
presidió la última junta el 5 de abril de 1931. Nueve día s despu és se
proclamó la Republica y el rey Alfon so XIII marchaba al exilio . El cambio
político fu é, sin embargo, beneficioso para el gra n proyecto del monarca.
Pronto comenzaron las inauguracione s. La Facultad de Filosofía y Letras
fué la primera de ellas.

La Univers idad Central se ase nta ba en una serie de locales y
casero nes disemi nados por el ca sc o antig uo de Madrid , qu e se
enc ontraban de sfasados y ado lecían de graves defectos ac ústicos,
lumínic os y térmicos . Alfo nso XIII, a sugere ncia de su odontó logo, que
hab ía es tudiado en Estados Uni dos , decidi ó co nstruir la Ciud ad
Universi taria . Se o rganizó un a j unta co nstructora y se ab rió una
suscripción popul ar co n 2.500.000 pts . aportadas por la Familia Real. A
principios de 1929 comenzaron las obras.

En el periodo que transcurre entre 1836 y 1845 se organizó la
Unive rsidad Cen tral de Madrid segú n el modelo napoleónico. La Facultad
de Cien cias quedaría ins talada en la capilla de los Reales Est udios. En
1857 se promulgó la Ley de Instrucción Públ ica - Ley Moyana - en la
que se estructuró defin iti vamente la enseñanza contemporánea hasta la
reciente Ley de 1970. En esta ley quedó establecida como Facultad la de
Cie ncias exactas.



FACULTAD DE CIENCIAS~
MATEMATICAS

Facultad de Ciencias Matemáticas en la Ciudad Uniuersitaria

Complemento de la Universi dad habr á de ser el Con sejo Superior
de Investigacion es Cie ntí ficas , crea do por De creto Le y de 1939 . Su
misión er a fom entar , orientar y co ordinar la investi gación c ientífica en
España, división CIENC IAS MATE MATICAS y de la Naturaleza.

Entre las Facultades que se crea ron en la Ciudad Universitaria
es taba la de Cienc ias . En el peri od o más reciente se ha con struido una
nueva Facultad de Matemá ticas, inau gurada en junio de 1992 , siendo
rector D , Gusta vo Villapalos . Las especi alidades que en la actualidad se
pued en es tudiar en la licenciatura de Ciencias Matemáticas, son la s
siguientes : Fundamental, Estadística , Astronomía, Mecánica y Geode sia,
Metodo logía y Didáctica de la Matemática, Ciencias de la Computación .

§4.- Importancia y papel del Algeb r a en la Matemática actual.

La pala bra ál g eb ra proviene del nombre de un tr at ado del
matemá tico y as tró nomo Mo hammed al-Khari zrni, que vivió en el sigl o
IX. Su tratado sob re álge bra llevaba por títul o al-j ebrwn almuga bala , que
signif ica "transpos ició n y eliminac ión", Por tran sp osición se entie nde la
tran sferencia de tér minos al otro mi em bro de la ecu aci ón , y por
eliminación la cancelación de tér minos iguales en ambos miembros.
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La palabr a árabe al-jebr se co nv irtió en álge bra al tran scribirla al
latín , mientras que al-muga bala fué desechada, lo cual expli ca el términ o
moderno de ál g ebra para es ta disciplina .

El orige n de este término responde muy bie n al co ntenido real de
la cienc ia mism a. El Algebra es en esen cia la doctrina de las ope raciones
matemáticas co nsideradas formalme nte des de un punto de vista general .
co n abs tracc ió n de los núm er os co ncre tos , y sus proble mas están
relacionados fund amentalmen te co n las reglas formales para la tra nsfor ­
mación de expresiones y la resolu ción de ecuac iones .

Má s tarde, Ornar Kha yyan definió el Algebra co mo la ciencia de
resolver ecuaciones. Est a definici ón no tuvo su sig nificado hasta finale s
del siglo XIX, cuando el Álgebr a, junto con la teoría de ec uac io nes , tom ó
nue vos derroteros , modifi cand o esen cialmente su carác ter, per o no ese
espiritu de ' gen eralidad que po see como cienc ia de las operaci on es
formales .

El Algebra contemporánea es él estudio de las operac io nes , de las
re glas de cálculo. Pero no se circunscribe como el Alge bra cl ásica , a l
estudio de la s propiedades de las operaci one s co n números , sino que
aspira a investigar pr opied ade s de operacione s co n ele men tos de un a
naturaleza mu ch o más ge ne ra l. E st a tend en cia vie ne dict ad a po r
necesid ade s de orde n pr ácti co. Por ej empl o , e n Mecánica sumamos
fuer zas , veloci dades , rotaci ones, etc . Si para un co nj unto dado de obje tos
se definen ciertas operacio nes que satis face n ciertas propiedades. se dice
entonces que se ha definido una estruc tura algebraica . El ac tua l punt o de
vis ta so bre el Algebra co nsis te en con siderarl a como el es tudio de las
diferentes estructuras algebraica s. Puede co nsi derarse que la noción de
estructura aparece, con la definición por Cayle y en 1854, del concepto de
grupo ab stracto y se de sarroll a hasta la teo ría de ca tegorí as ac tua l,
de sarroll ad a en los últimos c uarenta añ os , que proporciona el ma rc o
co rrec to para el de sarroll o de técnicas de gran importancia como la
homología , que reunen aspectos aisl ado s que habían ido apareci end o al
profundizar en problemas de teoría de grupos, anillos, módulos, etc . El
primer trabajo en el que se enfoca el Algebra de sde e l punto de vista de
las estructuras es la famo sa obra de Van der Waerden: "Modern
Algebra" , de importancia capital para el desarrollo algebraico posteri or.

Hablemos ahora un poco de la influencia del Alge bra en otras
ramas de la Matemática , y en otras ciencias en genera l. El Alge bra no es
una cienc ia apli cada en el sentido que tienen éstas hoy en día, sino una
ciencia pura. Las ciencias apl icadas tien en , en su ace pción usual , dos
caracterís ticas que las definen , la de resol ver pr obl emas co ncre tos del
mundo que nos rodea y la de toma r prestad o para es te fin, un cuerpo de
doctrina ya elaborado. El Algebra no depende de nada, salvo de la teoría
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Termin ad a la guerr a, surgen un os cua ntos jóvenes matemáticos
que trabajan individ ua lme nte co n notabl es aportac io nes y qu e po co a
poco empiezan a constituir a su alre dedor grupos de in vesti gación . El
escaso número de matemáticos que sa lía de nuestras universi da des, de
las qu e únicamente las de Madrid , Barcel on a y Zaragoza. y bast ant e
desp ué s la de Sa ntiago, impartían esos estudios. se ve luego alta me nte
incrementado al crearse seccione s y facultades de matemáticas en
pr ácticamente todas las universidades. Esto favorece el número de los

Alge bra .deldesarrollo actual
la Complutense.

in vestigación y
de Algeb r a de

Un brevísimo es bozo his tórico de l desarr ollo de la inv estigación
matemática española nos mostraría, si tuándo nos en los fi na les del
pasado siglo, un panorama anqui losado y anclado en un pa sado remoto.
Sólo in sóli tos esfuerzos personales, como el de Reyes y Prosper , y la
visión de futuro de Alg unos prohombres de la Ma te má tica, qu e
empiezan a remover e l terreno , hacen vislumbrar posibl es cosec ha s
futura s. Hombres como Echegaray. Edu ardo Torr oja, ó Garc ía de Galdeano
co nectan co n la cie ncia euro pea, co mie nza n a enseñar la matemática de
su tiempo y no la de sig los pasados, fun dan revis tas matemátic as, crean
la Real Sociedad Matemática Española, llegan a int eresar y comunicar su
entusiasmo a los estudiosos y env ían a és tos al ex tranjero a formarse en
las mism as fue nte s. 'Fruto, y al mism o tiempo co nti nuid ad de es tos
esfuerzos, es Rey Pastor que , en su Laboratotio Matemáti co de la Junta
de Amp liac ió n de Es tudios , co nsig ue ya formar un eq uipo de
inves tigado res .

§5.- Ca m pos de
El Dep art am ento

y es que en el fon do de todo objeto maternauco o colecc ión de
obje tos , se encuentra la es tructura alge braica . Por eso la cas i totalidad de
las ra mas matemáticas usan de los teoremas del Alg ebra en su pr opi o
benefi ci o. Pero es ta de pendencia del Alge bra no es como la dependencia ,
por ej empl o. de la Lógica. La Lógi ca suminis tra el esquema de
razonamie nto verdadero , pero ahí para su mi sión . El Al gebra en cam bio,
como ciencia positiva que es , suministra a otras partes de la matemática,
res ulta dos positi vos qu e ella s usan para sacar sus conc lusio nes,
as imismo positi vas.

de conj untos , de la que , en últim a instancia, depend e la Matemática toda,
y además es una cie nc ia pura po rq ue tie ne su prop ia pr oblemáti ca ,
independiente de los fenóme nos de la vida rea l. Pero e l Algebra si es
una cienci a que se aplica. Ella presta a otras ramas de la Ma temática y a
otras ciencias en general , sus estructuras para lograr descr ipc iones
formales que las ac laren y potencien nuevos de sc ub rimien to s . Bien
co noc idas so n, por eje mplo, las apl icac iones a la Física de la teoría de
grupos y álgebras de Lie . .



que se dedican a la investi gación y empiez a ya a rea liza rse és ta de un
modo continuado y en mayor escala .

E ste proce so de for mació n de in vest igadores ha ll evado en
ocasio nes a la co ns tituc ió n de au té nticas escue las : un primer maestro,
dedi cado a una de terminada rama de su ciencia, la va desarro lla ndo co n
sus di sc ípulos, qu e a su vez prosi guen la tarea forma dora de nu evos
in ve sti gadore s incipientes .

Po r otra parte , la co m unid ad mat emát ica es pa ño la aparece
fuertemente re lacionada gr ac ia s a la celebraci ón , desd e hace treinta
año s, de una Reu nión anual que va turnand o su sede por las dist intas
Un iversidades. También se han vin culado a est os con gr esos los
ma temáticos portuguese s y así se interca la una reuni ón e n un a
universid ad lu si tana por cada dos re unio ne s en universid ades es paño las.
Esta s re uniones , aparte de favorecer el intercambio y la cola bo rac ió n
entre inve stigadores y docentes de la matemáti ca , so n I ~ mej or
plataforma para comenz ar a darse a conoce r nuestros j óven es va lore s,
cuy a presencia cada vez más acti va en e ll as permite predec ir un
interesante futuro . También cada cuatro años se ce leb ra el Co ngreso de
la Agrupación de Matemá ticos de Expresión Latina.

Fruto de estos co ngresos de distintos tipos es la publicaci ón de las
actas co rr es po nd ie ntes, que rec ogen las comunic acio ne s pre sentadas.
Otras pub licac iones son di gn as de ser· ano tada s . Muchos departamentos
uni ve rsitari os publi can de modo infor mal sus trabajos , aunque alg unos
ya en forma ser iada, co mo la Sec c ión de Matem áticas de la Universidad
Aut ónoma de Barcelona , ó el dep art amento de Geomet ría y Topología , ó
la revista "Alxebra" , am bos en Santiago, ó la colección de Mo nografías y
Memorias de Ma temá ticas del In stituto Jo rge Ju an por ci tar alg unos .
As imismo , la re vista de las Academias de Madrid, Barcel ona y Zaragoza
ded ican parte de sus números a artíc ulos de inv estigaci ón matemáti ca.
Finalmente, com o re vi stas matemática s de carác te r genera l, hay qu e
de st acar "Collec tan ea Mathern ática ", edi rad a po r la U ni versi dad de
Barcelona y "Revista Matemáti ca Iberoamericana", pu blicada por la Real
Soc iedad Ma tem ática Española en colaboración con el e.S.l. e.

Ob servamos con org ullo que la producci ón mat em áti ca es pa ño la
aparece como mu y superior si se la re lac io na co n la in ver sión a e lla
de stinada , encontránd ose potencialmente en situac ió n de despegu e , en
cuanto que ' est a in versi ón no nec es ita se r mu y cuantio sa . Fund amen­
talmente , di ch a in versi ón estaría destin ad a a promove r esta ncias de
in vesti gad ores es pa ño le s en ce ntros ex tra nje ro s que sirvieran para
cata liz ar la labor de nuestros invest igador es.
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Como hem os dicho an ter iormente, en el Departamento de Algebra
de la Universidad Complutense de Madrid exis ten dos grandes temas de
investigación: La teoría de números y la geometría alg ebraica, dividida
esta última en dos vert ientes: la geometría algebraica real y la teoría de
la resolución de singu lar idades.

Informaremos ahora brevemente sobre las in vestigaciones de
Algebra en España. El des arrollo de la · investigación en Algebra se ce ntra
en torno a cua tro grandes po los , que pueden ser recogidos con la s
denominaciones siguientes: 1) geometría algebraica, 2) teoría de gr upos,
3) teoría de ca tegorías, 4 ) teoría de números. Estos bloques de tra bajo
han nac id o de cua tro grupos o escuelas que se locali zan , respecti­
vamente , en Madrid . Zaragoza, San tiago y Barcel ona, dando lugar a
nuevos núcleos a l des plazarse alhunos de sus miembros a otros ce ntros
de l país.

La escuela de geometría algebraica rad icad a en Mad rid , en la
Universidad Complutense y en el Instituto Jorge Juan del C.S .LC., ha
produ cido nuevos grupos locali zados en las Universida des de Va lla dolid,
Sevill a, Sant ander , La Lagun a, Má laga, y en parte en Zaragoza . Indepen­
dientem ent e hay gr upo s de trabajo en la s Univers idades de Barc el ona ,
Salamanca y Badajoz, que tocan los mism os temas. La teoría de grupos,
cultiv ada en la Universidad de Zaragoza, se ha extend id o despu és, a
través de sus miembros , a las Universidades de Santander y Va le ncia . La
teoría de categorías y álgebra homológica de Santiago, tie ne , ig ualme nte ,
su ramificación en las Universidades de Granada , Málaga y Murc ia . Y los
gr upos de trabajo sobre teoría de núm eros se encue ntra n en Barcelona,
Bilbao y Madrid. Lo anterior es una simplificación que no excluye .e l.
hecho de que también se trabaje algo sobre teoría de grupos en
Valladolid o sobre teoría de categorías en Zaragoza.

que el cultivo del álge bra es
co nso li da do entre nu estr os
han inco rporado a él hacen
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Abstraet

We provide a Ostrowski-Kantorovich convergence theorem under
standard Ostrowski-Kantorovich conditions for a famil y of Chebyshev­
Halley type methods in Banach spaces. We propose the upper error
bound and lower bound for this family with a real parameter A (O :5; A <
2) . We also discuss sufficient asymptotic error bounds for the methods.

1. Introduetion.

Ostrowski-Kantorovich convergence of the Chebyshev- Halley
iterative methods in Banach space setting was studied by M.A.
Mertvecova [13] , M. Altman [1,2] , B. Doring [8] and R.A. Safiev [18 ,19] .
Later, T. Yamamoto [21,22] developed a theory of a cubic optimal
operator and applied this theory to the study of Ostrowski-Kantorovich
convergence for the Halley method. In recent years V: Candela and A.
Marquina [6] provided Ostrowski-Kantorovich type convergence theo­
rems for both Chebyshev-Halley methods in Banach spaces , by
employing a special technique which is called the recurence relation.
They a1so convinced that both methods are applicable by providing
many numerical examples. This year, S. Kanno [11] examined two such
convergence theorems for Halley method by Safiev and Yamamoto [21].

He points out that Yarnamoto's assumptions -are weaker than that
of Safiev and the error bound is finer than that of Safiev. In this paper,
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(2 .2)

(2 .1)P(X) = O

Considel' a nonl inear operator equ ation of the form

For co nve nie nce and brevit y , in the following section 3, -»re
introduce the func tio ns
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where - A is a rea l parameter. In sec tion 4 , we will prove that the

sequence {Xn } :: 1 genera ted by (2 .2) is well-defined and convergent to

the solutio n of the nonl inear operator equation (2. 1) under standard
Ostrowski -Kantor ovich ass umptions .

where P: Do e X B --7 Y B is a nonlinear mapping defined on an open
c onv ex domain Do of a Banach space XB with values in a Banach space
y B . Under certain conditions and based on the original Chebyshev­
Halley type methods [23], we can define an equivalent form for the
famil y in Banach space for all n ~ O :

2. The extension of Chebyshev-Halley type methods in
Banach spaces.

we consider similar problems for a family of Chebyshev-Halley type
methods which contain both Chebyshev and Halley methods as specific
ca ses . By employing classical analysis techniques and under similar
assumptions of the Newton-Ostrowski-Kantorovich theorem [9 ,10 ,12 ,14 ,
15,16 ,17 ,20 ,21] , we · give the suffi cient conditions and a complete
representation of error bound based on the initial information of the
nonlinear operator equation P(X ) = O for Chebyshev-Halley type
methods . It means that -we can provide the convergence and error
bound for Chebyshev and Halley method s based on the quadratic
optimal operator. But we also point out that there is a method for which
the quadratic optimal operator does not work. Only Yarnamoto's third
order optimal operator can be applied in order to present the
convergence and error bound. Finally, we discuss sorne sufficient
asymptotic error bounds for the methods for all parameters A. in [0,2] ,
and provide numerical examples.



No w we can s tate our rnain res ults:

(3 .5 )

(3.6 )

(2 .3)

(3 .7)
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if {

Qn=[1 + ~ H(Xn , y n)]

11 YO- Xo 11 ::; 11 ,

{
0.4 85

h =K~11 s 0.5

First we need a lernrna as a useful tool for estirnation.

11 P'(Xo)-! 11 ::; ~ ,

11 P"(X) 11 ::; M , 11 P"(X) - P"(Y) 11 s NII X - Y 11 , for all X,Y E Do (3.4 )

For a given initial value Xo E D o ' assurne tha t P(XO)- l exist s and

1

J{P " (Z n)( I -t ) - i p"(Xn) } d t( Yn-X n) Qn (Yn -X n) (3 .2 )
O

!

.1 f2 P"(Z n)[I- t.. (I-t)]dt(Y n-Xn) Qn H(Xn ,Yn)( Yn-Xn) +
O

Th eorern 3.3 Let P : Do X B --7 YB , XB , YB are real or complex Ban ach
spac es, and Do is an ope n co nvex dornain . Ass urne that P ha s 2nd
order continuous Frech et de ri vat ives on Do and satisfies the following
standa rd Ostrowsk i-Kantor ovich condi ti ons:

foIlowing identity for al! n ~ O and O·::; l s 2 :
!

P(X n+! ) = fp"[Y n + t(Xn+ 1- Yn)](I-t)dt(X n+ ! - Yn) 2 ­
O

3. The Ostr-o wsk i-Kanto ro v ic h theorem.

Lernma 3.1 . Let P be a nonlinear opera tor on an ope n convex domain
D o of a Banach space XB to another Banach spa ce . Suppose that P has
2nd order continuos Frech e t derivative s on Do. Then the P(Xn+ ¡)

together with the seque nce { X n } :0 genera ted by (2 .2) have the



for al! A in the interval [0,1], where {tu}:o and {Sn}:o are de fin ed as

(3. 16)

( 3 .9)

(3 .8)

(3 .15)

(3 .13)

(3. 12)

(3 .11)

(3 .10)

(3. 14)
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1 - --J 1 - 2 h
h r¡ ,

y u - X* 11 ~ t '" - Sn , for al! n ~ O ,

Xn - X* 11 ~ t" - tu , for al! n ~ O ,

Cl- S2)n Sv
<

l - Sv +! -

g(t n )

Sn = tu - o'( t )
'" n

(1-S2)11 ( f S)V

(r S)v +!
I - r

v = 311 - 1

Now, putting

S (Xo , t* ) e Do ,

t*

s = (1- "f ¡ - 2h )/(1 + --J1-2h),

( lK ? ! ng t) = 2 t- - j31 + ~ , g(t) = O,

foroall A in the interval [1 ,2) , and

we obtain

where t* is the smal!es t roo t of the equatio n (3.9). Then the Chebyshev
-Halley type procedures (2.2) are co nve rgent for al! O ~ A < 2. Also Xn,

y n E S (X o , t " ) , for al! 11 ~ O . Th e limit X* is a solution of the

eq uation (2. 1). We also ha ve the fol! owin g error estimates and th e
optima l error bounds:

where S (x . r ) = { x' E XIII x' - x 11 ~ r } , and set



h g(tn ' sn )(s n - tn )

i + ' Ah g( tn , s n)

(In) Xn E S ( X o , tn) ,

( H n ) 11 P '(X n)-[ 11 s -g '( tn)- l

(H I n) 11 Yn- Xn 11 $ sn-tn ;

( I V n) Yn E S ( X O, Sn) ,

(V n) 11 Xn+[ -Yn ll s tn+l-Sn

11 P '(Xn+l )-P' (Xo) 11 $ Mil Xn +1 -X o 11 ::; K(tn+l -tO) =Ktn+l < Kt* =

Proof. It suffices to show tha t the fo Ilowing item is u'ue for all n by
mathematical induction :

11 P ( X O) - l 11
11 P'(X n+ [ )- 1 11 ::; -------"- '----'''-'---'-'-- - - - -

i 11P' ( X o)- [ 1111 P ' ( X n+[ ) · p' ( X o) 11
~ 1 1

< < = = - (1 '( tn+l) - 1
- l· ~K II X n+l -XO 11- ( I1P)- K( tn+l - tO) ( I1P)-Ktn+l o .

(3.16)
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I -~ 1-~T2h 1 1
=Kr¡ h = ~ $ ~ $ '1P ' (X o) -[ 1I '

Pr oof. It is easy to check in the case of n = O by initia l condi tio ns . Now
assume that (I n) - (Vn) are true for a fixed n 2: 1 . Th e n

so

and by Banach T he orem , P' (Xn+l )-1 exists and

1

(Il n+1) : P '(Xn+¡) -P '(X o) = f P "[ Xo+t(Xn+l-X O)]dt(Xn+l-XO) '
o

(Il In+1): Putt ing <1> n = 11 Xn-X o 11 , 't' n = 11 Y n,Xn 11 , and by using the identity
(3 .2), we can estimate P(Xn+l ) to obtain :



exists, and

A M'f'

2 (l/~) -Mel>

[
(2-A)M 2 li] 3

4 + 613 'f'

(l/~ ) - M el>

( l/ ~ ) - M el>

A M'f'

2 ( l / ~) - M el>
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'f'3

""- M'f'

2 (1I~) - M el>

[1 A ,( ) 1 ( ) ] - 1 [1 ~ '( ) 1"( ) seS + 2" g tn+l - K Sn+ l - tn+l S + 2 g tn+ l - g tn+l .'

From (2.2) we have

S [1- ~ 11 P '(Xn+1)-1 11 11 P "(Xn+l ) 11 11 y n+l- X n+l 11 ]

( V n+1): 11 ~ P '(Xn+l )- IP" (Xn+l )(Yn+l-Xn+l ) 11 S ~ 11 P'(Xn+1)- 11l1l P "(Xn+¡) 11 *
A K (S n+ l-tn+ l ) K (S n+ l - tn+ l )

* II Y n+l-Xn+l I1 S 2 -g ' (tn+ ¡) S (I \~ )-Ktn+l<l

(I Vn +l ) : 11 Y n+l -XO 11 S il Y n+l - X n+l ll+ 11 X n+l -y n 11 + 'f' + el>

S ( Sn+ l - tn+l ) + ( tn+ l - Sn) + (Sn- tn) + ( tn- tO) = Sn+l

and so
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b~_1 + ( 2 -A.) b~ _ l a n _ 1

By a similar way we should have an expression of bn :

a~ -1 + (2 - A. )a ~ -1bn- 1

Now by (3.16), we have

Now we are ready to prove (3 .14) and (3 .15) . Notice tha t

Denote an = t* - tn , bn = t** - tn , Then we have

So, we obtain

and then



(4 .1)

above and tak in g into

(l-S2)TJ (s '-'"2) v

(S '-'2)v+I .

1 - '-'2

O < an - l < S < 1 so
- b n- I - - ,

'. Cl -S2)nS v
< a - t'" I <- n - - n - 1 _ sv+ 1

a n- I + (2-A)
b n- I <?

+ ( 2 - A)~
bn-I

( I -S2)TJ (r S)V

( r S)v+ 1
l - r

Th at is

Case (i) : Os As 1 . Note that

By usin g the fae t that
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Then we so lve thi s equation for an by usin g the fae t th at

?)~bn = an + (1-S- S .

By (3 .15) , it is easy to see that

an -I + (2 -A)
~ an-I+ (2 -A) b n_1 b n- I

= {an-l/bn-l}3 b ( 'J_') = {an-l/bn-l}3 ....::...!l..:....!. _

b n n-I + - 11. a n-I 1 + (2 _A) a n- 1
b n- I

We diseuss sorne eh arae te rizatio ns of th e metho ds (2 .2) under the
qu adratie opt imal operato r. We observe that if replace P(X ) by g(t)
in (3 .2 ), then we sho ul d have

4. Sorne suffie ie n t asymptotic error bounds.

(l -S 2)nS v < (l-S2)TJ (1'1S )V
1- sv +1 - ( 1'1 S)v+ 1 ~ an =t* - tn ~

l -
1'1

Case(ii ) : l ~ A < 2 By a similar method as
aeeount (3. 14) , we have the fo llowing error bounds:



(5. l)

(4 .4 )

(4.3 )

(4.2)

(5 .2)
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of aIl continuous func tio ns on the interval

11 X 11 = rnax I X(s) I

- o s s S !

1

X(s) = Y(s) + a X(s) fq f s . t ) X( t)d t
O

1t
n

+ ! - sn =_? _~..:J.!2. _
- 1

in the space XB = C[O , l ]
[O , 1] , with norm for O:;; s :;;

In thi s section, first we use the theorem 3. 3 to sugge st some new
approaches to the solution of qu adr atic in tegral eq ua tions of the form:

5. A p p l ic a t io ns .

(ii) If O:;; A. < 2 then the sufficient asymptotic error bound for n -7 00 ,

is also given by

and the sufficient asyrn ptotic error bound for n -7 00 , is given by

(i) If A. = 2 , then

and puttin g
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r¡ ~ 11 P'(l )-IP(l ) 11 ~ 0 .265 197 1 1

~ = 11 P'(l )-ljl = 1.5303942 1

a is a real number called the "albedo": for
q(s ,t ) is a conti nuo us fun ction of two
, and satisfy ing

~t dt I = (2 ln2 ) Ia I=0.34657359 ,s +

O < qts .t) < 1, O:;; s , t s 1 :
q(s, t) + q(t,s) = 1 , O:;; s , t :;; 1 :

I j
O

max

( i)

(ii)

K= M

M 21a l

N = 0

Here we ass ume that
sc attering and the kernel
variables, with O:;; s , t :;; 1

Notice that qts.t) satisfies (i) and (ii) aboye . Let us now choose
Y(s) = 1 for al! s in [0, 1] and define the operator P on XB = qO,1] by

1

P(X) = a X(s) f _ s - x«: dt - X(s) + 1 (5.3)
s + I

O

Note that every roer of the equation P(X) = O satisfies the
equation (5 .3 ) Set Xo (s) = 1 and ex = 0.25 , use the definition of the
firs t and second Frechet derivatives of the opera tor P to obtain

S
q(s,t) =~ . for al! O :;; s , t s 1 .

Th e function Y(s) ' is given continuous function defined on the in­
terval [0 ,1] , and X (s) is the unknown func tion sought in [0,1] . Equa­
tions of thi s type are related with the work of s. Chandrasekhar [7],
and ari se in the theories of radiative transfer, neutron transport and in
the kinetic the or y of gass es . These exist s an extensive literature on
equations like (5 . 1) under various assumptions on the kernel q(s,t) and
ex is a real or co mplex number. One can refer to the recent work in
[3.4 ,5] and thereferences there . Here we demonstrate that the theorem
via the iterative pro cedures (2.2) provide exi stence results for (5.1) . Mo­
reover the iter ati ve procedures (2 .2) co nverge faster to the solution that
al! the previous known ones . Furthermore a better information on the
location of the solutio n is given. Note that cos t is not higher that the
co rres ponding one of previou s meth ods . For si mplicity , we shall as sume
th a t



Table 5.4

t* = 0.28704852

0.26339662 (0.116526742]V
1

1 - '-'2"[0.116526742]V+ 1

0.26339662 (0.08239685]V
1 - [0 .082 396 85]v+1

(l-S2) r¡( S-v2)V

( S -v2)v+ 1 .=
1 - ,

'12

Then we have the foll owin g nu meric al res u lts:

E 1(A.) =11 X1(A.) - X ~' 11 ·
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1
h = K[l r¡ = 0.14065901 < 2"

s = 0.08239685

11 Xn (A.) - X* 11 s

A. X o X I E o(A. ) E ¡(A. )

--- - - --- - - - - - - - - - - - -------------- - - -----------------------------
0 .0 2.0 2.094 0.95 x 10- 1 0.55 x 10-3

1.0 2.0 2.0943396 0.95 x 10-1 0.21 x 10-3

2.0 2.0 2.0946429 0.95 x 10-1 0.91 x 10-4

3.0 2.0 2.0949152 0.95 x 10-1 0.36 x 10-3

4 .0 2.0 2.0951612 0.95 x 10- 1 0.61 x 10-3

for all O:s; A. :s; and all n ~ O , which sho ws th at X * is unique in

S (X o,t * ). We now di scu ss the determination of th e parameter A. so th at

the ite r a ti ve procedures (2 .2) w i ll prod uce better so luti o ns by spe ndi ng
thesame amount o f c omputation s . Our numeri c al example do conv in c e
the aboye theoretical concl us io ns . Let us consider P(X ) = X3 - 2X - 5 .
w here X ? = 2.094551 481 , and

for 1 s A. < 2 a n d
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A b st r a e t

In this paper, we establish one Fourier exponential series for
Fox's H-function of several variables.

1. I nt r od u e t i on

In last three decades many mathematician s tri ed to presen t
various Fourier ser ies and expansions for the G and H-funct ions of two
and several vari ables [6,7,8]. A serious study of their work reveal s that
almost all these Fourier series and expansions are not the Fourier series
and expansions for the G and H-functions of two and more variables, but
have been presented in a misleading form to appear as Fourier series
and expansions for the G and H-functions of two or several variables
and may be viewed as the manipulative forms of already known work
on Meijer's G-function and Fox's H-function [6,7,8] .

It is important to note that the Fou rier series and expansions
presented by these mathematicians [6,7,8] involve only one variable x
and have been presented in terms of a single series, therefore these are
Fourier series and expansions for a function of one variable. Any Fourier
series or expansion for a func tion of several varia bles should inv olve
several variables and should be presented in terms of a multiple ser ies
as discussed by Carslaw and Ja eger [2, pp.1 80- l 83] for Four ier series of
two varia bles.
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CPJ =
Dq

l'

v = i(w - v)x

A ;C P1 ;

B;D q :
1

l1= w + v - 2

O, n; m ¡, n¡: __ O; mr,n r ~Z l
H . .

p.q ; PI ,q ¡; __ O; Pr,q r z,

Pu tti ng

W = W+ v

the multiple int egr al to be e valu ated is

2. The multiple integral.

(2 .1) ITlIl [ 12
(co s x¡ W( I) (c os xr)¡.l (r)e V( ¡l- - -e v(r)

-rr: --tI/ l

iZ1(e 1X cos XI)I] (TC) r
w 1+ - - -+ wr+ v ¡+- - -+ vr- 2rRv I )- - - r<vr)

H dx . - v-d x , = 2
zr(e ix COS Xr)lr
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H O,n;m¡ ,nl+ 1 ;---; mr,n r+ ¡ r--I' Z¡ A ' (-11( 1), ti ), e, '---, ( - 11 ~' ljo) , Cp~

p,q;P¡+ l.q¡+I ;-- - ;P r+ l ,q r+I _2 -lrZr B : Dq, ,(l- WI.II ) ;---. DlIr. (J- Wr,t¡J

O,n; m¡ ,nl :

p.q p¡ ,q ¡ ;

H

In th is paper, Fo x 's H-function of seve ra ! variables [8, pp .25 1­
254] wiII be represented as fol lows:

(1 .1)

Severa l m ath emati c ia n s tr ied fo r ge ne ral iza tio ns o f Fox's H ­
funct ion [4] and de fin ed Fox's H- function of tw o and sev eral var ia bles [7 ,
pp.22-35 & 8, pp .82 -98 , 25 1-254] .

The o bjec t of th is pape r is lO establi sh o ne Fourier e xponential
serie s fo r Fox's H- fun ction o f sever a] varia b les wi th the help o f a
m ultip le in tegral e va lua ted in th is pa per.
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(i = 1, 2, __o, r)

Reíw- v) > I

00

I 2 -2i(u , + ---+ u o)

II = _00

[Re di / bj ) > 1

00

ti = _00

2 2 r- 2 (v, + - - - +vo )

n2 v ¡) --- f<2v r )

R e ( w ¡ + Vi) + l i m i n
1:5j:5111 i

J
",,/ 2 1t1( w+ v-l )

(cos x )¡J e V d x = 2 w + v - 2f( w l !<v )
-r./2

ü,n;m l ,n ¡+ l ;--- ; ffir ,n r+ l IZ1 A ; (2 -2 u ¡- 2v I,t ¡ ) ,C p ;- - - ;(2 -2 U r-2v r, tr) ' C p~

H p,q;PI+I.q¡+I ;--- ;Pr+l ,qr+1LZr B; Dq" ( l -2 u l. I I) ; ; Dqo ' (1-2ur,t r ) J

e
- 2 i { (u I X 1 + -- - +u r x rl - (v IX 1+ --- + vr xr l 1

valid uncler the cond it io ns o f (2 .1) .

The Fourier e xponenti al se ries ro be es tabl ish ed is

(3.2) (cos XI)2[¡J( I)+I ] (c os x
r)2[

¡J(r)+ l l H I-z¡(e iX, cos XI)ll ] =

LZr(e lX r COS . xr)lr

Note I : The integral (2.1) may be viewed as the se ve ral variables
analogue of the integral [1 , p. 88 , (2 .1)).

and use [8 , p.251, (C. I »).

3. The Fourier exponential series.

P roof : To es ta bli sh (2 .1) , exp ress the Hvfun ction in the integrand
as [8, pp .251 , (C. I )), c hange the orders of x-integrals and <j> - i n te gra l s ,

evalúate inner- integra ls wi th the help of [5, p .34ü), viz .

and the conditio ns g ive n by [8 , pp .252-253 , (CA), (C. 5) and (C.ó») a re
also sa tis fied .
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Multiplying both s ides of (3 .2) by

exp [2i {(w¡x¡ + __o +wrxr) - (V¡X\ + --- + vrxcl )]

m o=n

00

I Cu, . --- . U, exp [ -2i{ (u¡x\ + --- +urxr) - (V¡X \ + --- +vrxr)} ]
ti =_ 00

00

u = _00
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Abstract

In the S- dimensional, extended phase space of the polar noda l variables we

prop ose a canonical redu ction of a Hamiltonian 'H that form alizes a wide variety of

cases of perturbed two-body motion . Our procedur e allows us to form ally cont ract

t he generic Hamiltonian syste m under considerat ion onto a Keplerian one, and

develop a simple analytical solut ion to H in closed formo In so doing , we solve

H by performing the transit ion to a set of canonical elements for the dynamical

problem linked to H , t he independent variable being then propor tional to a t rue­

like anomaly. These elements generalize th e classical Delaunay-Simílar (DS) ones

employed by Scheifele and Graf within the framework of the analyt ical satellite

theories in the extended phase space, and contain the perturbation originally present

in the Hamiltonian H . As a mere illust ration of this approach , sorne special cases of

perturbe d two-body motio n (formulated by radial interm ediaries), borrowed from

the Theory of Artifi cial Earth Satellites, are add uced.

Key wor ds: perturbed two-body orbi tal moti on, polar nodal var iables, reducing

canonical transformat ions, general ized Delaun ay-Similar (GDS) elements, artificial

satellite , radial intermediar ies.

AMS (MOS) Subject C lassification: 70 F 05, 70 F 15, 70 H 15, 70 M 20, 58 F 05 .

P A C S Num bers : 95.10 .Ce, 95.40.+s, 03.20.+i, 46.10.+z.
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1. Introduct ion

The present paper tac kles an analytical investigation concerning a DS-type approach to

the canonical reduction of a general, homogeneous Hamiltonian H tha t formali zes a case

of two-body motion in which .generic per turbation effects due to certain types of dis­

turbing potentials are taken into account. As special instances after particular choices

of the potential, by extending the results obtained in Floría (1991) and par al1eling the

developments presented in Floría (1993), sorne radi al intermediaries in polar nodal vari­

ables (Ferrándiz and Floría, 1991 and 1993) for th e so-called Main Probletti in Artificial

Satellite Theory are easily recovered and made to fit into this pat tern . To be precise,

the general perturbing potent ial allowed for in H will contain terms proportional to sorne

negat ive powers of the radi al distance, namely r - j with j = 0,1 ,2 .

Our procedure allows us to formally cont ract the generic Hamiltonian syst ern governed

by H onto a conventional Keplerian one. In so doing, we construct a new set of canonical

elements for the dynamical prob lem attached to H . This set constitutes a generalization

of the Delaun ay-S imilar (DS) one (with the true anomaly as the independent variable)

applied by Scheifele and Graf (1974) to reduce the aforesaid Main Problem. Other authors

(see, e. g., Bond and Broucke 1980, Bond and Janin 1981) also considered this set or sorne

variants of it .

Our elements , obtained without having to seek a complete solution to the Hamil ton­

Jaco bi equation linked to H , are derived by appropriately modifying the technique devised

by Deprit (1981a) to perform the transition from polar nodal variables to a set of Scheifele

elements , and enjoy the property that they contain the perturbat ion characterized by the

disturbing pote ntials as an effect incorp orated into the generating relations by means of

which the new variables are defined.

As a consequence of our approach and the subsequent reduction, a simple analytical

solution for the general dynarnical problem governed by H is derived in the extended,

8-dimensional phase space. We emphasize that this is achieved by means of a canonical

transformation operating on th e polar nodal variables, which produces a set of canonical

elements of a Delaunay- Similar (DS) type. The transformation is defined frorn a suitable

generating function S of the second type (as dubbed by Goldstein, 1980, Chapter 9) whose

funct ional form is, in principie, inspired by the Hamiltonian H . T he development of this

transformation requires the evaluation of certain quadratures over the radial variable r ,

which is performed by a standard procedure with the help of appropria tely introduced

integration variables of a true-like and eccentric- like anomaly nature, formally interpreted

as paralleling the custo mary picture of a fictitious Keplerian mot ion characterized by

suitably amended ellipt ic elements .
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2. Formulation of the Basic Hamiltonian
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T

where

n j

Vj , (nj ) == Vj , (n j ) ( Po, PI" Po ; z) = ¿ E:
I

V j , l ( Po , PI" Po )
1= 1

formalizes a pert urbing potential acting on Ho, and will be an expansion (truncated at the

higher order nj) in ascending powers of a small adimensional parameter E: , the coefficients

1 [ 2 Po2 ]H o( r ; Pr , Po) = "2 Pr +-:;:2

stands for the conventional Keplerian Hamiltonian, and

As the second step in our approach, a proper change of the t ime parameter in the form

of a different ial relat ion connecting the old and the ~ew time variabl e is considered. Th e

new t ime variable turns out to be proportional to the perturbed true anomaly per tain ing

to the aforesaid hypoth etic Keplerian motion.

The application of the new 'canonícal variables to H converts its functional form into

the one taken on by the standard Keplerian Hamiltonian when formulated in terms of the

aforementioned set of classical DS variables used by Scheifele and Graf (1974). Cense­

quent ly, the simplified expression of the transformed Hamiltonian also reveals the status

of canonical elements (in the sense, e. g., of Stiefel and Scheifele, 1971, §18), for the

problem originally posed by H , attained by the new variables now introduced.

In par ticular , a simple analyt ical solut ion in our generalized DS (GDS) variables can

be easily derived for H . As a result of this const ruct ion, we conclude that the solutio n

obtained after this process absorbs the perturbat ion arising from the potent ial present in

H.

Finally, the Th eory of Artificial Satellites supplies us with some examp les to which we

can apply our general developments. We integrate some radial intermediaries that make

up integrable approximations to the J2 problem of that theory, and find the corresponding

analytical solutions in our GDS-approach.

The extended canonical set of the Hill- vVhittaker polar nodal variables (Deprit 1981b,

§2, pp.113-11 4), namely ( r , B, 1/ , t ; P" Po , PI' , Po ), will be considered, where Po (t he

canonical momentum conjugate to the physical time t) is the negative of the total energy

in the problem to which the variab les are applied (see, e. g. Poincaré 1905, vol. I, Chapter

1, §12, or St iefel and Scheifele 1971, §30).

In this set of variables the Hamiltonian H will be formulated as the function



ao -2 L -21fa( G ,N, L ;c) ,

eG + 1/ N + t L + 1:fQ dr ,

S
---+ ( qiI! , qL , qa , qN ; <I> , L , G , N ) ,( r , e, 1/ , t ; Pr , Pe , PI/ , Po)

s == S ( r ,e ,l/ ,t ;<I> ,L ,G ,N )

Q == Q ( r ; <I> , L , G , N ;c) =

having introduced the abb reviations

the function under the radic al sign being

a l 2 p. - 2 VI ( G , N , L ; e) ,

and I designates the function of the new canonical momenta given by

Consequently

¡ == ¡( <I>, L , G) = G - <I> + b.
v 2L

implicit ly defined via a generating function depending on th e old coordinates and the new

momenta

3. Development of the Transformation

IQ .= J-2 (L + Vó ) + 2 (p. ; Vd
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With the aim of performing a canonical reduction of this Hamiltonian and deriving a

solution to it , we propose the change of phase variables to a new set of generalized DS

(GDS, for short ) variables,

Vj ,1 ( Pe , pl/ , Po ) of such an expansion being funct ions of the canonical momenta Pe , PI/

and Po. In what follows, the specific dependence of the Vi ,(nj ) on these momenta and on

e will not be significant.

For the sake of simplicity in the notations, from now on the subscripts (nj ) will be left

out , unless such omissions and the subsequent simplification of the notations could cause

misunderstanding.

The solution to the problem given by 1{ ",i11 be approached by means of the construc­

tion of a canonical transformation, and the result ing Hamiltonian will be integrated in

the new variables.
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The equation for qL can be looked on as a general expression for Kepler 's equation.

for the sake of conciseness, the funct ional dependence of the Vi on the new momenta has

been omitted. Understand also that the lower limit ro in the integral is any simple zero

of the funct ion Q, that, in par ticular, can be chosen as the lowest positive root of the

r--equat ion Q ( r ; <I> , G , N , L ; e ) = O.

The transition to the new variables is performed through the generating relations

derived from S, which yields the set of implicit transfo rmat ion formulae

m = 0 ,1 ,2 .
dr

r m VQ '
t; = ir

ro

dr as IQ ,Pr - =dt ar
as

G ,Pe ae
as N ,Pv av
as

= L,Po fJt
as

, 12 ,qip
a1>
as e - aVó lo aV1 1 [ av~ ] 12 ,qa aG aG aG 1 - , + ae

as aVa L av¡ 1 aV2qN aN v - aN o aN 1 aN 12 ,

as [ aVa] av¡
- [ -, ( 2 ~)3/2 aV2 ]qL aL t - 1 + aL lo - aL 11 + aL 12 ,

where

The way of proceeding to evaluate these quadratures is based on the idea of adaptin g

a technique (classically applied to apure Kepler problem to derive Delaunay variables as

done, e.g., in Deprit 1981b, pp . 115-118, and for quasi-Keplerian systems in the same

article Deprit 1981b, pp . 124-126) to the considered, ext ended Hamiltonian 'H: and taking

advantage of the homogeneous canonical formalismo In this respect we also refer to Depri t

(1981a) , whose procedure is modified so as to take into account the non-Keplerian terms

present in the potent ial of 'H: .

The introduction of a set of appropriat e subsidiary quanti ties a , e , p , n , r , J.I. ' ,



1+ e cosf

p

P

Q

r
1
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¡.L' e 2 sin2 E

a ( 1 - ecos E )2

r = a ( 1 - e cos E ) ,

¡.L'

a

Q =

yield the following expressions for Q:

Our development assumes that the quantity e is such that O:S e < 1 : in which case

the root s of the equation Q( r ; <I> : L , G , N ; s ) = Oare

The auxiliary integration variables E , of the eccentric- anomaly-type, and j , of the

true-anomaly-type, defined by

O< ro == rp = a ( 1 - e) :s rl == ra = a ( 1 + e ) :

¡.L' p,'a e
2

[ (a - r )2 ]Q = - o {a ( 1 + e) - r }{ r - a ( 1 - e )} = - - 1 - -- .
a r - r 2 a e

interpr eted as the perturbed pericentr e and apocent re radi al distances in terms of the

Keplerian-like quantities a and e. Consequently

H ' = -2
1 [PT2 . + r:] _p, , .

r r

a = 2 (L + Va ) ,

allows one to factorize Q as the product

These formulae resemble those formally holding for a hypothetic, Keplerian motion

characterized by the aboye elliptic elements ( a, e , p) with r as the modified angular

m omentum magnitude, provided that ¡.L' is taken as the gravi tational parameter. Corr e­

spondingly, bearing in rnind that Po , Pv and Po are not changed by the transformation,

and translating th e aboye expressions into the respective ones in terms of the original

polar nodal variables , the moving mass can be regarded as simulating a Kepler motion

controlled by the ficti tious Ham ilt onian

dependin g on the new canonical momenta, by means of the formu lae



4 . Transformed Hamiltonian. New Time Parameter
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f
r '

r = a ( 1 - e cos E ) ,

===} Ji = J P ~ = ~ E .
ti " 7] f.L *1]

r sinf = a 7] sin E" ,

= _ l T r d( l /r ) = J p rf di
TO.,jQ f.L * Jo 1 + ecos I '

fi3Jo = - (E - e sin E ) ,
f.L *

Ji = i T

r dr
TO r 2 .,jQ

f d f ~dE E
Jo 1 + ecos I = Jo ry = -:;¡

T coe] = a ( cosE - e),

,
q4! = r I ,

oVó 1 oVi r E [ 0112 ] I
qa = 8 - oC ; ( E e sin E ) - oC f.L ' 1] "Y + oC r '

oVó 1 . oVi r E aV2 f
qN = V - -;::;- - ( E - e sm E ) - "' ~ T -- - "'N -r '

uN n ot» f.L * 1] u

[
OVo] 1 . oVi r E [ oV2 f.L "Y ] f

qL = t - 1 + oL ; ( E - e sm E ) - oL f.L * 7] - oL - (2 L )3/2 r '

11. ( r , -- , - , - j PT' Po , p., , Po ) -->

In this way: these auxiliary variables can respectively be conte mplated as the eccent ric

and true anomaly along the aforesaid fictitious Keplerian m otion.

The quadrature Ji is performed with the help of the var iables E and l . Put ting

In the next sect ion the canonical transformation here obtained will be applied to the

Hamiltoni an 11.: aft er which it will be seen that the functiona l form of the new Hamiltonian

is substantially simplified if an adequate change of the independ ent vari able is performed.

which allows one to express cos I and df in terms of the var iable E in such a way that

and, after introducing the quantity 7] = .J1 - e 2 , t he last integral is calculated by

means of the Keplerian-like relations .

whence the quadratures Jo and J2 are found to result in

The Hamiltonian 11. will now be reduced by the effect of the preceding transformation,

which map s it ont o a funct ion il admitting a simple factorized form:

The preceding preliminary relations allow one to complete the set of transformation

formulae , na mely:
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q<f! = T + const o and J.L
qL = (2L)3/2 T + const o

are linear functions of the ficti tious time T , and the remainin g GDS variables behave like

constants of the motion. It is seen that the canonical coordinate q<f! is the pseudo- time

whose st ruc ture is easily recognizable as formulating a pill e Kepler motion in terms of

the DS canonical variables presented by Scheifele and Graf (1974), page 3, Remark(b),

Bond and Broucke (1980) , page 359, or Bond and Janin (1981), page 161. The canonic al

equat ions of motion derived from the reduced Hamiltonian JC are immediately integrated,

yielding a simple param etri cal solution with T as the independent var iab le:

T up to a constant.

The nature of the preceding canonical solution shows that these GDS variables can

be regarded as making up a set of canon ical elements (in the sense, e. g., of Sti efel

and Scheifele 1971, Section 18) when applied to the Hamiltonian 'H., provided that the

pseudo-time T is used as th e independent variable .

Since JC does not depend explicit ly on the perturbation parameter e, the proposed

new set of variables does intri nsically contain all variat ions due to the potent ial associate

to 'H..

il! =G - ¡ ~

proportional to r 2 , changes the independent variable from physical t ime t to a ficti tious

t ime T that can be considered as proportional to a " generalized true anomal¡j' along the

fictit ious Keplerian mot ion previously mentioned. .

This reparame trizing transformation is refiected in a significant change of expression

in the Hamiltonian: the new Harniltonian correspo nding to T as the independent variable

is readily found to be

where r must be regarded as a function of the GDS canonical variables through the

Keplerian-Iike relat ions defining E and I.
The homogeneous formalism in the extended phase space makes possible the int roduc­

tion of new in dependent variables other than the physical time t in a rather simple way. A

very common device for doing t his consists of consider ing suitable t ime transformations

t -> T of the Sundman type, the new fict it ious t ime T being defined by a different ial rela­

tion of th e forrn dt = ¡ dr , where the function ¡ is take n to be proport ional to a power

of the radial distance r through a coefficient which is a constant or a function of the new

canonical var iables, say ¡ = k re> .

In the present case, t he choice of ! as the function



To sum up: a reduction of H to th e Hamiltonian K. corresponding to a hypoth et ic

convent iona l Keplerian one has been performed, and the proposed variables absorb the

perturbing infiuence origin ally included in the potential of H .

As for the way of obtaining the physical t ime t, observe that it s determinati on does

not requi re the integrati on of 't he differential relation dt = ¡ dr . As in the case of

the classical DS elements (Scheifele and Graf 1974, page 3, Remark ía); Bond and Janin

1981, page 159), an analogous remark is now pertinent : t is obtained from r via the time

element qi: by means of the genemlized K epler equation

[
aVó ] 1 . av¡ r E [ aV2 f.L I ] f

t = tu. + 1 + aL n(E - e sin E ) + aL f.L ' r¡ + aL - ( 2 L )3/2 r '
t aking into account the expressions for the remain ing elements as obtained from the

canonical solutio n to the reduced Hamiltonian K .

By mak ing E: = oin the generating function 5, th e resulting canonical transform ation

performs the tr ans ition from Hill- Whittaker variables to the set of canonical Delaunay­

Similar variabl es used by Scheifele and Graf (1974).

Remember that the use of sets of polar-like var iables and other ones derived from

them int roduces virtual singularities due to small values of eccentricity and /o r values of

the inclination close to 0° or 180°. As done in Floría and Ferránd iz (1991), associate

canonical sets of genemlized Poincaré-Similar (GPS) variables corresponding to the pre­

ceding GDS ones can be defined . Such GPS variables also incorporat e the contribut ion

of the perturbing potential into their definition , and provide a way of avoiding the ap­

pearance of the above-mentioned virtual singularities when studies of perturbat ions are

carried out.

5. Forrn of t he Solution

In the light of the precedi ng considerations, from th e tr ansformat ion equations and af­

ter solving for the original polar nodal variables in terms of th e auxiliary integrat ion

variables E and f and taking advantage of the subsidiary Keplerian-kind quant it ies pre­

viously introduced , a Kep lerian-like solution to H can be set up by means of a par ametric.
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representation schematized in the form

r =a (l -ecos E) = P
l + e cosf '

[""¡7 e sin E ¡¡;* .
Pr = V~ ( 1 _ e cos E ) = VP e sm ¡ ,

B avo ~ ( E _ esin E ) aV1 t e + [ ay; ] ¡
= qG + ac n + ac Ji.' TJ I + ac r '

avo 1 aVi r E aV2 f
l/ = qN + - - ( E - e sinE) + - - + - - ,

aN n aN j1.* TJ aN r

[
avo] 1 . aV1 r E [ aV2 Ji. I ] f

t = qL+ l + aL ;: (E - esmE ) + aL Ji. *TJ + aL - ( 2L)3/2 r '

Pe = e = const. , p; = N = const. , Po = L = const.,

together with

q.p l¡ = T + const. , qG consto,r
Ji. + const. , constoqL (2L)3/2 T

qN

The generality of this pattern facilit at es a compact and unified treatment of a wide

class of perturbed two- body problems in GDS variables. To illustrate this approach, the

next Section contains, as special cases under specific choices of the perturbing potential

that distorts the pur ely Keplerian orbit , the corresponding analyt ical solut ions to sorne

rad ial intermed iaries for the J2 problem of the theory of ar t ificial Eart h sate llites.

6. Solution t o Sorne Radial Int errnediaries

The potentials considered in this section exemplify sorne remarkable par ti cular perturba­

t ions t hat only contain a power of r with the exponent - 2 (Deprit 's 19S1b intermediary),

- 1 or O (Ferrándiz and Floría 1993). As stated in Ferrándiz and Flor ía (1993), the new

inte rmediaries share , with that intro duced by Deprit , a great formal proximity to the

Keplerian picture of motion. This statem ent is, once again, confirmed here by the present

analysis, in view of the simple solutio n in closed form (see below) that they admit o

The potentials will first be expressed in exten ded Hill- Whittaker variables, and the

following remark s concerning the notations are in order: the symbol E: = - J2 , which

denot es the dimensionless oblateness parameter of the primary, will act as the (small)

per turbation parameter ; Ji. stands for the gravitational constant of the cent ral body, and Re

represents its mean equato rial radius. Remember also tha t the functio ns of the inclination
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l'f f .

= E:

P

( 2 L )3/2

/L

VI ( Po, PI' , Po ; s ) == O,
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n

s == sin I ,

a

e == cosI = PI' ,
Po

oV2 _ =- /L2 Re2 [ _ 6 N 2 ]

oG - - 2 G 3 1 G 2 '

/L - /L ,

Fict itious Keplerian- like Hamiltonian:

Auxiliary quantities :

while the remaining partial derivatives involved in the tr ansformation vanish identically.

6.1 Deprit 's Intermediary (1981b)

The potential yielding this intermediary is obtained for

and therefore

For convenience, th e expression for the potential will be given in terms of powers of e 2 ,

instead of doing it in terms of powers of s 2 .

Since the canonical moment a Po , PI" and Po remain unchanged under the consid ered

tr ansformations, there is no difficulty in translat ing parti a! derivat ives with respect to

them into partial derivatives with respect to the corresponding new moment a , a mere

change of notation being suffi.cient .

e and s are given by



Solut ion to the intermediary:

6.2 A Brousuer- iike Intermediary (Ferrándiz, 1990)

const oLPo

J.q j
( 2L )3/2 f '

Br
qG + Be j ,

{f e sinj ,

N = const .,Pvconst .,e

v

1
t = tu. + - ( E - e sin E )

n

Pe

ti: e sin E
Pr = V -;;: ( l -ecos E )

e = qG + [ , + Bv; ] !...
Be r

BV2 j sr
qN + BN r = qN + BN j ,

J.L
t = qi: + ( 2 L )3/2 (E - e sin E - q~ ) .

= E: J.L Re 2 (3 e 2 _ 1) ( 2Po)3/ 2 .
4 Pe 3

The correspo nding Hamiltoni an is close to the secular Hamiltonian of Brouwer 's solu­

tion (1959), alt hough not exact ly the same , due to a different treatment of some quantities

involved in the derivation. Further details can be found in the aforement ioned paper by

Ferrándiz and Floría (1993).

Because of a different choice of the perturbation parameter , this expression is slight ly

different from th at given in the said pap er: on th at occasion, the choice was E: =

- J.L Re 2 J2 , while now E: = - J2 .

The list of partial derivatives involved in the tran sformation wiil now be

r a ( 1 - e cos E ) = 1 + : cos j ,
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This intermediary, directly developed by Ferrándiz in the extended phase space and pre­

sented in Ferr ándiz and Floría (1993), contains a first order contribution emanating from

a potential Vó of the form

Not íce that, in the present case, the generalized Kepler equation can also be writ ten

in the more familiar form



Due to the relation q'f> = f , t he true-like anomaly has become a canonical variable in

the new set of generalized DS elements .

q'f> = j .

Po = L = const o

p,
(2 L )3/2 f ,

(2 L ) 3/2 ,

[
3CN22 - 1]( 2L ) 1/ 2 .

p; = N = const. ,

3p,Re
2

[ 5 N
2

]
E:~ 1-""Q"2

3 p,Re2 N ( 2 L ) 3/2
E: 2 C 5 '

oVo
oC
oVo
oN
oVo
aL

1 - -r. =1 - 2( L+Vo) , 2
u a p,2

a (l- ecosE ) = P
l+ e cosf '

p,'
p, (2 L + Vo )3/2

- p" a =
2(L+Vo ) '

n =
p,

r 2 ,2 p,a( 1 -e 2), p =a( 1- e 2) , 2
-

P,

r

Po = C = const .,
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rr e sinE ff 'PT = - ( E ) = - e sin f ,a 1 - e cos P

oVó 1() = ac + - - (E - e sin E ) + i ,oC n

avo ~ (E - e sin E )
aN n '

[ i + ~~ ] ~ ( E - e sin E )

Fictitious Kepler ian-like Hamiltonian:

Auxiliary quantities :

Solution to the intermediary:



f ·q<J;
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VI , =
f-L' ( 2 L )3/2

f-L f-L - a
2L '

n
f-L'

r 2 , 2 f-L 'a ( 1 - e2 ) , p a ( 1 - o e2 )
,2

- f-L ' 1

and the derivatives

Fict itious Keplerian- like Hamiltonian:

aV1 3 f-L 2 Re2 [1_ 5N
2

] .J2i ,
aG

e
4 G 4 G2

a\li 3 f-L
2Re2 N .J2i

aN
€ 2 G 5 - 1

aV1 f-L2 Re2 [ 3~2 _ 1] ( 2L ) -1/2 .
aL

e
~

Auxiliary quant it ies:

6.3 Ferr ándiz' Intermediary (1990)

This is an T - 1 - radial int errnediary and was also presented in Ferrándi z and Floría (1993);

remembering the above remark concerning the perturbation par ameter , its funct ional form

is
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Abstract

This paper concerns the calculat ion of cer tain auxiliary partial derivatives re­

quired to reduce perturbed Keplerian systems to Delaunay normal form, at least at

the first order. To this end, we elucidate the way in which the funct ions involved in

the intermediate reckoning work depend on the dynamical variables of interest , and

the detail of sorne elusive steps is thoroughly considered. To be precise, we have in

mind the case of the hyperbolic-type orbita l motion of an art ificial satellite of an

oblate planet , but applications to other dynamical systems can be found.

Key words: perturbed Keplerian systems, Delaunay normalization , hyperbolic­

type orbital motion, artificial sat ellite, oblateness perturbation.
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PAC S Numbers: 95.10.Ce, 95.40.+s, 03.20.+i, 46.10.+z.

1. Introd uct ion

The present note was originally motivated by sorne developm ents due to Brouwer (1959)

and Hori (1961). These au thors worked out the analyt ical t reatment of the oblateness

perturbation problem in Satellit e Theory by using the canonical per turbat ion method

attribut ed to von Zeip el. As well known, this method mixes the coordinates and t he

momenta be longing to different sets of canonica l variables, since the generating function

of the transforrnation at issu e depends on both old and new variab les. A surnrnary of t he
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main contents of Brouwer 's art icle can also be found, e. g., in Brouwer and Clemence

(1961), Chapter XVII, §12.

Remember that Brouwer approached the Main Probletn of Artificial Satellite Theory

by formulat ing it in Delaunay variables and seeking an approximate canonical solutio n

to it . His way of analytically solving the corresponding Hamiltonian resorts to the con­

struction of a near-identity canonical transformation creating new ignorable coordinates

of a similar type . The said transformatio n being defined by a generating function, he

obtained the generator by means of the Poincaré-von Zeipel perturbation method . After

solving the averaged Hamiltonian , the determinat ion of th e solut ion to the original prob­

lem requires the knowledge of the periodic pert urbations, which are calculated through

the partial derivat ives of the aforementioned generating function.

Hori (1961), in rus investigat ion of the hyperbolic motion of an artificial satellite acte d

upon by the potential characterizing the Main Problem in the Zonal Satellite Theory,

formulated the J2 perturbation problem in terms of a variant of the classical Delaunay

elements that is app licable to the study of hyperbolic orbital motion. He derived this

set by adapting the const ruction that, via the Whittaker method, Brouwer and Clemence

(1961), Chapter XI, §4 and §9, had offered in the contex t of elliptic motion. Next ,

he also obtained a first-order analytical solution by means of a near-identity canonical

transforma tion whose generating functio n was determined by devising an appropriate

modification of the Poincaré-von Zeipel procedure. He replaced the usual periodicity

conditions by the device of imposing conditions at r = oo.

Contemp lated withi n the general framework of the problem of motion of an artificial

Earth satellite, the treatment carried out by Hori is intended as a translation (at least

up to the first order) of Brouwer 's solut ion (1959) to the case of hyperbolic-like orbits .

The analytical tools applied by Hori are essentially of the same nature as those previously

employed by Brouwer.

In the present paper, the Main Problem of the Artificial Sate llite Theory will be con­

sidered , also under conditions such that the prob lem results in the case of orbital motion

with a positive value for the total energy. After formulat ing the Hainilt onian in a set

of Delaunay variables applicable to hyperbolic-like orbiis, we can solve this case of the

J2 problem by means of a variant of the Lie transjorm technique (Hori, 1966; Deprit ,

1969), which allows us to perform a near-identi ty canonical transformation to a new set

of variables prod ucing a Delaunay normalization of our perturbed dynamical system. Thi s

process is very similar , and parallel, to that carried out by Hori (1961). For this reason

we shall not go into details of the required intermediate developments, but we shall report

on sorne elusive calculations whose particulars we have never found in the literature and
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2. Review of the Dela unay Variables in Hyperbolic Motion

Pe,

1+ e cos f '
r

H = G cos 1 = PI.' ,

L = - ..¡¡¡o: ,

G= jp,a ( e 2 - 1)

l = e sinh F - F = M ,

h

9 ()-f= w ,

could turn out to be somewhat misleading, since there can be sorne muddle over the ex­

plicit and implicit funct ional dependence of certain expressions involved in th e calculat ion.
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FoIlowing Depri t (1982), p. 9, th e Delaunay norm al [orm of a perturbed Keplerian syste m

is obtained in two steps: (i) the expansion of the original Hamiltonian in Delaun ay vari­

ables; and (ii) the elimination of the mean anomaly from the transformed Hamiltonian.

To achieve the first st ep, use wiIl be made of a canonical set of Delaunay variab les

which is applicable to hyperbolic mot ion. The set derived by Hori (1961) from the Ke­

plerian orbital elements via the Whittaker method was obtained by Floría (1990; and

1993, §9.2) in appropriately modifying the Delaunay map considered by Depri t (1981),

§2, pp.114-11 8, for the t reatment of ellipt ic motion. T his Delaunay mapping oper­

ates on the phase space of the Hill-Whittaker polar nodal variables, denoted by the

symbols ( r, () , ZJ ; PT, Pe , p,,), and aIlows us to const ruct a set of Delaunay elements

( l , g , h; L , G ,H ) .

The interpretation of th e polar nodal variables is th e foIlowing: r stands for the radial

distance from the primary's cent re of mass to the moving point ; () is the argument of

lat itude of the orbiter , measured from the ascending node; ZJ designates the argument of

longitude of the ascending node. As for th e canonical momenta, PT represents the rad ial

velocity of the moving mass, Pe denotes the modulus of the angular momentum vector ,

and PI.' is the polar component of the angular momentum. In addit ion to this, th e symbol

t stands for the physical time, and p, is the gravitational paramete r of the cent ral body.

Resorting to the polar nodal variables, and remembering the well known Keplerian

orbital elements ( a , e , 1 , w , n, ]V!) , the Delaunay variables in hyperbolic m otion are

with the foIlowing meaning for the subsidiary quantities e(L, G) and p(G) , as funct ions

of the Delaunay momenta, and the auxiliary variables F (r;L,G), hyperbolic eccent ric

anomaly, and f (r ;L , G) , true anomaly:

G2

e 2
= 1 + V > 1 ,

.,. = a(ecosh F - 1) ,



Notice that
- l e2 - 1 = G
v ( - L) '

with the positive determination of the square root on the left-hand side .

Other usual and helpful rel,!-tions between the anomalies f and F are

sin f =
,¡ e 2 - 1 sinh F

cos f =
e - cosh F

e coshF - 1 ecosh F - l '

sinhF =
,¡ e 2 - 1 sinf

coshF
e + cosf

l+e cosf l + e cos f '

and the (hyperbolic) Gauss equation

In the next section the Delaunay canonical elements will be applied to the Hamiltonian

of the Main Problem.

3. The M a in Problem of Artificial Satellite Theory

Using the canonical set of Hill- Whittaker polar nodal variables ( r , () , v ; Pr , Pe, Pv ) to

coordinatize the 6-dimensional phase space, the canonical formulation of the Main Prob­

lem of the theory of motion of zonal sateUites leads to an investigation of the dynamical

system governed by the Hamiltonian function

M = Ha ( r , - , - ; p; , Pe , - ) + e M I ( r , (), - ; - , Pe , Pv )

1 [2 Pe2] ¡.¿ ¡.¿ Re2{ ( 3 2 ) 3 2 2e}- Pr + - - - + é - - e - 1 + s cos ,
2 r 2 r 4 r 3

with the custo mary abbreviat ions for the functions of the inclination I == I ( pe l Pv ) :

e == e ( Pe , Pv ) = cos I = Pv , S == S (Pe, Pv) = sin I .
Pe

As for the not at ions, the function H a represents the Hamiltonian of a standard Kepler

problem, Re designates the mean equatorial radius of the central body, and the (small)

parame ter e = - J2 is a dim ensionless measure of the fiattening of the primary.

By virtue of the zonal nature of this prob lem, the polar component of the 'angular

momentum, p; = H , is an integ ral of the motion.

It is now remembered that , unlike th e Delaunay variables , the applicability of the

polar nodal variables is not restricted to the study of a specific kind of mot ion. T hus, we

may contemplat e the aboye Hamiltonian M as that corresponding to any type of orbi t in
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4. Elimination of t he mean anomaly

is proposed that is governed by a genera ting function

W
----T ( 1', g ' , h ' ; L ' , e ' , H ),( 1, g , h ; L , e , H )

JL4 R 2 { (a )3 ( a)3 }e 4 L: ( 3 c 2
- 1 ) -.¡. + 3s

2
-.¡. cos 2 8 .

W == W ( i ' , g' , ti ' ; L ' , e' , H ) = e W¡ ( l' , o' , h' ; L ' , e ' , H ) + o (e 2 ) ,

JLR 2 { (a) 3 (a) 3 }M¡ = é: 4 ae3 ( 3 e 2 - 1 ) -.¡. + 3 s 2 -.¡. cos 2 8

the context of the J2 problem of the Artificial SateIlite Theory. Wit h al! due preca ut ion,

and taking into account the different expressions of t he relations defining the Delaunay

variables and the Keplerian elements for elliptic and for hyperbolic orbital mot ion, we

can formalize both cases of the Main Problem under a common Hamiltonian function , as

shown below.

In terms of the Delaunay element s, the preceding Hamiltonian is formulated as

M = ](0 ( - , - , - ; L , - , - ) + e M¡ (1, g , - ; L , e , H )

JLRe
2

{ }= ](o ( L ) + é:~ ( 3 c 2
- 1 ) + 3 s 2 cos 2 8 ,

where ](0 is the Keplerian Hamiltonian in Delaunay variables, while r and 8 = f + 9 are

understood to be expressed in terms of the appropriate Delaunay set, taking int o account

the form of the Keplerian orbital elements as subsidiary quantities and the auxiliary

variables f and F (or f and E, in case of ellipt ic motion).

For convenience, and in anticipat ion of fut ure calculat ions, one usual!y rewrites the

first-order part of M under the form

whose specificat ion is effected by a modification of the Lie transform method. For the

purposes of the present study, the determination of W up to the first order will suffice.

In what fol!ows, we return to the considera tion of the hyperbolic J2 problem. Resorting to

an appropriate modification of the Lie transform technique (Hori, 1966; Depr it , 1969), the

out lines of a first -o rder analytical integmtion based on the adequate Delaunay variables

foIlow the pattern presented by Hori (1961).

Correspondingly, in order to perform a first-orde r Delaunay normalizat ion of the pos­

itive energy Main Problem , a canonical transformation to a new set of variab les of the

same type as those in which the problem is formulated, say
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- M ¡ ( l , g ,- ; L , G , H )

?
I , , I ¡.t-

M = M a = !Ca = !Ca ( L ) = 2 ( L' )2 .
W
-->/v i

The primed quant ities are obtained frorn the original ones by putting the corresponding

new (primed) canonical variable in place of the old one. For the sake of conciseness in

the notation, the prime syrnbol will be dropped out . T hus, the first-order equation of the

pertur bation method will now read

(Remember also that H is an integral of the problem, and so it rernains unchanged und er

this transformation).

It is desired that the transfor med Hamiltonian should take on the form

The reckoning work can be carried out essentially in the same way as in Hori's 1961

paper, taking into account that now we are dealing with the new (primed) variables

instead of considering the old Delaunay angles and the new moment a.

The final specification of W¡ and the pert urbation study can be carried out as in Hori 's

ar ticle, which requires the knowledge of certain partial derivatives. The detail of sorne

steps in the calculat ion process seems to be rather elusive. In this respect , we have never

found any clarifying remark or hint in the literature. This is the reason why we intend to

elucidat e the dependence of the functio ns involved in the calculation.

In a more precise way, partial derivatives with respect to the angles and with respect

to H pose no problem. On the other hand , by applicat ion oí the chain rule, the partial

derivatives with respect to the new canonical momenta L I and GI (see Brouwer 1959,

pp. 378-379, and Hori 1961, p.260) are reduced to par tial derivati ves with respect to th e

eccentricity-Iike quantity e (read el). This is just the point that we wish to clarify, since

we think that the inconvenience we have encountere d throughout the cornputation of the

said derivatives is mainly due to the forrn under which certain funct ional dependences are

nested.

aw f.1
2

R 2 [(a)3 (a )3 ]=> a¡ ¡ = - 4 L ~ A -:;. + B -:;. cos( 2 9 + 2 f ) ,

bearing in mind that the quantities occurring in these expressions dep end on the new

variables. In particular, one has introduced the notations



5. O n Certain Functional Dependences in the Kepler Problem

JI +
p

=
a

G2

L 2 .

e = e (a , p)

~~ = - (~ + ~:) sin f .

af = (~ + L
2

)ae T G 2 sinf ,
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a (a) (a)2ae ;:: = ;:: cos ] ,

:e(~) = - (~r cos f ,

e _ e (L , G)

a ==

p = a ( e 2
- 1) ==>

T (1; L , G) P
{::::::;>

p !? (e , 1) = 1 + e cos f ,T - -
1 + ecos! T T

a t e cosh F - 1)
a a 1

T - T (1; L 2 G) {::::::;> - - - (e: 1) -----
r T e cosh F - 1

For convenience, we intro duce

while for hyperbolic motion Hori (1961), p. 260, adduces

We have encountered certain difficulties when tr ying to deduce th ese and oth er formu­

lae, whose calculat ion seems to be rather elusive. In order to reconstruct these derivatives

for applicat ion to hyperbolic-like motion (the t reatment of the elliptic case is analogous),

we establish the functional dep endences through which we shall interpret and carry out

the calculation.

We start from the basic formulae

The analytical treatment of sorne perturb ed Keplerian syste ms (e. g., the planetary the­

ory, the theory of mot ion of anartificial satellite) , say the way of developing approximate

analytical solutions when dealing with perturbed Keplerian systems, usually resort s to

meth ods involving a Delaun ay normalization.

With this aim in view, sorne math ematical tools are requir ed. Sorne authors (Ahmed,

1994; Kelly, 1989) have recent ly cont ributed formulae and techniques to deal with the re­

duction of per turbed Keplerian systems to normal formo The said aut hors have evaluated

certain integrals occurring when performing this process of reduction. In his turn, Palacián

(1992), Appendix 2, gives a table of derivatives with respect to the Hill-Whit taker and

Delaunay variables .

In performing a Delaun ay normalization of th e art ificial sat ellite problem, for elliptic

motion Brouwer (1959), p. 379, states th at



6. Calculation of Sorne Partial Derivatives

l = e sinhF - F .

o,

- ~ sinhF.
r

-(~r ( COShF + e sinh F ~~)
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ae (r) + : ~ (~)
r fJe a a fJe r

- sinh F

fJF
sinh F + (e cosh F - 1) !fe" ,

(e coshF - 1 )

= 1

fJF
fJe

a r

r a

o = fJl
fJe

_ (~) 2 cosf .

(~) 2 (COShF _ e sinh
2F ) (a)2 e - cosh F

r ( e cosh F - 1 ) = - -;;: ( e cosh F - 1 ) .

On the other hand , since

And finally

From r = a(e coshF - 1) we deduce

: e (~) = :e ecosh~ - 1)

A significant role is played by the (hyperbolic) Kepler equation

6.2 Calculation of fJ i a] « )/ fJe and fJ i r ]« )/ fJe

from which there resul ts

we get

According to the preceding remark concerning the dependence of F == F (e, l ) through

the Kepler equat ion, by forming the partial derivative with respect to e in that equation

6.1 Calculation of fJF/ fJe

Observe that we are considering f == f (e, l ) and F == F (e, l ) t hrough the aboye

Kepler equati on and the customary relat ions between f and F.

With these conventions, in the next section we undert ake the const ruct ion of the de­

sired derivatives,

Successive steps will complete a set of formulae which will be applied in future per tu rba­

tion developments .



6.3 Calculation of ef/ee

and taking the logar ithmic derivative with respect to e , one obtains

by solving for a(T/ a)/ ñe we conclude that

= ccs ] ,
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1 1 aF- - -+ -
e 2 - 1 2 tanh(F / 2) cosh2( F /2) ñe .

(1 - sinhF (aF/ e e)) (e cosh F - 1)
( e coshF - 1 )2

(cosh F + e sinh F (e F / ee )) (e - cosh F ) .
( e cosh F - 1 )2 ,

a sin2 f a ( e - cosh F ) 2- +
e 2 - 1 T e cosh F - 1T

a sin2f a 2

C 2~ 1 ~) sin
2I ,- +

e 2 - 1
- - cos f= +

T T

. f 8f- sm -
ae

1 a f

2 tan(J/ 2) cos2(J/ 2) ae

a (T) (T )2 a (a)
. ae ~ = - ~ ae -:;:

This formul a may also be obtained in the fol1owing simple way: starting from

. f ef- sm ­
ee

a (T) a er
ae ~ = ae ( e cosh F - 1 ) = cosh F + e sinh F"&" '

by applying the preceding result (Subsect ion 6.1) concerning the form of e F/ee and the

Keplerian relations between the anomalies, we arrive at the desired final expression.

Remember that we are considering f == f (e, l) and F == F (e, l), and the bas ic relation

f
e -cosh F

cos =
ecosh F - 1

f ~+1 Ftan - = -- tanh -
2

'
2 e - 1

By const ruct ing here the partial derivati ve of both sides of this equality with respect to

e , one has

ef _ _ ( __1_ + ~T) sin f .
ae - e 2 - 1

This express ion can also be recovered by performing the calculations in a different

way, which suggests an alternate derivation for this formula: starting from

afte r introducing the expression previously obtained for aF/ee, we eliminate this deriva­

tive and get

and fina l1y



__1_ E (2e - Er cos'l) .
e 2 - 1 r

r p

a r

r d (a) ao (r)
~ de p + PEJe ~ ,
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1 1 er
- e 2 - 1 + sinhF & 1

o (r a)
oe a p

1 01
- --
sin 1 oe

e 2 ~ 1 (- 2 e ~ + cos1)

Notice also that

01 = _ (_1_ + .t: ) sin l .
ñe e 2 - 1 r

r o (p ) + ~ ~ (~) 2 e .
a oe r r oe a

E~ = 1 ==} ~ (~)
r p oe r

and so

from which we have

By solving for the sought derivat ive

For an alternative derivation, we consider that ajp = 1j(e2 - 1) can be looked on as

a function depending on e only, and then

the partial derivat ive with respect to e gives

6.4 Calculation 01 o(pjr) joe and o( r jp)joe

p = a ( e 2
- 1) ==}

Consequent ly, the double-angle formulae yield

Taking into account the relation

and keeping in mind (Subsection 6.1) the expression for oFjoe :
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L p
- - - sinhF

Gr '
G a .

sin f = - - - sinh FL r

a . L . (L) 2P- - sinh F = - sm f = - - - sinh F
r G G r '
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Surnrnary.

We study the method of randomized response for analytic studies
proposing an unbiased estimator for affirmative proportion of a certain
intimate question, and calculating its variance. An analogously study is
carried out in stratified sampling, obtaining the minimum allocation in
this contexto We conclude with a study of randomized response combi­
ning, simultaneously, stratified sampling and analytic studies .

1. Introducción.

El problema de respuesta aleatorizada, propuesto por Warner
(1965), no ha sido estudiado cuando nos interesamos en estudios
analíticos (Koop, 1986), ni se ha tratado en combinación con muestreo
estratificado, o con muestreo estratificado para estudios analíticos (Ruiz,
1991) . En este trabajo presentamos, para los tres casos anteriores,
estimadores insesgados de la proporción de la población infinita sub­
yacente que contestaría afirmativamente a una cuestión de carácter
íntimo. Asimismo, calcularemos la varianza de tales estimadores.

2. Respuesta aleatorizada para estudios analíticos.

Supongamos que las posibles respuestas de una población finita
("si" o "no"), constituyen una materialización de una superpoblación, de
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( 3)

(1)

(2)

( l -P )B
P

(l-P )B
P

1\
A CA=p

CA=p

C =PA + (l-P)B

es decir , A es insesgado para el parámetro su perpo blac iona l A. Para
calcular la varianza de A, aplicamos el teo re ma de Ma dow,

El estimador natural insesgado para A, será:

" .L C(l-C)
V masr(A) = p2 n

de do nde
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Usand o diseño "rnasr" (mue streo aleatorio simple con reempla­
zamiento) y siendo M el mode lo superpoblacional laten te en es tudios
analíticos (Koop, 1986 ). tenemos

siendo A Y B las pr opor cion es, en la población finita, de "síes " en la
cues tió n ínti ma e intr ascendente, re spectivamente . Desp ej ando A en (l),
te ne mos

modo que la población finita , de tam año N, se puede considerar como
una muestra aleatoria simple de una superpoblación infini ta que tiene
probabilidad A ó C de responder "si" a la pregunta íntima o a la pregunta
alea torizad a, re spectivamente . Si B es la respuesta afirmativa co nocida
de ciert a pregunta intrascendente en la población finita observable y P
la probabilidad de preguntar la c ues tión íntima a un individuo (sie ndo
l -P la probabi lidad de preguntar la cue sti ón in trascendente al indi vi­
du o), resul ta que la proporción de respuestas afirmati vas co n la pregun­
ta aleatorizada en la población fin it a es, por e l teorema de la proba bi li­
dad total,



( 4 )

(5)

y

1\ N-I - - A-A2
VeA) = nNp2 (C-C2) +~

1\

Emasr(A) = A

Sustituyendo las igua lda des (3) y (4) en (2), resulta

Por otra parte, se tiene

siendo Ph la probabilidad de preguntar la cuesnon íntima y Ah. Bh, Ch. las
proporci ones de contestaci ón afi rmativa en el estrato h de la pregunta
íntima, intrasc endente y aleatori zada , res pectivame nte. E).1tonces. el esti­
mador in sesgad o de Ch será su prop orci ón muestral Ch (La pregu nta
intrascende nte cuya proporci ón de "síes" en el es trato h. es decir Bh.
puede ser "una " co mún . ó varias " de un estrato a ot ro ) . Ahora
tendremos

de donde un estim ador insesgad o de Ah , será

siendo su varianza

y donde nh es el tama ño muestral con diseño "rnasr" en el estrato h.

El estimador insesgado de A. la proporción de "síes" de la cuestión
íntima en la pobl ación fini ta. será
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En el estr ato h (de tam año Nh) de una población finit a. tenemos

3. Respuesta aleatorizada en muestreo estratificado.

donde e-c2 = NVM(C) y A-A2 = NVM(A). La ex presión (5) es la varian­
za de 1\ co mo estimador inses gado de A en es tud ios analíticos, co n
pregunta aleatorizada en la prime ra fase .



(h = 1,2,...,L)

4. Respuesta aleatorizada en muestreo estratificado
para estudios analíticos .

A L _ 1\

A=¿W hA h
h=l

El estimador propuesto en este caso, será
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A
dond e Wh es el peso re lativo superpoblacional en el estrato h, y Ah la
pr op orc ión po blac io na l est im ada que contesta afi rmativamente a la

Si Ph = l par a todo h, se pre gunta con segur idad la cuestión
íntim a. Si O < Ph < l para algún h, aumenta la protección de la intimidad
del encuest ado, pero se pierde precisión del estimador A, que puede
recuperarse aume nta ndo suficientemente el tamaño muestral n.

de donde la varianza mínima es

1\ L 2 " L 2 1 Ch(l-Ch)
VeA) = I. W hV(A h) = I. W h 2: nh

h=l h=! Ph

Y puede minimizarse por el método de los multiplicadores de Lagrange .
Así. llamando n al tamaño muestral global, esto es

se obtiene

donde Wh = Nh/N (h = 1,2,...,L) Y L el número de estratos. La varianza es



(8)

(7)

(6)

109

Finalmente, sus tit uyendo (7) en (6) , la varia nza mínima es

Minimizando la varianza obteni da en (6), sujeto a que

L L

E(A) = :¿ W hEMEmasr(Ah) = :¿ WhA h =A
h=! h=1

deducimos (aplicando el método de los multiplicad ores de Lagrange) qu e
debe guardarse la sig u ie nte proporc ion alidad

siend o nh el tamañ o muestral en el es tra to h, eh la pr ob ab i lid ad de
respuesta afirmativa a la pregunta ale at ori zad a en e l estra to super­
poblacional h- ésimo, y Ph la pr ob abilidad de pregunta ínti ma en e l
estrato h.

A

El estimador A es inses gado para A cua ndo , en ca da es trato , se
muestrea independiente y aleatoriamente co n rep osición . En efecto.

siendo Ah la probabilidad de re spuesta afirmativ a a la pregunta íntima
en el estrato superpoblacional h-ésimo . Utilizand o la igualdad (5), e n
cada estrato la varianza de ~ en estudios analíti co s, es

pregunta íntima en el estrato h. Sea Nh el tama ño de l es trato h en la
población finita, de mod o que si L es el númer o de est ratos, tend remos



Observar que, en cada es trato. Bh (proporción de res pues tas afir­
mativas a la pregunta intrascendente en el es trato h de la pob laci ón
fin ita ) debe ser conocida. pudiendo variar la pregunta de un estrato a
ot ro .

Si O < Ph < 1 para algú n h. la varianza dada por (8) es ma yor
respecto de l caso Ph = l . De cualquier modo, si Ph > O para todo h, al
aumentar e l tamaño rnuestral n, la precisión puede recuperarse a un
nivel ma yor de protección de la intimidad de los enc ues tados , pu es el
segundo mon omio en (8) es co nstante.
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Summary.

The linear invariance of optimum stra tificati on bounds are stu­
died for estimating population mean and variance; moreover , the inva­
riance of optimum sample allocations and the proportional ity of usual
variance estimators in each stratum, allo w us of the strati fication tech ni­
que s of infinite population , to have valid instruments for a population
and all transformed from thi s to origin and scale changes in the measur e
of the units, that is to say, the techniques are communly valid for wide
families of populations.

1. Introducción.

Hasta ahora se conocen dos problemas de estratifi cación óptima,
planteados para minimizar la varianza de estimadores insesgados en
muestreo estratificado con el objetivo de estimar la medi a poblacion al y
la varianza poblacional , re spectivamente. El problema de estratificación
óptima para estimar la media poblacional, es debido a Dalenius , T . (195 7,
cap . 7), mientras que para estimar la varianza poblacional , es deb ido a
Ruiz , M y Ruiz , M.M. (1992). En ambo s casos se producen sustanciales
ganancias de precisión con respecto a lo s estimad ores med ia y
cuasiv arianza muestrales cl ásicos.
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ria Z,
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(2. 1)g(y ) = bf(a+by)

por lo que

(z-a ~) _ (z-a)F(z) =p(Z s z) =p b = y:;; b - G b

Para verlo. sea F la función de distri bución de la var iable aleato-

2. Estimación de la media poblacional.

Partimos de la varia ble aleatoria Z con función de den sid ad f(z) ,
z e R . Esta"variable aleatoria es Z = a + bY (a real y b positi va), siendo Y
la var iable aleatoria de interé s. Entonces. la función de densidad g(y) (y
real) de la variable aleatoria Y será para todo y real

siendo G la función de distribución de la variable aleatoria Y.

f(z) =F (z) =G' (z~ a) ~ = G'(y~ = g(y )~

En orde n a hacer buen uso de estas téc nicas , vamos a justificar
que los puntos de estrati fica ción óptima son invari antes lin eales y que,
las afij aciones muestr ales y los tam años re la tivos de los estrato s no
varían al hacer transformaci one s lineales en la variable aleatoria con­
sidera da; por último , las vari anzas de los estimadores insesgados para
poblaciones tr ans formadas lin ealmen te son di rectamente proporcionale s
a la vari anza de una pobl ación fija , previamente considerada. De este
modo, si di sp onernos de una poblaci ón fija, las soluciones que obten ­
dremos con ella será n anál ogas a las que resulten para cu alquier otr a
pob laci ón transformada lin ealmen te de la ante rior. Estas ideas no s
permiten dar los pasos a realizar ante un problema concreto de infe­
renc ia o estimación estratificada de la media o varianza poblacional
cuando se con oce el tipo de distribu ción poblaci onal, salvo un cambio de
origen y esca la.

su aplicació n ac tua l en probl emas de inferencia es tadís tica es
rel ativa, pues a pesar de dar pautas para minimizar la varia nza de los
estima dor es insesgado s habi tuales , su uso prácti co sólo se hace mediante
aproximaciones , que si bien dej an ya de dar so luc iones óptimas ,
pro ducen ganan cias suficientes en preci si ón corno para co nsiderarlas
úti les en probl em as interferenciales co ncretos .



Wh ( Y)O<Jh( Y)

L

2,wk( z )o <JKC Y)

k=l

=11
w h(Z )<Jh( 7..)

nh(z) = n L

2,W k( Z) <JK(Z)

k=!

2.3. Proporcionalidad de la varianza del es t im a d o r .
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. Como consecuencia (para L estratos). para todo h = 1.2•...,L:

ya que las medias de los estratos verifican la rel ación !J. h(Z) = a + bll h(y) .

(J~ (z) =b2 (J~ (y)

2.2. Invarianza de la afijación mínima.

En efecto. según (2 .2) . tendremos

Siendo z' e y los es timadores insesgad os usuales en muestreo
estratificado. sus varianzas con afijación mínima ver ifica n la relaci ón

Veamos primero que para las varianzas de los es trat os se ve rifica
la igualdad

2.1. Invarianza de los pe sos relativo s.

Sea Wh(z ) el peso o tamaño relativo del estrato h . para la va­
riable aleatoria Z ; y sea Rh el recorrido del estrato h en la varia ble
aleatoria Z. Hac iendo el cambio Z = a+bY • el nuevo recorrido para la

variable aleatoria Y '. será R~. Y de acuerdo co n (2.1). tendrem os

Wh(z) =f R f(z )dz =f .f(a+by) bdy = f g(y)dy = Wh(y ) (2 .2)
h R ' R '

h h

luego los pesos relativos no varían para cambios line ales co n b posit ivo.



Ruiz, M Y Ruiz, M.M. (1992) , ante un
by (a real y b po sitivo ), el momento
h, verif ica las igu ald ade s

La invarianza lineal de los pun to s de es tra ti fic ac ión equilibr ada
óp tima , usados para estimar la varia nza pob lacion al, co mo se sug irió en
Ru iz, M. y Rui z, M.M . ( 1992) , es co nsec uencia inmed iata de l teorema 4 .1
de Ruiz, M. (1990) .

Por tanto , para h = 1,2, .. .,L, nh(z) = nh(y) , y la afijación óptima
dada por Ruiz, M. y Ru iz, M.M. (1992, secc . 4) es invariante , así como los
pesos relati vos de los es tratos : Wh(z) = Wh(y ) . Con secuentemente , coi n­
ciden los mínimos de las varia nzas siguientes:

Las té c nic as de es tr a tific ac ió n óp tima son básic amente
invar ian tes lineales, de man era que, aún descon oc iendo la función de
de nsidad exacta "g" de un problem a co ncreto , pero si la fun ción de
den sida d "f" de un cambio lineal de ésta, pode mos tra bajar co n la
fu nció n " f " , de termi nan do la s carac te rís tic as pri nc ipales de su
estratificación óptima, y estimando las constantes "a" y "b" del camb io

3 . Estimación de la varianza poblacionaI.
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4 . Concl us ión.

ya qu e son di rec ta me nte prop orci onal es sus suma ndo resp ectivos, co n
idé ntica co nsta nte de proporci onalidad b4 .

Siguiendo la not aci ón de
ca mbio lineal del tip o z = a +
ce ntra l de orden 4 en el es tra to

y co mo co nsecue ncia , es tas varianzas 'se mm umzan para los correspon ­
d ie ntes puntos de es tratificac ión qu e pu ed en ob te ne rs e direct am ente
med iante el cambio lineal z = a + by . Es de cir que , los puntos de
estratificación so n invariantes lineales, y la varianza mínima es direc­
tamente proporcional a cual qu ier varianza mín im a del estima do r para la
variable aleatoria re lacionada de form a lineal , o sea , p ara amplias fa­
mili as de pob laciones. Es importante observar qu e la reg la "curn -ir (ver
Sarndal , C.E. et al, 1991 , p. 463), que aproxi ma los pun tos de estrati fica­
ción óptima para la func ión de densidad f , es también invariante ante
ca mbios lineales de la vari able aleatoria.
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l . Proponer la forma de la función de densidad fez) (z real ).

2. Determinar lo s puntos de estratific aci ón ópti ma pa ra la va riable
aleatoria Z, conocida.

(4 . 1)

1\ BA

a = ¡..t(z) - Il (Y)

0 (Z) = bo-( y)

y

y

la i-ésima observación de la muestra aleatoria simple piloto.
(O)

Yi

"Il(z) = a + bll(Y)

Los pasos a real iza r para completar la infe rencia, so n:

Entonces. para estimar 0 2(y ), siendo ¡..t (y) conocid a. tendremos
11

Á 1 """ ( O) 2cr2(y ) =;:- ..L.,¡[Yi - Il (y) ]
i= l

o(z)
b =&(y )

lineal. De esta form a tendre mos los elemen tos necesar ios par a s u
aplicació n a la población caracterizada por la fun ci ón g .

de donde

3. Calcular los tamaños relativos Wh(Z) , h = 1,2,. .. .L . de los estratos así
construidos, como la afijación óptima nh(z) . h = 1,2.... ,1. . ya sea
para estimar Il Ó 0 2.

La estimación de las cons tantes "a" y "b" pued e realizarse de l
siguiente modo:

siendo

4 . Obtener una muestra piloto aleatoria simple de la variable ale atoria
de interés y, estimando "a" y "b" (donde Z = a+b y ). como hemo s
indicado (1i' y 6).

Para estimar Il (y) , podemos partir de un a mu estra pilot o alea­
toria sim ple (mues tra piloto reutil izable en el pr oceso inferenci al co n
es tra tificac ió n óptima). de manera ' que para inferir sob re ¡..t.(y) y cr(y) .
bastaría exi gir que

6. Tomar llh( Y) = nh(z ) unid ades del es trato h de Y . pud iend o
aprovechar o reutili za r las observ aciones tomadas en la mu estra

5. Estimar los puntos de estratificación óptima para y, realizando el
cambio lineal con a y 6 , desde los puntos de estratificación
óptima ya calculados para Z.



pilo to , comple tando hasta e l tamañ o mu est ral indi cad o por la
afijaci ón mínima u óptima, ya calculada en 3.

7. Estimar ¡.¡. (y) ó o 2( y) por los estimadores us ua les en muestreo
estratificado, que req uieren el co nocimiento de los pesos re lativos
W h(Y ) = Wh(z ) , ya calculados en el punto 3.

De es te modo queda co mple tada la inferencia a realizar en la
práctica , aprovec hando las ve ntaj as e n precisión que cons ig ue e l
mues treo estratificado optimiza do , aunq ue implica un cálcul o numér ico
mayor por precisarse los puntos de es tratificación óptima , los tamañ os
mues tra les determi nados por la afijación mín im a ú ópt ima, así como los
tamaños o pesos rel ativos de los estr atos.
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Surnrnary.

We determine the probability mass function of the number of
different units selected in a simple random sampl e with replacement, of
size n (~ 1), of a finite population of size N.

1. Introduction.

Dada una población finita de tamaño N, se toma una muestra
aleatoria simple con reemplazamiento de tamaño n(~ 1). El número V (=
1,2,3, ... ,min{n,N}) de unidades distintas seleccionadas en la muestra es
una variable aleatoria discreta cuya función de cuantía vamos a calcular.

Esta variable aleatoria ha sido citada por Cassel et al. (1977 ) y,
recientemente, por Thompson (1992) , dando algunas propiedades de la
misma como que la media muestral , basada en las V unidades distintas
seleccionadas en la muestra ale atoria simple con reemplazamiento, es un
estimador insesgado de la media poblacional.

Sin embargo no conocemos nin gún trabajo en el que figure de
forma expresa su función de cuantía. Este es el objetiv o de la presente
not a

2. Función de cuantía.
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es el número de permutaciones co n rep euci on de m elementos tom ad os
de m ¡ en m ¡ igua les, m2 e n m2 igual es .. ..hast a mk en mk ig ua le s.

min {n,M } , la

PRi ¡ ,i2 - i 1,· · · .,iv -l -i v -2 ,n -i v - 1
II

n- 1

I
n-v+2

I
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m I
p R ffi ¡ . ffi 2•.. .•ffi k _ .

"m - , I Im ¡ .m2.. ··mk ·

k

m= I m i
i= l

(~) n-v-e 1

p(v ) =w I
i l=l

Referen ci a s

(2) Thompson. S.K. (1992) . Sampl ing , New York: Wile y.

( 1) Cassel , C .M ., Sarn da l,C .E .y Wretman, J.H .(l 977 ).Foundations al
l nfe rence in Sutv ey Sampling. Ne w York : Wiley.

si

do nde

Aplicando la regla de Lapl ace , para V = 1,2 ,... .m
función de cuantía es la siguiente
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·Abstraet

Let ( O, A . P l be a p r obabil it y s pace an d le t CO[a,bl de note the s pace of s t c­

c h as t tc e ll v c ont tnuo us s t o c has t ic p ro·c~ss es - -w it h ind e x set -[ a·,b ]. Wh en · Cí a .b l

e Ve Co [a ,b l and [ : V ~ Co[ a, bl is a n E( e xpe ct ati on l- c o-m mut at iv e lin e ar

op era tor on V , suffi ci e nt c.on dit io ns a e e giv en f o r E- pr e s e r v a ti on of g loba l

s mootfine s s ot X E·Y thr oucn L:. -Na m e ly., ttIs proved -t h at

(J ¡ (E([ X): s l ·~ IILII · W l (E X ;~) ~ (IILII + cl · Q ¡( EX ; s i , wh e r e
IIL II

L: : = [ 1( ra,bJ· , . and for O ~ S ~ b - a , (J 1 de not e s the f ir s t o r de r m odulu s of

co nt in ui ly with wl. it s l e a st c on c av e rnajo r an t a n d .c · -a un tv e.r s a l. con st an t .

_App lf cat ínns -e-r e -c ív en t o different ty pe s _of s t ocb a stí c c-onv-ol utt on ope r at o r s
d ef in e d 't h r o uo h a ke r n e l . In parti cular , a r e s t u di e d -e xt e n s Iv e lv in t h is
c on ne ct í on, -s t oc ha s t ic .op e r a t o r s define d thro ugh a b e l l- shap ed t r ig ono m et r ic
.k e r n e l . A nothe r appl icati on of t he aboye res ult ·is- t o s t o c h a s t ic di s cr et el y

def ined Kr at z an d stact rnüu e r op erators .

199 1 Mathematjcs S ubjerct Cla ss jf jc al jon: 4 1A17, 26A1 5, 26 A 18, 60G9 9.

Key WQCds: g lo ba l s mo"ot h ne ss _p res e r va t ion , modu lus of c ontt nu ttv , s t oc ha s t ic
pr oce s s e s , stc chast tca cor ox tm atto n, c onv o lu ti on-t y pe ope r at or s , b e il- s ha pe d
ke r n e l s , s to c h a s t ic Berns t e in oo e r a t o r s , di s cr et el y defi ne d op e ra t o r s .
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1.lntroduction

In appro xima ting a stochastic process X =X(t,(.J) by me an s of a ppro ximation
operat ors Ln, it is int er es t ing to find out which pr-ope r-ttes of X are prese rved

by t he ap proximants Lnx. For instance, one can be int e r es t ed in compar ing glo­
ba l s mooth ness characteristics of X and Lnx. Global smoothness of a st ochas­
t tca l lv c ont inuous sto chastic proc ess X(t ,(.J ) can be e xpre ssed by the behaviour
of the rnodulus of conti nuity (.J 1 (EX;'), wher e E ts the expect ation oper ato r .

A study of t he convergen ce of monoto ne li nea r ope ra tors Ln, de fine d on a
s pac e of sto chast ic pr oc e s s e s , t o t he unit operat or has be e n do ne mor e
r ecentl y by M. Weba [16 , 17 ] and G.A. Anas tassio u [2].

In t he prese nt note we give t he stochastic analog ue of our ma in theo re m in
[ 3 J (s ee a l s o [4]) and a pp lv it t o va r io us t yp es of ope rator s s uch as t he
sto chast ic ana log ues of t ra ns fo r me d co nvo l ut io n-type ope r ato r s invest igate d
r ecent ly by Cao an d Gons ka [7,8 ], of a c las s of dis cr et el y defined operator s as
cons ider e d ea r lie r by Krat z an d St ad tmüll e r [11], and of a furth er c lass of
convolut ion-type ope rato rs de alt wit h by, among ot he rs , Ana s ta ss iou [ 1]. '

The resu lts of t his not e sho w th at t he s toc hastic ana logues of man y ap prox i­
mat ion ope ra to rs quite natu ra lly inhe rit qua lit at iv e pr ope rt ies of t he i r non­
stochas t ic pr ed ec es s or s. Furt herm ore , Sect ion 4.1 below (dea li ng with globa l
smooth ness prese r v atio n by t ransfo r me d convol uti on-type oper ators) see ms
t o be of inter est in it s e lf in the sense t hat gl ob al s moot hnes is pr es erv ed by
s light modific at ions of t he most powe r ful ap prox imatio n ope rato rs.

2. Preliminaries

Let (('l,A,P ) denote a fi xed pr obabilit y s pa ce an d LI(O,A, P) the se t of a l l

(O,A )- (IR,B ) meas ur a ble ma ppings Z = Z«(.J ) with JoI Z«(.J )i ' P(d(.J) < 00, where B

is the 6- fie ld of Borel subsets of IR. By X = X(t,(.J) we wil l deno te a sto chast ic
pr ocess wit h index set l a.bl an d re al state s pac e (IR,B).

The s oace of stoc has t ically bounded proc esses is given by

BO [a, b] . - Ix: ;UP f iX(t ,(.J )I · P(d(.J) <00)
\ t e la.el O .

Not e th at B[a,b], t he s pa ce of r eal-valued and bounde d funct ions on t he eom­
pact int e rv a l l a.b l , is a s ubs pace of BO[a,b] . Furtherm or e, t he vecto r s pac e

of stochas tic pro cess es being stoc hast ical ly continu ous in t he L1- sens e is
defined by
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A s ubs pac e of CO[ a,b ] ' i s the spaee cg [ a,b ] of al l sample continuous pro­

eesses . Her e a stoc hastic process X( t ,w) def i ned for t in a topological space
ts ca l1e d sam pl e eont i nuou s 1ft , fo r al l w e: O, the paths (partlal f un cti ons,

t rajecto ries) X(',w): t 0-+ X(t,w) are co ntinuous (cr . [9 , p. 3S 1D. We t hus have
the nat ur al inclusions

o
C[a, b ] e Co [ a,b] e Co[a,b] e Bo[a,b ].

3. A Theoremon StochasticGlobalSmoothnessPreservation

In order to fo r mulate the bas i e theo re m of th i s note, we need th e fo l lowing
auxilia r y r esul t s.

Lemma 3.1. (s ee Weba [17 , Lemma 2. 1 (i O])

If X e: CO[a ,b], t hen EX e: Cl a.b l, wh er e E denot es t he expec t at ion opera t or gi ­

ven by

(EX)(t) = IoX{t, w) . P( do ).

A line ar op erator L: Y ~ Co l a.b l í s sai d to be [ - com m ut ati v e on t he

sub s pac e Y, Cl a.b l e Y e CO[a ,b ], if E( LX) = L<EX) f or al l X e: Y. E- comm ut at iv e

oper ato rs l eav e the space Cl a.b l inva riant as ean be see n from t he foll owing

L em m a 3.2 .

Let L be E- com mut at iv e on Y, where cl a.b l e Y. Then L maps c l a.b l int o C[a,b ].

E.c.ML Let f e: C[a,b ] ; then Lf = L<EO = E( Lf).

Her e Lf" Y'(t, w) for so me Y(t ,w) e: CO[a,b ]; í.e., fo r t n ~ t we have

0<- Joly{tn ,w) - Y(t ,w)l · P(dw) 2: IJo(y{t n,w) - Y(t, w) }} . p(d W)1

= I(EY)( t n) - (Ey )(tl! .

Thu s (EY)(t) i s eont i nuous in t , whi ch mean s th at E( LO is eont in uous i n t , and
this í mpl ie s th at Lf = E(LO e: c l a.b l . o

Remark 3.3 .

Let X e: CO[ a,b ] and [xl'x2] e l a.b l . We have IXI e: CO[a,b ], and thus Elxl e: Cl a.b ]

by Le m ma 2.1 of [ 17 ]. Henee L b(EIXIK S) ds < 00, so th at Fu bini' s th eor em

implies
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Rema r k 3. 5.

o

of
X2

(EX)(s) ds .
Xl

O
4.1. St ocha st l c Con vol utl on-type Operators on Ca[a,bl

In th is sec t i on we i nv esti gat e t he st ochas t ic ana log ues of ce rta in c onvo l ut io n­
type ope r ato rs which pl ay an im portant r ol e in t he appro xi ma tion of co nt i nuous
funct ions by algeb ra ic po lyno mi als ( s ee, e.g., t he r ec ent paper s [7 , 8]). Th e
r esult s pr es ent ed here are not only of int er es t in t he c ont ext of stoch astic
app roxim at io n, bu t are als o new fo r the 'c l ass ica l ' c as e.

Supp ose t hat L : cl a.b l ~ Cj a.b] i s a l i near ope r ato r . For XE cg [a.b ] defin e

( L X ) (t ,(.J ) := L(X( ·,(.J ); t ].

Due to t he f act that t he stochast ic proc ess X is s arnp l e co nti nuous , t.e., eac h
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4. Applications

(i) The i nequali t i es in Theore m 3.4 r em ai n v al i d if IILII i s repla c ed by any
uppe r bound d.

( ií) Theor em 3.4 i s al s o t r ue f or operator s L : V~ Co[c ,d l where l c.d l e [ a.b l .

Of cour s e, fo r th is c ase th e assumpt i on s (I t ) and ( Itt) hav e to be modified
app r opr iate l y , and a suit abl e g enera l ization of Lem m a 3.2 has t o be used .

Pr oof. Ap ply Corollary 6 of [3] f or f = EX , a l s o not i ng th at

Her e ¡;jI denotes the l ea st co nc ave maj o rant of (.J I w i t h r es pect to t he sec ond

va ri able.

Then f or al l X E Y and O ~ S ~ b - a one has

(ji) The re stri cti on L := L lcra,bJ (mapp ing Cl a.b l in t o i ts e l t) is bounded wi th nor m

IIL¡I 'le- o,

( i i i) L : C1[ a,b l ~ C1[ a,bl such t hat II( Lg)' lloo ~ C · Ilg' lIoo f or a l ] 9 E Cl[a,b].

(i) L is E- c om m ut at iv e on Y,

Let V be a subs pace of Ca [ a,b ] su ch t hat Cl a.bl e V e Ca[ a, bJ.

Let L : V ~ Ca [a ,b] be l inea r and su ch th at th e fol lowing ho l d:

Th e o rem 3.4 .



path X(·, c.» is cont i nuous in t , t h e abov e r ig ht hand sid e is well defi ned f or each
fix ed c.> E O. In th i s secti on, w.l.o.g.. we shall con s i de r the cas e l a.bl = [-1 ,1 ].
Furt her mor e, we as sume that the ope rator L i s giv en by

L(f;x):= n- 1 J n f( cos s) ' ,K(S - ar ccos x) ds ,
- n

where t he k er nel K", O is c ont in uous and 2n-p eri odi c.

We show ne xt t hat , under so me addi t io nal as sumpti ons to be made bel ow, th e
co r respo ndi ng operat or ' L s ati sfi es t he c ondit ions of Th eor em 3.4.

O
Fir sU y , L ind eed maps Co l a.bl in to Co l a. bl . To s ee th í s , j et ( t n) be a

sequence i n [- 1,1] suc h t hat tn conve r ges to t . Then

rr . JoI'L<X(·,c.» ;t n) - 'L<X(·,c.» ;OI P(do

JoIrn Xí cos s,c.» K( s - arccos tn) ds

f
n X( cos s .o K(s - ar cc os t ) ds/ P(dc.»
- n

s Jorn IX(co s s,c.»I · IK(s - arccos tn) - K( s - ar ccos 01 ds P(d c.»

s Jof~n IX ( c O S s,c.» I · E ds P(d c.» for n <: N( E) by the uni f orm cont i nuit y of K

E . rn ¡fo IX(co s s,c.»j P( dc.») ds by Fubi ni ' s t heo re m

= E ' L: E(lX( c os s, ·)I )d s = E ' C f or som e e < oo ,

Hence n : Jo[[X(·,c.>);tn ) - L(X(·,c.» ;t) ! P( dc.» t ends t o O as tn appr oaches

t, sh owing that L X E CO[a ,b].

We sho w ne xt t hat the three addi t i ona l assu mptions of Theo rem 3.4 ar e
fulfiJled.
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L<EX;t ,w)
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= W1fTI f(cos(a r ccos x - t}}. K( t) dt o
-TI

L(f;x) = W 1fTI «cos s ) oK(s - a r cco s x] ds
-TI

=[E LX] (t .o ) o

= n-1fTI (EX}(cos s ) oK(s - ar ccos tl ds
-TI

= E(L(X(o,w);t) ) = E(L<X;t ,w))

= WlfTI t{cos (t + ar ccos x}}. K(t) dt
-TI

g: = fo cos , S: = arccos x , L atta ins t he form

Wr iti ng,

(ü t) To ve rify this we firs t give a gene ral estí mat e for 1* L(f;X)I· Note t hat

t he operat or L f ro m ab ov e c an be wri tt en as

Not e t ha t , for the above appli ca ti on of Fubini's t heorem , we have used th e fact
th at if X E: Cn[ a,b] , r c c l a.b] , then f oX E: Cn [a,bJ.

(ji) It is well known t hat IILII = rr- : II KIIL1[-n,n¡ oThe ass umpti on th at K ., O ís

co nti nuou s, implies IIK IIL1[-n.nl > O, t.e ., IILII., O o

- o 1(i) L í s E- c omm uta ti v e on V = c n [a,b oIndeed,



L(f ;x) = n- I . ITI
g(e - t}. K(t) dt = : U g ; e}

- TI

Note that U g ; e } i s defin ed for all 9 Eó C2n and e Eó IR. . Fr om [5 , Pr op.

1. 1.15] we hav e

~ [(g;e) = n" .ITI

(...l1... g(e - dj. K(t) dt .
de -TI ~

Here,

Hen c e,

...l1... [ (fo cos , a rccos xl·~
dx

= - ~ [ [f o c os o a rccos x]
de

= - rr-1ITI

.Ji.. ¡(coste - t)) . K( t) dt
-TI dt

= n-l .ITI
sin(e - t) . r' [c ost a - t) l(-I ) . K(t) dt

- TI

f
e - TI -

= n- I s in s . r' [c os sJ· K(e - s ) ds
e+TI

I
TI .

= -n- 1 s in s · r'{c os sl · K( e - s ) ds
- TI

= - -; . (J~TI + J~) s in s . f'[cos s ] . K(e - s) ds

= - ...LfTI s in s . f''(c o s s)· [K( e - s ) - K(El + s)] ds .TI O

Thus ,

1* U f o cos o ar cc os x}l ·~
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= \; . fo
n

s in s . f'(cos s) · [K(e - s ) - K(e + s )] ds l

sllf'II · ...L · f n sin s · IK( e - s ) - K(e + s)1 ds .
n O

It thus r e mains to give a r epr e s en ta ti on of

n - I J; si n s . IK(e-s) - K(e+s)1 ds

To t his e nd, fir s t r ecall t hat a function 9 E C2n is c a l l e d bell - shap ed on

{ -TI.TI) , if it is eve n an d de creases on lo .n l (s e e [ 12 ]). Fur t he r m o r e , it i s
kno wn f ro m a l emm a of Bea t s on [5 ] t hat 9 E C2 n í s be l l-shaped if and onl y if

fo r a l l t , x E lo. rr l on e ha s

g(t - xl - g(t + x) ~ O.
Th us bel l- sh a ped ke r ne ls K co ns t it ute a n i m po rt a nt c l a s s of ke r ne ls fo r

which the above integ ra l ca n be fur t her s implifi ed . A whol e c lass of ex a rnp l e s
will be given below. Indee d f or t he m the abov e qu an t it y be c om e s

n-I J; s in s . [K( e - s ) - K(9 + s r] ds

=...L .Jn sin S · [K(e - s ) - K(e + s)] ds
2n -n

= _ 1_ . {_¡ -n sin (e - 5 ) . K(5 ) d5 - fn sin (5 - e)· K(5) d5 l
z rt +n - n

=...L . {fn [sin(e - s ) - s iní s - e l] · K(s) dS}
zrr -n

=...L ·f n sin(e-s) ·K(s) ds
n - n

= ...L . f n [s in e . c os s - cos e . s in s] · K(s) ds
n -TI

= ...L [ s in e . fn cos s . K(s) ds - cos e . fn si n s . K(s) dS]
rt -n -n

=...L ' s in e . J n co s s ·K (s l ds
TI - TI
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= . s i n S ' s, [K] .

Thus we hav e

11; L(f ; X)I~

=11; L Cfoeos , ar eeos X)I·~ 5; IIf'lI ' sin S ' S¡[K] ,

or

11; ur . X)I 5; S, [K] . Ilf'lI .

Reea l l i ng f u r t her th at f or ope r at ors L of the f orm bef or e one has IILII

= rr ' . 1IKt , l-n, n J ' t h e aboy e can be sum mar i ze d as f ol l ow s.

The o r em 4.1 .

Let L be a eo nvo lu t io n-type ope rato r of the f orm given aboye wh ieh i s based

upo n the no n-negative an d be ll -sha pe d ke r nel K", O . Then fo r a l l X E: Cg[-l, 1]

and a11 O 5; S 5; 2 one has

We now spee i al i ze K fu r t he r by assu ming th at

rn í n)

K(t) = Km(nl(t) = .1.. + ¿ SK,m(nl' eos kt
2 k =1

i s a non- negat i ve , eve n and be l l- sha pe d t r i gonometr ie pol y nom ia l of degr ee
5; m( n) . The oper ato rs L ba sed upon t hese ke r ne l s wi l l be denot ed by Gm(nl '

Th en we hav e

The o r e m 4.2.

Let Gm(n l be a eo nv o l ution-type ope rato r as given aboye. The n fo r a l l

X E: Cg[-I , I ] and al l O 5; S 5; 2 one has

Pro of. We not e fi r st that
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kS) ds

rn-r
.1.. + ¿ SI ,rn-r . eoS kt .
2 k= l[

Si n .oi.]2r
cn' ----Z....

si n 1.
2

St .mtn) . [.1.. S + .L. si n 2 S] TI
2 4 - TT

J
TI (m(n )

. cos S · .1.. + ¿ Sk.m(nlCOS
2 k= l

-TI

Jrn-r( t)

= Sl .m(nl

=..1..
TI

= *" .L: cos2s . SI:m(nl ds

SI [Km(nl) = ..1.. . J TI co s S . Km(nl(S) ds
TI - TI
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For r = I we obtai n the Fejér k er nel , r = 2 giv es the Jackson ke rne l. and for

Her e the const ant cn is ch os en so t hat ..1.. . JTI Jr (n- I )( t) dt = J .
TI -TI

In Beat son' s r eport ( 5) t he author co nst r uct s posi ti v e and bell- shaped k er nel s
usi ng St ekl ov means. To be more s oec iffc, Jet r € IN = {l . 2. oo . } and

Example 4 .4 . (Const ruc t ion of bell - shap ed k er nel s )

Corollary 4 .3 .

Under the aboye assumptions on Km(nl it can be easily verifi ed that

O ~ SI .m(nl ~ 1 . Thus we have

The inequa l ities of Theorem 4.2 . then fo l l ow di r ectl y f rom Theore m 4 .1. O

Furt herm ore,



Usi ng the t r ig onomet r ic ident it y c os (r - tl c os r : co s t + s in r . s in t it is
se e n tha t

r 2: 3 one ar ri ves at J ac ks on ke r ne ls ot hig her or de r ( rtat s uok a ke r ne ls l.
Beat s on det in ed new ke r ne l s 0 rn_r( xl , base d upon t he J rn-r • and give n as

Bel ow we s how t he r ela ti on shi p betwe en S I,rn- r a nd AI,rn-r ' Not e th at tor t he

a r gu me nt we only ne ed th e ta ct t hat J rn-r is eve n. One ha s

r n- r
1- + ¿ AK,rn-r ' c os kt .
2 k = 1

= :

c os s . {...n..- f
n/ n

J rn-r( s + tl dt} ds
2n - n /n

f
n / n

J rn-r( x + tl dt
-n /n

f
n

/
n

{ n }. Ln [eos s · c os t + si n s · s in t) . Jrn-r( sl ds dt

- n / n

f
n

/
n

{ n ' }
~ L n cos í s - tl · Jrn-r(s l ds dt

zn - n / n

f
n

/
n

{ n }~ L eos s . Jrn -r ( s + tl ds dt (Fub int)

2n - n /n n

.r-n

+ s in t . L: si n s . J rn-r( s l dsldt

f

n / n

= ...-!l.-. {c os t ·fn cos s· Jr n-r( s) ds
2n 2 -n

- n /n

Ai .rn- r

0 rn_r ( xl : =...n..- .
2n

Airn-r

He not e d t hat th ese a r e bell - s hap ed . It re mains to be s hown what A1•rn- r lo oks

like to r t he s e ke r ne ls . For th e hi ghe r orde r Jac kson ke r n e l s J rn- r as given

aboy e one has

S¡.rn-r = ...l.. r c os s . J rn-r( s l ds .
rr - n

whe re t he second su mman d equa ls O du e to J rn-r being even. Hence,
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e os t dt[

TIIn
= S 1 rn-r . ..1L . .

, 201 - 01 / n

. ..!L . TI
= SI rn-r . . s In -

, TI n

o _ )..l '< ,n( r .r )
~ k ,r( n-l ) - , whe re

)..l o,n(r .r )

an d a l s o

The o r e m 4 .5 .

To conc lude t his se ctio n, below we give explic it re p r e s e nta ti o n s of
S ¡,rn-r fo r r = 1, 2 , 3 , 4. These ca n be found in the lite rat ure, but so met imes in

l e s s access ible sources . Ge ne ra l, howeve r less exp l ic it r epr e senta tion s for
a l l convergence factors Sk,rn-r of hig he r o rde r J a c ks on ke r ne ls c an be fou n d
in a oa oer by Matsuoka (13).

Thus ou r c onc l us io n f or t he o oe r at o r- s L b a s e d up on Bea t s on ' s k e rn e ls
0 rn-r, which we now de note by Wrn-r , can be s u m m a r ize d a s fol l ows .

[

TI/ n
A l ' = ---ll- . c o s t . TI . S 1 rn- r dtrn- r ,

, 2012 - TI In

Let Wrn- r b e t he co nv o l ut i on-ty pe op e r at o r bas e d up on 0 rn- r , whe r e 0
rn-r

den ot e s Be ats on' s m od ifi ca t io n of t he J a c kso n ke r ne l J rn- r , r ~ I . Th en f or

a l l X E: Cg[ - I, I ] a nd all O :$; & :$; 2 t he re ho l ds

Exampl e 4 .6 .

In t his case one has S l ,n- 1 = 1 - 11 [ s e e , e.c ., [ 15 , p. 69]) .

He r e we g ive e xp l lc ít r e p r e s e nt ati ons of t he c onv e rg e nc e fa cto r s SI,rn-r of t he

J a e ks on ke r ne 1s J rn- r f o r r = 1, 2 , 3, 4 .

Fejér ke r ne l ( r = 1) :

Ja c ks on ke r ne ls of hig he r o r de rs ( r- ~ 2 ):

Th e conve rgence fa ct o r s Sk,r(n-I) of J rn- r ca n be writte n as [ s e e [ 10, p. 3 7 f. Jl



JJ.K.n( r , r ) ; 2{ r- 1)j ( 2.r ) ( nr + r - 1 - j n- k), O :> k s r (n - 1) .
j ; O ) 2 r - 1

Note t hat in t he latter r epr esent at io n t he eonvention ( :) : ; O f o r n .k € Z ,

n < k , i s us ed.

A sim ple eomputatio n for t he ease r; 2 sh ows th at

JJ. ¡n(2,2) ;.2.. n( n2 - 1) and
. 3

JJ. o n(2,2) ; .L n(2n2 + 1) , so that
, 3

S¡ ,2(n- I) ; 1 -~ [ cr. [5 , p. 50)] .
2n 2 + 1

For r ; 3 it was shown by Sta rk [ 14, p. 73] that

S13 (n_1l ;1 1n4 5n2-5 ,
, 11n4 + 5n2 + 4

and for r; 4 one has the explieit r epr esent ati on ([14, p. 74)]

s - 1 _ 105(n4 + n2 + 1)
¡.4(n-ll - 15 1n6 + 70n4+ 49n 2 + 45

Fr om these the eorresponding fa etors A¡.rn- r of 0 rn -r ean be easil y deriv ed.O

4.2 . Operators on CQ[a,b]

If one wants to in v esti gat e g lobal s moot hnes s prese r vation of more general
stoehasti e proeesses, i.e., X € CO[a,b], i t is app r opria t e to eons id er s p ec í al

app ro xi m ati on ope rat ors L m appi ng Cla. b l in t o itse lf. In [3] we i nvest igat ed
g loba l s moot hness pr ese rvat ion by diserete ly def in ed ope rato rs of the for m
[s ee Krat z and Stadtmü l le r ( 11)]

Ln(f;x); . L: f CS j,n) ' Pj,n (x ), wh er e J n is a fini t e i nd ex se to
) € J n

Furthe r mo re , w e ass umed that t he f ol l owt nc hold:

(a ) L: Pj n( x)" sn '" O,
j € J n '

(b ) L: ¡Pj n( X)! s el '" O ,
j € Jn •

( e) Pj ,n E CI [_a,b] and . ¿ ICsj,n - x) · p; .n( x)! :> e2·
) EJn



whe re M : = su p f o 'X(t ' CJ )1P(dCJ ) < + 00, s i nee X E 8 0 [ a ,b ].

t E [ a,b ]

~ L M · IPj,n( t N) - Pj ,n(t)1
j EJn

L EX(Sj ,n) · Pj,n(t)
j E Jn

EL n X(t .CJ ) = El L X(Sj,n.CJ ). Pj ,n(t))
~ E Jn .

Reea ll the re prese ntatio n
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L X(s j. n,CJ ) · Pj,n(t)

j E J n

(i) Show that Ln is E- eomm ut ativ e.

W e sho w next t hat The or em 3.4 can be app l i ed with V = CO[a ,b ]. Fi r st w e ve r i fy

th at Ln : CO[a, b] ...., CO[a,b ]. Let t N ...., t . T he n

Her e, due to ~he eont i nuity of Pj,n' j E Jn • al l dif f e r en ees Pj ,n(tN) - Pj, n(t) t end

t o O, so that Ln X E CO[ a.b].

Th e el assiea l 8er nste in op er at o r s are typi ea l ex am ple s of op erato rs wit h
th ese proper ties .

For the s e w e have by Theor em 10 i n [ 3 ] t hat

CJ ( Lnf; t) s c i : í:í l ( f ;~) ~ (e I + e2) . CJ 1«;0.



Henee we eone lude fr om Theor em 3.'1 and Remar k 3.5 that

a > O ,Ln : ct-z e.z al ~ C[-a,a] ,

giv en by

= (Ln (EX)) (t ,(.) )

wh er e gn(y) ~ O i s eon ti nuous and La.a gn(y ) dy = 1.
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Cons ider t he posi t iv e l in ear eonv ol ut i on ope rators [ see [1])

fo r al l X E: C(I[a,b] and O S ó S b - a.

'1.3. Furt h er Conv olut l on- t yp e Op era tors

II(Lg) '1\ S e2 ' lIg'lI for all 9 E: CI [a ,b) .

( - _ ( e ó)(.) 1 E(LnX) ;ó) S e l . (.) 1 E X ;~ S (e l + e2 ) . (.),(E X;ó )

The fo llowing type of stoe hast i e eonvo l utio n ope r ato rs ob ey s the g lo ba l
smoothness preserva tion proper t y in a natural dir eet way by pro duei ng a
bette r eonst ant i n t he asso eia t ed i ne quality whieh can be in te r ms of both t he
fir st order m odulus of eont in ui ty (.) 1 and th e s eeond or de r one (.)2' t hus

improv ing th e inequality eo mi ng fr om our ma in th eo rem 3.'1 . We wi l l dis cuss
bot h appr oaeh es be l ow.

Ln(f, x) = fa(f( X+Y) + f( X-y )) gn(y ) dy, r c C[-Za ,Za ], n E: IN ,

-a Z

Exampl e '1.7 .

For t hese one obt ai ns fo r al l X E: C(I[O, 1) and O S s S 1 t he in equal ity

As a t y pieal examp le on e may eonside r sto ehasti e Bern st ei n ope ra to rs on
C(I[O,l) de fine d by (s ee, e.c ., [16])

( ti i ) Obviousl y, Ln : c 'La .ol ~ CI [ a,b J. Fr om [3] i t foll ows that

(ji) IILnl1 * O, s i nee sn * O. A l so , by eonditi on ( b) it f ollows that IILnl1S e l < cc ,



The corres pondi ng stochastic posittv e li near co nvo l ution oper at or s now have
the for m

. (í::n(X) )(t,tl) = Laa(X(t + y, tl) ; X(t - y , tl »). gn(y ) dy ,

map Cn[-2a ,2a) into Cn[-a,a] and ar e ", O. Here t.v E: [ - a, a). To show t hat

Theorem 3.4 i s al so appli cabl e in this cas e, we note t he rol l ow ínc.

(i) L n is E-c ommut ativ e, that i s

__ fa (EX) (t+y) + (EX)(t-y)
(ELnX)(t, tl) . gn(y) dy

-a 2

( iD LnIC[-2 a,2a] i s a bounded oper ato r , í.e.,

ILnU ,x )1~ faIH x+y ) + f(x-y )1 gn(y ) dy ~ l ' IIf ll
oo

,

-a 2

in fact IILnl1= I .

(¡ ji) Observe tha t

Ln: C1[-2a ,2a) ..... c1[ -:- a,a] and II(Lf)'lIoo s IIf 'lIoo ' i .e., e = 1 i n Theo re m 3.4
( Iü).

Indeed,

(LnU ,x))' = fa f'( x+ y) + f '( x- y ) . gn(y) dy = LnU' ,x) ,

- a 2

and th us

Ther ef or e, fr om Theor em 3.4 [s ee also Rem ar k 3.5 (i D) we i m me diate ly get

tl ¡ (E(LnXl,ó ) ~ w(EX,S) ~ 2tl 1( EX,S), for all X E: Cn [-2a,2a ] , O ~ S ~ 2a . o

Remark 4.8.

Let f E: C[-2 a,2.a). One easil y observes t hat
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Surnrnary

'. . .'

One of t he methods of increasing the precision of the estimates m sample su rveys

is the use of a uxi liary inforrnation . But, the mai n drawback of the commonly adopted
' . ~ " . .. .

est irnat ors exploit ing -auxiliaryinformationon one [or'm orethan on-e) aux ilia ry -variable

is that they are biased . T his as pro mpted many research workers to develop estimators

that are either almost unbiased [wéekly biased ) or wholly unb iased . This paper -presents

-a brief review of resea rch work on sorne unbiased est imators recent ly developed in sa mple

survey th_eory for sampling from finit e po pulat ions,

1. .I n t .ro d uct ion and sorne preliminaries.

Let y and x denote t he study variabl e an d the aux ilia ry variable taking values Yi and Xi

(i = 1, 2; oo-o, N ) respecti vely 00 the ith unit of a fioite popula t ion, A simple random

sample (WOR) of size n (n < N) is selected in orden to est ima te the population mean Y

-of y, when ~he pcpula tion 'm ean X of x is k liO\~no

It is well known that when x h-as a high positive correlation with y, one can use the

ratio me thod of estimation and obtain two reasonable "design biased" ratio estimators

yR = r X and YR = r X
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where T = ~ ; y, x and r are the simple arithme tic means of the sample of Yi , Xi and

Ti = ~ respectively. If x has a high negat ive correla t ion with y, a natural analogue of

the ratio method of estimation is t he product method of est imation, which resul ts in t he

design-biased product estimators

yp = ~ and yp = ~ , (2)

where P = y x and 'ji is the simple arithmetic mean of the sample of Pi = YiXi . However,

t he design biased linear regression esti mator

where byr is the sample regression coefficient of y on X , can be used for both the situati ons

of positi vely and negativaly correlated variables . The precision of YRC is usual!y higher

than that of YR and YR or Yp and y'p . But, in the large scale sur veys these est imators are

frequently used for their simplicity.

In many surveys, dat a on P (p > 1) auxi liary x-variates (XI, x2, .. ., x p ) are available~

It is then na tural to investigate whether data on al! the auxil iary variables can be used to

provide an efficient estimator of Y. Olkin (1958) , intr oduced mult ivariate ratio metho d of

est imation which later on exte nded to th e multi variate product and regresssion method s of

estimation by Singh (1967 a) and Sriva~tava ; ( 1965) respectively. When q (q < p) auxiliary

variables (X I , X 2 , . , " xq ) are positively and (p - q) auxiliary variables (Xq+ l' X q+2, .. . ,

x p ) are negati vely correlated with y, Rao an Mudholkar (1967) have extended Olkin's

multivariate ratio estimator to a weighted combination of ratio and product est imators.

But , in the same situation, Singh (1967 b) has suggested an estimator cal!ed ra tio- cum­

product est imato r.

Lack of unbiasedness in the classical esti mator has encouraged many resear ch worke rs

to develop unbiased estimators or by modifying the bas ic designs.

2. U nhiased estimators using sing le auxiliary variable

Basic work on unbiased rat io estimation was initiated by Hart ley and Ross (1954) . T hey

constr ucted an unbiased ratio est ima tor

_ -J (N - l)n _ __
YHR = YR + N(n _ 1) (y - r x) ( 1)

starti ng with YR and correct ing it for t he bias. Goodman an Hartley (1958) derived the

exact variance of YHR when N » n , and studied the rela tive precision of YR and YHR'

Mickey (1959) and Williarns (1961) have constructed broad classes of unbiased estimators
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from which the YHR comes out as a par ticu lar case . Ruiz and Santos (1989) offered two

expressions of the bias of YR and proposed a new class of unbiased est imators including

YHR and based on the same or less statistics, as

which does not include y.
In practice, it is not possible to obtain an unbi ased estimator of the bias of YR under

simple random sampling. So, many authors have studied the problem of constructing

almost unbiased ratio est imators (unbiased upto terms of order n-1
) by considering suit­

able modifications of yR ' Th e notable ones in this direction are due to Quenouille (1956),

Murthy and Nanjamma (1959), pa,;,cual (1961 ), Beale (1962) , Tin ' (1965), Sahoo (1983,

1987) , Singh, Iachan and Upadhyaya (1985) among others. But , however by correcting

t he sampling design, many authors have managed to mak e yR a completely unbiased est i­

mator. Lahiri (1951) showed that YR is unbiased if th e sample is drawn with probabil ity

proportional to ¿ Xi. The simplest method of doing this is due to Midzuno (1952) and

Sen (1952) in which the first memb er of t he sample is draw wit h probability proportional

to Xi and rest (n -1) units with SRSWüR. Midzun o's technique of changing the se!ection

procedure for obtainig unbiased ratio estimators was further studied by Raj (1954), and

Nanjamma, Murthy and Sethi (1959). Another generalisation of the Lahiri's meth od and

the corresponding unbi ased. ratio est imator was given by Deshpande (1984).

During the years th at followed several attempts were also made to const ruct unbiased

product est imat ors which run parallel to the constructi on of the unbi ased rati o est imato rs.

The early contributions in this direction were due to Robson (1957) and Mur thy (1964).

Srivastava, Shukla and Bhatnagar (1981) have shown that Robson 's est imator gives a bet­

ter performance than Murthy's estimator. Srivenkataramana and Tracy (1979) reviewed

sorne of these methods while at the same time offering sorne more est imates. Vos (1980)

gen eralized these methods to obtain mixing est imators and considered the efficiency of

these estimators. In the recent past, unbiased product estimators were also considered

by Shah and Shah (1979), Gupta and Adhvaryu (1982), Iachan , Singh and Upadhyaya

(1987), Rao (1983, 1987), Singh (1989).

For the first time Ruiz and Santos (1990) proposed a new sampling design for which

a new product estimator is rendered unbi ased . Under this design the proba bililty of

selec t ing s-th sample is given by

(3)

(2)

m

p(s) = (~) x
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3. U nbiased estimators using multi-auxiliary varr­
able

comp letely unbiased. The authors also study the efficiencies of the proposed methods in

comparison with standard ra t io estimator on samples of size 4, taken from 11 populations

of size 20, genera ted frorn a bivariate norm al popul ati on. It turns out t ha t th e estimator

YRG under SS1 is the best in most and next best in al! ot her cases.

(1)

(4)

_ _ _ + N - 1 [S91 Xl S91X2]
YURP - 92 - - -=- - -=--

N XI X 2
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1= 1

¿Yi (Xi -X)
_/ n(N - 1) i= 1 ( VI
YRG = N(n-1 ) Y- n x- X )

¿ (Xi - X)2

Olkin (1958) generalised the Hartley-Ross unbiased ratio estima tor for p-auxiliary vari­

ables . The exact expression of the variance for the generalised Hart ley- Ross unbiased

ratio estimator has been discussed by Ramachandran and P illai (1976).

Sahoo and Swain (1980) introduced an unbiased rat io-cum-product estimator using

two auxiliary variables XI and X2 , which was observed to be a pa rticular case of the

genera lized unbiased estimators due to Williams (1961, 1963) and Mickey (1959) . Thi s

unbiased estimator is given by

and the esti ma tor taken into consideration is YPR = ~' where m is tbe equiprobable

harmonic mean of x-values.

More recently, Dalabehera and Sahoo (1993) generated three unb iased estimators by

correcting the estimators y~: , 'FXh and /;, for the ir biases, where Xh and X h are respec­

tive ly the sample and populat ion harmonic means of x-values.

Est imators of t he regressión- type tbat are unbi ased have been developed by Mickey

(1959) and Williams (1961, 1963), but have not yet been extensively tried. Rao (1969)

found Mickey's estimator usual!y inferior to the classical ratio and reg ression est imators

in natural populations. Singh and Srivastava (1980) proposed a new sampling scheme

(SS1, say) for which YRG is unb iased. T his scheme consists in select ing two units i and j

say, with probability proportional to (Xi - Xj)2 and rem ain ing (n - 2) un its in the sample

by SRSWüR. Singh and Srivastava (1980) also proposed another sa mpling scheme (SS2,

say) in which the first unit i say, is select with probabili ty proportional to (Xi - X)2
and remaining (n - 1) units by SRSWüR. Employing SS2 they made thei r propo sed

regression-type estimator



unit .

3.1. A general c1ass of unbiased estimators

(5)

(4)

(2)(XI) ( X2i)92i = Yi - . r
X l< X 2
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1 n

Yt = - ¿ li
n i= l

XI
9li =Yi- ,

X l i

whose bias is given by

Following Srivast ava (1980), Sahoo (1986) proposed a genera l class of unbiased estima­

tors using p-au xiliary variables. T he th eore tical background in the constr uct ion of the

est imator is as follows:

(1- ;J92+ (;J 91+ Nl~ 1[ 5~:, - (1 - ;J 5~:2]
is also unbiased for Y, where .\ is any known functio n of X l and X 2 .

When q auxiliary variables are positively and (p - q) auxiliary var iables are negat ively

correlated with y , Sahoo and Swain (1983) also proposed a Hart ley- Ross- type unbiased

rat io-cum-product est ima tor, of the popu lation mean.

Let t i = h (Yi , Xl i , .. . , Xpi) be a funct ion of Y i , Xli , . . . , Xpi (i = 1, .. . , n) such that

h (Y, X I, . . . , X p) = y. Th e funct ion may contai n X k (k = 1, 2, .. . , p) but independient

of Y. Thu s, a class of design biased estimat ors for Y may be defined by

While const ructing Y URP it was assumed t hat Xl is positively and X2 is negatively

correlated with y. In case X2 is not used , Y URP reduces to Hartley- Ross un biased ratio

est imator. But if X l is not used Y URP reduces to a Hartley-Ross- type unbiased prod uct

estimato r base d on yp studied ea.rlier by Gup ta and Adhvaryu (1982). It was also shown

by Sahoo and Swain (1980) that, the unbiased estima tor YUR P is however not unique an d

any estimator of the type

where

1 n

and 59 , X 2 = n _ 1 ¿ 9 l i (X2 i - X2 )

i= l
(3)

such that Xk and X k are respecti vely t he sample and popu lat ion means of the k- th

auxiliary variable (k = 1, 2); and Xki is the value of k-th auxiliary variab le on the i-th
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Abstract

We propose an altern_ative 'model 'designed 'for estí mat ing .fhe variability asso-

cÍéi.teci with st imuli within a metric Multidimensional Scalíng '(MDS) , analysis of

:dissirnilarity ~ata der iving from one subject and'based 'on the confumatoiy .model

:proposed by Ramsay, The variability factors are estimated by roaximum likelihood

usingthe lognormal dístributíon as the díssimílarity data,distributi on . The choice

between -the Rarnsay model and :ours is discUssed. '.

1. Introduction-.

The first confirmatory MDS model (see Schiffrnan et al. [7]) was that pro posed by Ramsay

[3], which offered the possibility of analyzing data from the po int of view of statistical

deduct ion . The first subsequent wo,rk in t his context, showi ng t he necessity of variability .

decomp osit ion in factors ass ociated with each element of a model was also conduc ted

by Ramsay [4J. He exami ned one variability factor dependent upon theindividual being

questioned and another dependent upon each pair of stimuli on whic h the ind ividu al

. bases his judgement. At the same time he proposed conside ring separate ly t he vari ab ility

associated with the stimuli byusing an-additive decomposition mo del,

Estimating t hese components t hrough maximum likelihood in t he MUS model ca uses

var ious inco nveniences in t he interpret ation of t he results and requires a great deal .of
, ,

computation , which is deterriliried by the estimation of an additive model within the

lognormal dist r ibiition. In many cases this estimation has to be calculated afte r the

est imat ion of the remaining parameters of the model, since ot herwise the computat ions

become much more numerous and complex.

.The need for variability decomp osit ion had to be proven by expe rience as the distances

estimate d by t he MDS models do not adjust themselves perfectly to the observed dissimi­

larity values. There are many very diverse factors that cause the residuals to have a value
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other than zero. There are two direct ways of controlling the variation in the residuals, or

errors: firstly, by taking into account the different variation components, thus making a

great refinement of the analysis possible by using more precise estimations; and secondly,

by a summary oí the variation components , which may also add many important aspects

to the data interpretation.

One aspect worth considering is that of explicitly establishing the possib ility that

the value of each st imulus might be independent of the global value oí the variance for

each pair, lij. This is achieved by t he decomposit ion oí l ij into specific components

for each st imulus , which will be Ui . Therefore these components will be interpreted as

the relative contribut ions to the variance for each stimulus in each pair and the data

interpretat ion is conditioned by the stimulus variability factors. Thus, the choice of the

procedure that establishes the relat ionship between the variat ion components const itutes

an important element to bear in mind inside the analysis and , as will be shown below,

different decomposition models may result in different interpretations.

The subj ect 's perception of a par ticular stimulus, i, may be variable or und et ermined,

causing the classificat ions of pairs to force the st imuli to have a high degree of variability.

This may be refiected in the fact that the value belonging to the compo nent which corre­

sponds to a defined stimulus, Ui, is close to the total variability oí each pair , lij. On the

other hand , a certain stimulus might act as a typical st imulus or one used as a reference

to those with which it is compared, thus causing a minor variability in those judgements

in which this stimulus is involved and identified by a value oí its var iability component ,

Cl:i, which will be lower than the rest of the stimuli with which it is compared.

All this requires that we should take special care with the decomposition mode l em­

ployed, so that the interpr etati on oí the variability designated to the st imulus should

not lead to contradictory conclusions in the data analysis. The decomposition model

proposed in this paper explains the infiuence exerted by each stimulus on the individual

being questioned, when the distribution model is lognormal.

2. Description of t he M od el.

Following Ram say's [5] model notation, we use n st imuli, one subject and T rep lications.

Generaily, the differing data will comprise T squared matrices n x n from dissimilarity

data between each pair of stimuli, t he elements of which will be represented by d ij t , with

i , j = l , . . . , n associated with each pair of st imuli (i, j) and t = 1, ... ,T and for each

response t. The configurat ion matrix to be estimat ed will be represented by X and the

point corresponding to each st imulus, i , wiil be represented by X i .

Th e distance model will be the Euclidean one, where the distance between each pair of
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(1)

(2)

(3)",2 . = (a?a?) 1/ 2
I'J t J

where the var iance olj is considered to be dependent upon each pair (i, j) or constant

with the value 172.

Although obtain ing the configuration matrix associated with the dissimilarity data

constitutes the central asp ect of MDS, one of the addit ional advantages of the confirma­

tory model lies in the possibility of est imat ing the variability factors that infiuence the

obtention of this configurati on.

The variability model proposed in this paper (see Vera [10]) is broken down in the

following manner:

The variability generated by the st imuli in the st udy and analysed by means of this

decomposition offers important advantages when used in a lognormal contexto Although

the additive decomposition model allows for an easy interpretation of the estimated values

when the distribution chosen for th e data representation is the normal distribution, the

additive model joined to the lognormal distri but ion creates several disadvantages that

make the interpret at ion of the results of the analysis more difficult .

The use of the mult iplicat ive model in the lognormal case solves these problems since

its computational cost is relatively low and the interpretations of the estimated values are

similar to those which are found when an additive model is used jointly with the normal

dist ribut ion. Let us see the estimation of these components.

The loglikelihood associated to the model will remain as

points i and i ,associated to their corresponding stimuli, will be indicated by dij ' expressed

as follows

In this sit uation, from the st at istical point of view, the data are considered as being

values taken from th e corresponding random variable Dij , each being independent of the

other. Th ey formally take on values in IR+ and are distr ibuted around the corresponding

centra l value log(dij) ' according to a two-p arameter lognormal dist ribution represented

as



where

(5)

(6)

(7)

(9)

(8)

(10)

(11)

(12)

q = 1, . . . , K

XpqL tpj = L Xj qt; j
j j
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p = 1, . . . ,n.

1 [ (d 't) (d 't\]tpj = d:.L log J: + log ;:. I
PJ t PJ PJJ

2Rn(a2)1/2 =~ Spj + Sjp
p ~ (ay)l/2

a~~~L =~ [Ca[~)1/2 - (a~~J) ) (a~~ (a¡aJ)1/2)] = O

Simplifying the previous expression gives these results

Taking the partial derivative of the log L with respect to a~ the following is obtained:

2 (d;t )Sij = L log d:.
t ' J

and M is the number of dissimilarity data actually observed.

The estimation by maximum likelihood of the variability factors is carried out by

imposing th e following constraints

These constra ints lead to the use of a penalty funct ion (see Fiacco & McCormick [1]).

The term of this function Q(X , a) = q(X ) + q(a ) associated with the restrict ions of the

subject's typical errors, q(a ), is expressed by,

and finally

a2 = [_1_~ Spj + Sjp] 2

p 2Tn ~ Iaj I
where the dist ances, d:j , are given in terms of the configuration matrix, X , estimated by

the implicit equation of Ramsay [3]

and where



3. An Illustrative Example .

Our experience with this structural hypoth esis has been that much less calculation

time is needed for the to tal computation of these estimators of the model, F'urthermore,

the choice of a geometric approach to the variability decomposition is more suit ed to the

structure of the variance in the lognormal models.

First of all it is necessary to emphasize tha t the resolution of th e implicit equations which

determine th e obta ining of the estimators that maximize the likelihood is carried out

numerically, since it is not possible to obt ain estimators explicit ly. To do this we have

used a process similar to that describ ed by Takane et al. [8], which consists of a cycle of

main iterations, inside each of which the parameters are upd ated in blocks. To update

each block of par ameters , a new cycle of secondary iterations is employed in which this

updating of the par ameters is achieved by means of a procedure of conjugate gradient

containing an algorithm that relies upon cubic interpo lation and extrapolat ion, has been

used, (see Fletcher [2]) to determine the opt imal step size, Torgerson's [9] algorithm being

used to obt ain the initial configuration matri x.

I ADITIVE MODEL I MULTIP LICATIV E MODEL ~

Table Ls--Variabiiity of recreative act ivit ies.

1 CONC ERT 0.50 0.2528605

2 MUSEUM 2.07 1.8750590

3 THEATRE 1.30 0.306 1745

4 CINEMA 2.54 0.8480011

5 T ELEV ISION 2.64 4.8404140

6 CONF ERENC E 0.00 0.1742502

7 READING 1.35 0.7342721

8 HOCKEY 0.43 0.1304034

9 BALLET 0.00 0.0026923

10 DEB ATE 1.09 0.7239251

11 FASHIO N 0.28 1.9462000

12 DOC-CINEMA 0.00 0.0890419

13 EXHIBITION 0.67 0.3169389

14 SHOP PING 1.68 2.5689700

15 RESTAURANT 1.24 0.1907957

~ ST IMULI
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Table 2.-The order of stimuli according to their variability (least to greatest) .

I MULTIPLICATIVE MODEL

0.00 BALLET (9) 0.00 BALLET (9)

0.00 CONFERENCE (6) 0.09 DOC-CINEMA (12)

0.00 DOC-CINEMA (12) 0.13 HOCKEY (8)

0.28 FASHION (11) 0.17 CONFERENCE (6)

0.43 HOCKEY (8) 0.19 RESTAURANT (15)

0.50 CONCERT (1) 0.25 CONCERT (1)

0.67 EXHIBITION (13) 0.31 THEAT RE (3)

1.09 DEBATE (10) 0.32 EXHIBITION (13)

1.24 RESTAURANT (15) 0.72 DEBATE (10)

1.30 THEATRE (3) 0.73 READING (7)

1.35 READING (7) 0.85 CINEMA (4)

1.68 SHOPPING (14) 1.88 MUSEUM (2)

2.07 MUSEUM (2) 1.95 FASHION (11)

2.54 CINEMA (4) 2.57 SHOPPING (14)

2.64 TELEVISION (5) 4.84 TELEVISION (5)

~ ADDITIVE MODEL

Two convergence crit eria have been simultaneously employed in our model: firstly, a

purely geometric one (the gradient method), in which not only the direction is controlled,

but also the module of the gradient vector to determine the end of the iterat ive process;

and secondly, a statistical procedure based on the X2 contrast, in view of the fact that

the method does have a strong statistical character.

To illustr ate the method, we examine an example from Ramsay [6] in which he analysed

105 values of the dissimilarity given by a par ticular subj ect about 15 recreat ive activities:

concert , museum, theat re, cinema, television, conference, reading, hockey, ballet, debate,

fashion, documentary cinema, exhibition, shopping and restaurant .

The results are shown in Table 1, where the variability associated with each stimulus

is compared to the multiplicative decomposit ion model explained earlier and the additive

proposal of Ramsay [4]. In Table 2 the st imuli are put in order from the least variability

to the greatest .

These results show the differences that exist upon considering a multi plicat ive model

instead of an addit ive one. The results shown in Table 2 show clearly the effect that the

multiplicat ive model has on the distribution of the variabilities , assigning extreme values

only to those stimuli which exert an ext reme influence and distributing the remaining



variab ility among the stimuli which have a moderate impact on the subject. This is

determined by the same degree of extreme variability which both a very familiar stimu lus

or a completely unknown or rejected one may produce on the subject 's answers . The rest

of the stimuli, which cause a moderate response in the subject t end to produce mod erate

variability values.

In this example it can be seen how stimuli with opposite variabilit ies such as ballet

and television and , generally speaking, the groups of stimuli which have greater or lesser

variability are distinguished in the same way by both mod els. Nevertheless, stimuli to

which the additive model assigns no variability, such as confere nce and doc cinema are

distinguished by the multiplicative model , whilst activities such as conceri and theaire or

fashion and shopping, which produce very pronounced differences between each other in

the addit ive .model, are classified as similar infiuences when the multiplicative model is

applied.

Even though the criteria for choosing between the two models is based upon the

researcher 's own opinion, this example clearly shows the infiuence of the choice of th e de­

compos it ion used in the final interpretation of the analysed data. Therefore, the resulting

individual 's profile, and consequently the final interpretation of the configura t ion matr ix,

changes considerably depending up on whet her the additive mode l or the multiplicat ive

model is used , and alt hough the esti mation of the configuration matrix is not alt ered by

the model employed, the choice between an additive and a multiplicative model must be

considered in any analysis.

References

[1] Fiacco, A. V. & McCormick, G. P. (1968).- Nonlinear Programming: Sequenti al

Unconstrained Minimization Techniques. John Wiley and Sons , In c.

[2] Fletcher , R. (1980).- Practical Methods of Optimization Vol.l. Unconstrained Opti­

mizat ion. John Wiley and Sonso

[3J Rams ay, J . O. (1977).- Maximum Likelihood Est imation in Multidimensional Scaling .

Psychometrika, 42, 241-266.

[4J Ramsay, J . O. (1978).- Confidence Regions for MDS Analysis. Psychometrika, 43,

145-160.

[5J Ramsay, J. O. (1982).- Some Statistical Approaches to MDS Data. J. R . Statist. Soco

A, 145, 285-312.

153



[6] Ramsay, J. O. (1986).- MULTISCALE II MANUAL. Departmeni of Psyehology.

MeGill University.

[7] Schíffman, S. S., Reynolds, M·. L. & Young, F. W. (1981).- Introduct ion to Multidi­

mensional Scaling. Theory, Methods and Applications. Aeademie Press, Inc.

[8J Takane, Y , Young, F. W: & de Leew, J .(1977).- Nonmetric Individual Differences

MDS: An alternat ing Least Squares Method with Optimal Scaling Features. Psy­

ehome trika, 42, 7-67.

[9] Torgerson, W. (1958).- Theory and Methods of Scaling. Wiley, New York.

[10] Vera, J. F. (1993).- Inference in MDS and its Computat ional Treatrnent . Unpublished

Doctoral dissertation. University of Granada . .ft.

154



Rev. Academia de Ciencias. Zaragoza. 49 (1994)

La dinámica de sistemas como técnica

metodológica en la educación ambiental.

J.A. Sánchez (1) y M. Villagrasa (2)

(1) Dept" de Ciencias de la Tierra
Universidad de Zaragoza

(2) Centro de Recursos de Cariñena. M.E.C.

A bstract.

We exemplify different applications of the dynamic systems use
in order to make up usable models on environment education:
radioactive decreasing. : increasing of the population without control,
relation between prey and predator, reversible quimical reactions , with
or without a losing of reagent material.. ..

They are exemplified in this way, the numerous possibilities that
dynamic technics of systems can be use full to the educational deve­
lopment.

1. Introducción.

La palabra sistema es de gran actualidad en la ciencia, se refiere a
un todo o conjunto en el que se pueden distinguir diversos elementos
que actúan unos sobre otros, o se influyen mutuamente de algún modo,
de manera que las propiedades del sistema no son coincidentes con la
suma de los elementos que lo conforman.

En el estudio de los sistemas interesa más el conocimiento de las
relaciones entre los elementos interactuantes que la naturaleza exacta
de estos elementos, y ésto es los que hace la ecología cuando estudia los
ecosistemas , donde básicamente considera las entradas y salidas de
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materia y energ ía. la organizac ión e inte raccione s entre los componentes.
así como el cambio y evol ució n que se experimenta .

Toda la cubierta viva de la Tierra se puede dec ir que co nstituye
un ecosis tema - el mayor que exis te - que recibe el nomb re de biosfera.
Pero tam bién se de nominan eco sistemas a cua lquier parte más peq ueña
de esa biosfera (un lago, un bosque , el océ ano, etc.). El conocimiento del
med io ambiente pasa por ' la comprensión de los distintos ecosistemas y
de su inte racción con la actividad antr ópica.

Con la di námica de sistemas (OS) se aporta una herramienta cap az
de simular las inte racciones y cambios que se producen en un
ecosistema a partir básicamente del conoc imiento de su estructura. El
ordenador es el medio que hace oper ativa la dinámica de sistemas .

2. La dinámica de s istemas .

La din ámi ca de sistemas (OS) nace como una técnica que permite
ana lizar los sistemas y simular sus comportamientos en el tiempo. J.W.
Forre ste r , ingeniero de sistemas de l In st ituto de Tecn ol ogía de
Masschusets (MIT) , desarro lló este método durante la década de los años
cincu enta. La primera aplicación fue el análisis de la estructura de una
compañía eléctrica Nor teamericana y el estudio de las oscilaciones de
ventas de dicha empresa. Posteriormente , la OS se aplicó al es tudio de
si ste mas mecá nicos ecológicos (es pec ia lme n te po blacio nes), a l
comporta miento de sis temas sociales y a la planificación urbana, pero la
OS se popularizó co n su utilización por Forrester para la elaboración del
"Wo rld Dyn arn ics" ó "Modelo de l mundo ", que fue básico para la
elaboración del primer Informe del Club de Roma, donde aparecen por
primera vez los términos, actualme nte en uso, de "crecimie nto cero",
"desarrollo sos tenido ", "límite s al crecimiento", etc .

La difusió n y bajo precio de los ordenadores y la disponibilidad
de software de fácil utiliz ación (Stella, Dynarno, etc.) hacen de la OS una
técn ica de gran futuro a nivel técnico, científico y ed uca tivo.

Básicamente la OS es una técnica que permite :

A) Establecer la estructura del sistema, determinando que
elementos son más significa tivos y como están re lacionados .

B) Simular la evoluci ón temporal de los eleme ntos de l ·sistema,
según las circunstancias en que se desen vuel va el sistema, es decir, su
funcio nam ie nto .

156



2.2.- Diagramas cau sales v de Forrester.

Un si stema presenta los sig uientes co mponentes es truc tura les:

2.1.- Componentes de un sistema .

espacio dond e se encuentran sus
extern os al sis te ma (eleme ntos
sobre el sis tema, per o sí sob re
y qu e , por tanto, deb en se r

Un diagrama causal es un a represen taci ón gráfica en la que
aparecen formalizados los elementos del sistema y se est abl ec en las
relaciones que existen entre ellos , haciendo constar cu al es el sig no de

L a repre se nta cro n formal de un s is te ma es un mo de lo
matemático, y co n la DS se construye este mod elo de un modo sencillo,
mediante la elaboración de diagramas de cau salid ad y su ex pres ión en
una sim bolog ía mu y did áctica debida a Forrester , que co n pequ eñ as
mod ificaciones han ado ptado los distin tos so ftwares de DS.

o) Bucles de ralimentación (feedback) o cade nas de causalidad o
influencias circulares entre elementos.

y) Retard os , que re sultan de las disc rep ancias entre unidad es de
tiempo y velocidades de circulación de los flujos .

~) Mecanismos de control de los flujos (vál vulas, grifos )

Entre los componentes estructurales se es tablecen las siguientes
rel aciones fun cion ales:

ex ) Flujos de materiales o de información o de energía, qu e
circulan entre variables de estado. La circul ación se efectú a a través de
las redes de comunicac ión.

b) Relaciones entre los elementos : En un sistema los elem ento s
están int errelacionados por redes de comunicación que aportan mate ria ,
energía, información, etc .

e) Límites: Los sistema s tie nen
elementos . Pueden existir e lement os
exógenos) que no actúan directamente
algún elemento interno (endógeno)
consider ados .

a) Elementos: Son los componentes fund amentales de l sis tema y
cada elemento es la representaci ón simplificada de alguna carac terís tica
de la realidad objeto de estudio.

157



158

Fig. 1.- Diag ramas causa les : A) Diagra ma causa l estable.
13 ) Dia gram a ca usa l ex plos ivo o auror re forzado .

vari aci ón esperado entre cada par de elementos. Así , cuando se indica la
re lac ió n:

se mueven en el tiempo eny b
b) .

+
~Demanda~

Salarl os prects

BJ+~

~
Presa Predador

~

Evidentemente, una relación del tipo:

a (predado r) ----~) - e (- pre sa )

a (presa) ------7 + b (+ predador)

Así, la Fig. 1 A) mue str a un diagrama cau sal es table : el número de
individuos de la especie depredada (presa) , ac túa positivamente sobre el
núm ero de individ uos de la especie depred adora (pred ado r) , s imultá ­
neamente , el número de individuos depredadores actúa negati vamente
so bre e l número de indiv iduos depredad os. Ot ros bucles com o e l de la
Fi g. 1 B), so n expl osivos o aut orreforzad os, co mo sucede e n la es piral
inflac io nis ta.

A partir de los diag ramas ca usa les se pa sa a los diagramas de
Forrester, c uya simbo logí a se ex pres a e n la Fi g. 2. Con esta s imbolog ia los
programas infor má ticos DS co nstruy en las ec uaciones en func ión de los
es que mas de re lac ión que noso tros rea liza mos grá ficame nte. Tan só lo es
prec iso . e n tod os los casos. as ig na r valor a la s co ns ta ntes , -valores
iniciales a las variables de nive l, tiempo de simulaci ón y va lo r del
increme nto de tiem po co ns iderado . En determinados ca sos los datos se
pueden in trod ucir en forma de gráficos o tabl as.

Especial interés tienen los bucles de realimentaci ón que en un
diagrama ca usal se indican por medio de una "flecha" que pa rtiendo de
una variable "vuelve" a ella , después de un cami no más o men os largo.

sign if ica todo lo contrario; es decir que , las variables a y e se mueven
a lo largo del tiempo en sentido contrario : cuando una c rec e la otra
decrece .

se qu iere sig nificar que las varia bles a
el mismo sentido (cuando crece a, crece



Fi g . 2 .- Si mbo logía de l a di námica de sis temas, i ntroduci da por Forresi cr

3. Ejemplo de aplicación de la DS.

pued e i nrerpret arse
ser pr ác t i c am enre

fu ente o un su midero;
no t iene i n teré s por

Va r ia ble exó gena: V aria hle cuya evo luc ión es i nde pendie nte de l a
del resto del sistem a. Represent a un a acc ió n del medio so bre el
sis te m a.

Co nstante : Un elemento del model o que no cambi a de valor .

Re tardo: U n ele men to que si mul a retrasos en l a rr ansrn isi ón de
i nformac ió n o material. '

Va r ia bl e aux i li ar : Una cantidad con un ciert o sig ni ficado f ísico en
el mundo real y con un ti empo de respuesta i nstantáneo.

C anal de in form aci ón: Canal de tr ansm i sión de u na ci erta
in formaci ón . que no es necesario que se conserv e.

Ca nal de mater ial : Canal de transmi si ón de un a m agn itud fí si ca que
se co nserva.

F l u jo : V ar iac ión de ni vel. represent a un cambi o en el estado del
s i ste m a.

N i vel : Repre senta una acumul aci ón de fl uj o . es u na variab le de
es t ado .

N ube: Representa una
co mo u n ni v el que
i n ag o ta b le .

-- - --~

11I
1l;!tA>xl

A continuac ió n se muestran algu nos ejemplos de a plicac ió n de la
DS med ian te el programa Stella, que pretend en ser una mu estra de las
enormes po sibilidades que esta herramienta tiene .

Los re sultados, tam bién den om inados trayec tor ias , corres po nde n
a la e voluci ón temporal de las vari ab les y apa recen ex pre sa dos , tant o
gráfic a com o numérica me nte . Las modificaciones e n los da tos inic iales
son mu y fác iles de real iza r , pudiend o así simular diferentes escenarios.

3.1.- Creci mien to y decrecim iento expl osivos.

Son dos se nc i llos ej emplos de como, e n fu nci ón de un a tasa ,
aumenta o di sminu ye exp on encialmente e l va lo r de un a variab le de
estado ó nivel (Fig . 3). En la natu rale za se tie nen ' num er osos ejemplos de
esta e volu ci ón en el tie mpo : de sintegrac ión rad iac tiva, creci mi ento de
plagas o epidemias sin control . agotamie nto de man an tial es, e tc .

159



2 <.00

24 .00

18 .00

.....

~6 ":;0

12.00
rome

o Nivel - Nivel .. dt • ( - f luj o )
INIT(Nivel) - 100

O flujo - t asa" Nivel
O tasa - .4

6.00

..so

0 .0

0 .0

zs.oo

7 5.00

50 .00

25 .00

50 .00

7S .00

100 .00

0 .0 0 S28

0 .ooS28

1 N'~I

100.00

Fig . .'. - Diagr am as DS. ec uaci ones y tra yectori a de la variab le para casos de
crec im iento o dec reci miento explosivos o autor rc fo rzudos.
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3.2 .- Flujos reversib les , co nservativos y no conservati vos.

Se estab lece un flujo de mate rial (o energía) en tre dos va riables
de es tado , contro ladas por dos tasas distin tas. En func ión de esas tasas,
los valores inic iales de la s variables evoluci onan hacia un equi librio
dinámico (conserv ativ o) . Un ejemp lo pod ría ser una re acci ó n qu ím ica
reversible (fig. 4 a). Si en una de las var iables existe un fl ujo que extrae
material (o energía ), la evolución de las variables es claramente distinta
(fig . 4 b). Un eje mp lo de es ta evol uc ión podría ser una reacción q uím ica
en que parte del material resulta precipitado. sa lie ndo del s is tema.



FIG .4a-Oiagramas OS, ecuaciones y trayector ias de l as
var iables en una reacción rever si.bl e conse r va t i va.

io.oo

o X ~ X + dt " ( Kl - K2 )
INfT(x) = 100

O y ~ y + dt > ( -Kl + K2 )
INfT(y ) ~ 300

O Kl =.6"y
O K2 = .3"x
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1 Conejos 2 Zorr os

1 340.00
2 45 .57

1 263.41
2 35.39

1 1~~ ~:2

1 110 .22
2 15 .04

3~ ~~
0.0

Zorros vs Ccoejcs
~5.S7

o Conejos = Conejos + dt " ( NacCon - Mue_Con - Depred )
INIT(Conejos ) = 34D

O Zorros = Zorro s + dt " ( Pred - Mue_Zor )
INIT(Zorros) = 35

O A=.04
O S = .0000 5
O C= .002
O D = 0.03
O Depred = C"Conejo s"Zorros
O E = 0.0002
O Mue_Con = S"Conej os"Conejos
O Mue_Zor = D"Zorros
O NacCon = A"Conejos
O Pred = E"Conejos"Zorros

3.3 .- Mode lo predador-presa (mode lo Vo lterra) .

En un ecosiste ma la evoluc ión de la pobl aci ón de organi sm os
predadores y de sus presas esta intimamente re lacionada. El model o fue
establec ido por Volterra , y la DS permite mostrar de una form a mu y
did áct ica esa s re lac iones, tal y como puede verse en la Fig. 5 , del mismo
modo que su evolución se represen ta en la Fig. 6.

Fi g. 6.- T ravectu ria de l as variabl es predador-presa. rel acionadas entre sí. y
en función del tiempo.
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Abstract

The evolution of REE distribution paneros in the acidic waters of the Arroyo del Val
stream is studied using samples collected along the headwaters zone. The hydrologic system of
the Arroyo del Val dra inage basin contains a main stream (Arroyo del Val) of acidic water s
naturally generated and several neutral tributaries. Mixing of the acidic stream with neutral
tributaries yields spectacular tlocculants that precipitate at the contluences , along the principal
stream.

Extensive removal of dissolved ,(0.1 /lm filtered)) REE from acidic waters occurs along
flow path; and this removal by mixing-induced flocculation of colloids leads to fractionatíon
among the REE with the order of removal being heavy REEs > middle REEs > Iight REEs.
These results are consistent with previous studies of REE in the colloids of this system but
opposite to those obtained in other rivers and for many coagulation processes in estuaries.

1. Introducción

Los cada vez más frecuentes esrudios sobre el comportamiento geoquímico de las Tierras
Raras (REE) en sistemas acuosos naturales están evidenciando que su distr ibuci6n depende de la
actuaci6n competitiva entre procesos de superficie y de formaci6n de complejos. La existencia
de fen6menos de fraccionamiento en estas pautas , asociados a la presencia de fases coloidales
(Goldstein & Jacobsen, 1988; Elderfield el al. , 1990; Sholkovitz , 1992, 1993; etc.), parece
constituir una de las consecuencias más importantes de la interrelaci6n entre ambos tipos de
procesos .

No obstante , la caracterizaci6n precisa de estos fen6menos de fraccionamiento presenta
todavía considerables problemas (p. ej. Sholkovitz , 1992), condicionados por las bajas
concentraciones en las que se encuentran estos elementos y por las dificultades en separar la
fracci6n asociada a las fases coloidales.
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El sistema geoquímico del Arroyo del Val en la provincia de Zaragoza (Gimeno, 1991;
Gimeno et al. , 1994; Auqué et al. , 1993) está constituido por un curso principal de aguas ácidas
(Arroyo del Val), generadas por el lavado de los materiale s paleozoicos que atraviesa (con
abundantes sulfuros metálicos dispersos), afectado por sucesivos aportes de afluentes neutro­
básicos que neutralizan progresivamente las aguas del arroyo principal. En los puntos de
confluencia de estos afluentes con el Arroyo del Val se producen procesos de mezcla con una
floculación masiva de coloides blanquecinos que tapizan el fondo del arroyo.

En este sistema se conjugan varias circunstancias que lo hacen especia lmente interesante
para el estudio del comportamiento de las REE : se trata de un sistema inicialmente ácido , de baja
temperatura y , a priori , capaz de transportar y/o movilizar una importante conce ntració n de estos
elementos ; la presencia de sucesivos procesos de floculación coloidal facilita el anális is de su
influencia en la distribución de Tierras Raras; y la abundancia de coloides en algunos tramos
permite un muestreo relativamente fácil.

La idoneidad de este conjunto de características ya ha sido verificada en estudios
preliminares. A partir de los datos obtenidos en el primero de los puntos de floculación del
Arroyo del Val (figura 1), Auqu é et al. (1993) indican la existe ncia, tanto para las aguas ácidas
como para las fases coloida les, de una pauta de REE definida por un enriquecimiento neto en las
Tierras Raras pesadas (HREE) y con una marcada convexidad en torno a los contenidos
norma lizados de las Tierras Raras intermedias (lREE). Y señalan la presencia de un
fraccionamiento en el proceso de floculación , caracterizado por un enriquecimiento sistemático
en las Tierras Raras más pesadas .

En este artículo se exponen los resultados de un muestreo más completo , analizándose la
evolución de la distribu ción de REE en las aguas ácidas a lo largo del curso superior del Arroyo
del Val y verificando las pautas de fraccio namiento ligadas a los sucesivos fenómenos de
floculación coloidal.

2. Metodología

El muestreo realizado para el anális is de Tierras Raras, se localiza en el tercio superior
del curso del Arroyo del Val y se inscribe dentro de otro más amplio , en el que fueron tomadas
muestras para la determinación de elementos mayores y menores de las aguas de este sistema.
En la figura 1 se muestra un esquema simplificado de esta parte del arroyo , con los princip ales
puntos de mezcla y floculación coloidal, tras la confluencia con afluentes (primero , segundo,
cuarto y quinto puntos de mezcla) y aportes hipodérm icos de aguas neutr as (tercer punto de
mezcla). A lo largo de este tramo se realizó un completo desmuestre que incluyó muestr as de las
soluciones ácidas del Arro yo del Val, tanto entre las zonas de floculación coloidal como en los
prop ios puntos de flocu lación, y muestras de los afluentes de aguas neutras que desembocan en
este tramo .

Los procesos de floculación coloidal , inducidos por la mezcla de soluciones , se
distr ibuyen de forma perfectamente localizada tras la confluencia de los afluentes de aguas
neutras. Pero en esos puntos los efectos de esos fenómenos de floculación varían tanto espacial
como temporalmente, razón por la que en este trabajo únicamente se utilizarán las muestras
tomadas antes y/o después de los fenómenos de mezcla y floculaci6n (cuya situación se indica
en la figura 1), excluyendo las tomadas durante la actuació n de esos procesos. De esta forma,
se considerarán los datos correspondientes a las soluciones acuosas una vez que el conjunto de
procesos actuantes han homogeneizado sus efectos sobre la evoluci6n de las REE, evitándose las
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Arroyo del
Val

Tercer punto
de mezcla

(Surgencías difusas)

Cuarto punto
de mezcla

Quinto punto
de mezcla

Segundo punto
de mezcla

W-s

W-6

W-9

W-16

W-14

W-l0

Figura 1. Esquema de la cabecera del Arro yo del Val y localización del muest reo. Los puntos
de floculación coloidal (asociados a procesos de mezcla con soluciones neutras) se indican con
áreas rellenas a lo largo del t ramo estudiado.



Tabla 1: Contenidos de Tierras Raras en muestras seleccionadas de aguas ácidas a lo largo del curso
del Arroyo del Val (provincia de Zaragoza). Concentraciones y límites de detecci6n del ICP-MS
expresados en ppm.

Límites de W-S
detección

La 1·10-4 0.0119 0.0074 0.0049

Ce 1·10-' 0.0345 0.0209 0.0133

Pr 1·10-4 0.006 0.0034 0.0022

Nd 1·10-4 0.0359 0.0188 0.0117

Sm 1·10-4 0.0117 0.0067 0.0040

Eu 5.10-5 0.0034 0.00186 0.00118

Gd 1·10-4 0.0174 0.0083 0.0053

Tb 1·10-4 0.0022 0.00120 0.0004

Dy 1·10-4 0.0101 0.0058 0.0038

Ho 5.10-5 0.00167 0.0009 0.00054

Er ¡ ·IO-' 0.0039 0.002 0.0013

Tm ¡ .1O-4 0.0004 0.0002 0.0001

Yb 1·10-4 0.0024 0.0013 0.0007

Lu 5.10-5 0.00034 0.0001 0.00009
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En cada punto de muestreo se procedi6 a la determinaci6n in situ de pH, Eh, temperatura
y conductividad, y a la toma de varias alicuotas , con tratam ientos diferentes, para su posterior
análisis químico . Una descripci6n completa de la metodología de desmuestre y análisis utilizada
puede verse en Gimeno (1991) o Gimeno el al. (1994) y aquí solamente referiremos la que afecta
a la determinaci6n de Tierras Raras. Así , las alícuotas tomadas para el análisis de esos elementos
fueron filtradas mediante una bomba neumática ANTLIA, modelo SP 050/2 , con tres portafiltros
de idént ica marca y modelo FP050/0 , todo ello constru ido en policarbonato. Para esta operaci6n
se utilizaron filtros de 2, 0.45 Y 0.1 ¡tm sucesivamente dispuestos. La muestra filtrada se
almacen6 en botes de poliet ileno de 100 mI, previamente lavados, homogeneizados en solucione s
de ácido nítrico ultrapuro durante varios días , enjuagados posteriormente con agua dest ilada y
secados en corriente de aire . Las alícuotas tomadas se acidificaban con ácido nítrico ultrapuro
hasta pH < 1 y la totalidad del equipo era cuidadosamente lavada con agua destilada antes de
acceder al siguiente punto de desmuestre.

heteroge neidades inducidas local y/o instantáneamente en los puntos de confluencia por los
procesos de mezcla y floculaci6n coloidal (que serán objeto de un estudio posterior más
detallado). La única salvedad a este criterio se encuentra en la muestra W-5, situada en un punto
de floculaci6n , y que se incluye por ser la última de las tomadas en el tramo muestreado (fig. 1)
y representar , en cierto modo, la resultante final de la distri buci6n de REE en la evoluci6n del
sistema.



Las Tierras Raras fueron analizadas mediante ICP- MS , con los límites de detecci6n y
resultados señalados en la tabla 1. En esta tanda de análisis no se utilizaron técnicas de
preconcentraci6n par a la determinaci6n de estos elementos , ya que las elevadas concentraciones
en las que se encuentran en las soluciones ác idas ju stifican sobradamente esta simplificaci6n de
la metodología.

Al valorar los resultados hay que tener presente que tanto la concentraci6n como las
pautas de REE en soluci6n están condicionadas directamente por la metodología de filtraci6n
seguida en el muestreo. El efecto de las técnicas de filtra ci6n en la separaci6n de la fracci6n
coloidal , en suspensi6n y en so luci6 n verdadera es ambiguo y prob lemático (Sho lkov itz, 1992).
En la bibliografía sobre el tema no existe un criterio fijo para habl ar de fracciones partic uladas ,
disueltas , coloidales o en soluci6n verdadera y, mucho menos , una sistematizaci6n de los tamaños
de filtro que permiten separarlas . En cualquier caso, el tamaño mínimo de poro utilizado en la
metodología de filtraci6n de este estudio (0 .1 /lm ) permi te considerar que los resultados obtenidos
corresponden , cuando menos , a la fracci6n disuelta (considerando como tal la constituida por la
fracci 6n en so luci6n verdadera y la fracci6n coloidal; Sholkovitz , 1992)

Los contenidos en REE y sus modelos de distr ibuci6n en el presente trabajo han sido
normalizados frente a NASC (North American Shale Composite ; Haskin et al . , 1968; Gromet
et al. , 1984).

3. Caracteres generales del sistema y evolución de los contenidos en T ier ras Raras

Las pautas de evoluci6n geoqu írnica de las aguas ácidas del Arro yo del Val se encuentran
condicionadas por los sucesivos aportes de los afluentes con solucio nes neut ras (valores de pH
entre 7 y 8) Y algo más diluidas (con conductividades entre 500 y 600 /lS/c m; p. ej . Auqué et
al. , 1994) Y por los subsiguientes fen6meno s de mezcla y floculaci6n coloida l. Estos procesos
determinan una progresiva disminu ci6n de las con centraciones de casi todos los compone ntes en
soluci6n a lo largo del cur so del arro yo; disminuci6n que se evidencia , especi almente, en los
elementos metálicos, retenidos en los fen6menos de floculaci6n por coloides constituidos
fundamentalmente por oxihidr6xidos, sulfatos básicos de aluminio y hierro , y silicatos hidratado s
de aluminio, amorfos (Gimeno, 1991 ; Auqué et al . , 1993).

Los rasgos más característicos de esta evoluci6n puede n quedar representados por la
variaci6n del pH y condu ctividad de las soluciones ácidas a lo largo del tramo muestreado. En
la figura 2 se ha representado los valores de estos parámetros en la direcci6n de flujo
constatándose, como consecuencia de los procesos anter iormente mencionados , un progresivo
incremento del pH y disminuci6n de la conductividad de las aguas . Tend encias similares han sido
definidas para este sistema en muestreos más amplio s realizados sobre la totalidad del curso del
Arroyo (Gimeno 1991; Gimeno et al., 1994).

En este contexto geoquímico , las concentraciones de REE determinadas en las so lucion es
ácidas del arroyo, independ ientemente de su situaci6 n a lo largo del curso, son considerableme nte
elevadas (tabla 1) y muy super iores a las determinadas en aguas mar inas o en soluciones
continentales de carácter neutro-básico. Las únicas soluciones con contenidos parangonabl es o
superiores a las del Val en la bibliografía correspo nden a siste mas hídr icos de distinto tipo , pero
todos ellos caracterizados por so luciones de pH marcad amente ácido (p. ej . Fee et al. , 1992;
Miekeley et al. , 1992).
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4. Evolución en la pauta de distribución de Tierras Raras
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Independientemente de las diferencias de concentraci6n existentes entre las muestras
analizadas, los modelos de distribuci6n de REE , normalizados frente a NASC, presentan una
característica común (figura 3 B): todos ellos muestran una marcada convexidad en torno a las
Tierr as Raras intermedias (lREE; Eu, Gd YTb), resultado de un importante enriqueci miento de
este grupo de las Tierras Raras respecto a las ligeras (LREE) y pesadas (HREE).

Pautas similares a las descritas han sido citadas en soluciones ácidas de distintos sistemas
hídricos de baja temperarura (p. ej. Elderfield el al. , 1990; Smedley , 1991; Fee el al. , 1992;
Gosselin el al., 1992) Yatribuidas tanto a la fracci6n coloidal transportada por las soluciones

Dirección de flujo ...
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Los contenidos en REE analizados tras cada punto de mezcla y floculaci6n coloidal son
sistemáticamente menores que los existentes antes de produ cirse ese proceso. El único tramo en
el que las concentraciones de Tierras Raras se mantienen prácticamente constantes es el existente
entre las muestras W-I0 y W-9 (figura 3 A Y B), en el que precisamente no se produce ningún
tipo de fen6meno de mezcla de aguas ni se aprecian fen6menos de floculaci6n (figura 1). Estos
procesos de floculaci6n coloidal son los responsables, por tanto, de la disminuci6n de
concentraci6n de las Tierras Raras a lo largo del curso del Arroyo del Val representando, como
sucedía con los elementos metálicos (Gimeno el al. , 1994), un efectivo mecanismo de retenci6n
para esos elementos .

Teniendo en cuenta la disposici6n espacial de las muestras, puede apreciarse una marcada
disminuci6n en los contenidos de toda la serie de las Tierras Raras (tabla 1) en la direcci6n de
flujo: las concentracio nes de la muestra W-16 (correspondiente a la parte más alta muestreada
en el arroyo ) trip lican las de la W-S (última muestra tomada aguas abajo; figura 1) , situándose
las concentraciones del resto de muestras entre esos dos extremos (figura 3 B).

Figura 2. Evolución de los valores de pH y conductividad de las aguas ácidas del Arroyo del Val
en la dirección de f lujo.



Figura 3 . A.- Representación (en escala loga rítmi ca) de la evolución de los modelos de
distribución de REE (normalizados frente a NASC) en la dirección de flujo. B.- Representación
de los modelos de distribución para todas las muestras analizadas. en una sección
perpend icular a la dirección de flujo .
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(Elderfield el al. , 1990) como a la interacción de las soluciones con materiales típicamente
enriquecidos en IREE (arcillas y oxihidróxidos de hierro ; Gosselin el al., 1992; Johannesson y
Lyons, 1993).

No obstante , las pautas de distribución de REE presentan, en detalle, algunas diferencias
delimitadas por el punto de muestreo . En la figura 3 B pueden apreciarse cualitativamente
algunos de los matices distintivos en esas pautas, claramente evidenciados entre las muestras más
extremas (W-16 y. W-S; ambas representadas con símbolos rellenos) : la muestra W-16 presenta
un enriquecimiento neto en las HREE respecto a las LREE que casi desaparece en la W-S.
Cuantitativamente, estas diferencias quedan expresadas en las relaciones normalizadas (Lu/La) N
e (Yb/Ce)N de estas muestras , con valores de 1.9 y 1.64 respect ivamente para la W-16 y de 1.2
en ambos casos para la W-S.

Las modificaciones en los contenidos relativos HREE/LREE pueden constatarse más
detalladamente si se calculan las relaciones , también normalizadas frente a NASC, de (Lu/La)N
y (Yb/Ce)Npara todos los puntos muestreados . En la figura 4A se ha representado la variación
en los valores de estas relaciones a 10 largo de la dirección de flujo, observándose cómo la
disminución neta entre las muestras más extremas (W-16 y W-S) se resuelve en un decrecimiento
progresivo de estas relaciones a lo largo del arroyo.

Puesto que la característica más destacada de las pautas de distribución de REE es la
existencia de un marcado enriquecimiento en las Tierras Raras intermedias (IREE) resulta
conveniente analizar la variación relativa de esta característica frente a LREE y HREE.
Escogiendo el Gd como IREE representativa, en la figura 4 B se han representado las pautas de
evolución de las relaciones (Gd/La) N' (Gd/Lu)N' (Gd/Ce)N y (Gd/Yb) N' En el caso de las
relaciones LREE-IREE puede apreciarse cómo los valores de (Gd/La) Ny (Gd/Ce)N disminuyen
en la dirección de flujo, indicando que dentro de la pauta general de disminución del conjunto
de las REE la de las IREE es mayor que la de las LREE (La, Ce).

Si consideramos la evolución de las relaciones HREE-IREE, representada por los valores
de (Gd/Lu)N' (GdlYb)N' puede observarse una pauta opuesta a la anterior (figura 4B): ambas
relaciones tienden a aumentar en la dirección de flujo. O lo que es o mismo, la disminución de
las HREE es de mayor grado que la de las IREE a lo largo del curso del arroyo.

Los modelos de distribuci6n de REE sufren, por tanto, una paulatina modificaci6n a lo
largo del Arroyo del Val, a medida que van siendo efectivos los procesos de mezcla de aguas y
floculación coloidal; modificación que, en términos generales, se traduce en una remoción
preferente de las tierras raras pesadas y en un más acusado mantenimiento en solución de las
ligeras. No se aprecian , sin embargo , anomalías respecto a Ce o Eu (elementos que pueden
presentarse en distintos estados de oxidación) por lo que ambos deben encontrarse en estado
trivalente (común al del resto de REE) , sin producirse fraccionamientos relativos por procesos
de óxido-reducción a lo largo del curso del Val.

5. Discusión de resultados

La evolución descrita en los modelos de distribución de REE a lo largo del Arroyo del
Val evidencia un apreciable fraccionamiento asociado a los fenómenos de floculaci ón coloidal
efectivos en el sistema. Este fraccionamiento se encuentra caracterizado por una distinta
intensidad en los procesos de remoción de REE de las soluciones , progresivamente mayor desde
las tierras raras ligeras hasta las pesadas. Ello implica que los coloides presentan una distinta
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Los estudios realizados hasta el momento indican que los procesos de fraccionamiento de
las REE en solución se deben a sus diferentes afinidades relativas frente a los procesos de

capacidad de retenci6n de estos elementos , de forma que para las tierras raras pesadas es mayor
que para las intermed ias, y para éstas mayor que para las ligeras (HREE > IREE > LREE) .

Figura 4 . A. - Evolución de las relaciones (Lu/La)N y (Yb/Ce)N y B.- de las relaciones (Gd/Lal N•
(Gd/ Lul N• (Gd/Ce)Ny (GdlYbl N para las soluciones ácidas en la direcc ión de flujo.

Por otro lado, en gran parte de los procesos de coagulaci6n de los coloides transportados
por los rfos en los estuarios (inducidos por la mezcla con agua marina al llegar a la
desembocadura) se produce una retención prefe rente de las LREE frente a las HREE (Sholkovitz,
1992); carácter que resulta coherente con la existencia de coloides enr iquecidos en LREE pero ,
por ello, también opuesta al determinado en el arroyo del Val.

Sin embargo, tanto los modelos de distribuci6n de REE en las fases coloidales, como la
pauta de fraccionamiento asociada a los procesos de f\oculaci6n de este arroyo de aguas ácidas,
resultan distintas de las obtenidas hasta la fecha en otros ambientes de baja temperatura. De esta
forma, los modelos de distr ibuci6n de REE obtenidos en las fases coloidales de los rfos
estudiados por Sholkovitz (1992) presentan un sistemático enr iquecimiento desde las Tierras
Raras más pesadas (Lu) hasta las más ligeras (La), definiendo una pauta opuesta a la
caracterizada en el arroyo del Val.

Estos resultados son consistentes con las pautas obtenidas por Auqué el al. (1993) a partir
de muestras de coloides tomadas en el primer punto de mezcla de aguas (figura 1) del sistema:
la distr ibuci6n de REE de los coloides refer ida a la de la soluci6n antes (muestra W-16) o durante
el proceso de f\oculaci6n (relaci6n coloide/soluci6n) muestra un sistemático incremento desde La
a Lu. Es decir, que las fases coloidales de este sistema se encuentran progresivamente
enri quecidas a través de toda la serie de las tierras raras desde las más ligeras a las más pesadas .
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adsorci 6n en las superficies coloidales y a los fen6menos de formaci6n de complejos en soluci6n.
La disminuci6n progresiva del radio i6nico desde La hasta Lu condiciona un progresivo
incremento en las constantes de estabilidad de sus complejos en soluci6n, provocando a su vez
que las HREE sean más fácilmente retenidas en soluci6n y, por contra, que las LREE tiendan
a ser preferencialmente adsorbidas . Este modelo competitivo entre fen6menos de superficie y de
formaci6n de complejos en solución explicaría el fraccionamiento observado en estuarios y ríos
por Sholkovitz (1992).

El análisis de distribuci6n de especies realizado por Auqué et al. (1994) en el arroyo del
Val ha puesto de manifiesto, sin embargo, que los procesos de formaci6n de complejos efectivos
en estas soluciones ácidas del Arroyo del Val únicamente involucran al S04 = como ligando. Las
constantes de estabilidad de estas reacciones apenas varían a lo largo de toda la serie de las
Tierras Raras , raz6n por la que no se producen diferencias en la intensidad con la que los
fen6menos de formaci6n de complejos afectan a las LREE y HREE. Esta circunstancia puede
condicionar importantes variaciones en la actuaci6n competitiva de los procesos de superficie y
de formaci6n de complejos efectivos en el sistema y justificar un fen6meno de fraccionamiento
durante la f1oculaci6n coloidal , opuesto al hasta ahora definido.

La, aparentemente, singular pauta de fraccionamiento definida para las REE en el sistema
estudiado aconseja un estudio más amplio y detallado (actualmente en vías de realizaci6n) sobre
las causas que la delimitan y su verificaci6n en otros sistemas de características análogas. Muy
recientemente, se han obtenido pautas similares de fraccionamiento de REE en sistemas de aguas,
ácidas análogos al del Arroyo del Val (D.K . Nordstrom, U.S. Geol. Surv.; como pers.) lo que
evidencia la importancia del estudio de este tipo de sistemas para una más amplia comprensi6n
de los procesos que controlan la distribución de REE en los sistemas naturales.

6. Conclusiones

Los contenidos de REE transportados por las soluciones ácidas del Arroyo del Val son
considerablemente elevados , apreciándose una marcada disminución en la direcci6n de flujo como
consecuencia de los sucesivos procesos de f1oculaci6n coloidal. Sin embargo, esta disminuci6n
en las concentraciones no afecta homogéneamente a todo el conjunto de las Tierras Raras ; si bien
las pautas de distribuci6n de REE presentan en todos los casos un característico enriquecimiento
en las Tierras Raras intermedias , resultan apreciables modificaciones progresivamente efectivas
en los contenidos relativos de HREE , IREE Y LREE a lo largo del curso del arroyo .

Inicialmente el modelo de distribuci6n de REE está caracterizado por un empobrecimiento
en las tierras raras más ligeras desde Gd a La y en las más pesadas desde Gd a Lu, más marcado
en el primer caso que en el segundo. Conforme se suceden los procesos de f1oculaci6n las
diferencias en el grado de empobrecimiento de HREE y LREE respecto al Gd tienden a igualarse,
existiendo por tanto una retenci6n preferente de las tierras raras pesadas 'frente a las ligeras en
el proceso .

Más en detalle, la evoluci6n de la distribuci6n de REE a lo largo del curso del arroyo
evidencia la presencia de una gradaci6n en la remoci6n generalizada de estos elementos de forma
que HREE > IREE > LREE . Circunstancia que resulta consistente con el modelo de
distribuci6n de REE obtenidos en muestras de coloides (normalizados respecto a los de la
soluci6n con la que están en contacto) y caracterizados por un paulatino enriquecimiento desde
La hasta Lu.

174



Este progresivo fraccionam iento en la pauta de distribuci 6n de las Tierr as Raras disueltas,
provocado por los procesos de f1oculaci6n coloidal, muestra una tendencia opuesta a las definidas
hasta el momento para los clásicos procesos de coagulaci6n en estuarios. Y el modelo de
distribuci6n asociado a las fases coloidales es también el inverso del hasta el momento estudiado
en distintos ríos . Este resultado se encuentra posiblemente j ustificado por las peculiar idades en
los mecanismos de competencia entre procesos de superfici e y de formaci6n de comp lejos, que
controlan la distribuci6n de este tipo de elementos en so luciones de cara cterfsticas marcadamente
ácidas.
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Abstract

The geochem ical evo lution of Los Mo negros playa- Iakes is affected by temperature
fluctuations in the br ine body at differ ent time sca les . Temperature shifts pro mote seasonally
(month ly), daily and even during minor cycles mineralogical and compositional changes, main ly
related with mirabilite crystallization. Experimental determinatio n on mirabilite solubility between
O and 30 "C, using natural br ines , al low us to see the importance of this non-isothermal aspect
of brine evolution.

Seasonal mirabi lite precipitation cycles occ ur in Cl-S04 -Na-(Mg) brines of Los Monegros :
precip itated mirabili te dur ing winter dissolves during surnmer. But daily cycles also exist during
winter-spring brine evolution: temperature oscillations of 10 "C in the 0-30 "C interval (frequent
in the stud ied area during spring) pro mote important changes in mirabilite so lubility . So,
mirabilite crystallizatio n occurs dur ing spri ng nights by lowering temperature , whereas diurna l
temperatures promote their dissolution .

When high saturation levels are reached by evapo rative concentratio n and the amount of
precipitated mirabili te is important in the system , diurnal temperature fluctuations induce quick
mirabilite-solution reequilibrium processes . At this moment, temperature changes between 20 and
30 "C are common in the lakes and modifications of mirabilite solubility produce their maximun
effects on composi tional characters of so lutions in this ternperature interva l: several hundreds of
grams/kg water of mirabilite are movilized , brine ionic strength changes from 2 10 8 molal and
water activity varies from 0.966 to 0.896. The gypsum equil ibr ium state reached by evaporati ve
concentra tion of brin es holds withou t add it ional mass transfer processes in spite of the important
composit ional changes induced by mirabilite reeq uilibrium and the com mon ion effect.

1. Introducción.

La mayoría de los lagos sali nos en zonas endorreicas cont inentales presentan marcados
gradientes de temp er atura en la vertical y/o se ven sometidos a apreciab les variaciones diarias ,
mensuales y/o estacionales de este parámetro , con importan tes efectos en los procesos de
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cristalizaci6n de fases minerales y en el quimismo de las salmueras . No obstante, este aspecto
no isotermo en la evo luci6n de este tipo de sistemas ha sido frecuentemente obv iado y los
estudios que lo han considerado (p. ej. Pueyo , 1978-79 ; Smith et al. , 1987) han evidenciado su
incidencia a partir de observacio nes mineral6gicas directas, sin establecer con precisi6n su
relaci6n con las variabl es fisicoquímicas y compos icionales de la salmuera.

El estudio de estas relaciones requiere la utilizaci6n de modelos termodinámico s
adecuados para el tratamiento de soluciones altamente concentradas dentro de metodologías de
modelizaci6n geoquím ica. Y hasta hace poco, el modelo más frecuentemente utilizado era el
tabulado a 25 "C por Harvie, Moller y Weare (modelo HMW; Harvie & Weare , 1980; Harvie
et al., 1984) a parti r de la aprox imaci6n de interacc ionesIónicas de Pitzer (1973 , 1979). Sin
embargo , las recientes ampliaciones propuestas por Plummer et al . (1988), Moller (1988) o
Greenberg & Moller (1989) para este modelo a temperaturas distintas de 25 "C permiten abordar
el tratamiento de procesos a temperatura variable en la evoluci6n geoquímica de salmueras.

Las lagunas saladas de Los Monegros - Bajo Arag6n constituyen uno de los sistemas
endorreicos en los que se ha evidenciado los efectos de las variaciones estacionales de
temperatura sobre el proceso de cristalizaci6n de mirabilita a partir de salmueras libres (Pueyo,
1978-79; Pueyo e Inglés, 1987). Las observaciones de campo han puesto de manifiesto , además,
que los efectos de las variaciones de temperatura sobre este proceso reducen su escala de
influencia a intervalos mensuales e incluso diarios cuando la salmuer a alcanza un elevado estado
de concentraci6n por evaporaci6n.

Este sistema endorre ico resulta , por tanto, especialmente apropiado para analizar
cuantitativamente las modificaciones composicionales de la salmuera inducidas por procesos
heterogéneos especialmente sensibles a la temperatura (caso de la precipitaci6n/disoluci 6n de
mirabilita). Lógicamente estas variaciones composicionales se encuentran superpuestas a la pauta
general de evoluci6n de la salmuera por concentraci6n evaporativa . Por ello se ha preparado un
dispo sitivo experimental en condiciones controladas de laboratorio , utilizando muestras minerales
y de salmuera tomadas del sistema natural , que permita valorar y aislar los efectos producidos
por la variaci6n de temperatura de los inducidos por la progre siva concentraci6n de las lagunas .

En este trabajo se analiza la influencia de la temperatura sobre los procesos de
precipitaci6n/disoluci6n de mirabilita en la salmuera, las modificaciones composicionales
directame nte relacionadas con la variaci6n de solubi lidad de este mineral así como los efectos
inducidos sobre la estabilidad del yeso, una de las fases minerales más abundantes en este
sistema. Todo ello a través de la utilizaci6n de una de las ampliaciones propuestas del modelo
HMW para el tratamiento de sistemas altamente concentrados y en condiciones no isoterm as.

2. Localización del área de estudio. Características generales.

El conjunto de lagunas saladas distribuidas en la zona central y ~eridional de la Cuenca
del Ebro (comarcas de Los Monegros y Bajo Arag6n) constituye, junto con el de La Mancha ,
uno de los sistemas endorre icos más importantes de la Península (Pueyo y De La Peña, 1991).
La elevada aridez de este área (con una pluviometría inferior a 300 mm/año) ju nto con la
existencia de vientos dominantes secos ("cierzo", de componente NW) y una elevada tasa de
insolaci6n favorecen la evaporaci6n de las lagunas.

Las salmueras de estas lagunas son mayoritariamente de tipo Cl-SO.-Na-(Mg) (Pueyo,
1978-79; Mingarro el al. , 1981; Pueyo e Inglés, 1987) y la mineralogía ligada a los procesos de
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precip itación por evaporación de las aguas pres enta un carácter estacional: durant e la prim avera­
verano se produce una secuencia de precipitaci ón const ituida por carbonatos , yeso y halita y
durante el invierno se produce la precipitación de mirabilita (conoc ida en la zona como "sal de
invierno" ; Pueyo, 1978-79).

A parte del referido ciclo estacional en la génesis de mirabilita, distintas observaciones
evidenc ian la existencia de ciclos de menor escala (mensual o diar ia). Así , Pueyo e Inglés (1987)
señalan que las osci laciones diarias de temperatura inducen la precipitación de mirabilita en las
noches pr imavera les; obse rvació n que resulta justificable considerando que las variaciones diarias
de temperatura en esa estación alcanzan frecuent emente los 20 "C (en los últimos años, los
promed ios de temperatura máxima y mínima durant e los meses de Abr il y Mayo en la zona
alcanzan valores entre los 5 y 30 "C).

Por otro lado, en las campañas de muestr eo realizadas en la zona (Valles el al ., 1994)
durante la primavera, cuando la salmuera alcanza niveles de concentración evapo rat iva suficientes
como para generar importantes depósitos de mirabilita, se observan efectos todavía más drásticos
inducidos·por las variaciones de temperatura. En muestras de la salmuera aisladas de su entorno
en botes de polietileno se observaban espectaculares procesos de precipitación de este mineral
cuando simplemente eran colocados a la sombra y su temperatura descendía unos cuantos grados
centígrados . Colocadas de nuevo al sol, los cr istales de mirabi lita volvían a disolverse aunque,
apare ntemente, con una cinética más lenta que la de precipitación. Es decir que, llegados a este
punto de la secuencia evaporativa de la salmuera , los fenómenos de reequilibrio de la solución
respecto a la mirabilita se hacen especialmente sensibles a las var iaciones de temperatur a y operan
con una cinética considerablemente rápida.

Uno de los puntos en los que se han verificado ese conjunto de observa ciones es la laguna
del Salicar , situada al sur de Bujaraloz (Zaragoza). La mineralogía de los depósitos de esta laguna
está representada fundamentalmente por yeso y, eventualmente (en la etapa de invierno ­
primavera), por mirabilita . El esquema general de evolución geoq uímica identificado para esta
laguna responde a una secuencia de precipitación de carbonatos , yeso y mirabilita (Valles el al.,
1994) dentro de la pauta de evaporación progresiva de la salmuera.

En esta laguna se procedió al muestreo de la salmuera , en primavera , cuando la solución
ya presentaba unos niveles de concentración elevados (saturación respecto a yeso y mirabilita),
así como al desmuestre de la abundante mirabilita generada en la laguna a partir del proceso
evaporativo de la salmuera. Los análisis realizados mediante DRX sobre las muestra s sólidas
seña lan la presencia casi exc lusiva de mirabilita sin que aparezcan indicaciones apreciables de
otras fases minerales .

3. Metodología.

Las experiencias han sido realizadas a partir de las muestras de mirabilita y salmuera
extraídas del sistema natural. Para ello se introdujo el materia l (mirabilita + salmuera) en un
recipie nte de polietileno de 500 mis y se colocó en un baño maría capaz de mantener unas
condiciones isotermas con una precisión de 0.1 "C, analizándose la variación de la composición
de la salmuera en un rango de temperatura creciente de O a 30 "C. a intervalos de 5 oc. Para
cada uno de estos intervalos la temperatura se mantenía constante durante 24 hora s (salvo en el
caso del primero, a O "C, que se mantuvo durante 48 horas) antes de proceder a la toma de
muestra para su análisis.
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La calidad de los resultados analíticos obtenidos en el experimento ha sido verificada
mediante el cálculo del balance de cargas , según la expresi6n de error de balance (E. B.):

Los resultados analíticos presentad os en la tabla 1, tanto para la experiencia a temperatu ra
creciente como decreciente , muestran errores de balance inferiores a 0.1 salvo en el caso de las
muestras tomadas a temperaturas de 10 y 20 "C, en las que se alcanzan valores de 0.11 a 0.15 .

L caci ones - L aniones

(" . -v . ) I 2
~caclones ~anlones

E.B .

Por ello , para efectuar estos cálculos se ha utilizado el c6digo PHRQPITZ (Plurnmer el

al., 1988) que incorpora y amplía a rangos de temperatu ras entre O y 60 "C el modelo de
interacciones i6nicas o de coeficientes viriales de Pitzer (1973 , 1979) con los parámetros
obtenidos por Harvie y colaboradores (Harvie & Weare , 1980; Harv ie el al., 1984) para el
sistema Na-K-Mg-Ca-H-Cl-S0 4-0 H-HC03-COr C02-H20 , a 25 oc. El c6digo utiliza las
concentraciones de los componentes analizados para calcular las actividades i6nicas individuales
y determinar el grado de saturaci6n de la soluci6n respecto a distintas fases minera les. Si bien
el modelo original propuesto por Harv ie y colaboradores , a 25 oC, ha sido frecue ntemente
utilizado en el tratamiento de sistemas naturales altamente concentrados/no ocurre lo mismo con
la propuesta de ampliaci6n a distintas temperaturas incluida en el PHRQPITZ y s6lo
recientemente se han comenzado a explorar sus posibilidades (p. ej. Bischoff el al. , 1991, 1993).

Las elevadas concentrac iones de las soluciones analizadas impiden la utilizaci6n de los
clásicos modelos de Asociaci6n I6nica basados en la ecuaci6n de Debye-Hückel para deter minar
las actividades de las especies disue ltas (Garcés el al. , 1991, 1992) Y calcular con prec isi6n los
productos de actividad i6nica correspondientes a las fases minera les involucradas.

Los resu ltados de este tratam iento termodinámico y la verificaci6n de las situaciones de
equilibrio se realizarán comparando los productos de actividad i6nica (P.A.I.) calculados respecto
a las constantes- de equilibrio o produ ctos de solubilidad de las fases minera les cons ideradas
(K(T)) o bien, de forma más sintética, a través del cálculo de índice de saturación expresado
según la ec~~ci6n :

Dado el escaso volumen de muestra manejado no ha sido posible determinar la
alcalinidad. No obstante , la alcalinidad carbonatada determinada en las aguas de la Laguna del
Salicar (Rezagui , 1993; Valles et al. , 1994) presenta valores considerablemente bajos (entre 9·10-4
y 3.3.10-2 eq/kg) frente a las concentraciones i6nicas del resto de elementos . Introduciendo en
los cálculos de balance el valor máximo de alcalinidad medido en esos muestreos de la laguna
se obtienen resu ltados que no varían más allá de 0.02 unidades sobre los inicialmente obtenidos.
Lo que señala que la incertidumbre introducida por la ausencia de datos de alcalin idad en el
cálculo de error de balance es mínima.

Una vez alcanzada la temperatura de 30 "C se invirt i6 el sentido del experimento,
disminuyendo la temperatura hasta O "C también en intervalos de 5 "C, a fin de detectar
eventuales efectos cinéticos en las reacciones de disoluci6n/precipitaci6n involucradas. La toma
de muestras en los intervalos de temperatura investigados fue realizada con una microbureta
HAMILTON , programada para extraer 250 microlitros de soluci6n . La densidad fue determinada
por pesada analizándose posteriormente Na" , K+, Ca2+, Mg2+, S04 = y Cl- mediante cro mato­
grafía i6nica, tras efectuar la diluci6n de las muestras.



Tab la 1.- Resultados de las experiencias de solubilidad de mirabilita a temperatura creciente y
decreciente. Las concentraciones están expresadas en moles/kg de agua.

Experiencia a temperatura creciente

TEMP. 50.- el" Na;- K;- CaH MgH

O 0.47044 1.09172 1.41583 0.04980 0.02002 0.35987

5 0.4850 1 0.95569 1.36677 0.03001 0.01722 0.31106

10 0.81088 0.91577 1.59888 0.02889 0.01630 0.29501

15 0.81873 0.93727 1.95716 0.02714 0.01308 0.27980

20 1.05908 0.79924 2.48368 0.02413 0.01308 0.00968

25 1.64076 0.71568 3.57167 0.02475 0.01347 0.22078

30 2.48397 0.62197 4.87097 0.02187 0.01437 0.16318

Experiencia a temperatura decreciente

25 1.73649 0.74905 3.63538 0.02454 0.01618 0.23001

20 1.09506 1.29230 2.40898 0.02658 0.02205 0.25106

15 0.89021 0.97212 2.22131 0.03228 0.02179 0.32524

10 0.51368 0.92259 1.50175 0.03064 0.02035 0.31095

5 0.39722 0.89207 1.19839 0.03064 0.01525 0.30350

O 0.23920 0.84337 0.81000 0.02640 0.01818 0.27165

I S - 1 PA.I... - og - -
K(T)

de forma que valores de 1.5. mayore s que O indican que la soluci6n se encuentra sobresaturada
respecto a la fase mineral en cuesti6n; valores inferiores a O corresponden a situaciones de
subsaturaci6n; y valores de 1.5. = O corresponden a situaciones de equilibrio termod inámico
mineral-soluci6n.

La precisi6n de los resultados de 1.5 . (o lo que es lo mismo, los rangos de incertidumbre
producidos por la propagaci6n de imprecisiones termodinámicas y analíticas) obtenidos con
modelos de interacci6n i6nica no se encuentran todavía correctamente establecidos. En los escasos
trabajos en los que se hace referencia al tema se utiliza la banda de error defin ida por Jenne el

al. (1980), en torno al 5 % del lag K para la fase mineral considerada (p. ej. Langmuir &
Melchior, 1985; Fisher & Kreitler, 1987). Se trata de una aproximaci6n algo arbitraria y no
totalmente rigurosa que llevar ía a considerar un rango razonable de ± 0.2 unidades en el caso
de yeso y anhidrita pero excesi vamente estrecho en el de la mirabilita (± 0.06 unidades de 1.5.).
Una revisi6n de los valores de la constante de equilibrio propuestas en la bibliogra fía para la
mirab ilita evidencia fácilmente la existencia de diferencias de ± 0.15 unidades, más del doble
de la obtenida a partir de aquella aprox imaci6n.
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El producto de actividad i6nica o producto de solubilidad, en forma logar ítmica, obtenido
a 25 "C (-1.327 y -1.316 en las experiencias a temperatura creciente y decreciente ,
respecti vamente) concuerda bastante bien con el propuesto por Harvie & Weare (1980) y Harv ie
el al . (1984) de -1.228. Y además los obtenidos a las distintas temperaturas consideradas también
coinciden aceptablemente bien con la variaci6n de solubilidad de la mirabilita (representado por
la curva a trazo continuo ; fig. lA ) incluida en la base de datos de l c6digo PHRQPITZ. De hecho,
los valores del índic_e de saturaci6n respecto a la rnirabilita , calculados a partir de los valores de

A partir de los datos presentado s en la tabla 1 se han calculado con el PHRQPITZ los
productos de actividad i6nica de la mirabilita correspondientes a cada valor discreto de
temperatura, representándose los valores obtenidos en la figura lA. Como puede apreciarse los
productos de actividad i6nica calculados para este minera l, tanto a temperatura crec iente como
decreciente, son muy similares (salvo a O"C), defin iendo una pauta creciente en el intervalo de
tempera tura considerado. Esta similitud de valores en los P.A.!. obtenidos a cada temperatura
verifica el establecimiento de una situaci6n de reversibilidad en la reacci6 n mirabili ta-soluci6n
y, por tanto, pueden considerarse como expresi6n del producto de solubilidad de ese mineral.

4. Solub ilidad de mirabilita y variación del qui mismo de la solución
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Por ello, en este trabajo se considerará un rango de incert idumbre común a los resultados
de !.5. de mirabilita, yeso y anhidrita de ± 0.15 unidades. O lo que es lo mismo , una situaci6n
de equilibrio solución-mineral no podrá determinarse con mayor precisi6n que la definida en el
intervalo de !.5 . = 0.0 ± 0.15 unidades.

Figura 1. Productos de act ividad iónica (P.A.I.) e índices de sa turación res pect o a la mirabilita
calculados por el PHROPITZ a partir de los datos experimentales, tanto a temperatura creciente
co mo decreciente, presenta dos en la tabla 1. A.- Variación de log P.A. 1. en el rango de
temperatu ras conside rado. La curva de trazo continuo repre senta la var iación con la
temperatu ra de la cons tante de equilibrio de mirabilita con siderada en el PHROPITZ. B.- Valores
de los índices de satu ración respecto a ese mismo mineral. La fra nja oscur a representa el
intervalo de incerti dumbre (1. 5 . = 0 .0 ± 0 .15) con siderado para el cálculo de 1.5. (ver texto ).
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El establecimiento de esta situaci6n de reequilibrio mirabilita-soluci6n al var iar la
temperatura tiene importantes consecuencias en el quimismo de la salmuera. En la figura 2A se
han representado las concentra ciones de 504 = Y Na" , como componentes de mayor variabilidad
en la experiencia. Sus rangos máximos de variaci6n oscilan entre 0. 24 moles/kg y 2.5 moles/kg
para el 504 = Y entre 0.8 y 4.9 moles/kg para el Na" en el intervalo de temperatura considerado .

Figura 2. A.- Evolución de las concentraciones de Na" y 50 4 = (en moles/kg de agua; tabla 1)
respecto a la temperatura obtenidas en la experiencia de solubilidad de mirabil ita . B.- Valores
de fuerza iónica de la so luc ió n (rnc lal) y act ivi dad del agua ca lculadas por el PHRQPITZ a partir
de los resultados experim ent ales (t abla 1).

La única discrepancia apreciable se produce a OoC, con variaciones en los valores de lag
P.A.!. de -2.216 en la experiencia a temperatura creciente a -2.715 en la de temper atura
decreciente), prácticamente equidistantes del producto de solubilid ad considerado en el
PHRQPITZ a esa temperatura (lag K = -2.49). Pese a que esta temperatura se ha mantenido
durante el doble de tiempo (48 hora s) que el resto de valores discretos examinados en el
experimento (ver Metodología), no se alcanza una situaci6n de rever sibilidad en la reacci6n,
posiblemente a causa de efectos cinéticos asociados a la imposici6n de un valor tan extremo de
temperatura en el dispositivo experimental. En todo caso, la ampliaci6n del modelo HMW a
temperaturas distintas de 25 "C realizada por Plummer et al. (1988) en el PHRQPITZ suministra
resultados cons istentes para la mirabilita en el resto del intervalo de temperaturas analizado.

lag K (T) de su base de datos y de los productos de actividad i6nica experi mentales, caen dentro
del rango de !.S. 0.0 ± 0.15 (fig. lB ) para el que se considera una situaci6n de equilibrio
mineral-soluci ón.

En la figura 2B se indica la evoluci6n de los valores de la fuerza i6nica de la soluci6n y
de la actividad del agua calculados por el PHRQPITZ a partir de los datos composicionales
determinados para cada valor discreto de temperatura. Ambos parámetros pueden considerarse
como expresi6n de las variacione s globales del quimismo de la soluci6n durante el experimento,
presentando un intervalo de variaci6n de 1.9 a 8.1 molal para la fuerza i6nica y de 0.966 a 0.896
para la actividad del agua.



Las concentraciones de S04= y Na" obtenidas tanto a temperatura creciente como
decreciente son muy similares (tabla 1; fig. 2A), especialmenre eI1 el intervalo de 20 a 30 "C .
existiendo pequeñas diferencias en los correspondientes al intervalo de O a 20 "C. Estas
diferencias se ven ligeramente magnificadas en el caso de los valores de fuerza i6nica y de
actividad del agua (figura 28) dado que se trata de parámetros en los que las diferencias de
concentraciones se reflejan aditivamente .

En conjunto , las concentraciones de Na" y S04 = siguen una pauta creciente conforme
aumenta la temperatura si bien este crecimiento se hace especialmente marcado para el intervalo
de 20 a 30 "C en el que la pauta de concentraci6n de estos componentes incrementa de forma
marcada su pendiente (figura 2A). Esta ruptura de pendiente se aprecia asimismo magnificada
en la evolución de los valores de fuerza i6nica y de actividad del agua (sobre todo en los
resultados correspondientes al experimento a temperatura creciente) aunque, 16gicamente, con
pautas evolut ivas opuestas (figura 28).

Considerando, por tanto , las variaciones totales de las concentraciones de Na" y S04 =,
de la fuerza i6nica y de la actividad del agua en el rango de temperaturas examinado (0-30 "C)
resulta evidente que la mayor parte de estas variaciones se produce en el intervalo de 20 a 30 "C .
A grandes rasgos , más de un 50 % de la variaci6n observada en las concentraciones de estos
elementos y en la actividad del agua tiene lugar en este intervalo, proporci6n que llega al 70 %
en el caso de la fuerza i6nica.

S. Estado de saturación de la solución respecto a yeso y anhidrita.

El proceso de reequilibrio mirabilita-soluci6n al variar la temperatura provoca importantes
modificaciones en el quimismo de la salmuera ; modificaciones que a su vez pueden reflejarse en
la presencia de fen6menos de transferencia de masa respecto a otras fases minerales distintas de
la mirabilita. Las fases adicionales más fácilmente relacionables con el proceso investigado
resultan las sulfatadas cálcicas , yeso y anhidrita , puesto que están presentes en el sistema natural
y se encuentran directamente relacionadas por un fen6meno de i6n común .

En la figura 3A y 38 se han representado los índices de saturaci6n de yeso y anhidrita
calculados por el PHRQPITZ. En la mayor parte de los casos la soluci6n se encuentra dentro de
los rangos de I.S . (0.0 ± 0.15) asimilables a situaciones de equilibrio . Sin embargo este estado
de equilibrio respecto a ambas fases es aparente y consecuencia de los rangos de incertidumbre
manejados en el cálculo de los índices de saturaci6n : los valores de actividad del agua necesarios
para la existencia de un equilibrio yeso-anhidrita-soluci6n oscilan entre 0.767 y 0.82 en el rango
de Oa 30 "C y los valores de este parámetro correspondientes a los resultados de las experiencias
oscilan entre 0.96 y 0.85, raz6n por la que la fase termodinámicamente estable es el yeso .

En definitiva, y salvo en el caso de los resultados obtenidos ' a 15 y 20 "C en la
experiencia a temperatura decreciente , la soluci6n se encuentra en un estado de equilibrio
respecto al yeso. Las concentraciones de calcio determinadas analíticamente (tabla 1) son, junto
con las de potasio , las más bajas de todos los elementos analizados y presentan una pauta algo
errática frente a las variaciones de temperatura. A grandes rasgos se mantienen relativamente
constantes a lo largo de la experiencia, lo que supondría que la situaci6n de equilibrio definida
para el yeso no implica la existencia de un proceso de transferencia de masa respecto a esa fase
mineral como mecanismo que relaje los efectos inducidos por la disolución/precipitaci6n de
mirabilita .
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Figura 3 . índices de saturación de la solución respecto a (Al yeso y (B) anh idrita calculados por
el PHRQPITZ a partir de los datos exper imentales (tab la 1). La franja oscura representa el
intervalo de incertid umbre (1.5. = 0.0 ± 0 .15) considerado para el cálculo de 1.5. (ver texto ).

En estas condiciones , la evo luci6n del índice de saturaci6n del yeso entre O y 30 "C no
presenta incrementos mayores de 0 .03 unidades sobre el inicialmente obtenido . Es decir que,
partiendo de una soluci6n en equilibr io respecto al yeso (tal como se encuentra en el sistema
natural), los procesos de reequilibrio provocados por la variaci6 n de solubilidad de la mirabilita
con la temperatura no generan estados apreciab les de sobre o subsaturaci6n respecto a aquélla
fase mineral.

Para verificar esta situaci6n y ais lar este resultado de los valores analíticos de calcio se
ha calculado te6ricame nte la var iaci6n del índice de saturaci6n del yeso en una soluci6n de
características equivalentes a la del expe rimento a ooe (temperatura creciente; tabla 1),
equilibrada con mirabilita a temperaturas progresivamente crecientes (hasta 30 "C) . El índice de
saturaci6n inicial de la soluci6n respecto al yeso es de + 0.17 y, según el planteam iento del
cálculo, los únicos componentes involucrados en procesos de transferencia de masa son Na" y
SO. " . manteniéndose constante la concentraci6n de calcio.

Las ligeras sobresaturaclones observadas en algunos resultados de la experiencia a
temperatura decrecien te (15 y 20 "C) se deben probablemente a prob lemas analíticos . Y, por
tanto, puede concluirse que el fen6meno de i6n común provocado por la diso luci6n/precipitac i6n
de mirabilita se ve relajado por las modificaciones en el producto de solubilidad y en el prod ucto
de actividad i6nica del yeso al variar la temperatura.

La considerable variaci6n de la solubilidad de la mirabilita con la temperatura hace que
las modificaciones de este parámetro en el sistema natural incidan de forma determinante en el
carácte r estacio nal de su precipitaci6n en las lagunas de Los Monegros , justificando las
observaci ones directas realizadas en este sistema (Pueyo, 1978-79 ; Pueyo e Inglés , 1987).

6. Implicaciones en la evolución del sistema natural
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Por otro lado , las oscilaciones diarias de temperatura en la zona durante la primavera son
lo suficientemente importantes como para inducir importantes sobresaturaciones de la soluci6n
respecto a la mirabilita durante la noche y provocar su precipitaci6n. El aumento diurno de
temperatura provocará el efecto opuesto y la redisoluci6n de este mineral. Este ciclo diario de
precip itaci6n-redisoluci6n de mirabilita está a su vez inmerso dentro de la pauta de progresiva
evaporaci6n de la salmuera . Y además se verá condicion ado por el desplazamiento del intervalo
de variaci6n diar ia de temperatura hacia valores progresiv amente más elevados.

El efecto neto de esta interrelaci6n de factores es la génesis de importantes cantidade s de
mirabilita en el sistema, especial mente a finales de la primavera. En ese momento la variaci6n
de temperatura ambiental se traduce en rápidos proce sos de reequi libr io mirabilita-so luci6n frente
a pequeñas modificaciones de temperatura, efectivos en intervalos inferiores al minuto de tiempo .
Las resultados experimentales han puesto de manifiesto que las modificaciones del quimismo de
la soluci6n inducidas por este proceso de reequilibrio son especialmente importantes en el
intervalo de 20 a 30 "C , rango de temperaturas fácilmente alcanzado durante esa estación en las
lagunas. La proporci6n de mirabilita movilizada en este rango de temperatura es de var ios
centenares de gramos por kg de agua. Y los cambio s concomitantes en el quimismo de la
solución llegan a duplicar los valores de su fuerza i6nica y a modificar en casi 0.05 unidades la
actividad de l agua .

Estas drásticas modificaciones del quimismo de la salmue ra no alteran , sin embargo , el
estado de equilibrio respecto al yeso alcanzado en el transcurso del proceso de concentraci6n por
evaporación. Y por tanto no se prod ucen efectos de transfere ncia de masa respecto a está fase
mineral. Las concentr aciones de calcio en la salmuera son considerablemente bajas (tabla 1) y
el efecto de i6n común provocado por las modificaciones del S04= en soluci6n se ve compensado
por la variaci6n de la solubilidad del yeso y de su producto de actividad i6nica con la
temperatura.

Metodol6gicamente, la gran mayoría de los estudios realizados hasta el momento sobre
la evo luci6n geoquímica de sistemas endorreicos han utilizado aproximaciones basadas en la
integraci6 n únicamente de datos composicionales procedentes de muestreos estacionales, anuales
o plur ianuales de las lagunas (Ord6ñez et al. , 1991). Y, por otro lado, las aproximaciones más
estrictamente fisicoquímicas al estudio de la secuencia de precipi taci6n mineral por concentraci6n
evaporativa han sido normalmente planteadas en condiciones isotermas de 25 "C. La utilizaci6n
de estos planteamientos (obviando explícitamente la temperatura o considera ndo un valor
cons tante de 25 "C) impedirá una precisa evaluaci6n de las condiciones mineralog enéticas en
medios como los analizados en este trabajo, en los que los efecto s de las variaciones de
temperatura, aislados de los propiamente evaporativos, pueden llegar a ser import antes .

7. Conclusiones

Se ha determinado experime ntalmente la variaci6n de solub ilidad de la mirabilita en un
rango de O a 30 "C, utilizando la propia salmuera natural de una de las lagunas de Los
Monegros. El cálculo preciso de los productos de activ idad i6nica en esta soluci6n altamente
concentrada y de compos ici6n relativamente compleja se ha realizado mediante el c6digo
PHRQPITZ (Plummer et al., 1988) con una nueva propuesta de ampliaci6n del modelo HMW
(Harv ie & Weare , 1980; Harvie et al., 1984) a temperaturas distintas de 25 "C. El produ cto de
solubilidad obtenido a 25 "C es de -1.321 ± 0.00 6, ligeram ente super ior al conside rado en el
modelo HMW de -1.228; y los resultad os a las demás temperaturas se ajustan a los definidos por
la ampliación de este modelo incluida en el PHRQPITZ.
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En cua lqui er caso , la incidencia de las oscilaciones de temp eratura ambi ente en este tipo
de sistemas , a trav és de la génesis de sales especialmente sensibles a este parámetro , son lo
suficientemente importantes como para ser sistemáticamente ignorados dentro de las metodolog ías
usuales de estudio de su evoluci6n geoquímica.

Los efectos de este proceso se hacen especialmente evidentes cuando el sistema alcanza
un estado de con centración evaporativa importante, caracterizado por la génesis de con siderables
canti dades de mirab ilita en el med io. En esas condiciones el proceso dispone de la sufici ente
cant idad de mirabilita como para evoluci onar, incluso durante las etap as de incremento de
temperatura, a tra vés de ráp idos procesos de reequilibrio respecto a esta fase . Y ade más, la
temperatura ambi ente en esa etapa de evolu ción de la laguna se mover á fundamentalmente en el
intervalo de 20 a 30 "C, removilizando importantes cant idades de mirabilita (var ios centenares
de gramos por kg de solución) y amp lificando los efectos composicionales sobre la salmuera
remane nte.

Independ ientemente del propio control estacional sobre la precipitaci6n de mirabilit a en
las lagunas de Los Monegros, estos resu ltados justifican los procesos observados de precipitaci ón­
disoluci6n de es ta fase , efectivos a una menor escala temporal en el sistema natural. De esta
forma el descenso nocturno de temperatura durante la primavera induce una sobresaturaci6n de
la salmuera respecto a la mirabilita , provocando su precipitaci6n. El aumento diurno de
tempe ra tura cond iciona la redisoluc i6n de este mineral , con la subsiguiente variaci6n
composicio nal de la sa lmuera .

Estas var iaciones en el quimismo de la soluci ón no alteran, sin embargo , su esta do de
equilibrio resp ecto al yeso . Este equilibrio se mantiene invari ablemente pese a los cambios de
temperatura y a los efec tos de ion común , sin neces idad de que se prod uzcan procesos de
reequilibrio yeso-solución en el sistema.

Los resultados ex perimenta les han permitido , además , delimitar cuantitativamente los
efectos de las var iaciones de temperatura, prop agados a través de procesos de reequil ibr io con
mirab ilita , sobre el qui mismo de este tipo de salmu eras. Osci lacio nes de 10 "C en la temp eratura
pueden induci r apreciables pro cesos de transferencia de masa respecto a la mirabi lita y pr ovocar
vari ac iones co ns iderab les en las características fis icoquím icas de la so luc i6n. Estas modificaciones
alcanzan su mayor expresi6n a temperaturas ent re 20 y 30 "C , rango fác ilmente alcanzado en el
siste ma natu ral durante la pr imaver a y en el que la var iaci6n de solubilidad de la mirabilita
maxi miza sus efectos .
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