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The Dirichlet-Neumann Operator
on Continuous Functions

JOACHIM ESCHER®™

1. - Introduction and main results

Concern of this paper is to investigate a semigroup which is a closely
related to elliptic problems with so-called dynamical boundary conditions of the
following type:

Au=0 in Q x (0, 00),
(E) Oi(yu)+Bu =0 on I" x (0, 00),
yu(-,0) = 2 onT.

Here, (A, B) denotes a normally elliptic boundary value problem of second order
on a bounded smooth domain Q C R*, n > 2. This means that (4, B) is given
by

(1.1) Au := —0j(a;x0ru) + a;0;u + apu and Bu := ajkuj'yaku + boyu,

3

where we use obvious summation conventions throughout. We assume that the
coefficients of these operators are smooth, i.e.,

(1.2) ajk = agj, aj, ap, bp € C°(Q), 1<j, k<n.

Besides, v denotes the trace operator with respect to the boundary I" of Q.
Finally, we suppose that the operator A is uniformly strongly elliptic, i.e.,

(1.3) ar(x)¢ €F > 0 for z € Q and ¢ € R*\{0}.

The natural spaces to treat problem (E) are the Besov spaces B, (I') over the

boundary T', where s € R and p € (1,00). More precisely, it is shown in [10]

(*) Supported by Schweizerischer Nationalfonds.
Pervenuto alla Redazione il 19 Marzo 1993 e in forma definitiva il 14 Gennaio 1994.
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(cf. also [12] in the case s =1 — 1/p) that, given any initial value 2 in Bp,(I)
with s > 0, there exists a unique solution u(-,z) € C([0, oo),H,f“/" (Q)) of
problem (FE). The trace of this solution, i.e.,

(1.4) yu(t, z9) =: T(t)zy for t >0, 2z € B;p(r),

defines a strongly continuous analytic semigroup (T'(t));>o on the Besov space
B, (I"). Note that due to our assumption s > 0 and due to the trace theorem
the definition in (1.4) is meaningful. However, it is possible to extend these
semigroups to any Besov space B;p(l“) with s € R, cf. [10, Theorem 1.5]. Let
B, denote the corresponding generator of the semigroup (T'(t))>0 on B, (I),
s € R. Following A.P. Calder6én [7], J. Sylvester and G. Uhlmann [29-31],
and A. Nachmann [20] (cf. also J.L. Lions [15]), B,, is called generalized
Dirichlet-Neumann operator (see Remark 4.2).

The aim of this paper is to extend the results in [10] by establishing
well-posedness of the above problem in the space C(I'). To be more precise,
observe that

(1.5) C(I) — B, if s <O.
Thus, given any s < 0, we may define the C(I')-realization B of B, ,, i.e.,

16 dom(B) := {z € dom(B,,) N C(I'); B, ,z € C(IN}
. and Bz := B,z for z € dom(B).

Using these notations, our main result reads as follows:

THEOREM. The operator B is well-defined, i.e., it is independent of
p € (1,00) and s < 0, and —B generates a strongly continuous, positive,
compact and analytic semigroup on C(D).

The proof of the Theorem is given in the main part of this paper. It is
based on the same ideas as introduced in the articles of Stewart [27, 28]. On one
hand one uses sharp a priori estimates in the case of constant coefficients and
with Q being the halfspace H" := R*~! x (0, 0c0) with boundary I" = R*~! and for
functions with small support. These estimates can be established by introducing
appropriate pseudo-differential operators and by applying the Mihlin-Hormander
multiplier theorem.

On the other hand the “local structure” of the norm in C(I') is heavily
used. This means that, given € > 0, we have that

llzllcay = sup [|2]lcans,@.en»
zel

where B,(z,¢) denotes the open ball in R* with center z and radius e. This
local structure makes it possible to overcome the obstacle that the number of
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covering balls B, (z,€), = € T, tends to infinity as € goes to zero, and therefore
it enables us to work with parameter-dependent radii € = () of these covering
balls B,(z, ).

The material in this paper is organized as follows. In Section 2 we collect
some known facts about Besov and Bessel potential spaces, which are needed
in our treatment. Section 3 contains sharp a priori estimates for a class of
pseudo-differential operators with constant symbols. In Section 4 we introduce
a scale of analytic semigroups on the Besov spaces over the surface I. Some
(more or less) technical estimates for two commutators are derived in Section
5. Finally, in Section 6 we prove the main result of this paper.

Acknowledgement. I would like to express my gratitude to the Equipe
de Mathémathiques de Besancon and in particular to messieurs Prof. W. Arendt
and Dr. V. Keyantuo for many interesting and helpful discussions.

2. - Preliminaries

In this section we collect some basic facts about Besov spaces. We refer
to [6, 32, 33, 34] for proofs of the statements below. Furthermore we estimate
the behaviour of the norm of some of these spaces under dilation (cf. Lemma
2.1).

Let S(R®) be the Fréchet space of all rapidly decreasing C*-functions and
let $'(R®) denote its dual space, i.e., the space of all tempered distributions
over R*. The Fourier transform on R" is denoted by 7. It is well-known that
7 € Isom(§ (R*))NIsom(S'(R™)). Besides, let L,(R") := (Ly(R™); | - |p), 1 < p < oo,
denote the Lebesgue spaces over R".

Next, we introduce the following open covering {Oj}jen of R™: let
0o :={z € R%|z| < 2} and O; := {z e R:; V! < |z| < 27*1} for j =1,2,3,....
Furthermore, pick a smooth partition of unity {7;};en on R subordinate to the
covering {O;};en. Given p, q € [1,00] and s € R, we set

(2.1) wspg = 1|27 |F~ 7 Fulp|li,av) for u € S'RY),

and we define the Besov spaces over R" to be

(2.2) By R*) := ({u € S'R"), [ulspg < 00}, | * [sp.0)-

It is well-known that these spaces are well-defined Banach spaces satisfying

(23)  S®R" — B;R") — By(R*) — By ,(R") — B:,I(R") — §'(R*) for t < s,

(2.4) By (R™) — Ly(R™) — BJ (R if p < oo,
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and
2.5) SR <% BI,®™) if pV g < oo.
Moreover, the following generalized Sobolev embedding theorem holds

(2.6) B;,(R*) — BUCKR®) if s > t+ %.

If p € [1,00), we identify the dual space [L,(R")]' of L,(R") with Ly(R"), where
p :=p/(p — 1), according to the duality pairing

@7 (o) = [ p@n@ds, (o0 € LR x L.
Rr

Let us further note the following duality properties of the Besov spaces
2.8) [B,,(RM]' = B, (R") for s€R, pV g < oo,

with respect to the duality pairing induced by (2.7).

It is also worthwhile to mention that the Besov spaces are stable under
interpolation. Here, we restrict ourselves to the complex interpolation method and
refer again to [6, 32, 33, 34] for further interpolation properties. More precisely,
let [-; -1s, 6 € (0, 1), denote the standard complex interpolation functor and let
Do, D1, 90, q1 € (1,00) and sp, s; € R be given. Then

29) (B2, (R); Bty Rl = B, ®) for 6 € (0, 1,
where s := (1 — 0)sp + s1, I 1_—€+£ and 1 = 1_6’+£.
p Po P q 9 q1

In the following, we will use the Besov spaces only in the case where
p =q. Thus, we set

B,R") := By, (R") and | - |sp =] - |spp)

to shorten our notation.
Finally, let ¢ € SR*), u € $'(R*) and p > 0 be given. We define the
dilation o, by 0,p(z) := p(pz), T € R, and (o,u,¢) = p"(u,01/,0).

LEMMA 2.1. Assume that p € (1,00) and that p € (0,1). Then there exist
positive constants ag, oy, Po, and B, (independent of p) such that

n ntl _ 1-1
a) appr |0pull—l/p,p < Iull—l/p,p < ﬂlp P 1|0p7-"|1—1/p,p for u € Bp /p(Rn):

ntl n —
b) aop 7 o ,u|_1/pp < |U|-1/pp < Bop?|opul_1)pp for u € By p(Rm),
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PROOF. a) First, we introduce an equivalent norm on the space B;_l/ P(R™).

! [u(z) — u@)P
u(r) — u
R* xR* v
Welll?_,/pp = [ulp + Ii_1pp(w) for u € By~ /2R,
It is well known (cf. [1, Theorem 7.48]) that ||| - |||;-1/p, defines an equivalent

norm on B,l,_l/ P(R"). Moreover, the transformation theorem for the Lebesgue
integral yields

(2.10) |apu|§ = p”"|u|g and Ij_y/pp(0,u) = p"""”'lIl_l/p,p(u),
for u € B;_l/" (R™). Hence, we find that
(2.11) |Hu|”11)—1/p,p = p"llopulf + p' P11y p(o u)] for u e B;_l/"(R").

Observe now that p!™? > 1 for p € (0,1] and p € (1,00). Thus, we conclude
from (2.11) that

n n+l
(2.12) p””l”pu'”l—l/p,p < H|“’H|l—l/p,p <pr 1|||‘7»07"'|”l—1/p,p-

Since ||| - |||i-1/p,p defines an equivalent norm on B;—l/ P(R™), the first assertion
follows from (2.12).

b) Recall that
(B, '/?(®") = B,P®) = B, * &),
cf. (2.8). Consequently, we have
@13)  ul-1/pp = sup{|(s, @) |07, 53 @ € ByF®\{0}} for u € B, '/P(R™).

Further, we mention that it suffices to prove assertion b) for v € S(R*) since

SR < By /P(®Y), by (2.5). Recall also that BY?(R") < Ly(R™, cf. (2.3) and
(2.4). Hence, the duality pairing in (2.13) is given by

(u, p) =/ updz for u € S(R™).
R

Consequently, a change of variable shows that

214)  ul_i/pp = sup{p"| (0, 0,00 Il @ € By PRIN{0}}.

Finally, replacing p by p', we conclude from a) that

—1 ot — - 1.z - 1-1/p'
Bi 'p% lap‘Ph/lp,p: < Pn|‘Pl1/lp,p' < ap lP”lop‘Ph/lp,p/ for p € Bp' /e ®R*).
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These estimates together with (2.14) imply now the assertion. O

We also introduce the so-called Bessel potential spaces H;(R") for se R
and p € (1, oo):

HI®™ = ({u e S'®R); 7 'A Fu € LR} || - |lazee),

where A1(€) := (1+[¢)? for £ €R® and || - [|ms@e) = |7 7'AF - |,
Observe that, H O(R") = L,(R*). In general, it is well-known that the Bessel
potential spaces W1th integer exponents coincide with the Sobolev spaces, i.e.,

(2.15) HER™) =WER®) for k€ Z.

However, let us mention that BS(]R") = L,(R") iff p =2, cf. [32, Theorem 2.1.2].
Also, the Bessel potential spaces are stable under complex interpolation:

(216)  [HP®R™; HS' (RY)]p = H'=P*0*1(R") for 0 € (0,1), s, s1 €R.

In contrast to this, we obtain the Besov spaces as real interpolation spaces of
Bessel potential spaces. More precisely, let p, ¢ € (1,00) and sg, s; € R be given
and let (-; -)p4 denote the real interpolation functor. Then, given 6 € (0, 1), we
have

(2.17) (HPR™); H'(R™)g,q = BP0 R if so#s1.

Our next step is to introduce the so-called “local” spaces. To this end, let U be
an open subset of R® and let ry denote the restriction map with respect to U,
ie., ryu :=u|U for u € L;(R"). Given s > 0, we define H3(U) and By(U) to be
the images under ry of Hy(R") and By(R") in Li(U), respectively. Observe that
these spaces are well-defined, since H »(R") and B;(R") are subspaces of L;(R")
for s > 0, cf. (2.4) and (2.15). We eqmp these _spaces with the corresponding

quotient topologies. Moreover, let H »(U) and BS(U ) denote the closure of the
test-functions D(U) in H,y(U) and BS(U ), respectlvely Finally, we set

(2.18)  H;*(U):=[H3U)] and B;*(U) := [BLWU)] for p € (1,00), s> 0.

Recall that we have assumed that Q is a bounded domain in R” having a smooth
boundary T.

Thus, there exists a smooth atlas for Q. That is, given r > 0, there
are an integer m,, open subsets U, of R*, and smooth diffeomorphisms
©; € Diff*(B,(0,r),U;), 1 < j < m,, such that

my

U iy ©i(Bn(0, nNH")=U;NQ lfU NI =0,
(2.19) j=1

and ;(B,(0,r)NOH™ =U;NT if U;NT#6, 1<j < m,.
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In particular, it follows from [33, Theorem 3.3.4] that the operators ry, €
L(Bp(R"), B,(Uj)) and rg,,») € L(Bp(R"), B;(Br(0,r)) are retractions. Therefore,
Theorem 3.3.6 in [33] implies that

the interpolation properties (2.9), (2.16) and (2.17) remain true

(2.20) .
if we replace R* by U; or B,(0,r).

Given u € D'(U;) and v € D'(B,(0,r)) we define the following pullback and
pushforward operators

2.21) pju=uop; and ;v :=vog0]71.
Then we have
(2:22) ¢} € Isom(H, (U;), Hy (Ba(0,r)) and [¢}]7" = ¢y,
for k € Z and 1 < j < m,. In fact, this follows immediately from the
transformation theorem for the Lebesgue integral, the chain rule, and (2.15)
if ke N. If —k € N we use again a duality argument.
By interpolation, cf. (2.16) and (2.20), it follows from (2.22) that
(2.23) o} € Isom(H3(U;), H3(Ba(0,7) and [g}17" = oy,
for seR and 1 < j < m,.
Finally, let (U},@Tl)lgsm, denote the smooth atlas for the submanifold I

induced by the atlas (U,~,<p]71)15j5mr of Q, ie., U; := U;NT and @;(z') := p;(z', 0)
with z = (z', z,) € H*. Then we define

By(T)) = ({z € D'(D): B}z € BiBu1 (0, )}, || -

B;(f/j)),

wherfa. l2llps@w, = lI;2llB®.-.0r)- As an immediate consequence of this
definition we note that

(224)  @; € Isom(By(U)), By(B,-1(0,7)) and [3;]7" = @), for 1 < j < m,.
Let {0;}1<j<m, be a smooth partition of unity on Q subordinate to the open

covering {Uj}<j<m, -
Given s € R and p € (1, 00), we set

By() = ({z € D'(T); 3}(0;2) € By@ph || - llsp),

where

m,
I2llsp =D, 85(8;2)|sp for z € By(I).

J=1
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The following Lemma collects some of the basic properties of these spaces.
A proof follows from the corresponding results in R*~! by a well known
localization procedure, cf. [17, 33].

LEMMA 2.2. Let pe (1,00) and s, t, r € R with s <t, r > 0 be given.
Then the following assertions hold:

a) Bp() is a well-defined (i.e., independent of the choice of the atlas),
reflexive, and separable Banach space.

b) D)< BYD) < BYD) S D(D).

0 By LyD).

d BOSCD), if s- "TTI >

e) [B;(I‘)]' = Bp,‘s(l" ), according to the duality pairing induced by the
identification of [Ly,(I)]' with Ly(T).

f)  [ByMD),BiD]s = B;(l_o)”e(r) Jor 6 € (0, 1).

g € LENQ),B P if s > 1/p.

Moreover, all the preceding embeddings are compact.

3. - Pseudo-differential operators with constant symbols

It is a powerful tool to localize and to transform differential operators with
variable coefficients on a bounded domain to a problem with constant coefficients
on a half space. This procedure leads in a natural way to pseudo-differential
operators with constant symbols. The main concern of this section is to study
these pseudo-differential operators according to problem (E) by means of the
Mihlin-H6érmander multiplier theorem.

Throughout this section we assume that

(3.1) al, €R, 1<j, k<n such that &/ €* > 0 for £ € R"\{0}.
Given u € H2(H"), where H" := {z = (z/, z,) € R*; z, > 0}, we set

(3.2) Aru = —af0;0u, Bru = af,yOk.

It is well known that

3.3) O+ Ay, ) € Isom(HZH™), L,H") x B /P(R*™"))

for A € [Rez > 0]\{0}.
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Without restriction we may assume that o, = 1. Moreover, given ¢ € R*!
and « € C, we define

(3.4 ble, ) = [a? +a1(€) — a2(O1'?,
where » »
a1(§) =) afe€* and ax(§) =) af, &
J,k=1 j=1

The function b(e, -) serves as the symbol of the following pseudo-differential
operator
B.(o)z := F'b(a, -)Fz for z € S'®*).

Roughly speaking, the symbol b(e, -) arises by applying (partial) Fourier
transform to solve certain boundary value problems on the half space (cf.
the proof of Lemma 3.6, where also a characterization of B,(a) will be given).

Observe that, due to (3.1), the function b(a, -) is a multiplier on S(R*!)
for each a € C with o? € [Re A > 0]\ {0}, i.e., b(e, -) belongs to Oy, (cf. [23]).
Hence, we know that

B(a) € LSRN L(S'®RM).

However, we need more detailed information about the multiplier properties of
b(c, -) for our purposes. To this end, we introduce the following Banach space

M :=({a € C" ®"); [¢[P]0Pa(e)]| < oo,
EeRL 1B < /20 + 1% - ),
where |ja||x := sup{|¢|¥!|0Pa(€)];¢ € R*",|B| < [n/2] + 1}. It follows Leibniz’
rule that M is a continuous multiplication algebra. However, the fundamental
property of M is the fact that it is a subspace of the space of all multipliers

on L,[®R"1). Indeed, it follows from Mihlin-Hormanders multiplier theorem (cf.
[26, Theorem 4.3.2]) that

(3.6) FlaF € LL,R")) fora€ M and 1 < p < 0.

Moreover, the elements of M are also multipliers for the Besov and the Bessel
potential spaces. In fact, by the definition of HS(R"~') we have

(3.7 FIALF € Isom(H R, HyR*™) for 1 < p < oo.

Thus by interpolation it follows from (3.6), (3.7) (with ¢ = 0), (2.16), and (2.17)
that

(38) FlaFe LH;®R )N LBYR) forae M, seR and 1 <p < 0.
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LEMMA 3.1. Given o? € [Re X > 01\{0}, we have
A7'b(e, +), Milp+bla, )7 € M,
and there is a positive constant c, such that
AT 0(t, )|Im + [|A1lp + bla, )7 YIm < ca for p € [Rez > 0].

PROOF. a) We first introduce some notation. Let A(e, €) = (|of? + |€]9)'/?
and (n*, %) := (In|* + |€>)"/%(n, €) for « € C, n € C* and ¢ € R*~!. Observe
that A; = A(l, -) and that, given o € [Re) > 0]\{0}, there is a constant c,
such that

AT, ), AA e, ) € M
3.9 | 1
and HAI_ A(a, )“M +”A1A_ (o, )”M < ¢q-

Furthermore, we note that
A Y, Ob(a, &) = bla”, €*) for o® € [Re ) > 0]\{0}, £ R

Differentiating this identity with respect to ¢ we find that A~'(a, - )b(a, -) € M
and consequently, (3.9) yields

A7'b(a, -) € M with [|A7'b(a, -)||m, o* € [ReX > 0]\{0}.
b) Again, by homogeneity we conclude that
02A(a, &) = A'Pl(a, )L A, €.
Thus, there is a constant ¢, > 0 such that
|0¢Ala, )] < calé'1P! for ¢ R, Be N,
On the other hand, we have
M+ b(a, €)1 = [Au+ b, A6)] for A > 0.

Therefore, given v € N™~1, it follows that

Odlu+b(e, O1" = AT AL + b, 2)] 7 omag

and consequently, setting X := (|a|? + |u|* + |€[*)"'/2, we find a positive constant
¢ such that

10711+ blat, 17" < e(|u] + €)'
(3.10)

for ¢ e R, yeN"! ue[Rer>0].
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Leibniz’ rule now implies that

|€P0F (Ao, )+ blar, O1 )| = |67 ) (g ) O A, )3 [+ b(a, )17

<8

< c|¢|l E €|t g| 1P < ¢,

<P

for p € [Rez > 0], € € R*! and B € N*!. This means that Ao, -)[p +
ba, -)]”' € M and that ’

|ACe, ) +b((e, )| m < cq for p € [ReX > 0].

Finally, we apply again (3.9) to complete the proof. O

COROLLARY 3.2. Given s € R and o® € [Rez > 0]\{0}, there exists a
positive constant ¢ such that for all uy € [Rez > 0] and z € B;(R"‘l):

a)  p+B(e) € Isom(ByR™™), By R,
b)  |zlsp+ [l - |2]s-1p < el + Br(@)z]|s-1,p-
PROOF. a) Observe that
3.11) FTIASF € Isom(BsH (R, BYR*™)) for 5, tER, 1< p< oo.

This follows from (3.7) and (2.17) by interpolation. The first assertion is now
an immediate consequence of (3.11), (3.8) and Lemma 3.1.

b) Since M is a multiplication algebra, Lemma 3.1 yields
b(a, ) +bla, )™ € M and ||ble, )[p+bla, ) < ca
for all u € [Rez > 0]. Now, observe that
plp+b(e, )7 =1 - b, -)[p+bla, )T

Thus the assertion follows from (3.8). O

Finally, let o® € [Rez > 01\{0} be fixed. We introduce the following
symbol:

b ) e
b'(u, €)= —%‘%lﬁl—% for ¢ eR"! and p € [Rez > 0).

Then we have:

LEMMA 3.3. There exists a constant ¢ > 0 such that

b(p, -) €M and ||b'(n, lln < ¢
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for all pe[Re) > 0]
PROOF. Note that Ap + b(A|pu|a, X&) = Alp + b(apl, €)] for A > 0. Thus,
letting A := (Jul?> +|€[?)!/2, we find that
[__Jll
|87 16|, ) + 1| < c(I€ + |ulD) =

for pe[Rez>0], £eR"!, ye N1,

(3.12)

Now, by an argument similar to that given in the proof of Lemma 3.1, the
assertion follows from (3.12), (3.10) and Leibniz’ rule again. O

COROLLARY 3.4. Given o® € [ReX > 01\{0}, there exists a positive
constant ¢ such that

' (i +B,(a)> 01/|ul?

P < C|u|§_1|(14+Bw(a))zl—l/p,p

—l/p’P

for all pe[ReX>1] and z € By"/P@®1).

PROOF. Pick p € [Rez > 1]. Then p := 1/|u| € (0, 1]. Furthermore let 7
denote the Fourier transform on R*~!. Note that

Fo,=p"0,7,

which follows again from basic transformation properties of the Lebesgue
integral. Thus we find

(pp+Br(@))0,2 = puo pz + 7~ 'b(a, )7 (0,2)

= ppo,z+p' " Fb(a, Yo, Fz

= puopz+pl"‘.’r’"]pb <E, ;> 0,172
p’p

= pus,z+ o " F o o (b (% ) h)
= p{;w,,z+a,, (7*‘1; (% ) 7z>}
oo ffon ()

=po, [(u +B, (%)) (B +Br() ™ (u +Bw(a))] 2.
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Applying Lemma 2.1, we obtain
|(ops + B ()0 2| _1/pp

(3.13) _—
Scpv

(u +B, (%)) (4 + B ()" ' (u + Br(@))z

-1/pp

On the other hand, observe that <;¢+B,r (2)) (4 + B ()™ = Fb'(u, -)7.
P
Hence, Lemma 3.3 yields

o8 (2))

for all u € [Re X > 1]. So (3.13) implies the assertion. O

<c
LB, @1y

COROLLARY 3.5. Assume that p > n and that o? € [Re X > 0]\{0}. Then
there is a positive constant ¢ such that

1 2l1-/mp + 1 - 2l e < el [+ BoeVel- 1/

for all € [ReX > 1] and z € By /P(R*Y),
PROOF. Pick pu € [ReX > 1] and set again p := |u|™! € (0,1]. From
Corollary 3.2b) we know that there is a ¢ > 0 such that

lop2|1-1/pp < cl(up + Br(a))o p2|-1/pp-

On the other hand, we have assumed that p > n. Thus Sobolev’s embedding
theorem implies that
B:,—I/p(R"_‘) e Co(Rn_l).

Hence
llzllBe@-1 = llo o2l Bo@e-1) < cl(p + Br(a))o p2| -1 jpp-

From Corollary 3.4 we now obtain
|4l - [zl Boge-1) < ¢lul? (4 + Ba(@))2]-1/pp-

Finally, Corollary 3.2b) implies that

|17 |2l -1 /pp < clpl? | + Br(@)z|-1/pp5

which completes the proof. O

In the following we collect some of the basic properties of the so-called
Lions-Magenes extension of (A.,~). We refer to [4, 16] for a proof of the
assertions below. First of all, the operator A is closable in L,(H"). Let 7(4,r
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denote its closure and let Dy := dom(]:r) be the domain of this closure. Then
there is a unique extension (B.,7.) € B(D,,,O,B,,"l_l/”(R"‘l) X B,,_]/p(R"*l)) of
(Br,v) to Do such that Green’s formula holds. In addition, it can be shown
that

O\ + A, 7.) € Isom(Dy o, Ly(H™) x B, '/P(R*™1)) for ) € [Rez > 0]\{0}.

Now let Dry = [D,,,O,HIE(H")](;, 0 € (0,1). Then, using (3.3), it follows by
interpolation that

(3.14) O\ + A, 7,) € Isom(Dy 9, L,(H™) x BY~/P@®™)), 9 €[0,1),
for A € [Rez > 0]\{0}. Thus we may define
(3.15) To(@) = (& + Ay, 7,) {0} x B2 /e

for @ € C such that o> € [Red > 0]\{0}. Observe that T,(a) €
L(BYP®1), D, 29) and Dy g < HZ(H") imply that

(3.16) Ta(@) € LBY-VP@®), HYH™), 6€[0,1),

for o> € [ReX > 0]\{0}. Moreover, since (a? +A.,7.) is an extension of
(a? + A, ~), we find that

(3.17) Tr(@z = T)(a)z € HXH") for z € B2'/PR*),

where T!(a) := (® + AL, ~0)"1{0} x Bﬁ‘l/"(R"“). The following Lemma
gives a characterization of the pseudo-differential operators B,(o) using these
Lions-Magenes extensions.

LEMMA 3.6. Given o € [Re A > 0]\{0} and z € BY™'/?(R"-1), we have
B.(2)z =B, T\(a)z.

PROOF. Recall that

n—1

n—1
a(®) =) aj&ek, ax®=) a},¢ and o], =1.

k=1 j=1
We now define

Peal(2) = a? +a1(€) — 2iax(€)z — 2% for z€ C.

n

Observe that the polynomial p¢, has no zeros on ¢R, since E afn’n* >0
Jik=1

for n € R® and by the choice of a. Moreover, we have p¢o(—2) = p_¢q(2).
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Consequently, given ¢ € R*!, the polynomial p;, admits a unique root in the
left half-plane, which is given by

ME @) = —iax() — [ + @) — ap(O))'/?, €eR
Denoting by 7 the Fourier tranform in R*~!, we now set
w(z',z,) = [F '™ F2)(@') for o' € R, z, > 0.
Since ReA(¢,a) < 0 for ¢ € R*1, it follows from the Mihlin-Hormander

multiplier theorem that u € Hg(]HI"). Moreover, recalling that pe o(A(§, @) =0,
we find

(@ + A yu = (a® - 7%9;0K)u=0in H*, ~u=2z on R
In other words we have
[T (@2)(@', z0) = [F'} G0 T2)(a").
Now using the definition of B and b(e, -), it follows that
B, T (0)z = F'b(a, - ) ¥z for z € BZ /PR,

Finally, observe that E’,ﬂ(a)z = B/ T!(a)z for z € B,Z,_l/ P(R™1). Thus the
density of B;_'/ PR*1) in B;‘l/” (R" 1) and Lemma 3.2a) complete the proof.
O

It should be mentioned that the operator B.T,/(a) was introduced by
Hintermann in [12] and that Corollary 3.2 is a special case of [12, Lemma
1.8]. However, due to our simpler situation (a single second order equation),
we have been able to give a much more transparent proof of Corollary 3.2 than
the one in [12, Lemma 1.8].

4. - Scales of analytic semigroups

The main concern of this section is to construct two families of
generators of strongly continuous analytic semigroups on the Besov spaces
Bj(I'). Moreover, we establish some duality properties of these scales.

Given u € HX(Q), we set

Au = —8;(ajrOku) + a;0;u + apu and Bu := ajx1’ ¥dru + byyu.
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We assume that the coefficients of (A, B) satisfy the regularity assumption (1.2)
and the ellipticity condition (1.3). It is well known (cf. [3, 4]) that there exists
a constant Ay € R such that

(A + 4,7) € Isom(H2(Q), L(Q) x BZ™'/7(I),

(4.1) ,
(A + A%, ) € Isom(H3(Q), Ly() x BS 7 (1),

for A € [Rez > Aol. Here, vy € L(H?(Q), By /%)), for ¢ € (1,00) and s > 1/q,
denotes the trace operator with respect to I'. Moreover, A* stands for the formally
adjoint operator, i.e.,
Aty = —9;(a;k0xv) — d;(a;v) + agv

for v € Hj(Q). As in Section 3 we define the generalized Dirichlet operators
by

T =T =+ 4,77 [{0} x BX/*ID),

TH:= T = A+ 4%,y [{0} x B 71
for A € [Rez > )Ag]. Observe that

4.2) T € LB '/P(D), HA), T*e LB, "7 I), H3 Q).

Moreover, given z € B,%*'/"(r), let u = Tz Then u € HXQ) is the unique
solution of the inhomogeneous elliptic boundary value problem

A+Au=0in Q, ~u==zonT.
We use these solution operators to construct the following linear operators
4.3) Bi_i/pp:=BT and B,_yyy :=BT"

Due to the trace theorem (Lemma 2.2g) and the regularity assumption (1.2),
we have
B € L(HAQ), By™T), g€ (l,00).

Consequently, (4.2) implies that

(4.4) By, € L(BZVUD), BT, q€(1,00).
In virtue of Bg_l/"(l")ciB,;_l/ ") we can (and will) also consider B_j/, as
an unbounded, densely defined linear operator in B‘}_]/ ).

Furthermore, we have the embeddings

(4.5) B:(D)<S BT if s> 1 1/q.
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s L .
Thus the Bg-realization B, of Bi_j/, i€,

“6) dom(B, ) := {z € B2"/%(I); By_y /442 € Bi(D)},
' B, gz = By_y /2 for z € dom(B,),

is well defined for s > 1 — 1/¢. On the other hand, we also known that

4.7) BV BAD) if s < 1 - 1/g.

So, we can consider B;_,;,, as an operator in By(I') too. It is shown in [10,
Theorem 1.5] that B,_y,, is closable in B;(T). Let B;, denote its closure.
Summarizing, we have constructed scales of linear operators on the Besov
spaces By(I'), s € R, g € (1,00). In the following theorem we will describe
some of the basic properties of these scales. In particular, it turns out that these
operators are negative generators of analytic semigroups on Bj(I') and that it
is possible to describe presisely their domains. Moreover, we will characterize
the dual operators of B, .

Let Ey and E; be Banach spaces such that E; i»Eo. We define

H(E, Ey) = {A € L(E\, Ep); — A generates a strongly continuous

analytic semigroup on Eg}.

Then Theorem 1.5 in [10] implies the following result:

THEOREM 4.1. Suppose that s € R and that q € (1,00). Then
Bs,q € }((B;+1 (r), B;(F)) and [Bs,q], = B—s,q’

(as unbounded operators in [B;(l")]’ = Bq“,’(l")).

REMARK 4.2. a) Suppose that aj; = ;. (Kronecker symbol), that a; = 0,
bo = 0 and that ap > 0 on Q. Then the operator T is the solution operator of
the Dirichlet problem

—AM+au=0in Q, ~yu=zonT,

and B reduces to the Neumann boundary operator 9,. Consequently, in this
situation the operator BT becomes the so-called Dirichlet-Neumann operator A
introduced by A.P. Calderén [7], J. Sylvester and G. Uhlmann [29] and J.L.
Lions [15] in the Hilbert space setting.

As exhibited in the introduced, the generalized Dirichlet-Neumann operator
plays an important role in the study of dynamic boundary conditions. These
boundary conditions appear in various models in theoretical physics (heat
conduction, water waves, acoustic waves), see [2, 8, 9, 11, 13, 19], as well as
in colloid chemistry and in chemical reactor theory, see [5, 14, 24, 35].
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In addition, the Dirichlet-Neumann operator A is used in inverse scattering
problems and in electrical prospection. In the study of these problems the
operator A has been recently investigated in a series of papers by J. Sylvester,
G. Uhlmann and A. Nachmann, [20, 21, 29, 30, 31], see also [25].

b) Let us remark that the operators constructed above coincide with those
of the introduction. This follows from the well-known fact that generators of
strongly continuous semigroups are unique and the observation that the elliptic
problem (E) is well posed on the Besov spaces By(I') (see [10], Section 3).

¢) The regularity assumption (1.2) for the coefficients as well as the
assumption that I" is of class C* are not really necessary. We have introduced
this strong regularity only to be able to construct the scale B,, for all s € R.
Indeed, one can weaken these regularity hypotheses in the following sense:
Suppose that for some o > 0 we have

Qjk = Qkj € C1+a(§)a 1< ja k <n, aj, ao, bO € C”(ﬁ),

1<j<mn, and T is of class C'*°.

Then the conclusions of Theorem 4.1 remain true, provided s € [-o — 1,0 +1].

5. - Estimates for two commutators

Let Ey and E; be Banach spaces such that E; — Ej. We introduce the
following linear subspace of L(E;, Ey):

L(E,, Ey) := {A € L(E, Ep); dec > 0 with ”A-T“E'o < c”a:]]Eo,a: € El}.

If we suppose in addition that E; is dense in E, then, given A € L.(E, Ey),
there exists a unique extension A° € L(Ey) of A, where A is considered as a
(generally) unbounded operator in Ejy.

Next assume that A € L(FE), Ey) and that B € L(E,) such that likewise
B € L(E,). Obviously, in this situation we have

[A,B] := AB — BA € L(E, Ey).

However, the main results in this section show that there are nontrivial examples
such that
[A, B] € L.E\, Ep).

Let ¢ € D(R™) and z € By(R™) be given. Then it is well known [34, Theorem
4.2.2] that ¢z € By(R™) and that there is a positive constant ¢ such that

5.1 [$zlsp < c|2]sp, 2 € By(R™).
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We often write ¢ for the multiplication operator induced by ¢ € DE®R™).
Moreover, if ¥ € D(V), where V C R™ is open, we frequently consider i
as an element of D(R™).

Finally, we need some notation from the theory of pseudo-differential
operators. Let K C R™ be compact and let o, 8 € N™ be given. If k, 6, p are
real numbers, 0 < p<1, 0< 6§ < 1, we set

P o p(@) = sup{(1 +|&|)~**1I=018l| 5288 a(z, £)|;z € K, € € R™}

- for a € C®°(R*™). The space of all symbols of order k and type (p,6) is given
as
$5sR™) = {a € C°(R™); pk o s(a) < oo for a, 8 € N™

and K C R™ compact}.

Given p € S,f’ﬁ(Rm), we define the following formal operators p(X, D) by

p(X, Dyu(z) := / @z, O)(Fu(€))dE, ue SR™).

R™

Then \11/’;,6 denotes the space of all pseudo-differential operators of order k£ and
type (p,9), ie., ‘}”;,6 consists of all operators which are locally of the form
p(X, D).

Let us now return to the pseudo-differential operators of Section 3. We
choose o € C\{0} such that o? € [Re) > )}, where A\g € R denotes the
constant of (4.1). To economize our notation, we suppress in the following the
dependence on «. We also fix 1 <1 < m,, where m, is given by (2.19).

LEMMA 5.1. Given ¢ € D(U;) we have
@iy, Bzl € V).

PROOF. Obviously, the multiplication operator ¢} induced by @} belongs
to \P(l),O' Besides, ¢ is properly supported (see [23, p. 180] for a definition).

On the other hand, it follows from
b(Aa, AE) = Ab(e, €) for A >0, £ e R*!

that
3%b(a, &) = (@ + |¢)'T 92b(ar, €) for € R, Be N,

Consequently, we have b(a, -) € Sll’O(R"‘l). By definition, this means that
B: = 7 'b(a, )T € \P},o- Now, Corollary 3.5.10 in [23] can be applied and
yields the result. O
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COROLLARY 5.2. Assume that v € D(U;). Then, given s € R and p € (1, 00),
we have
(i, Br] € LBy ®*™), B3®R™™)).

PROOF. Theorem 6.2.2 in [34] ensures that ‘{"1’,0 c £(B;(R"“)) for se R
and p € (1, 00). O

Our next goal is to establish a result similar to Corollary 5.2 for the
operators B,,. To this end we note that each § € D(U;) induces a (pointwise)
multiplication operator mg on Bj(I'), given by

(myz)(z) := 0(z)z(z) for z € B;(F), zerl.

If s < 0 this definition has to be understood in the sense of distributions, of
course. Observe that we have

(5.2) mg € L(BL(T), By(U)) for s R, p € (1,00).

This follows from [34, Theorem 4.2.2] and the localization procedure based on
(2.19). Again, we write @ for the operator my if there is no risk of confusion.

LEMMA 5.3. Let 0 € D(U;) and p € (1,00) be given. Then we have
[B_1/pp, 0] € L(BL'/2(T), B;'/2(T)).
PROOF. a) We denote by
(5.3) : T e LBy P (D), Hy()
the so-called Lions-Magenes extension of T* to B "/#(I), cf. [10, (2.4)]. Then

we have e
T'o = T* € HX(Q) for p € B /7 (D).

Given p € B;,_l/"'(l"), we set

8t = 20,1040 - 0;(T ") + [0;(a;xib) + a;0;01T 0.
Since 9, € £(HI},(Q), Ly(€)), it follows from (5.3) that
(5.4) St e LBy P (), Ly()).

Next pick ¢ € Bl i (I). Then by Lemma 2.2b), there is a sequence
(Opdnen C B2 1/”'(1") such that ¢, — ¢ in Bl 1/"(I‘) as n — oo. Since
0p, € B2 1/"' (') as n — oo. Since by, € B2 I7e (F), n € N, it follows that

(5.5) T 00, — 0T on = T*0pn — 0T *0, € H2(Q) N HY(Q).
14 14
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Letting n — oo, we find that
(5.6) T 00 — 6T p € HY(Q) for p € By /P (D).

b) Next, we consider (a? + #*)|HZ(Q) N Hy(Q) as an unbounded operator
in Ly(Q). Then it is known that this operator is closable in H;'(Q). Let A}
denote its closure. It can be shown that

67 Ape Isom(ff;,(g, H;'(Q) and [AD]7'|Ly(Q) € L(Ly(Q), H3(Q)).

For a proof of these facts we refer to [4, Section 8].

Moreover, given v € Hx}(Q), (5.5) implies that

(v, Aﬁ-,(?#a@,, - 0?#30,,)) = / v(e? + AHT*0p,dzx

Q

- [ v(e? + AHOT ¥, 1dx
Q
- / v(a? + AT *0p,dz
Q

—/ v0(? + ANT ¥ pndz
Q

+ / v[8j(ck0k0) - T
Q

+2a;,010 - 3;(T¥pn) +a;0;0 - THp,ldz.
By definition of T# the first two integrals vanish. Thus
(v, A(T* 00 — 6T o)) = (v, Sfipn), v € HAQ).
Now letting n — oo, it follows from (5.4) and (5.7) that
(v, AL(T*0p — 0T"0) — Sfp) =0, ve HI(Q).
Since H,'(Q) = [};;(Q)]’ this implies that

T — 0T o = [AH1'Sie, e By P
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Consequently, (5.4) and (5.7) yield
(5.8) [T",00 € LB) 7 (T), H2(Q).
c) Let p € B;,_l/”((l“) be given. Then we have
= # #
B[T ,0lo+pBO0=BT"0p — BOT"p)+ B0
=BT*0p — 0BT"p = [Bi_1/pp,0lp,

where we have usqd (4.3) to obtain the last equality. Thus the,, fact that
B € LHL(Q), B, P (I), (5.8), and equality dom(B,_,,,,) = BS'/¥(I)) imply
that

(5.9) [Bi_1/pp, 01 € LBy P (D), By /().

d) Finally, let z € B,l'l/ P(T") and ¢ € B;,_l/”’(l“) be given. Again, choose
a sequence (©n)nen such that o, — ¢ in B;,—l/ P I(F) as n — oo.

Note that B_,,,, = [B;_; /o.p] by Theorem 4.1. Thus we have

<[B—l/p,p»0]2a ©n) = <B—1/p,pez, ©n) — <0B—l/p,pza ©n)
(510) = (Z, OBI_I/I,,’p:pn) — (z,Bl_l/pl’ple(,On)
= —(z,[Bi-1/p y, 01en).

Since [By_j/yp,0] € £e(B§,_’/"'(F),B;,_l/pl(l“)), we can find a positive constant
¢ such that

NB1-1/p.ps O1nll1-1/pp < cll@nlliz1/p p-

Conseq,uently, letting n — oo, we obtain together with (5.10) and B, i @I =
(B, P (D)) that

(511) Il‘P”l__ll/p',p’I([B—l/P,P’ 0]2, ¢), S C“z”"I/PyP‘
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Taking the supremum of all ¢ € B:,_l/ P l(I‘)\{O} in (5.11), we find that

||[B_1/p,p, elzll——l/p,p < c“Z”*l/P,P'

This proves the Lemma. O

6. - Proof of the main result

In the preceding section we have derived estimates for the commutators
[Bx,0] and [B_,/,,,0]. To apply the estimates of Section 3 it remains to establish
appropriate bounds for @;0B_,,,, — B;@;0 for each 1 < i < m,. This will be
done by means of local coordinates. After these technical preliminaries we
estimate the resolvent of the C(I')-realization of B_y/,,. From this estimate the
main result follows then easily.

In the following we fix 7 € {1,...,m,}. Let us first introduce some notation
to work with the local coordinates (B,(0, r)y;). We first note that we can assume
without restriction that D;(0) = idgs.

Furthermore, we set zg := ;(0) € U; and ajy, = a;k(zo). Besides, we define
gjk = Bjpildkpi)s g = detlgjelicjrsn, and § := @l detlgxlil; <, Let us also
remark that, given k € N, we may assume that there exists a positive constant
¢ such that ”‘Pi“BC"(Bﬂ(O,r)) <c for r € 0,1] and 1< < m,.

Recall that {6;}i<;<m, is a partition of unity subordinate to the open
covering {U;}1<i<m, of Q. Moreover, letting V; := ©,;(B,(0,r/2)), we may assume
that {V;}1<i<m, is an open covering of Q and that 6;|V; = 1. Additionally, in the
following let v;, ¥; € D(U;) such that ¢;|supp6; = 1 and v,|suppe; = 1.

If there is no risk of confusion, we suppress the index 7 in our notation,
i.e., we write o =;, U =U;, 0 =6;, and so on.

Finally, let T denote the so-called Lions-Magenes extension of the solution
operator T defined in (4.2). Let us note the following basic properties of this
extension (cf. [10, Section 21).

(6.1) Tz=Tz for z€ B2V/A() and T € L(B:™V/?(D), H3(Q)), s € [0,2).

LEMMA 6.1. Let z € B;,'l/p(l") and b € B;,_l/pl(R"‘l) be given. Then we
have

(@) (6" 9)By 5" (02), ) = / 050,0" T 02) - 3up™B - TLH)
Hn

+ 2 W T (02)) - 0P - T, da.
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b) (B"WB_1/pp(02)), h') = / a3 0;0" BT (02)) - O™ - T, Idz
Hﬂ

" f []0;0" (T (02))
Hﬂ

+(ap + o) W T 02)][e* P - Toh'ld

+ / byB*(02) - K'de',
Rn—l

where ay = ©*[Yaym8i(0 ™Y 9 ()], a; = *[Paidi(e Y], ap = p*[Yaol
and by := p*(1hby).

PROOF. a) Observe that p*(4T (02)) = ©* (T (02) € HZH™), cf. (6.1).
Besides, the integrand in a) has compact support. Thus Gauss’ theorem yields

I:= / 000" T (02) - (@ T - ToH) + P (T (02)) - 9% - Toda
Hﬂ

- [ 0110 @ T 0 - i G210, s
HVI

" / PTG (T (02)) — T/ (02))ds
]H[n

/ a0 T0" (02)0k Toh' + &2 T/ 0" (02)T hds
Hn

= -~ / Al Ok T o - Alp" (T (62)) T 0" (02)ldz'
Rn—l

+/ [e* (T (02)) — T;r'<p*(0z)][—a}rk8j6k + az]ﬁh'dx
Hn

- [ a0t ) v T
Re-!

+ [ 1-a010u(T0 0 + T 021l TN
Hn
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BLToH - Alp* T (62)) — T, " (02)]
[ (02 + AT T (02)) — T'0"(02))dz
+ / B T!*(02) - Y Y T h)da'

+/ [(a? + ﬂ;)'{;r'cp*(é?z)]tp*d)_ﬂh'dz.
Hn
Recalling the deﬁmtlon of T, T, and T,,, _we find that ~[(@*(¥ T (02)) —
T!p*(02)] = 0, (o? + 7 )T =0 and ~(p*® - T k') = @* - b'. Thus the first
two and the last integrand vanish. Now it follows from Lemma 3.6 that

= (VB Thp*(02), b') = (B*¥BLp*(02), B').

Furthermore, observe that B.o*(0-) € L(By~ Ve, B_l/" (H™)), as Corollary
3.2, (2.24) and (5.2) show. Since B2 e () is dense in B,l, /e (), the assertion
follows.

b) The transformation theorem for the Lebesgue integral implies that

I:= [ {a}4050" T (02)) - u(p" P - Toh'1 + [a0;0" (BT (02))

H»

+(ah+ D) T 0" - Toh' 1} de

- / O NG amBWT 02)) - dmipap™ - ToH)

Hn

+ (@B (W T (02)) + (ao + A)WDT 02)pu (™D - Toh)} N/ Gdx

=/ {ajx0;(T(82)) - Oxpu(0™p - Toh') +a;8;(T (02))

+(ao + o)) T 02)p. (" - T,h)}/dda

- / 9;1ass0k(T02)) - pul™ - ToK) - /Gldz

Q

+ / @ + AT (02) - pu(p*Y - Toh3da.
Q

Since z € Bg_l/" (), we have that T(0z) = T(0z), cf. (6.1). Consequently, the
definition of T shows that the last integral vanishes. Moreover, Gauss’ theorem
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yields
I= / ajxv*8;(T (02)) - V(o (0™ - Ty y\/Gdo
Ele}
= / [BT(02) -4 - 3uh' — bobz - ¢ - G 1 y\/Gdo
- [ s ppemar - | & wmoana
Re-! Re-!
=(p*(WB_)pp(02)),h') — / bop*(02)h'd’.
Again by density, this implies the assertion. O

LEMMA 6.2. Given € > 0, there exists a positive constant c(e) such that

/ (0300 (WT (02)) + ap* (W T 0)p"Y - Tyh'da| +

H»

/ 0P (0z) - h'dz'

Rn-1

S (5”027“1_1/1,’1, + c(E)“@z“_l/p’p)lh'h_]/p/’p!

for all z € B,”'"*(T) and k' € By ¥ w1,
PROOF. Using (2.23), (6.1) and (3.16), it follows that
llaoe™ (YT O2))|| L, < [102]]-1/p,p and 0% - Tok Iz < |B'|1- 1 -
Moreover, since B, Vp(Re-1y = [B1 P ®e-1))', we have (observe that ¢*(0z) €

1 I/P(Rn 1)‘—->L (Rn l)f__)B I/P(Rn 1))

/ 0P (0z) - h'dz'

Rn—1

= |(bpp* (02), B') W(R,,_l)l

< cllOz]-1/pp - (B 121 /p p-
Thus we find that

+

/ [aoe* @ T 0" Y - T, h'ldz
Hn

/ by (02) - B'da’

Re-1

< C”‘gz”—l/p,p ’ IhIII*I/P’yP"

6.2)

Next fix § € (0, l/p) Then it is well known that H5(H") Hﬁ(]HI")
thus [H5 H™Y = 5(H") cf. [32, Theorem 4.5.2]. Hence it follows that
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dj € [Z(H,],”‘S(IHI"), Hp“s(]H["))‘ Now we conclude from (2.23) and (6.1) that there
is a ¢ > 0 such that

(6.3) l|a5050* W T 0| s ny < cll02]1-5-1/p,p for 2 € By '/n(D).

But we also have B;'é_l/p(l") = [B;I/P(F),Bfl/p(l“)]l_g by Lemma 2.2f). Hence,
the interpolation inequality

lzlli-s-1/pp < llzliZipp - 1211230 2 € By™P(D),

holds. Using Young’s inequality in the form

zy§(1—6)1m+6y, z7y207

>l

we find for each £ > 0 a constant c(¢) > 0 such that

(6.4) I2ll1-5-1/pp < Ell2ll1-1/pp + @2l -1/pp, 2z € By /2.

On the other hand it follows from (3.16) that

™ - ﬁhI“H‘f,(H") < c|Wls-1pp
(6.5) ,
S c’|hll1—1/pl,p’7 h, (S le)’-l/p (R’n‘l).
Combining (6.2)-(6.5) the Lemma follows. O

LEMMA 6.3. Given € > 0 there exist positive constants c(e) and c¢
(independent of r) such that

8" (0B _1/p,p2) — Bz (02)|| -1/pp < (€ + ¢ 1)[|02]|1-1/pp
+c(@)||2]|-1/pps 2 € ByT/PP(D).

PROOF. Pick h' € B, /P &) with |W|\_1/py = 1.
Furthermore, let

Tl = <¢*(¢[0aB~]/p,p]z)} hl))
T2 = <[85*1/),B7r]95*(03)a h,>’

Ts = / 00,0 W T (02)) + ahyp* W T O2)lp* - T,h'ldz
Hﬂ

+ / (B (0z) - Wdz,
R

T, = f (s — a50B;0" BT (02) - Oulg™ D - To W' Vds.
Hn
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Applying Lemma 6.1, we find that
(B*(OB_y)pp2) — Br3*(62), ') =T1 + Th + T3 + Ty,

To estimate T; and T, we use (2.24), Lemma 5.3, Corollary 5.2, (5.1), the fact
that [B, /e oy = B;,,_l/ 4 (I') and the hypothesis |A'|;_;/y» = 1, and we find that

(6.6) |T1| +|T2| < ¢||2||-1/pp for z € B;_l/p(l"),

where ¢ is a positive constant.
Given & > 0, there is a c¢(¢) > 0 such that

(6.7) T3 < €ll0z]|i-1/pp + c(&)||02]|-1/pp for z € BI/P(D),

due to Lemma 6.2.
Moreover, using the same arguments which lead to (6.6) as well as (6.1)
and (3.16), we conclude that

|T4I <c sup la}k(y) - ;rkl : “92”1—1/17,17'
y€B.(0,r)

Now, observe that due to ¢;(0) = 2o and Dp;(0) = idg:, we have a}k(O) =
ajk(zo) = af;. Consequently, the mean value theorem implies that

sup |aj(y) —af| <c-r,
y€B,(0,r)
with a constant ¢ independent of r. This proves the Lemma. O

After those (more or less) technical preliminaries we are now going to
prove the main estimate.
Given s < 0 and p € (1,00), let B denote that C(I')-realization of B,,,

i.e.,
dom(B) := {z € B,"*(I) N C(T'); B,z € C(I)}

and Bz =B, ,z for z € dom(B).
Then we have
LEMMA 6.4. B is a well-defined closed linear operator in C(I') having
dense domain. Moreover, B is the closure of B, in C(I') if s > n—;—
PROOF. Observe that by Lemma 2.2c) and e) we know that

CT) — B;(F) for s < 0.

Consequently, the assertions follow from the definition of B, ,,, from the first part
of Theorem 4.1 (which in particular ensures that yu+B;, € Isom(B;“(l"), B,(I)
for some p € R) and from Lemma 2.2b) and d). O
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THEOREM 6.5. Suppose that p > n. Then there exist constants ¢ > 0 and
Wy > 1 such that

|l Sup 2/l e g,y * |1l - lzllem < ell(u + B)zllem
for all p € [Re) > p.] and all z € dom(B), where r = |u|ﬁ and m, is as in
(2.19).

PROOF. Combining Corollary 3.5 and Lemma 6.3, we find that for each
e>0and each i € {1,...,m,}:

|W[™?18; 0:2)1-1/p + |l|87 :2)] | Bo@e-)
< c|u["?|( + Br(a))BF (6:2)| -1/pp
< c|u[MP{| B} 6w + B)2)| - 1/pp
+ |Bx ()@} (6:2) — ; (0:B2)| -1/}
< c|ul™?{|@; (0:(u + B)2)| -1/pp

+(E+c-n)||iz|i—1p + c(e)||z||_1/p,p}.

(6.8)

Now observe that L,(R*"!) — B, l/p(Rn-1), as Lemma 2.2 shows. Hence we
find the estimate

|67 0:(ps + B)2)| —1/pp < €l|B7 Ois + B)2)|| 1,

1/p
=c / X CACRS B)z)l"d:t)
(69) By-1(0,r)

< or'7 ||816i(p + B)2)|| B, 0
< er'F ||(u+ B)2)lo-
On the other hand, using 2.24 we find a constant ¢’ > 0 such that
71032 gy + 1l - 102l moc@y) < 1IPIBE @110
+ |ul - 185 (0:2)|| Boe--
Hence it follow from (6.8) and (6.9) that

|ul™PN10:2l| gr-iecgy + 11 1052l

n n-l

(6.10) < clulpr ||+ B)zllem + |pl? {c@ll2ll-1/pp

+c(e+c-n)0iz|li-1/pp}-
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Next observe that |zllcey = sup |lzllscaerwy = sup [|0iz] e, since

1<i<m, 1<i<m,
{Vi}1<i<m, is an open covering of Q and since 6;[V; = 1. We also note that
C(T) — B;'/P(I"). Thus (6.10) implies that

IMI”/I’ sup ”z”BH/p(ﬁl) +|ul - |12llem
1<i<m, ’

6.11) < clulrrF [[(u+B)zllom + w7 {e©|l2llom

+ee+cr) sup |zl g}
1<i<m, ? '

. 1 n n—1
Finally, we choose ¢ := s == |p|™ and p, = [2c(s)]35 V [4¢*]% Vv 1.
C
|1l
2

n-1
P

Then we have |u|rr? = 1, c(e)|ulr < and c¢(e +c-r) < % for

u € [Re A > p.]. It remains to subtract the last two terms on the right-hand side
in (6.11) to complete the proof. O

REMARK. Observe that m, (the “size” of the covering {U;}i<j<m, Of Q)
tends to co as r — 0 or, equivalently, as |u| — oo.

PROOF OF THE THEOREM. Theorem 6.5 and Lemma 6.4 imply immediately
that —B generates a strongly continuous analytic semigroup on C(I').

Since the embedding B;,‘I/ P(T") — C(I') is compact for p > n (see Lemma
2.2), Theorem 2.3.3 in [22] yields the compactness of the semigroup generated
by —B.

Finally, observe that B,l,_l/ P(I'), p > n, is an invariant subspace for the
resolvent of —B and that

(u+B) By /P(T) = (u+By_1yp,)~" for p € p(—B).

On the other hand the positive cone [B,lfl/ M), of B,l,_l/ P(T") is dense in
[C(D)]+. But =B _1/pp is a resolvent positive operator, as [10, Appendix] shows.
Consequently, —B is a resolvent positive operator too. This completes the proof.

O

REFERENCES

[11 R.A. Abpams, Sobolev Spaces. Academic Press, New York-London, 1975.

[2] M. ALTMAN-D.P. Ross - H. CHANG, The prediction of transient heat transfer
performance of thermal energy storage devices. Chem. Eng. Progress Symposium
Ser. 61 (1965), 289-297.

[31 S. AGMON, On the eigenfunction and on the the eigenvalues of general boundary
value problems. Comm. Pure Appl. Math. 15 (1962), 119-147.



(4]

[5]

(6]

(7]

[8]

(9]
(10]

(1]

(12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

THE DIRICHLET-NEUMANN OPERATOR ON CONTINUOUS FUNCTIONS 265

H. AMANN, Parabolic evolution equations and nonlinear boundary conditions. J.
Differential Equations 72 (1988), 201-269.

M. BAERNS - H. HOFMANN - A. RENKEN, Chemische Reaktionstechnik. G. Thieme,
Stuttgart, 1987.

J. BERGH - J. LOFSTROM, Interpolation Spaces. An Introduction. Springer, Berlin,
1976.

A.P. CALDERON, On an inverse boundary value problem. Seminar on Numerical
Analysis and its Application to Coninuum Physics, Soc. Brasileira de Matematica,
Rio de Janeiro (1980), 65-73.

R. COURANT - D. HILBERT, Methoden der Mathematischen Physik II. Springer, Berlin,
1965.

J. CRANK, The Mathematics of Diffusion. Clarendon Press, Oxford, 1975.

J. ESCHER, Nonlinear elliptic systems with dynamic boundary conditions. Math. Z.
210 (1992), 413-439.

J. ESCHER, On the qualitative behaviour of some semilinear parabolic problems. To
appear in Differential Integral Equations.

T. HINTERMANN, Evolution equations with dynamic boundary conditions. Proc. Roy.
Soc. Edinburgh Sect. A 113 (1989), 43-60.

R.E. LANGER, A problem in diffusion or in the flow of heat for a solid in contact
with a fluid. Tohoku Math. J. 35 (1932), 260-275.

L. LApDUS - N.R. AMUNDSON (EDS.), Chemical Reactor Theory. Prentice-Hall,
Englewood Cliffs, 1977.

J.-L. LioNs, Quelques Méthodes de Résolution des Probémes aux Limites Non
Linéaires. Dunod, Paris, 1969.

J.-L. LIONS - E. MAGENES, Problemi ai limiti non omogenei V. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. XVI (1962), 1-44.

J.-L. LioNs - E. MAGENES, Non-Homogeneous Boundary Value Problems and
Applications I. Springer, Berlin, Heidelberg-New York, 1972.

A. MAIDA, The location of the spectrum of the dissipative acoustic operator. Indiana
Univ. Math. J. 25 (1976), 973-987.

H.W. MARCH - W. WEAVER, The diffusion problem for a solid in contact with a
stirred liquid. Phys. Rev. 31 (1928), 1072-1082.

A. NACHMANN, Reconstruction from boundary measurements. Ann. of Math. 128
(1988), 531-576.

A. NACHMANN - J. SYLVESTER - G. UHLMANN, An n-dimensional Borg-Levison
theorem. Comm. Math. Phys. 115 (1988), 595-605.

A. Pazy, Semigroups of Linear Operators and Application to Partial Differential
Equations. Springer, Berlin-New York, 1983.

B.E. PERTERSON, Introduction to Fourier Transform and Pseudo-Differential Operators.
Pitman, Boston-London, 1983.

M.G. SLINKO - K. HARTMANN, Methoden und Programme zur Berechnung Chemischer
Reaktoren. Akademie-Verlag, Berlin, 1972.

P. STEFANOV, Stability of the inverse problem in potential scattering at fixed energy.
Ann. Inst. Fourier (Grenoble) 40 (1990), 867-884.



266
(26]
[27]
(28]
[29]
(30]
[31]
[32]
[33]

(34]
[35]

JOACHIM ESCHER

E.M. STEIN, Singular Integrals and Differentiability Properties of Functions. Princeton
University Press, Princeton, 1970.

H.B. STEWART, Generation of analytic semigroups by strongly elliptic operators under
general boundary conditions. Trans. Amer. Math. Soc. 199 (1974), 141-162.

H.B. STEWART, Generation of analytic semigroups by strongly elliptic operators.
Trans. Amer. Math. Soc. 259 (1980), 299-310.

J. SYLVESTER - G. UHLMANN, A uniqueness theorem for an inverse boundary value
problem in electrical prospection. Comm. Pure Appl. Math. 39 (1986), 92-112.

J. SYLVESTER - G. UHLMANN, A global uniqueness theorem for an inverse boundary
value problem. Ann. of Math. 125 (1987), 153-169.

J. SYLVESTER - G. UHLMANN, Inverse boundary problem at the boundary - continuous
dependence. Comm. Pure Appl. Math. 41 (1988), 197-221.

H. TRIEBEL, Interpolation Theory, Function spaces, Differential Operators. North-
Holland, Amsterdam, 1978.

H. TRIEBEL, Theory of Function Spaces. Birkh#iuser, Basel, 1983.

H. TrRIEBEL, Theory of Function Spaces II. Birkhduser, Basel, 1992.

R.D. VoLp - MJ. VorLp, Colloid and Interface Chemistry. Addison-Wesley,
Reading-Mass., 1983.

University of Basel
Institute of Mathematics
Rheinsprung 21
CH-4051 Basel
Switzerland



