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Abstract. In this paper, we deal with the problem of the computation
of the homology of a finite simplicial complex after an “elementary sim-
plicial perturbation” process such as the inclusion or elimination of a
maximal simplex or an edge contraction. To this aim we compute an
algebraic topological model that is a special chain homotopy equivalence
connecting the simplicial complex with its homology (working with a
field as the ground ring).

1 Introduction

Simplicial complexes are widely used in geometric modelling. In order to classify
them from a topological point of view, a first algebraic invariant that can be
used is homology. We can cite two relevant algorithms for computing homology
groups of a simplicial complex K in R™: The classical matrix algorithm [8] based
on reducing certain matrices to their Smith normal form. And the incremental
algorithm [I] consisting of assembling the complex, simplex by simplex, and at
each step the Betti numbers of the current complex are updated. Both methods
run in time at most O(m?), where m is the number of simplices of the complex.
Here, we deal with the problem of obtaining the homology H of a finite simpli-
cial complex K and a chain contraction (a special chain homotopy equivalence
[8]) of the chain complex C'(K) to H. This notion is a special case of effective
homology [I0]. We call it an algebraic topological model for K (or AT-model
for K).

Since the emergence of the Homological Perturbation Theory [5,[6], chain con-
tractions have been widely used [I0,9,[5,[6]. The fundamental tool in this area is
the Basic Perturbation Lemma (or BPL) which can be seen as a real algorithm
such that the input is a chain contraction between two chain complexes (C,d)
and (C’,d") and a perturbation 6 of d. The output is a chain contraction between
the perturbed chain complexes (C,d+6) and (C’, d’ +ds). Here, we are interested
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in the following complementary problem: given a chain contraction between two
chain complexes (C,d) and (C’,d') and a “perturbation” of C, is it possible to
obtain a chain contraction between the perturbed chain complexes (C',d) and
(C”, ci’)?. Being the ground ring any field, Algorithms [, Bl and @ of this paper
are positive answers to this question in the particular case of AT-models for sim-
plicial complexes and “elementary simplicial perturbations” such as inclusion or
elimination of a maximal simplex or an edge contraction. Moreover, Algorithm
[ is a version for AT-models of the incremental algorithm developed in [I]. It is
described in [21[3}[4] when the ground ring is Z/2Z and applied to Digital Images
for computing digital cohomology information.

2 Algebraic Topological Models

Now, we give a brief summary of concepts and notations. The terminology follows
Munkres book [8]. For the sake of clarity and simplicity, we only will define the
concepts that are really essential in this paper. We will consider that the ground
ring is any field.

Simplicial Complexes. Considering an ordering on a vertex set V', a g—simplex
with ¢ + 1 affinely independent vertices vy < --- < v4 of V' is the convex hull
of these points, denoted by (v, ...,vq). If i < g, an i—face of o is an i—simplex
whose vertices are in the set {vo,...,v,}. A simplex is mazimal if it does not
belong to any higher dimensional simplex. A simplicial complex K is a collection
of simplices such that every face of a simplex of K is in K and the intersection
of any two simplices of K is a face of each of them or empty. The set of all the
g-simplices of K is denoted by K@ . The dimension of K is the dimension of
the highest dimensional simplex in K.

Chains and Homology. Let K be a simplicial complex. A ¢—chain a is a
formal sum of simplices of K(9. The ¢-chains form the gth chain group of K,
denoted by Cy(K). The boundary of a ¢g—simplex o = (vo, ..., ) is the (¢ — 1)-
chain: 94(c) = >7 o(=1)(vo,...,d;,...,v4), where the hat means that v; is
omitted. By linearity, 9, can be extended to g—chains. The collection of boundary
operators connect the chain groups Cy;(K) into the chain complex C(K): --- %
Cy(K) & Co(K) % 0. An essential property is that 0,04+1 = 0. In a more

general framework, a chain compler C is a sequence - - - L, Ch N Cy o,
of abelian groups C; and homomorphisms d,, such that for all ¢, dqdg41 = 0.
The set of all the homomorphisms d, is called the differential of C. A g—chain
a € Cy is called a g-cycle if dg(a) = 0. If a = dg41(a’) for some o’ € Cyqq then
a is called a g—boundary. Denote the groups of g—cycles and g—boundaries by
Zq and B, respectively. We say that a is a representative g—cycle of a homology
generator a if o = a + By. Define the qth homology group to be the quotient
group Z,/ By, denoted by Hy(C). The gth Betti number 3, is the rank of Hy(C).
Intuitively, Gy is the number of components of connected pieces, 81 is the number
of independent “holes” and (33 is the number of “cavities”.
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Chain Contractions [7]. A chain contraction of a chain complex C to another
chain complex C’ is a set of three homomorphisms (f, g, ¢) such that: f : C — C’
and ¢ : C’ — C are chain maps; fg is the identity map of C’; ¢ : C — C is a
chain homotopy of the identity map id of C to gf, that is, ¢p0 + d¢p = id — gf.
Moreover, the annihilation properties f¢ = 0, ¢g = 0 and ¢p¢ = 0 are required.
Important properties of chain contractions are: C’ has fewer or the same number
of generators than C; C and C’ have isomorphic homology groups.

AT-model. Given a field as the ground ring, an AT-model for a simplicial
complex K is the set (K, h, f, g,¢) where h is a set of generators of a chain
complex H isomorphic to the homology of K and (f, g, ¢) is a chain contraction
of C(K) to H. This implies that f0 =0 and dg = 0.

First Basic Perturbation Lemma (BPL) [B[6]. Let (f,g,¢) be a chain con-
traction of the chain complex (C,d) to the chain complex (C’,d’). Let § : C — C
be a morphism of degree —1, called perturbation, such that ¢6 is pointwise nilpo-
tent and (d + 6)? = 0. Then (fs,gs, ¢s) given by fs = f — f6Ad, ¢s = Ao,
gs = Ag is a chain contraction of (C,d + 6) to (C’,d" + ds) where ds = f6A¢p
and A = Y (~1)1(66)".

3 Simplicial Perturbations on AT-Models

Given a simplicial complex K with m simplices, an elementary simplicial per-
turbation of K is one of these operations: an inclusion of a simplex, a deletion
of a simplex, an edge contraction. Algorithms [ B] and M compute AT-models
after elementary simplicial perturbation. Moreover, the first one is a particular
application of the BPL, showing in this way that there is a relation between the
simplicial perturbation (where the ground graded groups are changed) and the
algebraic perturbation (the original one, where just the differential changes).

Theorem 1. Given an AT-model for K and an elementary simplicial pertur-
bation of K, an AT-model for the perturbed complex K can be computed using
Algorithm /D, [3 or [ in O(m?).

It is necessary to say that if we do not have an AT-model of K as input, the
computation of an AT-model of K can be done applying Algorithm 1 m + 1
times in the worst case, so the complexity, in this case, is O(m?).

3.1 AT-Models After Adding a Simplex

An incremental algorithm for computing AT-models with coefficients in Z/2Z
appears in [2,[34]. Here, we give an extension of the algorithm with coefficients
in any field and prove that it is a particular application of BPL.

Given a chain a and a simplex o, define ¢, (a) as the coefficient of ¢ in a.
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Algorithm 1. Incremental algorithm for computing AT-models for simplicial
complezes in any dimension with coefficients in any field.

INPUT: An AT-model (K, h, f,g,¢) for K and a g-simplex ¢ not in K
such that K U{o} is a simplicial complex.

If fO(o) =0, then
h:=hU{c}, flo):=0, g(o) =0 — ¢d(o) and ¢(o) := 0.
Else let (€ h such that \:=cg(fd(c)) #0, then
hi=h\{B}, f(o):=0, ¢(0):=0

For every pe K

If A\, i=ca(f(x(1)) #0 then
Fl) o= £(0) — A\ F00).
Bl1) 1= 0(1) + NaA o — 60().
End if.
End for.
End if.

OUTPUT: The set (KU{o},h,f,g,0).
Theorem 2. The output of Algorithm [l defines an AT-model for K U{c}.
Proof. Use BPL considering two cases.

— If fO(c) = 0, let C be the chain complex generated by the simplices of
K U {o} with differential d given by d(u) := d(p) if p € K and d(o) := 0.
Let H be the chain complex with null differential generated by h U {c}. Let
(f',g',¢") be the chain contraction of C to H defined by f/(u) := f(p) and
&) = 6(u) if p € K; ¢'(a) == gla) if a € b f'(0) = 0, g/(0) = & and
@'(0) :=0.Let 6 : C — C be defined by 6(u) :=0if p € K and 6(0) := ()
It is easy to see that ¢'§ is pointwise nilpotent (since §¢'6 = 0) and (d+6)% =
0. Apply BPL to the morphism § and the chain contraction (f’,g’,¢’) of C
to H to obtain the chain contraction (fs, gs, ¢s) of C(K U {c}) to H.

Let us prove now that (fs,gs,ds) is the chain contraction obtained in
Algorithm [I We have that fs(u) = (f' — f'6¢")(1n) = f(p) and ¢s(u) =
(& — 668 ) (1) = 6(u) if 1 € K; fs(0) = (' — ['66/)(0) = & and @s(0) =
(¢ — ¢'6¢")(0) = 0; Finally, gs(a) = (¢’ — ¢'6¢")(a) = g(a) if @ € h and
gs(0) = (9" — ¢'6g')(0) = 0 — $(0).

— If fO(o) # 0, let 8 € h such that A := ¢g(f0(0)) # 0. Let C be the chain
complex generated by the set K U {0, e} where e is an element of dimension
q — 1 that will be eliminated at the end. The differential d of C is given
by: d(p) = 9(p) if p € K, d(o) := e and d(e) := 0. Let H be the chain
complex with null differential generated by h. Let (f',¢’,¢") : C — H be
the chain contraction given by f'(e) := 0, f'(o) = 0, f'(u) := f(p) if
pwe K; g B):=gB)—A1te, g'(a) :=g(a)if a € h; ¢'(e) := 0, ¢'(c) =0
¢' (1) = () + A\ A" o if p € K and Ay, = cp(f(n)) # 0 and ¢/ (k) = d(n)
if p € K and cg(f(p)) = 0. Let § : C — C be defined by 6(p) :=0if p € K,
6(e) :==0and 6(c) :=0(0) —
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It is easy to see that ¢'6 is pointwise nilpotent (since §¢'6 = 0) and
(d+ 8)? = 0. Apply the BPL to the morphism ¢ and the chain contraction
(f',g',¢") of C to H to obtain the chain contraction (fs,gs, ¢s) of C' to H
where C’ is generated by K U {o} U {e}, with differential d + 6.

Let us prove now that (fs,gs,¢s) of C(K U{c}) to H' (generated by
h\ {8} with null differential) is the chain contraction obtained in Algorithm
0 We have that fs(a) = (f' — f'6') (o) = 05 () = £(1) — A\~ fO(o) if
u € K and cp(fA(n) # 0 and fs(n) = f(n) i j € K and ea(f0(0)) = 0.
On the other hand, gs(a) = (¢’ — ¢’6¢')(a) = g(a)if a« € h\ {5}. Fi-
nally, ¢s5(0) = (¢' — ¢'6¢')(0) = 0; ¢s(p) = (1) + A A" (o — ¢0(0))

if p € K and A\, = ¢g(fo(p)) # 0 and ¢s(p) = ¢(u) if p € K and
Ay = ea(f0(u)) = 0.

Fig. 1. The simplicial complexes A, B and C'

Using the algorithm above it is possible to design a procedure for computing
AT-models for finite simplicial complexes in any dimension with coefficients in
any field.

Fig. 2. The simplicial complexes D, E, and F
Algorithm 2. Computing an AT-model for a simplicial complex of any dimen-
sion with coefficients in any field.

INPUT: A simplicial complex K and an ordered-by-increasing-dimension
set of all the simplices of K: {og,...,0n}.
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Define Ky := {09}, h:= {00}, f(oo0):=o00, g(oo0) =00, ¢(og):=0.
For ¢ =1 to ¢t=m do

apply Algorithm [l to K; ;1 and o;.

K, =K, U {0‘2}
End for.

OUTPUT: An AT-model (Km,h,f,g,¢) for K.

The implementation of the algorithm described before has been made by J.
Sanchez-Peldez and P. Real. In Figures 1, 2, 3, 4, and 5, examples of computa-
tions (using this implementation) of AT-models for three-dimensional simplicial
complexes are shown.

Example 1. Consider the simplicial complexes A, B, C, D, E and F' shown in
Figures 1 and 2. In Figures 3, 4, and 5, representative cycles of the homology
generators of these complexes are shown. In the following table, we present the
Betti numbers obtained and the running time for computing AT-models for these
simplicial complexes in a Pentium 4, 3.2 GHz, 1Gb RAM.

Fig. 3. The representative 1-cycles (holes) of A, B, and C

Simplicial complex K Number of simplices of K Time [y (1 B2

A 4586 7seconds 1 14 15
B 13421 12 seconds 3 46 39
C 3286 4 seconds 1 17 10
D 18842 30 seconds 1 27 5
E 26308 50 seconds 2 9 3
F 31113 38 seconds 138 419 13

3.2 AT-Models After Deleting a Maximal Simplex

Now, an algorithm for computing an AT-model for a simplicial complex K of
any dimension with coefficients in any field after deleting a maximal simplex of
K is described.
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Fig. 4. The representative 2-cycles (cavities) of A, B, and C

Algorithm 3. Decremental algorithm for computing AT-models for simplicial
complezes of any dimension with coefficients in any field.

INPUT: An AT-model (K, h,f,g,¢) for K and a maximal ¢-simplex o in K.

If there exists [ € h such that \:=cs(g9(8)) # 0, then
hi= I\ {5},
For every p€ K\ {o} and a €h
If A :=cg(f(un)) #0 then f(u) == f(n) — AufB.
End if.
If X, = co(p(p) #0 then d(u) = d(n) — \pA ™ g(B).
End if.
If Aa = co(g()) # 0 then g(a) := g(a) — Aa X" Lg(B).
End if.
End for.
Else let 7€ K be a (¢ — 1)-simplex not in h then
h:=hU{y} and g¢(v):= (o).
For every p€ K\ {o}
If A, = co(¢(p)) # O then
F(u) = f() + Ny and ¢(n) = d(p) — A\Lgd(0).
End if.
End for.
End if.

OuTPUT: The set (K \ {o},h, f,g,¢)

Observe that the simplex v always exists since the morphism f is onto and

fo(e) =0.
Theorem 3. The set (K \ {o},h, f,g,¢) defines an AT-model for K\ {o}.

Proof. Let us denote by (K, hx, fx,gx, ¢x) an AT-model for K and by (K \
{o},h, f,9,¢) the AT-model for K \ {o} obtained using Algorithm Bl In order
to prove that the output of Algorithm [3is an AT-model for K \ {o}, we check
the two most important properties wich are fg = id and id— gf = ¢0+ 0¢. The
rest of the properties are left to the reader.
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Fig. 5. The holes and cavities of D, F, and I

We distinguish two cases.

— If there exists 3 € hy such that A := ¢, (g(8)) # 0 (recall that h := hx \{5}).
o If & € h such that A\, := ¢, (gx()) # 0 then fg(a) = f(gx(a) —
)\a)\ilgk(ﬁ)) = frgx(a) — )\a)‘il(ngK(ﬁ) - fB) =«

Otherwise, fg(a) = fgx(a) = frgx(a) = a.

o T e K\ {0} and N, ‘= o (0 (/1)) 0 then (60 +06)(1) = ddl(u) +
(D (1) = N AT gic(an)) = 1= gue frc(p) = p— g fsc (1) = 1t — g f ().

IF ¢y (g (1)) = 0 and Aoy = o (onD(n)) # O then (60 + Dp) (1) =
$x0(1) — AT ' guc(ar) + 00 (k) = p — gucfe(p) = Aoy ' guc(n) =
w—gf(p)-

In other case, (¢0 + 9¢)(n) = ¢xd(p) + 0dx () = p — gr frc(p) =

1—9gf(p). , .
— Otherwise, let v € K be a (¢—1)-simplex not in h (recall that h := h,U{v}
and g(y) := 0(0)).
e f9(7) = fO(0) = fxO(0) +~v =1.
If a € hy, fg(a) = fgx(a) = frgr(a) = a.
o 1t e K\ {o} and X, = co (6:c(1)) # 0 then (60 +99) (1) = 6:cd(1) +
i (1) = Mu0bx0(0) = p — guc frc (1) — Au0(0) = p — g f ().
i other cas, 601+ 06)(1) = 0x00) + 00 (1) = 1= (1) =
p—gf(p)-

Ezxample 2. Let us show a simple example of the computation of an AT-model
after deleting a maximal simplex. Consider a simplicial complex K whose set
of maximal simplices is {(0,1,2),(1,2,3)}. The data of an AT-model for K is
showed in the following table.

K h f g ¢
(0)  {0) (0) (0) 0
(1) (0) (0,1)
() (0) (0,2)
(3) 0y  (0,1)+(1,3)
(0,1) 0 0
(0,2) 0 0
(1,3) 0 0
(2,3) 0 (1,2,3)
(1,2) 0 (0,1,2)
0,1,2) 0 0
(1,2,3) 0 0
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After applying Algorithm [3] to the AT-model (K, h, f,g,¢) for K and the
maximal simplex (1,2,3) we obtain the AT-model (K \ {(1,2,3)},h, f,g,¢) for
K\ {(1,2,3)} whose data are:

KA\N{(1,2,3)} h f g ¢
(0) 0) (0) (0) 0
(1) (0) (0,1)
(2) (0) (0,2)
(3) (0) (0,1) +(1,3)
(0,1) 0 0
(0,2) 0 0
(1, 3) 0 0
<273> <273> <2 3> <273> - <1’3> + <1’2> _<071’2>
(1,2)
0,1,2

0 (0,1,2)
0

—~
—
=

3.3 AT-Models After Edge Contractions

Finally, we deal with the problem of obtaining an AT-model for a simplicial
complex K after an edge contraction.
An edge contraction is given by the vertex map

FO g L0 = g0 {(b)}

where f(O((b)) = (a) and fO((v)) = (v) for all v # b.
Let K be a simplicial complex and B a subset of K. Define

B={0'"€ K: ¢ is a face of o0 € B},

StB={ceK: o €eBisafaceof o} and LkB=StB- StB.

The following algorithm computes an AT-model for a simplicial complex K
after and edge contraction in three steps. The goal of the first step is to obtain
a chain contraction of C'(K) to the chain complex associated to a new simplicial
complex (that we also denote by K) satisfying that Lk {(a)} N Lk {(b)} =
Lk {{a,b)}. In the second step, an AT-model (K, h, f, g, ¢) for the new simplicial
complex K obtained at the first step is computed. At the final step, an AT-model
for the simplicial complex K after an edge contraction, by composing the chain
contractions obtained at the previous steps is obtained.

Algorithm 4. Computing AT-models after edge contractions.

INPUT: An AT-model AT := (K, hy, fx,9x,0x) for K, an edge
(a,b) € K and an ordered-by-increasing-dimension set of

all the simplices of Lkx{(a)} N Lk({(b)} \ Lkx{(a,b)}:

{o1 = (w}, ...,w;“), oy O = Wy, . wy, )}
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STEP 1:

For t=1 to i=n:
apply Algorlthm 1 to the AT-model AT and the simplex
{a,bywh...,ws ).

uz . .
Define K K U {{a,b,w, ..., w}, )}
End for.
STEP 2:

For every simplex o € K \ St{(b)}:
Define f(o):=o0, g(o) =0 and ¢(o) :=0.

End for.
betine F({B) = (a), 6((3)) = (@b}, F((ab) =0 and o((a,b)) =
For every simplex (vp,...,v >6Lk” (b):

FUbyvo, ... v,)) = (a Voy .-, Upn) and ¢((b,vo,...,vp)) :=0.
If n=0 then g({a,vg)) := <b, vo) + (a, b).
Else g((a,vo,...,vn)) := (b,v0,...,Un) + 2 4 ( ) {a, by v, .oy Uiy e vy V)

where S={i: 0<i<n, (vo,...,0;,. >€ka{<a by},

End if.
End for.
For every simplex (vo,...,v,) € Lkgx {(a,b)}:

f({a,b,vo,...,v,)) :=0 and ¢({a,b,vg,...,v,)) :=0,

F({(b,vo, ... ,vn)) :=(a,vo,...,v,) and ¢(<b v07...,vn>) :=(a,b,vo,...,0n),

g({a,vo,...,vn)) = (b, v0, ..., Un) + Yot o(—=1){a, b, v0, ..., Vs, ..., Op).
End for.

STEP 3:
Define L:={f(0):0 € K}.
For every p € L and a € hy

Fo() = Frg(i)s du(i) = Fbreg(s) and gu(a) == fau(a).

End for.

OUTPUT: The set (L,hu, fu, g0, ).

Here, we define by Lk2 (b) the set of all the simplices in Lk, {(b)} without
having a as a vertex. Moreover, without loss of generality, we suppose that
a < b < v for any vertex v of K.

Theorem 4. Given a simplicial complex K and an edge {(a,b) € K, the set
(Lyhie, fr, 95, d1) defines an AT-model for the simplicial complex L obtained
from K after contracting the edge {(a,b).

Proof. Let (K, hx, fx, gx, dx) be an AT-model for a simplicial complex K and
let (a,b) be an edge in K. We only prove that the set (K, h, f, g, $) (obtained at
the second step) is an AT-model for the new simplicial complex K (obtained at
the first step). To this aim, we check that fg = id and id — gf = ¢0 + 0¢. The
rest of the properties are left to the reader.
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— If 0 € K\ St{(b)} then, by definition, fg(c) = o and (¢0 + 9¢)(c) =0 =
o—gf(o).
— (90 + 99)((b)) = 9((a, b
(60 + 06)((a,)) = H((
— If (vo,...,vn) € LK% (b
o 10 =0, fg({a,u0)) = F({b,vo) + a,B)) = {a, vo).
(60 + 08) (b, o)) = &((v0) — (B)) = —(a,B) = {b, v0) — g ({b, v0)).
e Otherwise,
fgé(a,vo, .. ,v,)L>) = f((b,vo,...,vn) +> (=1){a,b,vo,...,0;...,0))
= {a,Vg,y...,Upn).
(¢0+0)({b,v0; - - -, v))=D((v0, - -+, v D 5 (= 1) (b, w0, -, Biy oo V)
=3 (=) a,b,v, ..., Dy vn) = (id — gf)((byvo, - . ., vn)).
— If (vo,...,vn) € Lkx{(a,b)} then
fal{a,vo,...,vn)) = f((b,vo,-..,0n)) = (a,v0,...,0n).
(¢8 + 8¢)(<a7 ba Vo, -+ Un>) = ¢(<b7 Voy - -+ Un>) = <(l, b, vo, ... ) vn> = (Zd -
gf)(<a7 ba Vo, - - - 7U’ﬂ>)'

Fig. 6. Simplicial complexes K and L

Example 3. Now we give a simple example of the computation of an AT-model
after an edge contraction. Consider the simplicial complexes K and L (obtained
from K after contracting the edge (a,b)) shown in Figure 6. The simplices
of Lk {(a)} are in red, and the ones of Lk, {(b)} are in blue. In this case,
Lk {{a,b)} = Lk{{(a)} N Lk, {(b)}. In the following table, the non-trivial re-
sults of the contraction (f, g, ¢) from C(K') to C(L) (obtained using Algorithm[4)
are given:

K L f g ¢
) (@ (a,b)
(b, 1) (a,1) (a,b,1)

(b,2) (a,2) 0
(a, b) 0 0
(a,b,1) 0 0
<b,1,2> <a,1,2> 0

(a,1) (b, 1) + (a,b)
(a,2) (b,2) + (a,b)
(a,1,2) (b,1,2) + (a,b,1)
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4 Conclusions

Homological Perturbation Theory deals with algorithms for manipulating ex-
plicit chain homotopy equivalences between differential graded modules under
suitable perturbations in the differentials of the modules. Here, we start a study
for extending this theory to “module perturbations” produced in the underly-
ing module structures. Working with a field as the ground ring, we reduce our
perturbation homological analysis to particular chain contractions: AT-models
for finite simplicial complexes. Taking as input an AT-model for a simplicial
complex K and perturbing it with changes in the graded module structure of
C(K) (addition or deletion of simplices or edge contractions), we have designed
algorithms for restructuring the chain contraction information including these
changes. More interesting simplicial perturbations such as “parallel” addition
or elimination of simplices will be studied in a near future. Moreover, to extend
these positive algorithmic results to general differential graded modules seems to
be possible establishing an ordering for the generators of the underlying module
structure.
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