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Partial Regularity of Free Discontinuity Sets, I
LUIGI AMBROSIO -~ NICOLA FUSCO - DIEGO PALLARA

1. - Introduction

In this paper we continue the study, started in [5], of the regularity of (quasi)
minimizers of a class of free discontinuity problems including the minimization
of the Mumford-Shah functional

(1.1) G, K) = f [IVul? + e — g)?] dx + pH" ' (K),
Q\K

where © C R” is an open set, g € L®(Q), @, B > 0 and H""!(K) is the
(n — 1)-dimensional Hausdorff measure of K. In (1.1), K varies in the class of
relatively closed subsets of © and u € C!(Q2\K) (see [20], [6], [19], [16], [11]).
Notice that, given K, the optimal function u is the solution of the Neumann
problem

(1.2) Au=a(u-g), B_u =0
on

in Q\ K. Namely, we prove in Theorem 3.1 that any optimal free discontinuity
set K is a C* hypersurface except for a closed singular set S satisfying
H"~1(S) = 0. Moreover, we give a characterization of singular points which
could be exploited to get further information on the dimension and the structure
of S.

The starting point of this paper is a criterion, proved in [5], for the Cl:*
local regularity of optimal sets K. The criterion involves the rate of decay of
the quantity

Fx, p) = p~"" min / dis2(y, A) dH"™(5)
Bp(x)ﬂK
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measuring the flatness of K (here A denotes the set of affine hyperplanes in
R") and of the scaled Dirichlet energy

D(x, p) = p' / Vul dy.

Bp(x)

The application of such a criterion to our partial regularity result is based on
two decay estimates. The first one, concerning the flatness improvement has
been already proved in [S] (see Theorem 3.4 below). Heuristically, (see [5]) a
first variation argument and the rectifiability of K show that the Dirichlet energy
controls the mean curvature of K. Hence, the proof of flatness improvement
has a more geometric flavour and involves some typical arguments of minimal
surfaces theory.

The second decay estimate is concerned with the Dirichlet energy. Assum-
ing the decay estimate to be false, we find a sequence of quasi minimizers
(zn, Cp) and a sequence of balls B,,. Scaling and normalizing, we obtain a
sequence of quasi minimizers (v, Kj) in a fixed ball Bg whose gradients weakly
converge to the gradient of a function v which is harmonic in the upper and
lower half balls, with zero normal derivative on {x, = 0}. An easy reflection
argument shows that the scaled Dirichlet energy of v on B, decays like p. To
transfer this property to the sequence v, (thus getting a contradiction) we need
to prove strong convergence of the gradients. To obtain this convergence at least
in a smaller ball, we introduce functions obtained by taking the composition
of v, with deformation maps pushing a large part of K, on suitable minimal
surfaces. An energy comparison argument leads to the strong convergence of
gradients and to the desired contradiction.

A feature of our problem is that the flatness improvement theorem involves
also the Dirichlet energy, and viceversa. For this reason an iteration argu-
ment leading to the improvement of both quantities is needed. The idea is to
use the decay of F(x, p) if F(x, p) controls D(x, p) and to use the decay of
D(x, p) if F(x, p) is much smaller than D(x, p). This iteration argument seems
to be a natural tool for treating the partial regularity of free discontinuity
problems. Partial regularity results for minimizers of the Mumford-Shah func-
tional have also been obtained in the two dimensional case by Bonnet and David
(see [7] and [13]).

2. — Quasi minimizers

In the following a natural number n > 2 will be fixed and we omit the
dependence of several constants on n. Since we will often deal with (n — 1)-
dimensional sets, we will use the notation m for n — 1.
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Let Q C R”" be an open set. For any function u € L(S) the set S, denotes
the the complement of the Lebesgue set of u, i.e.,

x¢S, = JzeRst lim p™" / lu(y) —zldy =0.
p—0t
Bp(x)
The space SBV (2), introduced by De Giorgi and Ambrosio in [15], consists
of all functions u with finite total variation in © such that the singular part
(with respect to Lebesgue measure) D*u of the distributional derivative Du is
supported in S, i.e.,
|D°ul(R\ S,) =0.

In the following, Vu stands for the density (with respect to Lebesgue measure)
of Du. Notice that

2.1) u € SBV(Q) = ueWh(Q\S,

because the singular part of the distributional derivative of u is supported in S,,.
In SBV(S2) many variational problems involving volume and surface energies
can be formulated and have a solution (see [1], [2], [3], [4]). In this paper
very little of the SBV theory will be used, because a density lower bound for
minimizers (see Proposition 2.4 below and (2.6)) allows a reduction to the study
of pairs (4, K (u)), with u € WH1(Q \ K(u)) and K (u) = S,.

Now we give the definitions of local minimizers and quasi minimizers
assuming B = 1. This assumption is not really restrictive, by a scaling argument.

DEeFINITION 2.1 (local minimizers). We say that u € SBVic(R2) is a local
minimizer in Q if
2.2) /qu|2dx +H" (Su NA) < +oo VA CC Q2
A
and
/qu|2dx + ’H”'(Su n A) < /lelzdx + H"‘(S., N A)
A A

whenever v € SBVioc(2) and {v # u} CC A CC Q.

DEFINITION 2.2 (quasi minimizers). We will call deviation from minimality
Dev(u, 2) of a function u € SBVi,c(R2) satisfying (2.2) the smallest A € [0, +00]
such that

/qulzdx+’H"‘(SuﬂA) 5/|Vv|2dx+’H'”(S,,ﬂA) + A
A

A
for any v € SBVio.(2) such that {v # u} CC A CC Q. Clearly, Dev(u, 2) =0 if
and only if u is a local minimizer in Q2. Moreover, we say that u is a quasi minimizer
in Q if there exists a nondecreasing function w(t) : (0, +00) — [0, +00) such that
()} 0ast | 0and
(2.3) Dev(u, B,(x)) < p"w(p)

foranyball B,(x) C Q2. We denote by M,,(2) the class of functions satisfying (2.3).
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ReMARK 2.3. The canonical example of quasi minimizer is given by the
minimum u of the Mumford-Shah functional

Q4 F(u) = / [IVul® + a(u - g)* dx +H™(S.) ,
Q

with g € L*°(2) and « > 0. Indeed, it is easy to check that
Fwy=FMAvv —-M) Vv € SBVjoc(R2)

with M = ||g|lcc. This shows that ||u|.c < M and, for any competing function

v, the inequality F(u) < F(M A v Vv —M) implies that the deviation from
minimality of u in B,(x) does not exceed 4w, (lgllgop”. Hence u € M, (R2)
with

o(t) = dam gl .

Existence of minimizers follows by the compactness and lower semiconti-
nuity results of [1] and [4]. Using Proposition 2.4 below it can be seen (see
also [16]) that the minimum of F on SBVj,(2) is equal to the minimum of
the functional originally proposed by Mumford-Shah and Blake-Zissermann:

(25) Gu, K) = / [IVul® + a(u — g)*] dx + H™(K) .
Q\K

In (2.5), K varies in the relatively closed subsets of  and u varies in C!(Q\K).

PROPOSITION 2.4. Let u € M (S2). Then, for any ball B,(x) C S2 centered at
x € S, we have

P = Po = H" (Su n Bp(x)) > 6,0"
Jor some positive constants p,, and 0,, depending only on w. Moreover,
H™"(S, NQ\S,) =0.

Proor. See Theorem 2.7 and Proposition 2.8 of [S]. The density lower
bound for minimizers of the Mumford-Shah functional has been proved also
in [11] and [19]. a

We will denote the set S, by K(u). If u € M,(R2), Proposition 2.4 and
the quasi minimality condition imply
/ [Vul*dy + H™ (K () N B,(x))
Bp(x)
< [ IVoldy+ 1" (K@) 0 B,w) + #"0 (o)
Bp(x)

for any v € SBVioc(2) such that {v # u} CC B,(x) C Q.

(2.6)
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3. — Statement of the main result
In the following, A stands for the set of affine hyperplanes in R". The
main result of our paper is the following:

THEOREM 3.1. Let M, (S2) be defined in Definition 2.1, u € M,(Q), and
assume that

(3.1) w(p) < cop”

for some constants co > 0, y > 0 and let « = min{1/4, y}/(m + 2). Then, there
is a positive constant go(co, y) such that for any x € K (u) and any ball B,(x) C Q
with p < 1, the condition

G2 o / IVul* dy + min / dist®(y, A) dH"™(y) < g0p™*?
€
Bp(x) Bp(x)NK (u)

implies that B,/>(x) N K(u) isa C Le hypersurface.

REMARK 3.2. Let R be the set of regular points of K(u), i.e., the set of
those points x € K(u) such that (3.2) holds for a sufficiently small p € (0, 1).
Then, the complement § = K(u) \ R is relatively closed in © and it is made
of all points satisfying either

2
(3.3) lim sup p~™~2 min / dist(y, A) dH™(y) > 0
P—>0+ Ae A
Bp(x)NK (u)
or
(3.4) liminf o™ / |Vul>dx > g.
p—0t
Bp(x)

It is easy to see that H™(S) = 0. Indeed, (3.3) is not satisfied at any point
x € K(u) where K(u) has an approximate tangent space P (see [21, Th.
11.6]) because, to estimate the integral in (3.3) we can choose A = x + P,
thus obtaining that the limit is 0. Moreover, a differentiation theorem (see [21,
3.2(1)]) shows that

/ \Vu?dx > %O’H"’(C)
C

for any Borel subset C of the set E of points x € Q satisfying (3.4). The
inequality above implies that E has locally finite H™-measure, hence L"(E) = 0.
Using the inequality again we obtain that H™(E) = 0.
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The proof of Theorem 3.1 is based, among other things, on a C1* regularity
criterion proved in [S]. Let us introduce a notation for the Dirichlet integral
of u

35) D(x, p) = / Vul? dy

Bp(x)

and the flatness of K (u)

(3.6) A, p) = min / dist?(y, A) dH™ ().
€
Bp(x)NK (1)

We can state the following result:

THEOREM 3.3. Let u € M, (2) and assume that there exist C > 0,0 € (0, 1)
such that w(p) < Cp* and

D(x, p) + p2A(x, p) < Cp™*°

Sforanyball B,(x) C Qcenteredatx € K (u). Then, QNK (u)isaC Le hypersurface
witha = o/(m + 2).

Proor. See [5], Theorem 5.3 and Remark 5.4. ]

To verify the assumption of Theorem 3.3 in B,/2(x) (with x satisfying (3.2))
we need to know that A and D satisfy good decay properties. The following
typical decay property of A has been proved in Theorem 6.2 of [S]: it says
that if K (u) is sufficiently flat near x, it is flatter on a smaller scale, provided
0°D(x, p) and p™+2,/w(p) are comparable with A(x, p) (remember that the
Dirichlet integral is related to the curvature of K (u)).

’

THEOREM 3.4 (flatness improvement). For any choice of 8 € (0, 1/112) and
n > Othere exists €1(B, n, w) > O such that, for anyu € M,(B,(x)), the conditions

AG,p) S E1p™2, A, Bp) 2 10X [D(x, p) + PV (p)]

and x € K (u) imply
A(x, Bp) < CB™**A(x, p)

with C depending only on w.

The following theorem is the natural counterpart of the flatness improvement
theorem: it says that in the regions where A is much smaller than D there is
improvement of D.
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THEOREM 3.5 (energy improvement). For any choice of B € (0, 6/7) there
exist £2(B, w) > 0 and n(B, w) € (0, 1) such that, for any u € M,(B,(x)), the
conditions

D(x, p) < 820", A(x,0) < &20™,  p™Vw(p) + A, Bp) < n0’D(, p)
and x € K (u) imply
p(x. £5) < "D, )
257/~ T
A large part of this paper will be devoted to the proof of the energy
improvement theorem. Using a careful choice of the constants in both decay
theorems, and using in an essential way the independence of the constant C
of Theorem 3.4 on B and 7, we will be able to perform in Lemma 6.1 and
Corollary 6.2 a joint iteration leading to the desired estimates on A and D.

4. — Preliminary results

The following theorem is concerned with the asymptotic behaviour of se-
quences of quasi minimizers assuming that Dirichlet energy tends to zero and
the jump sets become flatter and flatter.

THEOREM 4.1. Let (up) C My (BR), (Sp) C A be satisfying the conditions

lim / |Vunl? dx + Dev(up, B,) + / dist?(x, Sp) dH™ =0
00

h—
Bp BpNK (up)

for any p € (0, R) and

h—llr-lr-loo dist(0, K (u3)) =0, hEToo Sh=S.
Then S contains the origin and the following properties hold:
(i) for any p € (0, R) the height

_max dist(x, S)
x€BpNK (up)

is infinitesimal as h — +00;
(ii) denoting by S;E /4 the two connected components of

{x € Bgjz : dist(x, S) > R/4},

/uhdx— /u;,dx

+ —
Sk/a Skya

we have

liminf
h—+00

>0;

(iii) the measures H™ L K (up) weakly converge to H™ L_S in Bg.
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Proor. Let x, € K(up) be converging to 0 and

i {dist(O, Sy R
ph - 4 ’ pw, 4 .

Using Proposition 2.4, if (a subsequence of) pj is not infinitesimal, for h large
enough we get

dist?(x, Sp) dH™ > / dist?(x, Sp) dH™
BR/ZF\K(uh) Bph (xp)NK (up)

> 0,0 dist*(x, Sh)

min
Bph (xp)NK (up)

)
2 6,pj! min dist’(x, 5y) > oy
Ph

a contradiction. Hence, the distances of S; from O are infinitesimal, S contains
the origin and

 Jim / |Vun|? dx + Dev(u, B,) + / dist*(x, S)dH™ =0
—+00
Bp Ban(uh)

for any p € (0, R). Then, (i) follows again by the density lower bound (see [5,
Proposition 5.1]). The properties (ii), (iii) are proved in Step 4 and Step 5 of
Theorem 4.3 [5] (see also Lemma 6.1 of the same paper). O

The next lemma is based on a well known reflection argument.

LEMMA 4.2. Let B* be the upper unit half ball in R" and v : B* — R. For
a € (0,1), let St ={(z,y) € By : y > a} and let us assume that v € H‘(Sj)for
anya > 0. Then
(i) v belongs to H'(B*) if and only if Vv € L*(B*);
(i) ifv € HY(B™") and

4.1) /(Vv, Vo)dx =0 Vo e Ci(B))
Bt

the function v(z, y) = v(z, —Yy) is the harmonic extension of v to B,.

ProoF. (i) One implication is trivial. Assuming Vv € L%(B%), we need
only to show that v € L2(B*). Clearly, the functions v; = k AvV —k belong to
HY(B*) and ||[Vullz < | Vv|l; for any k > 0; the Poincaré inequality (see [22,
Th. 4.4.2]) implies

/Ivk—fzklzdx _<_c/|Vvk|2dx
B+ Bt
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for some dimensional constant ¢, with v, equal to the average of vy on Sr/z-
Letting k - +o00 we get

/|v—a|2dx5c/|w|2dx
Bt Bt

hence v € L2(B™).
(ii) It is well known that ¥ € H(B;). For any test function ¢ € Cé (B)), using
two times (4.1) and a change of variables we get

/(Vi), Vo)dx = /(Vv, V¢)dx + / (Vv, Vo) dx

By Bt Bj\Bt
= / (VD, Vo) dx = /(Vv, Vp)dx =0
Bj\B+ Bt
with ¢(z, y) = ¢(z, —y). Hence, ¥ is harmonic. a

For any 1-Lipschitz function v on dBg, let us denote by v : B — R the
solution of the minimum problem

4.2) mm{/ \/1+ |Vul?dx : u 1-Lipschitz, ¥ =v on BBR}
BR

and let

EWw) = / Vi1+ |IVo|2dx.
Bg

We are interested to estimate the convergence to 0 of £(v) —wnR" as |[v]| 13,
tends to 0.

LEMMA 4.3 (area excess estimate). Let v : dBg — R be a 1/2-Lipschitz
function. For any @ > 1 we have

2 R||Vv]?
n a 2 L2(3Bpg)
(4°3) g(v) - wnR S [R “v"LZ(aBR) + n + 2 _ 2 ]

provided ||v|l0c < R/(2a).
Proor. The transformation

1
u(x) = a(y) = iu(Ry)

preserves the Lipschitz constant and maps functions on By to functions on B;.
Hence, we can assume with no loss of generality that R = 1.
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Let vy(x) = |x|*v(x/|x]). By the equations (in polar coordinates)
V, vy = ar® v(w), Ve =r*V,v(w)

we infer that |V,vy| < 1/2 and |V,v,/r| < 1/2, hence v, is a 1-Lipschitz
function. In particular

1
£@) —on < E@) 00 < 5 / Vval? dx
By
1

1

2 2 n+20—3 2 n+20—3

< [a 225m,y [ 72 dr + Vbl [ 7 dr}
0 0

V|2
< a2"v"2 + " "LZ(aB])
= 2@ " py2e—2 |

LEMMA 4.4 (deformation lemma). Let g*, g~, g : B — R be Lipschitz
functions such that g* = g~ = g on 3B} and

-2<g (@) <g@=<g"@)<2 Vz € BP.
Let C be the cylinder B x (—3,3), I'(g) C C be the graph of g, W C C be the
open set above the graph of g* and below the graph of g~.

Then, for any v € SBV (C) there exists w € SBV (C) such that the traces of v
and w on 3C are equal and

/|Vw|2 dx < M/ |Vv|?dx, H™ (S \T(g)) < MH™(S, N W)
C w

with M depending only on the Lipschitz constants of g%, g™, g.
PrROOF. Let x = (z,y), ® : C — C be the map defined by

(2,3+B—-(-1-g*@ +8R)) if 2<y<3;

(z.y — 87(2) + 8(2) if gt <y=<2;
®@z,y) = (2,8(2) if g7(@)<y=<gt@;
(z.y — 8" (@) +8(2) if —2<y<g (@;

(z, -3+ +DU-g (@) +g@)) if —-3<y=<-2.

It is easy to check that the restriction of ® to dC is the identity map, & : W —
C\T'(g) is invertible and the norm of the Jacobian matrices of ® and &~! can
be uniformly estimated with the Lipschitz constants of g*, g~, g. The function
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w :=vo ®~! (arbitrarily defined on I'(g)) has the same trace of v on dC and
Sw \T'(g) C (S, N W), hence
H" (Sw \ F(g)) <MH™ (S,, N W) .

Moreover

/ IVw(x)]>dx = / |Vo(@~ ! (x)) Vo~ (x)|* dx
C C

=/|Vv(x)Vd>"(d>(x))|2|detJ<l>(x)|dx < M/|Vv|2dx. i
w w

THEOREM 4.5 (Lipschitz approximation). There exist constants R(w) > 0 and
P(w) > 0 with the following property: let u € M (B7,) for somer < R and let

, B
A= / IT+x|*an", D=/|Vu|2dx, L=r" De:g:)m&).

Bg,NK (u)NSy Be,

Then, if PA < r™*? and K (u) N B,/16 # O there exists a Lipschitz function f :
T — T+ with Lipschitz constant less than 1/2 such that

. A
(4.4)  sup|fI™*? < PA, / IflPdz< A+ P(—2 +D+ L)(PA)2/<"'+2>
B™ N
r/4
) A
4.5) IVfPdz<P|5+D+L
m

Br/4

and, denoting by I'(f) the graph of f, we have
(4.6) H’"(B,F\K(u)\l"(f))5P[%+D+L].

Proor. Let R = R(w, 1/2) be the costant defined before Theorem 5.2
of [5]. We will indicate by ¢ the generic constants depending only on n and
w appearing in the estimates of Theorem 5.2 of [5]. Then, this theorem states
that A/r™*2 < ¢ and K(u) N B,16 # @ imply the existence of a Lipschitz
continuous function f : T — T+ with Lipschitz constant less than 1/2 such
that sup | f|"*2 < cA and

H™ (B, N K@) \T(f)) + H"(X)

“.7) <c L/ |Vu|?dx + / I1S: — T||2d’H"’]

5r Bs,NK (u)
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where X is the projection on B,”;4 of I'(f)\ K(u) and ||S; — T|| represents the
distance of the approximate tangent space S, to K(u) at x from T (see [5] for
details).

Using the tilt lemma (see Lemma 6.1 of [5]) we obtain (4.6) from (4.7)
and the estimate H™ (X ) < c(A/r> + D + L). The second inequality in (4.4)
can be easily deduced from the first one by evaluating separately the integral
on X and the integral on By, \ X.

Finally, the inequality (4.5) can be proved with the same method using the
tilt lemma and noticing that |V f| < 1/2 and

2o IVi@P 1 )
IS =TI =2(1 = w) 2 G 2o 2 5 V@)

where v is the normal to the graph of f at x = (z, f(2)), with z € X differ-
entiability point of f (see Step 2 in Theorem 6.2 of [5]). 0

5. — Proof of the energy improvement theorem

We assume without loss of generality that w(¢z) > O for any ¢ > 0. As
usual, to prove Theorem 3.5 we argue by contradiction, getting sequences (z5) C

Mu(Bp, (yr)), (Sh), (81) C A satisfying

60 [ valax<mer [ dstesoant <mep?
Bpy, (yn) Bpy, (Yn)NK (zp)

o2\ /w(pn) + / dist?(x, S;,) dH™

Bgy, (yp)NK (zp)
(5.2) o

< vhoi / |Vzul? dx
Bph()’h)

for a suitable infinitesimal sequence y;, and

(53) / \VzslPdx > p" / Vzal?.

Bgoy, 1250h) Bp, (&)

To rescale all the functions to a fixed ball we will use the following remark.
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REMARK 5.1 (scaling). Let u € SBV(Q) and let B,(xp) C 2. Then, it is
easy to check that

1
uy(y) = ﬁu(xo + py)

belongs to SBV(RQ,) with Q, = p~! (R —xo). Moreover, for any ball B,(y) C
Q, we have

/|Vu,,|2'dx=p—"' / |Vu|?dx,

By(y) Byp (xg+py)
H™ (Sup n Bn(y)) =p "H" (Su N Bnp(xo + p}’))

Dev(uy, By(y)) = p~"Dev(u, By, (xo + py)) .
In particular, if p < 1, the monotonicity of w(p) shows that

u € M,(R) = up € My(82).

Let R = R(w) be given by Theorem 4.5. By (5.1), (5.2), (5.3) and our
assumption on w we obtain that p, < R for h large enough. Hence, scaling
the functions by a factor p,/R as in Remark 5.1, we obtain new sequences
(up) C My (Br(xr)), (Th), (f‘h) satisfying the conditions

(5.4) / |Vup|?dx < R™yy, / dist?(x, T,) dH™ < y, R™*?

BR(xp) BR(xp)NK (up)
(5.5 Vo) + / dist*(x, Tp) dH™ < wa / |Vuy|? dx
BﬂR(xh)nK(uh) Br(xp)
and
(5.6) / |Vup|?dx > B / |Vup|>dx .
BgRr/25(xn) BR(xp)

The deviation from minimality of u, in Bgr(x;) satisfies

Dev(zn, By, (¥r))
Py /R™

2
< R"’yhz(/IVuhlzdx) .
Bg

Dev(uy, Br(xp)) = < R"w(pn)

6.7
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Denoting by T the hyperplane {x, = 0}, by a rotation and a translation we can
assume with no loss of generality that T,=T, T(xy) =0 and T}, converges
to some hyperplane S. Using (5.5) and the density lower bound it is easy
to see, by the same argument used in Theorem 4.1, that x, — O (notice that
xn € K(up)). By Theorem 4.1(iii) and (5.4), (5.7) we obtain that H™ L K (up)
weakly converges in Bg to H™L S and S contains the origin. Since

0= lim / dist?(x, T,) dH™
h—+00
BﬂR(x,,)nK(uh)

=, lim / dist?(x, T)dH™ = / dist*(x, T) dH™
—+00
BgrNK (up) BggrNnS

we infer that T = S. Setting now

1
&p = (9/|Vuh|2dx)
R

and defining v, = u/e, we can rewrite (5.4), (5.5), (5.6) as follows

2

(5.8) lim &} + / dist*(x, T)dH™ = 0
h—+00
BRr(xp)NK (vp)
(5.9) / dist?(x, T) dH™ = o(&?)
BgR(xp)NK (vp)
(5.10) / |Vup|?dx =1, / |Vug|>dx > B".
BR(xp) BgRr/25(xn)

We point out that, by (2.6), the functions v, are quasi minimizers in Bg(xp)
of the rescaled functionals

(5.11) Fr(v) = / |Vv|?dx + iZH'”(Bp N K®@w))
B, Eh
o

and, denoting by Dev, the deviation from minimality of F, (5.7) yields

D ,B
(5.12) A llT Devy, (v, By) < lim sup M =0
—+00

h—>+00 3;2,

for any p < R (notice that B, C Br(x;) for h large enough).
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STep 1. Let us use y = x, to denote the “vertical” coordinate. By (5.8)
and Theorem 4.1(i) we obtain

(5.13) lim sup |y|=0 VD CC Bgr.
h—+o00 xeDNK (vp)

In particular, the maximal height of K(v,) in FR/Z is infinitesimal. For any
a > 0 we denote by S (respectively S, ) the set of points x € Bg/, such that
y > a (respectively y < —a), we denote by c;,E the average of v, on S§/4 and
we assume, up to a change of sign, that ¢} > ¢;. By Theorem 4.1(ii) we
obtain that the sequence ¢, (c,‘,r — ¢, ) has no infinitesimal subsequences, hence
(cif —cy) diverges.

For any a > 0 (5.13) implies the existence of h, € N such that v, — ci,t
belongs to H!(SE) for h > h,. Moreover, if a < R/4, the average of vy, — ci
is zero on S§/4 C ST and the Poincaré inequality (see [22, Th. 4.4.2]) implies
that the family {vy — cf}s>s, is bounded in H'(SE). Possibly extracting a
subsequence, by a diagonal argument we can find a function v : Bg2\T — R
such that v, — ¢ weakly converges to v in H!(SZ), and also pointwise in S,,
for any a € (0, R/4). By lower semicontinuity of the Dirichlet integral and the
first equality in (5.10) we infer

(5.14) /IVvlzdx <1.
Bp

In particular, Lemma 4.2(i) yields v € H'(S¥).

STep 2. Now we show that v in harmonic in Bg,; \ T and its normal
derivative on T is zero.

Using (5.12) and comparing Fj(v,) with Fj,(vy + @) for ¢ € Cé(BR/z\T),
it is easy to check that v is harmonic in Bg,; \ T.

Possibly passing to a subsequence we can assume that the measures |Vuvy|?
L" are weakly converging in Bg,; to some measure . Since Vv, weakly
converges to Vv in Bg/, we have u > |Vv|2L".

Comparing Fj,(vy) with Fp(¢(v +c,:,t) + (1 —¢)vy) with ¢ € Cé(BR/z \T)
and using again (5.12) we get the inequality

[ vupdr< e [ o1vor+a-ivuiax
BRr/2 Brys
1 2 + 2
+ (1 + E) IVo|“(vp — ¢y —v)“dx + o(1)
B2

for any ¢ > 0. Using the strong convergence of vy — c,f to v in L (Br2\T),
letting first h — +oo then ¢ — 0 we find

[ daus [ orvoras.

Br» BRrp2
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Since ¢ is arbitrary, we obtain that uL(Bg/, \ T) = |Vv|2L", hence the abso-
lutely continuous part of u is obviously |Vv|2£" and the singular part must be
supported in T'.

We now claim that v has zero normal derivative on T N Bgrjz, i.e.,

(5.15) /(Vv, Vé)dx =0

+
So

for any ¢ € C}(Bg/2). Indeed, let ¢ € CA(Brs2), ¢ > 0 and let ¥ : R - R
be a smooth non decreasing function such that ¥ (—o0) = 0, ¥(+00) =1
and ¥'(t) < ¢ for any ¢t € R. By (5.12) the sequence z; = Devj(vs, Br/2)
is infinitesimal. Hence, denoting by c; the average of ¢} and c;, comparing
Fu(vp) with F, (vs + /2a¢¥ (vn — cx)) and dividing both sides by ,/z, we
obtain

lim inf / Y (v — cr){Vun, Vo) dx + / &Y' (vp — cn)|Vur|*dx > 0.

h—+o00
B2 Bry2

Since Vv, weakly converges to Vv in L%(Bg/2, R") and ¥ (vp — c;) strongly
converges to Xst (here we use the fact that ¢, — ¢, — +00) we obtain

/ (V$, Vo) dx > —&lBlloo-

+
So

As ¢ and ¢ are arbitrary, (5.15) is proved for S§. The argument for S; is
similar. By Lemma 4.2(ii) we infer that the restrictions of v to SOi can be
prolonged by reflection along T to harmonic functions on Bg/;. In particular,
v and Vv are locally bounded in Bgr,> and

Vp € (0, R/2).

2npn 2npn
2 2

(5.16) /leI dx < 7 / |Vv|“dx < T
By

Bry2

Ster 3. Now we prove an estimate from below on the size of K(vp),
namely
H™(Cp N K (vh)) > wmp™ — 0(e})

for any cylinder C, = B/ (x0) X (—p, p) contained in Bgryy. Let Z, C B/ (xo)
be the projection of C,NK (v;) on T; by well know properties of Hausdorff
measures it suffices to prove that £L™(Zp) > w,p™ —o(eﬁ). Let G, = B;,” xo)\ Zy;
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given a € (0, p) we have that the functions v,(z, ) are absolutely continuous
in (—a, a) for L™-almost every z € Gy, hence

/Ivh(z,a)—vh(z, —at)lzdzSZcJ/A%—;i
(5.17) Gh G —a

2
(z,y)dydz

<2a / |Vup|?dx <2a.

BRr2

On the other hand, the integrals

/ |(oh(z, @) — &) — (a2, —a) — )2 dz
Gp

are bounded because of the convergence of (v, — c,’f) to v. Since (c,':' —cp)
tends to +oo from (5.17) we infer that £™(G}) is infinitesimal, hence

(5.18) hETOO/th(z, a) —cf) — (vn(z, —a) — c;)|2dz =0
Gp

for any a € (0, p). Assuming by contradiction that L™ (Gp,) > Baﬁk for some
8 > 0 and some subsequence (h;), by (5.17) and (5.18) we obtain

8ej, (cf, — ci)? < L™(Gr) (et —ci)? < 3a

for k large enough depending on a. Since a is arbitrary we find that &, (c,'fk —

c;k) tends to 0, a contradiction with Theorem 4.1(ii).

Step 4. Applying Theorem 4.5 to the functions u, with r = BR/6 we
can find 1/2-Lipschitz functions f : Br”}4 — R such that (we use (4.4), (4.5),
5.9), 5.7)

(5.19) Jim suplfil =0, [ 1fiPdz = o6D
Bl
(5.20) / IV ful*dz < Qe}
B;"/4
(5.21) H"™ (B, N K () \ T (fn)) < Q¢}

for some constant Q > 0. Possibly extracting a subsequence, we can assume
that the measures

1
Vp = s_sz L(K @) \T(fn))
h
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are weakly converging in B, to some measure v. Since the maximal height of
K (vp) is infinitesimal, the measure v is supported in T.

STEP 5. We will prove that u = lim|Vv,|2L" is absolutely continuous
with respect to £". The convergence of the Dirichlet integrals and the final
contradiction will follow at once.

Let us fix a cylinder C = B (x0) x (=3p,3p) contained in B/, and
assume that p and xq fulfil the conditions

(5.22) 1(@C) =v(dC) =0
1
(5.23) liminf — f IVful*dz < Q' < +00.
h—>+00 ah
3B (xp)

Let h(k) be a subsequence such that

X 1
lim —— / IV fawlPdz < Q'
k—+00 sh(k)

9B (x0)

and let g :E:’(xo) — R be the 1-Lipschitz solutions of the least area prob-
lems (4.2) with B;,"(xo) in place of Bg and fn) in place of v. Let

Gy =_inf  fiw+lx—yl, g&®= sup fiw® —Ix—yl.
y€d B[ (xg) y€dB (xg)

It is well known (and easy to check) that g and g; are respectively the largest
and the smallest 1-Lipschitz extensions of the restriction of fu) to aB;,"(xo).
In particular

g (x) < @(x) < gf(x) and g (x) < fupy®) <gf(x)  Vxe B, (x).

Since f; uniformly converges to 0 in dBp'(xo), the functions g,‘i uniformly
converge in Er(xo) to dist(x, 3 B} (x)); we set

Woo = {x = (z,y) € C : |y| > dist(z, 0B} (x0)) } -

For k large enough we have Hg,’cE lloo < 2p, hence we can apply Lemma 4.4,
getting functions wy € SBV(C), with the same trace of v,k of dC, such that

(5.24) / [Vwe|?dx < M / |Vupay | dx
C Wi
and

(5.25) H™ (Sw,) < MH™ (K (vay) N W) + H™ (T (g1))
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where W denotes the open portion of C above the graph of g} and below the
graph of g, . Using Lemma 4.3 and taking into account (5.19) and (5.20) we

have . n )
r —
lim sup Ll (gkz) )~ onp = pQ
k—+400 eh(k) m + Za - 2

for any @ > 1, hence H™(I'(gk)) < wmp™ + 0(€})). Using the fact that
Wi does not intersect the graph of f,x) we obtain the following estimate on
H™ (Sw):

(5.26) H™ (Suy) < 0mP™ + Mgy vhay (Wa) + 0(Efy) -

Now, we define .
vh(k)(x) if x ¢ C;

U(x) = { wi (x) if xeC

and we compare Fi)(Vnk)) With Frpy(Vx). Taking into account (5.12) and
(5.24) we get

/leh(k)lzdx < M/leh(k)Izdx
C Wi

N H™ (Swy N C) = H™(Syqy N C)

p)
Ehk)

5.27)

+o(1).

Now, by Step 3, H™(Sy,q, N C) exceeds wnp™ up to an infinitesimal faster
than 8,2,(,‘). Hence, letting k — +o00 in (5.27) and using (5.26) we obtain

m(C) S Mu(Weo) + Mv(Weo) .

Finally, our choice of p and the fact that u° and v are both supported in T
guarantees that u’(Wy) = v(Wy) = 0 and

U(Weo) = / |Vo|?dx < 6wm|IVv|I7Loo<BR,4>P"-
Woo

Hence, u(C) < 6Mwy, "V”"%oo (Brya) o".

By a standard approximation argument, the inequality remains true even
if (5.22) or (5.23) are not fulfilled. Indeed, the set of radii p for which (5.22)
is false is at most countable, and the set of radii p for which (5.23) is false is
L!-negligible, by (5.20).and the Fatou lemma. Since the cylinder C C B4 is
arbitrary, it follows that u’L B,/ = 0.

STEP 6. End of the proof. From Step 5, it follows that |Vuv,|2L" weakly
converges to le|2£” in Bggr/24. In particular,

, Jim /|Vv,,|2dx =/|Vv|2dx Vo € (0, BR/24).
— 400
By By



58 LUIGI AMBROSIO - NICOLA FUSCO - DIEGO PALLARA

Choosing p = BR/25 and passing to the limit as 2~ — 400 in (5.10) we obtain

/ |Vv|?dx > B".

BgRr/25

This contradicts the energy estimate (5.16) with p = BR/25. O

6. — Proof of partial regularity

In this section we will prove the partial regularity of quasi minimizers,
stated in Theorem 3.1. Since w is a fixed function, we omit in this section the
dependence of the constants on w. Let ¢o >0, y > 0, be given by (3.1).

If u e My(Bp(x)) and x € K(u) we define

(6.1) A(p) = A(x, p), D(p) = D(x, p) .

By Theorem 3.4 we obtain that, for any choice of 8 € (0, 1/112), A satisfies the
following decay property, that for convenience we restate in a slightly different
way:

(i) For any n > 0 there exists £,(8, n) > 0 such that the conditions

A(p) < e1p™"?, A(Bp) > nmax{p*D(p), /cop™ 17}

imply A(Bp) < CB™+*A(p), with C depending only on co, y.

Similarly, using Theorem 3.5, we obtain that D satisfies for any 8 € (0,6/7)
the following decay property:

(ii) there exist &,(B8) > 0 and n(B) € (0, 1) such that the conditions

D(p) < &20™,  A(p) < &2p™*?,  max{\/cop™ ", A(Bp)} < np*D(p)

imply D(Bp/25) < B"D(p).

LemMMA 6.1. Let p € (0,1), A, D : (0, 5) — R be nondecreasing functions
satisfying (i) and (ii) above. Then, for B > 0 sufficiently small (see (6.3) below)
there are constants €, n, L > 0 such that, setting

D(p) A(p)}

pm + pm+2

(6.2) E(p) = ['7
the following implication holds
E(Bp) > Lp", E(p) <¢ => [E(mip) <7"*E(p) or E(unp) < 1,"'E(p)]

with Ty = B/25 and t, = B'/3.
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PrOOF. We fix a constant 8 € (0, 1/(112)%) so small that

(6.3) 25m 313 < (2‘%)’/4, 2023 < (B13)V*

and we fix n(B8) > 0 according to (ii). Finally, we set

e =n(p) min{ez(ﬂ), e1(B, BC™1Bn(B)), e1 (B>, ﬂ“”'*”“n(ﬂ))}

and we choose L > 0 satisfying the conditions

—-m=2 —(9m+7)/3
B+ B3] < 7', B +£ <.

n(ﬂ) 18)

Let us assume that E(p) < & and E(Bp) > Lp? for some p € (0, p).
Case 1. Assume that

(6.4) A(Bp) < BO™DBn(B)p?D(p) .

Our choice of ¢ implies D(p) < p™ey(B); moreover, using the inequality
E(Bp) > Lp? we get

n(B)D(p)

BT+ B > Lo

and our choice of L implies /cop™*" < n(B)D(p). Hence, we can apply (ii).
This, together with (6.4) yields

B Ao £0) _25"2ABP) | em o DUE5P)
(25p) (ﬁ )m+2 +n (ﬂ)( )”' - ﬁm+2pm+2 +25 n(ﬂ) ﬂmpm
25m+2 (Bm+7)/3 ZD 1))
= d pm+2 pzfg)p ) +25™n(B) ﬂﬂm lf'{') )

()

D
<25"p () == < 25TV EG).

In this case (6.3) yields E(1;p) < 1:1 ‘E (p).
CaSE 2. Now we assume that (6.4) does not hold, hence

(6.5) A(B'Pp) > A(Bp) > B (B)p? D(p)

Our choice of ¢ implies

A(p) < &1(B'3, O™ DBn(B))p™ 2,  A(p) < &1(B, BV Pn(B)) p™ 2.
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Moreover, (6.5) and E(Bp) > Lp? yield

ABP) [ pem— -
pm+2 ﬂ m-—2 +ﬂ (9m+7)/3] > pr
and our choice of L yields ,/cop™"**? < A(Bp). Since B < 1 we have also

Ve (B2 p)ymt2ty < A(B'p).
Hence we can apply (i) with 81/3 and B. This, together with (6.5), yields

E(B'"p)
_ A(Bp) D(B'p) < Bm+I34(p) D(p)
= Bmtd/3 gm+2 +n(p) Brlipm = = gmtd)]3 gm+2 +n(B) Bm13 pm
A(p) A(Bp) A(p) B A(p)
2/3 2/3
= Cﬂ pm+2 + ﬂ(3m+8)/3pm+2 = ﬂ pm+2 + Cﬂ(3m+8)/3pm+2
<2CB**E(p).
In this case (6.3) gives E(12p) <1,/ E(p). O

COROLLARY 6.2. With the assumptions and the notations of Lemma 6.1, E(p) <
€ implies
25\ "2+ r\° L
Er) =< (——) maX{ (—) E(p), —r"} Vr € (0, p]
B P B°
with o = min{1/4, y}.

ProoOF. Let us assume that E(p) < ¢ for some p € (0, p). We inductively
define an infinitesimal sequence of radii (o) such that pp = p, pr+1/Pk €

{8, 71, 2} and
o . L
6.6) B0 < max{ (%) £, 220t ).
Clearly, (6.6) holds with kK = 0. Assume that the inequality is valid for p; if
E(Bpr) < LB~ (Bee)®

we choose pry1 = Bor. Otherwise, E(Bpx) > Lpy and Lemma 6.1 yields
that (6.6) is valid either with pr4) = 110 Or with pp41 = T2 0%-

Given r € (0, p) there exists a unique k such that pry; < r < p; since
7, = B/25 < B < 1y = B3 we have

m+2 2 m+2
E(r)s(—’}) E(pk)s(gs) E(oy)
25 m+2 o
- (B) en((3) i)
m+2+0 o
<(3) md(5) moris
B P

and the statement follows. (]
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CONCLUSION OF THE PROOF. Let € be given by Corollary 6.2. We need only
to choose & so small that (3.2) implies

[ D(y,p/2)  A(y,p/2)
(o/2)m (p/2)m+?

By Corollary 6.2 we obtain that the assumptions of Theorem 3.3 are satisfied
in Q = B,z(x).

] <é€ Vy € Bp/z(x) .
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