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GELFAND PAIRS RELATED TO GROUPS OF
HEISENBERG TYPE

LINDA SAAL

ABSTRACT. In this article we collect some known results concerning (general-
ized) Gelfand pairs (K, N), where N is a group of Heisenberg type and K is
a subgroup of automorphisms of N. We also give new examples.

1. INTRODUCTION AND PRELIMINARY RESULTS

Let N be a two step nilpotent Lie group and assume that K acts on N by
automorphisms. We denote by K> < N the semidirect product of N and K.

In this note we will describe some known results on (generalized) Gelfand pairs
of the form (K> < N, K), and will also give some new examples in the case that
N is a group of Heisenberg type.

Definition 1. Let K be a compact subgroup of the automorphism group of N.
We say that (K> < N, K) (or (K,N)) is a Gelfand pair if the convolution algebra
LY. (N) of K—invariant, integrable functions on N is commutative.

Examples.
1. Let us consider N = R™ and K = SO (n), the orthogonal group.

L (R") = {f : R"™ — C radial such that/o fr)yrar < oo}

2. The Heisenberg group H,, is identified with C™ x R with law (z,¢) (2/¢) =
(z + 2t +t+ %Imz.?) Then the unitary group U (n) acts on H, (by automor-
phisms) by

9(z,t) = (g2,1) (1.1)
Let T™ be a maximal torus of U (n).The pairs (U (n),H,) and (T™, H,) are
Gelfand pairs. To see this, we check a well known criterion for Gelfand pairs: for
each (z,t) € Hy, there exists an automorphism in 7™ that sends (z,t) — (—z, —t).
Indeed, let us consider the involutive automorphism 7 : (z,t) — (Z,—t) and then
compose T with some g € T" such that ¢ (Z) = —=z.

The subgroups K of U (n) such that (K, H,,) are Gelfand pairs were determined
by Benson, Jenkins and Ratcliff in [1].
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The main ingredients for the proof are a Carcano criterion and a Kac list, which
we now describe. We recall that the irreducible, unitary, representations of H,, are

* Infinite-dimensional representations, parametrized by 0 # A € R. The corre-
sponding representation 7y is realized on the Fock space F of entire functions on
C™, which are square integrable with respect to the measure e~1*I”. We have that
the polynomial algebra P (C™) C F).

* Unitary characters, x,, (z,t) = ¢"**} defined for each w € C".

Let us consider K C U (n). For each my and k € K, let 7 be the representation

7k (n) = mx (kn) . (1.2)

Since K acts trivially on the center of H,,, we have 7r§ ~ 1. So for k € K, we can

choose an operator wy (k) which intertwines 7 and 7r’§. By Schur Lemma, w) is a
projective representation of U (n), called the metaplectic representation.
Explicity
wy (k)p(z) =p (k™ '2) (1.3)

Up to a factor of det (k‘)% , wy lifts to a representation on the double covering of

U(n).

Theorem 1. (Carcano, see [1]) (K, Hy,) is a Gelfand pair if and only if the action
of wx on Fy is multiplicity free, that is, each irreducible (proyective) representation
of K appears in (wy, F)\) at most once.

The Kac list (see [4]) gives precisely the triplets (K., W, p) where K is a complex
group,
p: K — GL(W)

is an irreducible representation and the induced action on P (W) is multiplicity
free.
For p € P (W), the action is given by

(p(@)p)(w)=p(p(s7")v) (1.4)
So

Theorem 2. Let K be a connected subgroup of U (n). Then (K, H,) is a Gelfand
pair if and only if (K.,C™) appears in tablel.8, page 415, in [1].

We now introduce the groups of Heisenberg type (see [5]).

Consider two vector spaces V and Z, endowed with inner products (), and
(,), , a nondegeneraterate skew-symmetric bilinear form ¥ : V x V' — Z, and
define a Lie algebran =V @& Z by [(v, 2), (v, 2)] = (0, ¥ (v,v)) .

For V = R?" and Z = R, there is (up to isomorphism) only one such ¥, and the
corresponding 7 is the Heisenberg Lie algebra.

We say that 7 is of Heisenberg type if J, : V. — V given by

(Jv,w) = (2,0 (v,w)) (1.5)

is an orthogonal transformation for all z € Z with |z| = 1.
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GELFAND PAIRS RELATED TO GROUPS OF HEISENBERG TYPE 65

A connected and simply connected Lie group N is of Heisenberg type if its Lie
algebra is of type H. Since for |z| = 1, J, is both orthogonal and skew-symmetric
we have

J? = —1Id.
So by linearity and polarization we have for z,w € Z
Jodw + Jwd, = =2 (z,w) Id. (1.6)

Let m := dim Z and let C'(m) be the Clifford algebra C' (Z, — ||2) . Then the

action J of Z on V extends to a representation of C'(m). It is well known that C' (m)
is isomorphic to a matrix algebra, over the real, complex or quaternionic numbers,
form=1,2,4,5,6,8( mod 8). So in this cases C'(m) has, up to equivalence, only
one irreducible module. For m = 3,7( mod 8),C (m) is isomorphic to a direct
sum of two matrix algebras and it has two inequivalent irreducible modules, say
Vi and V_.

We say that ) is irreducible or isotypical, if so is V' as a representation of C'(m).

Let A(N) be the group of automorphisms of N that acts by orthogonal trans-
formations on n. Kaplan and Ricci raised in [7] the question of when (K, N) is a
Gelfand pair, for some specific subgroups K of A (N).

The structure of A (V) has been given by Riehm in [12] .

Let Uoz{geA(N):g‘Z:Id}, and

let Pin (m) be the group generated by {(—p.,J,) : z € 3,|z| = 1},

where p, : 3 — 3 denotes the reflection through the hiperplane orthogonal to z.

Also denote by Spin (m) the subgroup generated by the even products (p,pw, J=Jw)

Let us denote by [ (respectively [4,1_) the multiplicity of the unique irreducible
module ( resp. V4, V_)in V.

Then Uy is a classical group given by the following table

U(,C), e m = 1( mod38)

U,H), e, m = 2( mod38)
U(lp, H) xU(I_,H) y.cveverrenen. m = 3( mod38)
U, H) e m = 4( mod?8)

OR2LR), e m = 5( mod38)

OR) e m = 6( mod?8)

O(1,R) x O(l2, R)  eeovververnnn. m = 7( mod?8)
O R) oo, m = 8( mod Q)

Also we have that Pin (m) and Uy commute, and their intersection contains at
most four elements. Moreover, A (N) = Pin (m) x Uy, unless m = 1( mod 4). In
this case A (N) /Pin (m) x Uy has two elements.

F. Ricci determined in [11] the groups N for which (A (N), N) is a Gelfand pair.
We give a sketch of the proof.
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For a € Z,|a| = 1, let us consider the complex space V, = (V,J,) and the Lie
algebra 1, = Ra @ V,, with bracket given by

(a,[v,w]) = (Jav,w) .

Then 7, is a Heisenberg algebra. Denote by N, the corresponding Heisenberg
group. Set K = A(N) and K, = {k € A(N) : k(a) = a}. Since K, acts trivially
on the center of N,, it is a subgroup of the unitary group U (V,). We know that
L. (Ng) is commutative if and only if the metaplectic action of K, on P (V,) is
multiplicity free, that is by using the Kac list. Also

Theorem 3. ([11]) L} (N) is commutative if and only if L. (N,) is commutative.

Theorem 4. ([11]) The groups N such that (A(N),N) are Gelfand pairs are those
for which

m=1,2or 3,
m =15,6 or 7 and V irreducible,
m =7,V isotypic and dim V = 16.

2. EXAMPLES OF GENERALIZED GELFAND PAIRS

Coming to the general theory of Gelfand pairs, we recall that the following
conditions are equivalent:
(i) L (N) is commutative.
(ii) The algebra Dy (N) of left and K —invariant differential operators on N,
is commutative.
(iii) For each irreducible, unitary representation 7w of K> < N, the space of
vectors fixed by K is at most one dimensional.

The notion of Gelfand pair was extended to non compact, unimodular subgroups
K of a unimodular Lie group G.

Given a representation (7, H) of a Lie group G, we say that v is a C°°—vector
if the map

g—m(g)v

is infinitely differentiable. We denote by H*® the space of C'°°—vectors and by
H~°° the dual space of H*> .

The elements of H~>° are called distribution vectors. The action 7 on H induces
a natural action on H~°° | given by

(00 (9) 1, v) = (1, Moo (9) V) (2.1)
for v € H®°.

Definition 2. We say that (G, K) is a generalized Gelfand pair if for each irre-
ducible, unitary representation m of G, the space of distribution vectors fized by K
is at most one dimensional.
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A nice survey on the subject is in [14]. In particular, there are given examples
of pair (G, K) such that D¢ (G/K) is commutative but (G, K) is not a generalized
Gelfand pair, contrasting with the compact case.

In [10], Mokni and Thomas considered the cases (K, H,,) where K is a subgroup
of U(p,q) C Aut (H,), p+ g = n, extending the Carcano criterion. Indeed, their
result states that for K C U (p,q),(K,N) is a Gelfand pair if and only if the
restriction of w to K is multiplicity free.

Later on we will comment the idea of the proof.

With F. Levstein we considered in [8] the pairs (K, N) where N is of Heisenberg
type and K is roughly the group of automorphisms that preserves the decomposi-
tionn =V Z

We have that

K = Spin(m) x U,
(direct product), where U = {g € Aut (N) : gz = Id} is given by the following list
(see [13]):

Sp(LR) e, m = 1( mod38)
Sp(l,C) e, m = 2( mod38)

(U (I, 12) ) H) e m = 3( mod?8)
(GL(),H) ,....... m = 4( mod?8)

SO* (21) ;v m = 5( mod38)

O, C) i m = 6( mod38)
O((I4,12),R) s eeeieiiee m = 7( mod38)
GL(LR) oo m = 8( mod3Q)

Remark 1. Uy is the mazximal, compact subgroup of U and when V is irreducible
and m = 3,5,6,7( mod 8) one has U = Uy.

For the classical Heisenberg group H,,, that is, for m = 1, we have U = Sp (n, R).

Theorem 5. ([8]) Assume that N is irreducible. Then (K,N) is a generalized
Gelfand pair if and only if 1 <m < 9.

To give a sketch of the proof we begin by describing the representations of
K> < N. According to Mackey theory (see [9]), these are given in terms of the
representations of V.

The irreducible, unitary, representations of a group of Heisenberg type IV are:

* Infinite -dimensional representations, parametrized by the non zero elements
of the centre Z : for 0 # a € Z, |a| = 1, the corresponding representation 7, is
realized on the Fock space F, of entire functions on (V, J,).

* Unitary characters, x, (z,w) = e*(®¥) | defined for each v € V.

The representations of K> < N coming from characters of N are irreducible,
unitary representations of K < V.

As observed in [10], since V' is an abelian group, (K, V) is a generalized Gelfand
pair and so the space of distribution vectors fixed by K is at most one dimensional.
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Then, in order to determine when (K, N) it is a generalized Gelfand pair, it is
enough to consider only those representations of K> < N associated to m,, for
acZ.
Let K, ={k€ K :k(a)=a},
We observe that
K, = Sping (m) U,

where Spin, (m) is generated by {JpJ.:b L a L ¢,|b| =|c| =1}.

Since the elements of Spin, (m) are orthogonal transformations which commute
with J,, K, C Sp(V,J,) ={9€ GI(V) : g'Jug = Jo}. Also Sp(V, J,) is the group
of automorphims of the Heisenberg group N, = Ra @ V', which fix the centre Ra.

According to [9], the representations of K> < N “coming” from 7, are induced
by those of K,> < N,. So we introduce the notion of induced representation:

Let H be a subgroup of Lie group G, and let (p,V,) a unitary representation of
H. Set

C(G;V,) = {f: G =V, continuos : f(gh) = p(h™")f(9)}
for all g € G,h € H, and [y, |f(2)|? dz < .

Then Ind$(V,) is the completion of C (G;V,), and the action of G is by left
translations.

Moreover, a C*°~vector of Ind%(V,) is an infinitely differentiable function f €
C (G; W) (see [16], page 373.)

Theorem 6. (see [8], ¢fr [11]) (K, N) is a generalized Gelfand pair if and only if,
for each a € Z,(K,, N,) is a generalized Gelfand pair.

Sketch of the proof.

Let (p,V,) be an irreducible representation of K> < N, and assume that T is
a distribution vector of V,, fixed by K,.

We know that (m, Hy) := Indj Ny (V,) is an irreducible representation of K> <
N.

We define pi: H°* — C by

i f) = <T7 / . )f> (2.2)

For a non zero distribution vector T and v € V, such that (T, v) # 0, we construct

some f, # 0 such that
<T, / fv> #0
Spin(m)

Let us see that p is m(K)—invariant. We recall that the action of © on H is by
left translations. For u € U,

<M7Luf>:<Ta/S - )Luf>-
pin(m
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Since Spin (m) commutes with U, we have fSpin(m) L, fdk = fSpin(m) f(uk)dk =
Sspinem) [ (ku)dk = p(u fspm(m) f(k)dk. So by the U—invariance of T' we have

(L. Sspinny L ) = (=T iy £) = (T Sspinony 1)

Finally if h € Spin(m), (i, Lnf) = <T fspm(m) L f> = <T, fSpin(m) f>
by the left invariance of the integral.

Replacing T by T; and choosing v; # 0 such that (Tj,v;) # 0, the above
argument shows that there exist two non zero distribution vectors, fixed by K

They are linearly independent: indeed, if ap+bug = 0 then 0 = (apy + bua, f) =
<aT1 + bT%, fSpin(m) f> for all f € C*(K;p). But the above construction implies
that aT7 + b1y =0 and so a = b = 0.

Conversely, let (m, H;) be an irreducible representation of K> < N and assume

that there exist two linearly independent distribution vectors p1, po fixed by K. So
this representation can not be induced by a character. So

H, = IndiS=, (V)

Define T; € V7> by (2.2) :

<Tj7/5pin(m) f> = <M]7f>

We prove that Tj is well defined. Moreover that T} is defined on a dense subset
of V>, which is the subspace generated by the vectors p (W) v, p € C® (K,N,),
and finally, that T; are K,-invariant and linearly independent. O

Now we have reduced the problem to the pairs (K., N,).
Again by Mackey theory, the irreducible unitary representations of K> < N,
are of the form

P =TXWAT, (2.3)

where 7y acts on the Fock space F) and 7 is an irreducible representation of K.
Thus

p/ Ko =7 w)y

It is proved in [10] that 7 ® wy has r linearly independent distributions vectors if
and only if r is the multiplicity of T in wy.
According to this, we are interested in determining when the restriction of the
Sp(V Ja) :
metaplectic representation w |-

U.
If N is an irreducible group of type H, the corresponding subgroup U is :

is multiplicity free, where K, = Spin, (m) x
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SL(2,R), .ccccennn. m = 1( mod8)
SL(2,C), e m = 2( mod38)
H*, e m = 3( mod8)
SU (2) x R*,....... m = 4( mod )
U(1), i m = 5( mod8)
O(1), i, m = 6( mod?8)
O(1), i m = 7( mod8)
R* i m = 8( mod8)

When m = 3,5,6,7( mod 8), U is compact and, by the results proved in [11], we
know that (Spin (m) x U,) is a Gelfand pair if and only if m = 5,6, or 7.

Thus, we will study the restriction of the metaplectic representation w Lf(i (V2 Ja)
for m =1,2,4,8( mod 8).

To this end we will use the Kac list mentioned before.

Moreover, let us denote by T the one dimensional torus, and by P, (C™),r € N,
the space of homogeneous polynomials of degree a with |a] = r. Then T acts on

P, (C™) by €' that is, by degree.

Remark 2. Let H be a subgroup of U (n). Then H acts without multiplicity on
each P, ((Cl) ,7 € N, if and only if the action of Hc x C* on P(C') is multiplicity
free, if and only if Hc x C*appear in the Kac list.

Remark 3. We recall that there are two models for the representations of the
Heisenberg group. The Fock model realized on the space of holomorphic functions
on (V,J,) which are square integrable with respect to the measure e 1*Pdz and
the Schroedinger model realized on —L? (RN) N = W. An intertwining op-

erator sends the monomials z% = zi'z3?...z%, to the Hermite function hy (x) =

hiy (1) hiy (z2) ...hiy (xn) where h; (1) = H; (1) e 7 and H; (t) is the Hermite
polynomial of degree i.

Write V' = RY @ J,RY . Then the metaplectic action of SO (N) on P, (V)
corresponds to the natural action of SO (N) on P, (RY).

The Mellin transform is the Fourier transform adapted to R~ and it is defined
by

uf) = [T (2.4)

The action of R~y on L?(Rxo, %) given by 6, f (s) = f (ts) decomposes, via the
Mellin transform, as
5 ds o
L*(Rso,—) = Fyd (2.5)
S — 00
where F) is the C—vector space generated by s™.
We observe that the module generated by g, (s) = s"e™*, r € N, is L? (R>0, s’lds) .
Indeed, by a well known Wiener theorem, it is enough to prove that Mg, (s) # 0
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for all s, but this holds since Mg, (\) = [ s'”e’Ssi)‘% =T (r—1+14X\) # 0, where
I" denotes the gamma function.

m=4(8).

First, we have to understand how Spin, (m) x U is embedded in Sp (J,, V') and
the corresponding metaplectic action. In this case

U=GI(1,H)=5U(2) x Ry, and
V =Va® JoVa,

where V) is the real spin representation. Thus
Sping (m) — SO (N)

via the spin representation. Also, Gl (1,H) — Sp(V,J,) as ¢ — a4 = (Rq, Ra—l).
Thus SU (2) acts by right multiplication by ¢ and the metaplectic action of
Sping (m) x SU (2) on L? (RY) is the natural one of SO (N).
Setting L2 (RN,dx) = I? (SN_l,da) ® L? (R>0,r"_1d7“), we have that the
action of R+ is given by

wlay) f(z) =t f(tx), t € Rug,x € RN, (2.6)
This last action is equivalent to §;f (s) = f (ts) on L?(Rsq, &).

S

Assume that the action of Spin, (m)x SU (2) is multiplicity free on each P, (V)

and let V,, be an irreducible representation of Spin, (m) x SU (2) in P, (V). For

p € V,, we consider the function p (z) e = D ( : ) |z|" e~ Since SO (N)

T
acts on p (Iﬁ_l) in the natural way, and the action of Ryy on s"e™* generates a

space isomorphic to L?(Rxg, %), we conclude that the K, - module generated by
vV, is V,, ® L? (R>0, s"‘lds). So

oo
w 5PV = @a/ a® et
— 00

and the decomposition is multiplicity free.

The converse follows the same lines.

Since m = 4 (8), we have that V is a complex irreducible Spin, (m) x SU (2)-
module. By looking at the Kac list, we know that the action of Sping (m)x SU (2) x
T on P (V) is multiplicity free only for m = 4. This case corresponds to the action
of GL (2,C) x SL(2,C) on C?® C? and the decomposition of w lf(i(v"]“)was given
in [2].

m=0(8).

In this case U = R* and the action is given by

w(a) f (@) =t|* f (ta) (2.7)

We observe that —I € Spin, (m) N U. Thus the action of K, on L? (RN) is the
same action of Spin, (m) x Rsg and we repeat the argument of the above proof to
conclude that w L}ggz (Veda)ig multiplicity free only for m = 8.

m=1(8)
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In this case U ~ SI(2,R) and K, ~ Spin,(m) x SI(2,R). Also, V can be
decomposed as Spin (m) — module in an orthogonal direct sum

V=VA® JVa

where V is the real spin representation of Spin (m). So dim V) = N and Spin, (m)
is embedded in SO (N). But, as Spin, (m) —module,

VA =Vatr ® V-

where Vj+ Vi~ are the half spin representations. Thus
N N
Sping (m) — SO (5) x SO (?) — SO (N)

Besides, SI(2,R) is embedded in Sp (V,J,) as ( CCL b > — ( al - —=bQ ) ,

d c@Q dl
where Q = Q, QQ" = I ( see [6].)
It is well known that (see [15])

Sp(V,Ja
w lslc))((N)x)sz(z,R): Dk Via @ Dy (2.8)

where Via denotes the irreducible representation of SO (IN) on the harmonic poly-
nomials of degree k on Vj, and Dy is a discrete series representation of SL (2, R)
and [ (k) = £ + & denotes the lowest K-type. Also

Viea lig((?)xso(%): @r,sv;“A‘*' & VsA— ’ (2'9)
where the sums runs over the integers r,s such that & — r — s is an even, non
negative integer .

We consider two possibilities for m.

Case m # 9.

We have that as SO (%)—modules7 P (V') =Vip+ OVir—2)a+ OV(p_g)a+D... and
P (V™) =Via- ©Vip_oja- ©Vp—gya- ©....As Spinc (m — 1) x C* does not appear
in the Kac list, we deduce that there exists r for which the action of Spin, (m) on
P, (V1) can not be multiplicity free. Thus there exists an irreducible representation
a that appears in Vi, _gja+ and in Vi, _gj)a+, for some 7, j. Then V, ® V.5~ appears

(¥)xso(})

in Vi,_opa+ @ Vea- and in Vi, _gja+ @ Vip- concluding that Vi lg;nu(m)
is not multiplicity free.

Case m = 9.

In this case, Vja=+ is irreducible for all j and the action of Sping (m) on P, (V1)
is multiplicity free.

w lf(i Veladig still multiplicity free and the proof together with the corresponding
decomposition was given in [2].

m = 2 (8)

In this case U ~ S1(2,C) and we can assume m > 10. Then K, ~ Spin, (m) x
S1(2,C) and as Spin, (m) — module

V=VA® JoJp VA © J VA © JpVa
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where a is orthogonal to b, and Vj denotes its real spin representation. Since
dimVy = &, Spin, (m) is embedded in SO (%). Besides, SI(2,C) is embed-
. a b al —bQ -
ded in Sp(V, J,) as ( e d ) — ( O dl ) , where a, b, c,d belong to C =
{a+ BJadp st. o, €R} .
Adams and Barbasch proved that the restriction of w to O (%,(C) x S1(2,C)

is multiplicity free and decomposes as w lg’E(}V/’é")')xsl(z o= f® Py (L? (RN))du (N,
5 5

where Py (L? (RN )) ~ 7y ® 7. Moreover they gave explicitely the correspondence
7y — m. D. Barbasch pointed to us that we can consider a tempered repre-
sentation 7 of SL (2,C), and in that case, the restriction to SO (%,R) of the
corresponding 7 is not multiplicity free.

Indeed, let 7* be a tempered representation of SL (2,C) then 7% := 7 is a
unitary principal series of SL (2,C) with lowest K-type, the k + 1—dimensional
irreducible module of SU (2).

The corresponding 7, := ) is the unitary principal series of O (%,(C) with
lowest K-type the irreducible representation of SO (%, R) given by the harmonic
polynomials on V) of degree k.

We proved that the restriction of 75 to SO (%, R) is not multiplicity free. First
we recall that if O (%,(C) =0 (%,R) AN denotes the Iwasawa decomposition,
then the commutator M of A in O (%,R) is a maximal torus of it. Thus, by
Frobenius reciprocity, the multiplicity of the representation with highest weight
2kA in m, [mg : Vagal is equal to maoga (kA), the multiplicity of the weight kA in
Vara.

We compute maga (kA) by using Kostant multiplicity formula (see [3]).

A

Proposition 1. (see [8])
e
J

mara (EA) =0  otherwise

mapa (EA) = ( ) for even k = 27, 2.10
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