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Universitat Politècnica de Catalunya

July, 2005

Abstract

This report describes the port interconnection of two subsystems: a power elec-
tronics subsystem (a back-to-back AC/AC converter (B2B), coupled to a phase of
the power grid), and an electromechanical subsystem (a doubly-fed induction ma-
chine (DFIM), coupled mechanically to a flywheel and electrically to the power grid
and to a local varying load). The B2B is a variable structure system (VSS), due to
the presence of control-actuated switches; however, from a modelling and simula-
tion, as well as a control-design, point of view, it is sensible to consider modulated
transformers instead of the pairs of complementary switches. The port-Hamiltonian
models of both subsystems are presented and, using a power-preserving interconnec-
tion, the Hamiltonian description of the whole system is obtained. Using passivity-
based controllers computed in the Hamiltonian formalism for both subsystems, a
closed loop Hamiltonian system is presented; simulations are run to test the cor-
rectness and efficiency of the Hamiltonian network modelling approach used in this
work.

1 Introduction

The central paradigm of network modelling of complex systems is to have individual open
subsystems with well defined port interfaces, hiding an internal model of variable complex-
ity, and a set of rules describing how the subsystems interact through the port variables.
One implementation of this general idea is what is known as port Hamiltonian systems or
port-controlled Hamiltonian systems (PCHS) [11][12] (see also [7] and references therein).
In this approach, energy plays a fundamental role, port variables are conjugated variables
such that their product has dimension of power, and the interconnection of subsystems is
implemented by means of what is called a Dirac structure, which enforces the preserva-
tion of power, and can be seen as a generalization of Tellegen’s theorem of circuit theory
[13]. PCHS theory allows the coupling of systems from different domains using energy as
the linking concept, and provides the mathematical foundation for bond-graph modelling
[5][8]. Although originally developed for lumped parameter systems, PCHS theory has
been extended to distributed parameter systems as well [22].
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Figure 1: The system: A DFIM coupled to a flywheel connected between a local load and
a power grid, controlled by a B2B converter.

Besides describing systems in a modular, scalable and non domain-specific way, PCHS
theory allows the implementation of passivity-based control methods [10][21] in a natural
way, using energy as the storage function [14]. The clear separation between (a) consti-
tutive relations, given by the energy, or Hamiltonian, function, (b) the structure matrix,
describing how energy flows inside the system, and (c) the power ports, some of which
may be terminated by dissipative elements, allows the design of controllers with a clear
physical interpretation in what is known as Interconnection and Damping Assignment
Passivity-Based Control (IDA-PBC) [15].

In this report we concentrate on the modelling and simulation part of PCHS theory,
although control results are presented in order to be able to run sensible simulations. The
system under study is a complex one, made of a doubly-fed induction machine driven
by a power converter and coupled to a mechanical flywheel, which has the general goal
of compensating the active and reactive power of a local variable load connected to the
power grid, using the flywheel as an energy reservoir.

Doubly-fed induction machines (DFIM) have been proposed in the literature, among
other applications, for high performance storage systems [1], wind-turbine generators
[16][19] or hybrid engines [6]. The attractiveness of the DFIM stems primarily from
its ability to handle large speed variations around the synchronous speed (see [17] for
an extended literature survey and discussion). In this work, we are interested in the
application of DFIM as part of an autonomous energy–switching system that regulates
the energy flow between a local prime mover (a flywheel) and the electrical power network,
in order to satisfy the demand of a time–varying electrical load, see Fig. 1.

The Back-to-back (B2B) converter, connected to an auxiliary single-phase grid, pro-
vides the desired PWM rotor voltages to the DFIM. The B2B has the nice feature that
power can flow in any direction. In particular, in our application the rotor energy of the
DFIM can flow back to the converter for some operating conditions [3].

The global goal of the system is to supply the required power to the load with a high
network power factor, i.e., Qn ∼ 0, where Qn is the network reactive power. Moreover,
we require a unity power factor for the single-phase auxiliary grid and a constant value
of the DC capacitor link of the B2B.
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Figure 2: Basic scheme of the doubly-fed induction machine

This report is organized as follows. Section 2 presents the port Hamiltonian models
of the several subsystems and their interconnection; in particular, the Dirac structures
involved in the interconnection and some associated transformations are identified. Using
these, a port Hamiltonian model of the full system is constructed. Section 3 reviews the
control objectives as well as the controllers obtained elsewhere [2][3][4] using IDA-PBC.
Section 4 displays simulations of the closed loop system for several operating conditions,
and Section 5 states our conclusions.

2 Port-controlled Hamiltonian Models

In this section we recall the previous work presented in deliverable D 4.1.2 related to
the Hamiltonian model of the system, which will be used in the controller design. Port-
controlled Hamiltonian Systems (PCHS) describe, from an energetic point of view, a large
kind of systems [7]. An explicit PCHS has the form

{

ẋ = (J (x) −R(x))(∇H(x))T + g(x)u
y = gT (x)(∇H(x))T (1)

where x ∈ R
n are the energy variables, H(x) : R

n → R is the energy (or Hamiltonian)
function, u, y ∈ R

m are the port variables, J (x) = −J T (x) ∈ R
n×n is the intra-connection

structure matrix, describing how the energy flows inside the system, R = RT ≥ 0 ∈ R
n×n

is the dissipation matrix, and g(x) ∈ R
n×m is the interconnection matrix, describing the

port connection of the system to the outside world. Port variables are conjugated, so that
[u][y] has units of power. Non-negativeness of R ensures that the map u → y is passive
[21].

2.1 The Doubly-fed Induction Machine coupled to a flywheel

Fig. 2 shows a scheme of a doubly-fed three-phase induction machine. It contains 6
energy storage elements, with their associated dissipations, and 6 ports (the 3 stator and
the 3 rotor voltages and currents).
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A Port-controlled Hamiltonian model of a DFIM coupled to a flywheel is given in
[3]. This model is described in dq-coordinates [9], so that three-phase variables (abc) are
reduced to two-phase variables (dq). The variables are (the D subindex refers to the DFIM
subsystem) xT

D = (λT
s , λT

r , Jmωr) ∈ R
5, or xT

D = (ΛT , xm), where ΛT = (λT
s , λT

r ) ∈ R
4,

λs, λr ∈ R
2 are the inductor fluxes in dq-coordinates (stator and rotor respectively),

xm = Jmωr is the mechanical Hamiltonian variable, ωr the angular speed of the rotor,
and Jm is the total moment of inertia of the rotating parts. The structure JD ∈ R

5×5 and
damping RD ∈ R

5×5 matrices are

JD =





−ωsLsJ2 −ωsLsrJ2 O2×1

−ωsLsrJ2 −(ωs − ωr)LrJ2 LsrJ2is
O1×2 Lsri

T
s J2 0





RD =





RsI2 O2×2 O2×1

O2×2 RrI2 O2×1

O1×2 O1×2 Br



 ,

where L are inductances, R are resistances, lower indices s and r refer to stator and
rotor respectively, Br is the mechanical damping, is and ir ∈ R

2 are the stator and rotor
currents and

J2 =

(

0 −1
1 0

)

∈ R
2×2 I2 =

(

1 0
0 1

)

∈ R
2×2. (2)

Currents iT = (iTs , iTr ) ∈ R
4 and fluxes Λ are related by Λ = Li, where the inductance

matrix L is

L =

(

LsI2 LsrI2

LsrI2 LrI2

)

∈ R
4×4.

The interconnection matrix is

gD =





I2 O2×2

O2×2 I2

O1×2 O1×2



 ∈ R
5×4

with the port variables uT = (vT
s , vT

r ) ∈ R
4, where vs, vr ∈ R

2 are the stator and rotor
voltages. Finally, the Hamiltonian function is

HD =
1

2
ΛTL−1Λ +

1

2Jm

x2
m.

2.2 The back-to-back converter

Fig. 3 shows the back-to-back converter selected for this system. It is made of a full
bridge AC/DC single-phase boost-like rectifier and a 3-phase DC/AC inverter. The whole
converter has an AC single-phase voltage input and its output are 3-phase PWM voltages
which feed the rotor windings of the electrical machine. This system can be split into two
parts: a dynamical subsystem (the full bridge rectifier, containing the storage elements),
and an static subsystem (the inverter, which, from the energy point of view, acts like a
transformer).

vi(t) = E sin(ωst) is a single-phase AC voltage source, L is the inductance (including
the effect of any transformer in the source), C is the capacitor of the DC part, r takes into
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Figure 3: Back-to-back converter.

account all the resistance losses (inductor, source and switches), sk and tk, k = 1, 2, 4, 5, 6.
Switch states take values in {−1, 1} and t-switches are complementary to s-switches:
tk = s̄k = −sk. Additionally, s2 = s̄1 = −s1.

The PCHS averaged model of the full-bridge rectifier is as follows. The Hamiltonian
variables are (B subindex refers to the B2B subsystem) xT

B = (λL, q) ∈ R
2, where λL is

the inductor flux and q is the DC charge in the capacitor. The Hamiltonian function is

HB =
1

2L
λ2 +

1

2C
q2,

while the structure and damping matrices are

JB =

(

0 −s1

s1 0

)

∈ R
2×2 RB =

(

r 0
0 0

)

∈ R
2×2.

The interconnection matrix is

gB =

(

1 O1×3

0 fT

)

∈ R
2×4, f =

1

2





s6 − s4

s5 − s6

s4 − s5



 ∈ R
3,

with inputs

u =

(

vi

−iabc

)

∈ R
4,

where iTabc = (ia, ib, ic) ∈ R
3 are the three-phase currents in the inverter part. Notice that

the inverter subsystem can be seen as a Dirac structure [7] with

vabc = fvDC

iDC = fT iabc

where vT
abc = (ia, ib, ic) ∈ R

3 are the three-phase voltages and vDC ∈ R, is the DC voltage,
and iDC ∈ R is the DC current supplied by the rectifier subsystem.
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2.3 The dq-transformation

From an analysis point of view it is convenient to express the three-phase inverter voltages
of the DFIM side in dq components.

We can summarize the dq-transformation as follows. First, from the original three
phase electrical variables (voltages, currents, fluxes...) yABC we compute transformed
variables yαβγ by means of yαβγ = TyABC , with

T =







√
2√
3

− 1√
6

− 1√
6

0 1√
2

− 1√
2

1√
3

1√
3

1√
3






,

with T T = T−1, so that this is a power–preserving transformation 〈i, v〉 = 〈iABC , vABC〉.
For a three-phase equilibrated system, one has yA + yB + yC = 0; the dq-transformation
allows then working with only the two first components (the α − β components) and
neglect the third one, the γ, or homopolar, component, which is zero for any balanced set
and which, in any case, is dynamically decoupled from the other components.

The second part of the transformation relies on the assumption that the induction
machine is symmetric, with a sinusoidal distribution of magnetic fluxes in the air gap. It
eliminates the dependence of the equations on θ (mechanical position of the rotor), and
consists in defining new variables ydq via

(

yαβs

yαβr

)

= K(θ, δ)

(

ydqs

ydqr

)

(3)

K(θ, δ) =

[

eJ2δ O2

O2 eJ2(δ−θ)

]

∈ R
4×4

where δ is an arbitrary function of time, and

eJ2φ =

(

cos(φ) − sin(φ)
sin(φ) cos(φ)

)

∈ R
2×2.

If δ̇ is the stator frequency ωs, this has the nice additional property of converting the sinu-
soidal time-dependent stator variables into constant values, which is useful for controlling
purposes [3].

The total ABC ↔ dq transformation can be seen as a Dirac structure defined by

vABC = K(θ, δ)Tvdq (4)

idq = −(K(θ, δ)T )T iABC . (5)

2.4 PCHS model of the whole system

Fig. 4 shows the interconnection scheme of the whole system (B2B+DFIM). The dq-
transformation connects the B2B converter with the DFIM as a Dirac structure.

The interconnection relations are

vr = vdq (6)

ir = idq

vABC = vabc

iABC = iabc.
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We use equations (6) and introduce a new K matrix

K = T T
∗ eJ2(δ−θ) ∈ R

3×2,

with T∗ defined so as to remove the homopolar component:

T∗ =

( √
2√
3

− 1√
6

− 1√
6

0 1√
2

− 1√
2

)

∈ R
2×3.

The variables of the whole PCHS system are xT = (ΛT , Jmωr, λ, q) ∈ R
7, with energy

function

H = HD + HB =
1

2
ΛTL−1Λ +

1

2Jm

x2
m +

1

2L
λ2 +

1

2C
q2.

The R
7×7 structure and dissipation matrices are

J −R =













JD −RD

O2×1 O2×1

O2×1 KT f

0 0
O1×2 O1×2 0
O1×2 −fTK 0

JB −RB













,

and the interconnection matrix and port variables are

g =













I2 O2×1

O2 O2×1

O1×2 0
O1×2 1
O1×2 0













∈ R
7×3 uT = (vT

s , vi) ∈ R
3.
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3 Controllers

As mentioned in the Introduction, two controllers were designed for the DFIM an B2B,
in [3] and [2] respectively. Both controllers are based on the IDA-PBC method [15]. The
central idea is to assign to the closed-loop a desired energy function via modification of
the structure and dissipation matrices, still preserving the PCHS structure. That is, the
desired target dynamics is a PCHS of the form

ẋ = (Jd −Rd)∇Hd (7)

where Hd(x) is the new total energy and Jd = −J T
d , Rd = RT

d ≥ 0, are the new structure
and damping matrices, respectively. To achieve stabilization of the desired equilibrium
point we impose

x∗ = arg min Hd(x).

3.1 IDA-PBC controller for a DFIM coupled to a flywheel

In [3] a power flow control strategy was proposed and an IDA-PBC controller was designed
for the DFIM . The power management schedule is determined according to the following
considerations. The general goal is to supply the required power to the load with a high
network power factor, i.e., Qn ∼ 0, where Qn is the network reactive power. On the other
hand, it was shown in [3] that the DFIM has an optimal mechanical speed for which there
is minimal power injection through the rotor. Combining these two factors suggests to
consider the following three modes of operation:

– (Generator mode) When the real power required by the local load is bigger than
the maximum network power (say, PM

n ) the machine is used as a generator. In this
case, the references for the network real and reactive powers are fixed at P ∗

n = PM
n

and Q∗
n = 0.

– (Storage mode) When the local load does not need all the network power and the
mechanical speed is far from the optimal value the “unused” network power is
employed to accelerate the flywheel. From the control point of view, this operation
mode is the same that the generator mode; thus the same references are fixed —but
now in order to extract the maximum power from the network and to transfer it to
the flywheel.

– (Stand-by mode) Finally, when the local load does not need all the power network
and the mechanical speed is near to the optimal one, the flywheel friction losses
are compensated by regulating the speed and the reactive power. Henceforth, the
reference for the mechanical speed is fixed at its minimum rotor losses value and
Q∗

n = 0.

The operation modes boil down to two kinds of control actions (designed as 0 and 1)
as expressed in Table 1,1 where ǫ > 0 is some small pre-assigned error.

1In all cases the second reference is Q∗

n
= 0.
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P ∗
n < Pl |ωr − ωs| ≤ ǫ Mode References

True True Generator P ∗
n = PM

n

True False Generator P ∗
n = PM

n

False True Stand-by ω∗ = ωs

False False Storage P ∗
n = PM

n

Table 1: Control action table.

The controller obtained with the IDA-PBC procedure is

vr = v∗
r − (ωr − ω∗)(LrJ2i

∗
r + LsrJ2is)

−Lsrω
∗J2(is − i∗s) − rI2(ir − i∗r), (8)

where r > 0 is a free damping parameter, and (·)∗ are the variables values at the desired
regulation point. The closed-loop dynamical system takes the form of (7), with

JdD =





−ωsLsJ2 −ωsLsrJ2 O2×1

−ωsLsrJ2 −(ωs − ωr)LrJ2 O2×1

O1×2 O1×2 0



 ,

RdD =





RsI2 O2 O2×1

O2 (Rr + r)I2 O2×1

O1×2 O1×2 Br + ξ(xD)



 ,

where ξ(xD) = τ∗

e −τe(Λ)
ωr−ω∗

, τe = Lsri
T
s J2ir is the electrical torque and τ ∗

e = Brω
∗
r . With the

Hamiltonian function

HdD =
1

2
(Λ − Λ∗)TL−1(Λ − Λ∗) +

1

2Jm

(xm − x∗
m)2.

Standard passiveness arguments apply only to the electrical subsystem, due to the fact
that Br + ξ(xD) ≥ 0 is not guaranteed; however, the system has a nice cascade structure
and asymptotic stability of overall system follows from well known properties of cascaded
systems [3][20].

3.2 IDA-PBC controller for a B2B

An IDA-PBC controller is proposed in [2] for a full-bridge rectifier allowing a bidirectional
power flow. The control law is designed using a GSSA model [18] with PCHS structure

J =





0 −u1 −u2

u1 0 ωoL
2

u2 −ωoL
2

0





R =





0 0 0
0 r

2
0

0 0 r
2



 g =





−1 0
0 0
0 1

2



 u =

(

il
√

2x1

E

)

and Hamiltonian function H = 1
C
x1 + 1

L
x2

2 + 1
L
x2

3, where x1 = 1
2
q2 (q = 〈vDC〉0

C
is the

capacitor charge), x2 =
〈i〉R

1

L
and x3 =

〈i〉I
1

L
are the inductor fluxes in GSSA variables (〈·〉n
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means the nth-harmonic component), il is the load current and u1, u2 are the control
actions in GSSA variables.

The controller computed with the IDA-PBC method is

s = −2ωox
∗
3

v∗
DC

cos(ωot) +
Lil

x∗
3

sin(ωot)

where v∗
DC is the desired bus voltage. This yields the following closed-loop structure,

JdB =





0 −u1 −u2

u1 0 ωoL
2

u2 −ωoL
2

0



 , RdB =





0 0 0
0 r

2
0

0 0 r
2



 ,

with closed-loop energy function

HdB =
1

C
x1 +

1

L
x2

2 +
1

L
x2

3 −
2
√

x∗
1

C

√
x1 −

2

L
x∗

3x3. (9)

4 Simulations

In this Section we implement a numerical simulation of the whole system controlled via the
IDA-PBC. The simulation has been performed using the 20-sim2 modelling and simulation
software. The parameters used in the simulations are given in Table 2. In order to show
a more realistic power flow between the machine, the grid and the load, the parameters
are taken from an industrial machine [9]; it differs from the experimental plant of the
Geoplex project in that the later is a smaller machine with significant losses.

DFIM Lsr Lr, Ls Jm Br Rs Rr vg

Value 0.041 0.042 50.001 0.005 0.087 0.0228 (380, 0)

B2B r L C E

Value 0.08 1 · 10−3 4.5 · 10−3 68.16

Table 2: Simulation parameter values (in SI units) for the DFIM and the B2B. Addition-
ally, ωs = ωo = 2π50.

A resistive-inductive varying load is simulated. The load is initially Rl = 1000, Ll =
0.01, changes to Rl = 1 at t = 1 in 0.05 seconds, and returns to Rl = 1000 at t = 2.45,
also in 0.05 seconds.

For the purposes of testing the controller, a maximum power network of PM
n = 10000

and a desired bus voltage v∗
DC = 150 have been set. The damping parameter is fixed at

r = 25.
Figure 5 shows the power required from the load Pl and the active power supplied by

the network Pn. Even if Pl is bigger than the maximal power (PM
n ), Pn does not overcome

PM
n . The mechanical speed during the load changes is depicted in Figure 5. Notice that

in the stand-by mode ωr is kept at ωs = 2π50 rad
s

. Figure 6 shows the reactive power
compensation of the whole system.

2See www.20sim.com
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Figure 5: Upper: power network Pn and power load Pl. Lower: mechanical speed ωr.

Figure 7 shows vDC , which tends v∗
DC when the load current il (see Figure 8) is

constant and remains close to the desired value even in the transient of the machine.
Finally, voltage vi and current i at the single phase source feeding the B2B are depicted
in Figure 9, showing that they are nearly in phase.

5 Conclusions

We have modelled and simulated a complex system, with several subsystems from the
electric, power electronics and mechanical domains, using the PCHS paradigm. The
simulations have been run in closed loop with controllers designed with the IDA-PBC
technique developed for port Hamiltonian systems. The description of the whole system
as a network of interconnected subsystems which exchange power in a preserving way
has proved itself useful both from the modelling and the control specification and design
points of view. Experimental validation of the model and controllers is in progress.
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