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ABSTRACT. In this work we study the existence of local solutions for the
Cauchy problem of the hyperbolic-paraholic equation

(¡ñu’)’ + Al2u’ + Att + MQ~ 1A4UI2)AU = 1 (*)

We represent hy A a self-adjoint, positive linear operator of a Hilbert
space, M is a real C

1-function with time dependence, such that MQ, i» > O
for ah (i, z~) E [O,7’> [0, oo[ and Al

1, Al2 are real functions defined on [0,7’]
satisfying the conditions, AiQ) =O and 1<2(t) =

6o > O.

The existence of local solution for (*) is proved by Diagonalization TEe-
orem.
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1. INTRODUCTION

la this work we study tite existence of local solutions to tite initial

value problem assocíated to tite equation

(¡ñu’)’ + Al2u’ — Att — M (~, 4 ¡S7u(t, x)I2dx) Att = f (1)

witere fl is a bounded or unbonnded open set of IR”, M is a real C~-
function witit M(t,-q)=O for all (t,~) E [0,7’]x [O,oo[and Al1,Al2 are
real functions defined on [0,7’],satisfying tite conditions Ali(t) =O and

Since Ali(t) =O, on tite set of [0,7’]where AiQ) = 0, the equation
(1) degenerates into a parabolic case, titerefore, tite equation (1) is an
equation of ityperbolic-parabolic type.

Witen Al1 = 1 and Al2 = O, equation (1) is connected witit nonlinear
model of elastic strings cf. Kírcititoff [14] and Carrier [6], titat describe
small vibrations of a stretcited string when we consider only vertical
component for tite tension and titere is time dependence. In titís case
tite temperature of tite string at time tis considered. Tite matitematical
formulation of titis model is

221±— MQ~j 1S7u(z,OI2dx)LXu = f? (2)

In titis work we suppose M a C
1-function in [0,7’] x [O,oo[, witit

time dependence, sucit titat M(t, i~) =O and tite temperature of tite
string, at time t, is decreasing.

Equations of ityperbollc-parabolic type itas been studied by several
autitors motived by fluids witit itigit speed, witicit is not our case, cf. for
example Larkín [15].In tite linear case, witit non identicaliy vanisiting
initial data, we mention tite work of Bensoussan-Lions-Papanicolau [3]
and Lions [17]. In [26] Vragov studied tite linear problem witit nuil
initial conditions witen tite functions Al

1 and Al2 depend on (x, t) for
(x,t) E Q = fi x [0,7’].
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Nonlinear ityperbolic-parabolic problems were stndied, among otit-
ers, by Larkin [15], Medeiros [22], Gadzitiev [2], Bryukanov [5], Popi-
vanov [25], Bubnov [4], Maciel [19] and Ferreira [11].

Witen Al1 = 1, 1<2 = O and titere is no time dependence, titere is a
large number of works connected witit tite equation

82 u
(4 IVu(x,t)I’dx)Au = f (3)0t

2

lii [24]Poitozaev, [2]Arosio-Spagnolo, [1]Arosio-Garavaldi, tite autitors
obtained global solntions to problems related witit model (3). In [24]and
[2] tite inítial data {no, nl) were citoosen in a regular class of functions.

Witen vi = 1 we itave tite work of Díclcey [8] in tite case titat fi
is tite positive real lime. His result was generalized for fi = IR”, by
Menzala [23]. Titese two results were obtained by tite metitod of Fourier
transforms.

In [20], Matos obtained tite local solution of (3) witen M(s) =mo >
O and 1? is a bounded or unbounded domain of 1Ra, by Diagonaflzation
Titeorem. About local solutions of related problems witit model (3), we
can mention, among otiters, tite work of Ebihara-Medeiros-Míranda [10],
Crippa [7], Medeiros-Miranda [21] and Yamada [27].

Iii this work we study tite model (1) in an abstract formulation, i.e.,
tite eqution

(¡fin’)’ + Al
2u’ + Att + MQ~ IA*uljAu = f (4)

where A is a self-adjoínt positíve operator in a real Hilbert space H, A
4

is tite square root of A, by Diagonalization Titeorem cf. Dixmier [9],
Huet [13] and Lions-Magenes [181. Titis metitod ailows us to consider
tite cases in which there is compactness conditions or witen titere is no
campactness conditions. Note that titis metitod is abstract and powerfull
and is not used with frequence 3m nonlinear problems.
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2. TERMINOLOGY AND MAIN RESULT

We use sorne definitions cf. Lions-Magenes [18], lluet [13]. A field
of l-lilbert space is by definition a mapping A i—* 7-1(A), titat for eacit real
number A is assocíated to a Hilbert space U(A). A vector fleld on real
mimber IR is a mapping A i—* u(A) delineO on IR such that u(A) E 7-1(A).

Tite real vector space of ah vector fields on IR wili be represented
by Y and by ji we represent a posítíve real measure.

A field of Hilbert spaces A —* 1-1(A) is said to be ji-measurable witen
titere exists a subspace N of Y satisfying tite conditions:

a) Tite mappíng A .—~ ¡u(A)IInp> is ji-measurable for alt u EN.

b) If u E Y and A — (u(A, v(A))n(2) is ji-measurable for all y EN,
- titen u E /41-

c) Titere exists in Ala sequence(u,.),.EN sucit titat (udA))flcN ~
total on U(A), for eacit A E IR.

Tite objects of Al are calted ji-measurable vector fields. In tite
following, A .—* U(A), represents a ji-measurable field of Hilbert spaces
and ah tite vectors fields considered are ji-measurable.

Tite space 7-lo = f6 R(A)dji(A) is delineO in tite following way: a
vector field A —* u(A) is in Uo if and only if

IR ¡¡u(A)l¡~(~)dji(A) < oc.

Two vector fields that are equal a.e. in 71o, relative to the measure
ji, will be identified. la 71o we define that scalar product

(u,v)o ~/(u(A),v(A))n(
2)du(A) for all u,v E

1<o~

With titis scalar product, tite vector space 1<o turns out to be
a Hilbert space, witicit is calied tite llilbertian integral or measurable
llilbertian sum (cf. Lions and Magenes [15]) of tite fleld A ~—. U(A).
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By ita, a E IR, we denote tite Hilbert space of tite vector fields u
sucit that tite fleld A i—* Vn(A) is in 7to• In 7-1~ we define tite following
norm

= JAOu¡~ = ‘ Va¡Iu(A)j¡~«~>dji(X), it E 7-10.

Tite topological dual 74, of 7-la, is identified witit tite space 7-L<,
by tite isomorpitism a : 71~, —* 71—a defined by a(f) = Vauj, f E 74,,
where u

1 is obtained by using tite Riesz representation titeorem. Tite
dnality between it.0 and 114 is denoted by <,>~,,,.

Let fi be a separable llilbert space. We represent by (,) aud .
respectively, tite inner product and norm in H. We consíder in H a
self-adjoint operator A sucit titat (Att, u) =O for alt u E D(A), witere
D(A) is tite domain of A.

Let 7’ > O be a fixed real number. We consider tite following as-
sumptions about tite functions M, Al1, Al2 and initíal data:

M E C1([O,7’] x [0, oc[, IR), M(t,-q) =O,

V(t,i>) E [0,7’]x [O,+oo[. (2.1)

¿9
M(t,~) =0,V(t,~) E [0,7’]x [O,+oo[. (2.2)

{uo,ui,f} E D(A
t) x D(A*) x LjO,7’;D(A*)). (2.3)

Al
1 E W’~(O,T), ¡<i(t) =0. (2.4)

Al2 E L~(O,T), Al2(t) =
6o > 0. (2.5)

Al
2(t) — !¡KI(t)I > 6 > O a.e. in ]O,T[. (2.6)

2 _

Tite following titeorem is tite main result of this work.
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Theorem 2.1. Under tIte Itypothesis (tl)-(2.6) there exists O <

7’o <7’ and a vector function it: [O,To] —* H satisfying tIte conditions

~ E LÓO(O,7’0,D(At))1 E L2(O,To;D(A*)) (2.7)

-.,/Kju’ E ¡1”~ (O~To; D(A*))

(Am’)’ + ¡ñu’ + [i+ M (., IAtLI2)} Att = fin ¡l2 (o~
To; D(At)’)

(2.8)
u(O) = uo, u’(O) = u

1. (2.9)

We observe in titís case titat A is not necessarily a coercive operator.
Titen we consider br each £ > O tite operator A~ = A+eI. Titerefore, A~
satisfies tite conditíons of Diagonalization Titeorem cf. [9], [18] and [20].
It follows titat titere is a llilbertian integral

71o,r = f6 71(A)dji~(A) witere

ji¿ is a positive Radon measure witit support in ]A~, oc[, O < A~ < e,
and an unitary operator U

5 from H onto ~ sucit titat

U5(AZu) = A
0U

5(u) for ah u E D(Afl = D(A
0), a =O.

14 is an isomorpitísm from D(A~’) onto 7Q~ where D(Afl and D(A0)
are equipped with tite graph norm,

U¡D(ÁO) = uj2 + A~uI2 ¡br aH u E D(Afl.

For simplicíty we will write 71~ instead of ~ a E IR. aud observe titat
tite norm . k of 71<, depends on E. We also observe titat ib a fi titen
Ha C Hp.

Tite vector function u tlmat satisfles Tbeoreni 2.1 is obtained as tite
Iirnit when e —~ 0+ of a net of functions (ut)o.ce<i, u~ in the class (2.7)
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for each e > O, aud satisfying tite family of coercive problems:

f (Al1 u9’ + Al2u~ + ¡ji + M(.~ IA~u~Ií)] Au~ =

1 in ¡2 (a~ fEo; D(A*)’) (2.10)

Applying formaliy tite diagonalization operator ¿4 to tite equation
(2.10), we itave titat formally v~ = U4u~), i.e. v~(t)(A) = v~(t,A) =

U~(u~(t))(A) satisfies tite problem{ (104)’ + Al2v~ + [i+M(.~ i~~i~)] >v~ = Ye ini) (o~To;it.i)

v0~, t4(O) =
(2.11)

where vo~ = U~(uo), vi~ = U~(uí), g~ = 1-4(f).

Tite problem (2.11) is eqnivaient to (2.10) becanse ¿4 is an iso-
morphism from H onto

71o,~ titen, if v~ satisfies (2.11) we itave titat
it~ =U7’(w) satisfles (2.10).

We also observe that on tite set witere Ali(t) = 0, tite equation (2.11)
degenerates into a parabolic equation titen, we perturbe tite equation
(2.11) adding tite term 4vf, 0 < 4 =1,4 E IR, obtaining tite perturbed
problem:

I (Kí¿v~)’ + K214t + [í + M (., i~~
4i~)] ~Xv«= Ye

in L2(0T.711) (2.12)

v~¿(O) = v0~, v;jO) =

witere Al1~(t) =
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Tite solution v~¿(t, A) of tite problem (2.12) is obta.ined as tite limit
of a sequence of local solutions (vCck)keN, witere v~¿k for eacit k E I’{ is
a solntioin of a truncated problem associated to (2.12).

3. TRUNCATED PROBLEM

We denote by 71o,k, k E ti, tite subspace of 71o of tite fields y(A)
sucit titat y(A) = O ji-a.e. on [k, +oc[, and by vk tite truncated field
associated to y, sucit titat

= ji—a.eon~A,,k[, 0< A~<e.{ ; ji — a.e. on [k, +oc[.

Tite snbspace i~1o,¡, witit tite norm 7to is a Hilbert space aud v¡~ E
710,k- We itave titat y¡,, —* y strongly in 110, and if 9k 18 tite truncated
field associated to g E L~(O,T;7t), 1 =,‘ =oc, titen g¡, —49 strongly

Tite truncated problem associated to (2.12) consists of finding one
fleld ~e¿k : [O,7’o]—* Uo,k,0 < To =7’, satisfying tite conditions

I ¿k E L’0(0,7’o;Uo,k)

E L2(0,7’o;lto,k) (3.1)

E Loo(O, To; Uo,k)

(AlgÚ~k)’ + Al2v~¿k + Av~c,,, + M (., lvt¿kIi) AVC¿k = 9~k
in L2(0,To;71o,k) (3.2)

1 vC¿k(0) = I’ock, v~¿k(O) =

witere I’Otk, I’lek, 9tk are tite truncated fields associated to v
0~, uit, 9~

respectively.
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We represent by 2<k tite Banacit space Loo(O,7’k;i1o,k) equipped
with tite norm

¡Vqk¡X~ = ess sup Iv~¿k(t)Ii, Vt¿k E 2<k
O=t=T~

and we define tite map 8k by 5’>, : 2<>, —~ 2<>,, S>,(vg>,) = mee>,, witere
W¿>, is tite unique field titat satisfies tite conditions:

{1Dc¿k~We¿k~ ~ E Loo(O,T>,;7.j0>,) x L2(O,7’k;Uo,k)x (3.3)

x Loo(O, 7’~; 710k)

(Al
1~iv~4>,)’ + Al2~;~>, + Am~~>, ge>, — M (., IVCekIl) Av~¿&

(3.4)

in L
2(O,Tk;flo,k)

w«k(O) = Voek, tD~~k(O) = v
1~>,. (3.5)

Taking tite scalar product in
71o of botit sídes of (3.4) witit

and integrating from O to 1 =7’>,, we itave

1 \/k~jw~~k(t)lQ + f¿(2Al
2 + K)(s)¡w«>,(s)I~ds + Iivc¿k(Oh =I Ah(O) + ¿v1~¡g + ¡vo¿ + IG~I~,0 =

G~i2,o]
(3.6)

witere ~ — (jí~ ¡v~di)¡i) Av~e>,(t, A),
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and by ¡•¡,,<, we represent tite norm of L’(O, 7’>,; 71<,), 0 =p =oc, a E it.
C0is aconstantindependent ofO-cc< 1 O-cE=1 and kEIN.

Let V~¿>, E B0 = {Vk E 2<>,, ¡v~~x~ =a}, titen we itave

IG~,kI~,o =2jg¡~,0 + 2Cí~ka
2T,, (3.7)

witere
= max{IM(toi)¡2; 0 =i=7’>,; O~ ‘,= a2}. (3.8)

Substitutíng (3.7) into (3.6) titen it follows titat

ISdvee~)I~r,, = < E
0~ + 2CoC1~a

2T,. (3.9)

where

Loe = 6’o {i~í,e¡~ + iVoeIi + 2I9eI~ o]. (310)

If V,¿k, ii~¿>, E B
4 and Z~¿>, = S(v~¿>,) — S(i~~~>,) titen z~¿>, satisfies

tite problem:

{ (Al1¿4~>,)’ + Al244>, + AZC¿>, = F~¿,, in L2(O, 7’>,; 71o,~)
(3.11)

Z~¿k(O) = O, z~¿>,(O) = O,

witere

P~<>,Q, A) = M tv~¿>,(t)I1 ) AVe¿ic(i, A) — M (t~ Iiic¿k(t)Ii) Mi,~>,(t, A).

(3.12)
Táking the scalar product of botit sides of (3.11) with 24~>,(t), inte-

grating from O to t =
2’k and considering tite itypotitesis (2.2) we obtaln



Hyperbolic Parabolic Equations... 411

1 x/RT¿4~ Sc (1)1 ~+ J i

o
(2Al2(s) + K~(s))jz~~>,(s)igds + ¡z~¿~(t)¡j

2

1JTk IFL¿k(t)I?>íOk di + pf I4¿>,(s)I~ds

wliere p > O is an arbitrary constant.

Using tbe condition 214(1) + ¡«(1) =26 > O and cboosing p = 6
we itave

+ (3.13)
+ I~’¿k(flj~

whereCa>OindependsofO<e<1 O<¿<1, kEtiandtE[O,7’>,].

From (3.2) results

jF~¿>,¡~0 =[2Ci~k + 8Cna
4k]7’>,Iv~¿>, —

witere ~ is defined by (3.8) and

Ge max{[jVM(t,q)[j2, O ~ 1 =SI’>,, O =~ =2a2}.

Substituting (314) mio (3.13) we obtain
t

+ ~/ ¡Z;~>,(S)l~dS + 1z¿>,WII <

=C
3[2C~k + 8C2~a

4k]7’>,Iv~¿>, — Ve¿klX~

(3.14)

(3.15)

or
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Choosing a2 > 21% witere E
0 is defined by (3.22) and

= 7’4e) = mm (4CoCmka
2t’; (4C

3C1~k + 16CaC2ca~k0’}

it follows, from (3.9), (3.16) and noting titatE0 > Eo,~, titat 5>, itas
a unique fixed point v~¿>, in E<,. Titerefore tite truncated problem itas
unique solution on [0,7’>,].

In order to pass tite llmit witen k —* oc in tite truncated problem
we need to establisit priori estimates:

FIRST A PRIORI ESTIMATE
Taking tite scalar product in

71o of botit sides of (3.2) with
integrating from O to 1 <7’,, and using tite itypotitesis (2.2) we get:

¡ Al
1~v~>,(t)¡g + f¿(2Al2(s) + K(s))jv~,,(s)i~ds +I +3i7(t, IV~¿~(t)II) =¡ Al1(O) + Evm¡~ + IvocIi+

2

+XY(o, ¡vo~¡i) + ~ f<; ¡ga(s)¡~ds + p f¿ Iv~~,¿s)Igds

witere p> O is an arbitrary constant:

Using (2.6) and clioosing p = 6 we itave

+ Ji; ¡v~,,,(s)¡¿ds + I~~~>,(O¡g + MQ, iv~¿~(t)I1) =U _

< C4[Jv1CI~+¡voCII +Ái’(o, Ivo~II) + Ig~i~,~]
(3.17)

witere (174>0 rndepends ofO <E <1, 0< ~ =1,k E ti, tE [0,77,,]and

M(t, ij) = j M(t, r)d-r.

We itave tite following estimates
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IA~itoI2 =¡uoj2 + IAiuoI2,= 1

= ¡U~(ui)¡¡
0 = lun

2,

= ¡Ud f)¡~,
0 = II L2(0,T;H)~

O<c<1

0< e <1.

(3.19)

(3.20)

Substituting (3.18)-(3.20) into (3.17) we get

+
t

1
¡v~¿>,(s)I~ds + ¡v~¿>,(t)Ii =Fo

= C4[1u112 + uo¡2 + A4ito12 + IfIL2co,T;H> +Co]

and

Co = max{IM(Oo¿1¡; 0=,=uoI2 + IA*uoI2}.

SECOND A PRIORI ESTIMATE

Taking tite scalar product in 14 of both sudes of (3.2) witit
2Aiv~>,(1) and integrating from 0 to t ~ 7’>,, we obtain

+ j(2K
2 + Alfl(s)Ivk>,Iids + Iv~e>,(oIl+

-Iota

(3.21)

(3.22)

(3.18)

witere
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¡ Kg(0)vit>,Ii + Ivo~>,¡i + M(O, ¡vo~>,¡1)jvo~>,la

+ j IM’@, Ivteds)Ii)It+vc¿~(s)IiIvt¿k(s)Iids+

We itave

d 2

wvtek(s)

titen, using tite itypotitesis (2.2) and (2.6) we get

¡v«k(s)¡lds + lv~¿>,(t)f
2+

I~JRjv~
4>,(t)I1 + 26

<¡ Ali¿(O)VmIi + (C~ +1)Ivoeli +

+ £~. Jt Iv~~>,(s)!¶ds + (1 + C2)p ¡ ¡v~¿>,(s)¡ids

witere p > O is an arbitrary constant, aud

CX = max{¡M(OoñI; 0=‘= li¿oI~ + lA4uoIí}

= max{¡M’(t,q)~; 0=i =7’;0=ti =¡uol2 + IA*uoI2}.

¡ge(s) IIds+

aCitoosing p = and from tite estimates true for every O < £ < 1
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— IA~u ¡2 =IuíI2 t IA*u
112

IvotIl = fAh~0~ =2~ [IuoI2+ IA*uoI2j

~ = ¡U~(f)I~1 =IfIt2<o,T;H) + lAffIt2(o,T;ff)

we obtain:

I~Kjv~¿>,(flhi + I t

1v4>,(s)I1ds + Ivte&(t)Ii+

+ M(t, ¡Vg>,Q)¡i)¡V~¿>,(t)¡i =E~ + C~I t

witere

E1 =C4 [(¡u11
2+ IAkuí¡2> + 2~(IuoI2 + IAtuoI2)(1 + Cí»

+ IfIL2(0,T;ff) + IÁ’fILx(o,T;H)]

and (i7
4,C5 > O are constants independents of O < £ < 1, O < ~ =1,

k E ¡‘4 aud 1 E [0,7’>,].

Ifh«>,(t) = Iv~¿4OII, 0=1=T&,frominequaiity (3.23) weobtain,

O =h~¿>,(t) =Li + es
h«>,(s)ds,

0=t =7’>,, (3.24)

11 8«4t) = f~ It:¿>,(s)ds titen 6~~>,(t) =(E1 + Cs6~¿4t))~ and E~ +
r
2 1

(3.23)

O =1 =7’>,.



416 E. Bisognin

Taking ~* = 1 andO<To<T*,Toafixedrealnnmber,we
2E~C

5itave

+ t4~>,(s)iIds + ¡v~~>,(t)Ii =£2 (3.25)

independent of k E ti, 0< £ =1, O <E =1 and 1 E [0,77>,],0< T~ =
7’~ <T~ witere £2 = _2E

2C T 0.
From tite estimate (3.25) it follows titat tite local solution v~¿>, can

be extended to tite itole interval [O,7’o], Ta independent of e, ¿ and k. In
titis interval tite estimate (3.25) itolds for ah k E U, O < £ < 1 0 < E =1
and O < 1 =7’o.

4. LIMIT OF TEE TRUNCATED SOLUTIONS

Tite solution v,~. of problem (3.2) satisfies

(Al
1~V:~>,)’+Al2V:~>, + Av~¿>, + M(., ¡v~¿>,¡i)Av~¿>, = ge>,

(4.1)
in tite sense of L2(O7’;.2-1)

From v~~>, E Loo(O,To;7~1~ and t4~>, E L2(O,TO;71i) it follows
4

that 1)t¿k E C
0([O,To];71i) which implies titat the function zp~~>,(t) =

2

Iv~~>,(OII is continuous on [O,Ta].2

From (3.21) we itave titat

VkcN,O<c=1,O<E<1 O<tSTo. (4.2)
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Given to,11 E [O,7’o]we obtain

— zpg4to)¡ =CeIv~¿dtí) — v~¿>,(to)Ii. <

fil
<‘26]

(4.3)

Iv~~>,(s)jids =C4h — tal4

for every k EN, 0< £ =1, 0< E =1, to,t
1 E [O,To].

As a consequence of (4.2) and (4.3) and tite Arzéla-Ascoli titeorem,
exísts a function ~,¿ E CO([O, Tal, IR) and a subsequence of (~tek)kEN,
still denoted by (wee¡c)kEr~, sucit that

-4 9’« in C
0([O,7’o],IR) witen k oc. (4.4)

By tite assumption M E CI([O,7’] x [O,+oc[, IR) it follows

in C0([O,7’o],IR). (4.5)

Titerefore, from titis convergence and estimate (3.25) we obtain

v« in Loo(OTo;71t) weak staT

in L2(O,To;7-1
1) weakly

* in L”’(O,To;71i3 weak star

MQ, lv~¿>,(.)I4) .—* M(-, ~tdO)in CO([O, 7’o], IR).

From tite convergences (4.6)-(4.9) and observíng titat Yek
L2(O, 7’o; 7-1k), taking tite llmit in (4.1) witen k —* oc we obtain:

(4.6)

(4.7)

(4.8)

(4.9)

9e in
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I (Ki¿v~~)’ + Al2v~~ + Av~¿ + M(.,¿p~¿(.)).~sv« = 9e

in tite sense of L2(O,7’o;71..~¡> (4.10)

v~¿(O) = vos, vj0) = vn,.

Lemma 4.1. Jfv« is Me field that satisfies (4.10) tIten ~ =

Iv~dt)I1 comes np for every 1 E [O,To].
2

Proof. We cansider w«>, = v«,,, — v« titen zv~¿>, satisfies tite prob-
lem

j’ (Ali~w~,¿i’ + Al2w~¿>, + .Xiv~¿>, + M(., Ivcek(.)I)Ave¿~— (4.11)

1 —M(.,p(.))Av« = 9ek —g~ in L2(O,7’o;71i)

{ w~¿>,(O) = v0~¡,, — vot —* O in 71k, strongly, witen k oc
4

(4.12)
tV~,JO) = vn,¡, — vn, -4 0 in fi, strongly, when k ~ oc

4

Taking tite duality <,>n.x of botit sides of (4.11) witit 2m~~>, we get

<(Al1¿iv;~>,Q))’,2w~>,(t)> + <Al2w;~>,(o, 2wk>,(t)>+

(4.13)

We itave
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4<

and

4<

~¡~/R7~u,~>,(Q¡—2<~71~jw~~>,(i), ~/Tju4~>,(t)>=

= <Kí¿wt>,(t), 2w~~>,Q))...*x + <Alhw~~>,(Q, w¿>,(í)>xi
(4.14)

2 2 (4.15)

witere M’(t,q) = ?0~M(t,n).

Substituting (4.14), (4.15) into (4.13) and integrating from O to
1 =To we obtain

j(2K + Alfl(s)Iu,~>,(s)igds + Iw~¿>,e)II+
¡ ~/~?~~>,(oIg+

It -2-M(s,vtcds)Ii)Iwt¿>,(s)Iids
+ M(t,Iv~t~(i)Ii)Iw~¿~(i)Ii —

=Ea~>, + ¡ IM’(s, Ivq>,(s)Ii)I 2

+ 2j IM(s,
9~(s)) — M(s,Iv~¿>,(s)I1)I Ive.e(s)l*Iw~¿>,(s)I*ds+

+ 2 [gck(8) — gds)II’w~>,(s)lds.
(4.16)

witere
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= ¡ ~ Ivo~,4I)¡voa,—vo~¡~.
2

Considering tite itypotitesis (2.2) and estimates (3.25) we itave

¡ K1~w~>,(t)¡g + fo~ tv«>,(.s)¡0ds + Iw~edt)II+
1

(4.17)

+‘2s Ji; [i+ ¡v~,/s)I1ds] ¡w~~4s)¡1ds

witere Ea~,, -4 0 when k oc independently of t E [O,Tol.

Tite Gronwall’s inequality and (3.17) imply titat

1Am Wc¿k (fljirO uniformly in [O,7’o].

Finally, given i E [O,7’o] we itave

Taking tite limit witen k oc in (4.19) and using (4.4) and (4.18),
we itave from (4.19)

so~¿(t) = lv~dt)II; Vi E [O,Tol.

Frorn tite estimates (3.25) and tite Uniform Boundedness Titeorem

(4.19)

1
(4.18)

4<

we obtain



Hyperbolic Parabolic Equationt.. 421

1 f¿ h4j8)Iids =C9 (4.20)

4

witere C~ > O is a constant independent of O c e =1, 0 < ¿ =1 and
t E [O,7’o].

From tite aboye estimates we conclude titat exists a vector field v~
sucit titat

1 * v~ in Loo(O,7’o;1~t4 weak star

(4.21)—> v~ in L2(O,7’o¿7-i
1) wealdy

,JÍC¿vk -4 ~/kTv~ in ¡2 (o,
Te; 7-1~.) weakly.

Using tite same arguments used lo proof (4.5) we concinde that

(4.22)
2

Taking the limit in (410), when ¿ —* 0~ we obtain

(KivD’+Al
2t4 + Av~+ MO,iv 1

2)Av_ — 9e in L2(O,To;1Ci)
2

4(0) = vn,v
6(O) = vos,

(4.23)

Tite vector function u~ : [O,7’o]—* H defined by u~(t) =
satisfies (2.10) and from Uniform Boirndedness Titeorem we obtaln tite

4<
estimates
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1
¡

I~dOI2 + IA~u~(i)l2 =C~oI f
0To ¡t4(i)¡

2d1 + fTo IA~u~(i)¡2dt =C¡o (4.24)

¡v’iATt4(O¡2 + IA~~(vt¶Ayz4XOIí =‘2rn
witere C~o > O is a constant independent of £ and 1 E [0,fFo]

From tite estimates (4.24) we conclude that tite family of continuous
-L

fnnctions ‘p~Q) = A~? udt)12 satísfies tite itypotitesis of tite Arzelá-Áscoll
titeorem, titerefore, titere exists a continuous function ~ E C~([O, To], IR)
and a snbnet of (it~)o<~<i, whicit we still represent by (u,)o<~=i,sucit
titat

-4 u in ¡l~ (o, To;D(Ai)) weak star

i4 * it’ in L2(O,To;D(A*)) weakly (4.25)

v’Xju’ in Lí(O,To;D(Ai)) weakly

M(i, IA~u~(t)I2) —4 MQ,~o(t)) in CO([O,7’o]; IR).

Using tite convergences (4.25) we can take tite limít in (2.10), witen
£ 4 0+, and we obtain

{ (¡ñu’)’ + ¡ñu’ + Att + M(.; ~‘(O)= 1 in ¡l2 (o, To; D(AI)’)
u(O)uo, u’(O)=uj.

(4.26)

lo complete tite proof of Theorem 2.1 it is sufllcient to prove titat
~(i)= lAFu(t)12, Vi E [O,7’o]-

Lemma 4.2. ¡f u is ihe fleld thai satisfies (4.26) tIten ‘pQ) =

IA*u(t)Ií,Vi E [O,To].
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4<
Proof. Let z E D(Ai) and u,~ = u~ — u. By (4.26) we obtain

t(Al1w~(t), z) + (K2w~(i),z) + (Aiw6(i), A*z)+

+¡VfQ,socQ))(A*udfl, Atz) — M(t, p(t))(Aiu(i), A+z)

for everyzeD(AI).

If we take z = 2u4(i) we itave

2(A*W~,A*W9 = 2(AJu,~,A~~;) — 2e(w~,u,)

=Au,~i)2

di e

ami

~¡[M(t, ~c(O)IA~u,e(OI2]= MQ, ~

+IA~
4u,~(i)I2 [2M’(t, sodt))(A~udt), At4(t)) + ~M(t, s~~(

Substituting (4.28)-(4.3O) luto (4.27) we itave

~ [¡Viffiw~Q)I2+ ¡4wd012 + MQ, ‘~~(t))IA~u,~(flL2] +

+ (2K
2 + Alf)(Q¡w~(i)¡

2 — 2—M(í, ~,~(O)IA~w~(OI2=¿9’

— 2M’(t,
9~(t)) (A~tt~(t), A~b4(t)) IAL~ wt(tfl

2+

=0
(4.27)

(4.28)

(4.29)

{
(4.30)

+ 2[M(t, 9~(t)) — MQ,cpdt))](A* u(fl, A%u,~(t)) + 4£(w~(t), w~(Q).
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lategrating from O to 1 =7’o and considering tite itypotitesis (2.2)
and (2.6) we obtain

IVK~4Ol%-

+ 26 ¡u4(s)¡2ds +

<2J jM’(s,

Agw~i)i2 + M(t, ~ =

(4.31)

+ 2J jM(s, ¿pc(s)) — M~, ¿p(s))¡¡A~u(s)¡¡Aiu4(s)jds+

+ 4e f Iw~(s)IIu4(s)Ids.

We observe titat IM’(t, ¿p(i))¡, AJu4t)¡, jAiit(t)J and IAiw;(t)I are
baunded independent of £ and 1 E [O,To]. We also itave titat tite terms
¡M(t,¿p~(t)) — M(t, ¿p(t))I and 4c f~ ¡w~(s)¡¡u4(s)¡ds converge uniformly
to zero in [O,To]when £ 0+.

From (4.31) we itave

IA~lw~(flI2 =0(e) + C~ ¡ti + IAt4(s)l2]IAPw~(s)I2ds (4.32)

where ‘2ii > O is a constant independent of e and 1, and ilm~.
0+ 0(e) =

O, independent of t E [0,770].

F’rom (4.32) and Gronwall lemma we itave
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IAÉw~(t)[2 ~ O uniformly iii [O,To], witen e —4O~. (4.33)

Given 1 E [O,To] we itave

s~Q) — IA~u(OI2j =Y(’) — yc-(t)¡ + ¡¿p~(t) — IA4u(t)121 (4.34)

and

I s~(t) — IA*u(flifl =IIA~u~Q)I2 —

+IIA~u(t)I2 — ¡Á*idt)Ií = (4.35)

< [IA~udflI+ iA~it(t)l] Agw~t)¡ + £lu(t)12.

Substituting (4.35) into (4.34) aud observing that IA~u~(t)I+
+IA~¾4Olis bounded independent of e and te [O,7’o]we obtain

— IA~u(t)Ifl =¿p(t) — ¿p~(t)~ + eIldt)12 + C
12LA~iv~(t)I. (4.36)

Since ¿p~ —* ¿p in C
0cJO,To],lR) we obtain from (4.36) and (4.33) titat

¿p(t) = IA~uWI2 witen E -4 O~.

5. APPLJCATIONS

(i) Let fi be a bounded open set of IR? witit smootit bonndary 1? and
A = —A tite operator defined by tite triple
{HJ(Q); L2ei?); (Otri¿(o)}. As a consequence of Titeorem 2.1, we
find a function u: [O,To]-4 L2(fi) sucit titat
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(K1u’)’ + Al2u’ — [í+M(t,J0 lVu(t,x)l
2dx)lAu = 1I it(O,x)=uo(x), ~(O,x) = ui(x), xcQ

u=O onZo=Y’x]O,To[.

We observe titat tite example 5(í) can also be solved makíng use of
compactness arguments witicit can not be applied to case 5(iii).

Tite importance of tite díagonáilzation metitod is titat it ailows us
to solve problems witen fi is a bounded open set of IR” and we itave
compactness condition, or in tite case witere fi is unbounded and so
titere is no compactness condition.

(u) Let fi be as (i) and B tite operator defined by tite triple {H1(fi);
L2(fi);a(u,v)} witere

a(u, y) = f ¡ ¿9itBv ao(x)uvdx, u, y Ea.,(x)——dx + 111(fi)
___ Ox

1 8x5j0

witit ao,a1~ E Loo(Q),a¿5 = aj¿,i,j = 1,. ..,n,a0(x) =<~~0 > O for
almost x E fi, and exists a > O sucit titat Zr5ia¿5(x)E~E5 =alEI

2,
for almost x E fi and every E E IR”.

Tite operator B is B = +aolwitit domain

D(B)={ucH2(fi), 2±~=OonY’}

witere
Bu “ Bu

= E a
15(x)y—cos(v,x1)

is tite outward normal to 1’.

Let A be tite operator A = —E’5 ~-(a11±) witit doman D(A)
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= D(B). A is a self-adjoint operator and by Gauss lemma it follows

n
(Au,-u)= (— E

i4=1

=Ltl

__ __ =

Bu Bu

I Bu
~- E aí5(x)y-.-ucos(v~x¿)dY’ =

=al Viti
2, Vn E D(A).

If (a~~),.x,. = 1 witere lis tite identity matrix titan A = —A
{u E H2(fi), %~ = O on Y’}.

and D(A) =

By Titeorem 2.1 exists a function u: [O,7’o] ¡2(Q) sucit titat

<1 (Al
1u’)’ + ¡ñu’ — [1 + M(t, f0 IVu(t,x)l

2dx)]Au = f

u(O,x) = uo(x), = itj(x) XEQ

__ = O onZ
0 = Y’x]O,To[

iii) Let fi = IR” and A = —A tite operator of L
2(IR”) witit domain

D(A) - H2(IR”).

By Titeorem 2.1 exists a fnnction u: [O,7’o]L2(IR”) sucit titat

4< (Km’)’ + ¡Qn’ — [1 + MQ,fRn lVu(t, x)l2dz)] Att = f

u(O,x) = ~(O,x) = x E IR”.

We observe titat witen tite abstract results are realized in tite concret
case (iii) with Al

1 = 1, Al2 = O aud M depends only on fR~ Vu(t, z)l
2dx,

titat
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we obtain tite results proved by tite metitod of Fourier transform, by
Dickey [6] and Menzala [19].
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