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thai itere exIvís a va/ue (possib/y hirniíing) of titeprior parameter sfor vs’hich
wefind thai

¡ tite posterior pararneter s coincides witit , irrespective of ihe prior
parameter a, tite sarnp/e observed atid its size,

2 for a// va/rieL of a, ¡he (improper) densilies corres>r2nd¿ng to a atid to titIv
va/ue of s are a!! equa/ each otiter (rip lo a muhtiphicative constaní thai
cori/ti depetid oir a).

We wd¡ refer ío titis commoti deirsiíy as reference density III of tite fami/y Y
wiíh respecí to tite parametrization used atid lo tite ¡ike¡iitoodj?¡mi/y 1/..

To formalize our example. we once again consider tite family N(a, s=)and
tite likeliitood f(x/O), normal N(O,u2) witit a known value of u2.

Equation (2) adapts to Definition 3. Tite value of s<, for Witicit tite weigitts
of a

0 and t become equal eacit other is .~ =a fi.
Tite transformation of tite parameter s is expressed b

ti
+

a2

U s,,=±oo titen ~í =.~=aiv’~, irrespective of tite value of tite prior
parameter a, tite sample observed and its size. Since 7r0~~ (0) = 1, titis
expression does not depend on a. Hence tite reference density III is tite
improper density n-(0)= 1.

5. APPLICATIONS

Let Y = { w0~(O) 1 be tite family of beta densities. Wc can consider for
titis family titree distinct parametrizations. Tite parameter a is tite mean,
a=p/(p+q). in ah titree cases. In tite first parametrization, 5 is tite variance;
in tite second, s is a precision measurement: s=p-t-q; while in tite titird, 515

a dispersion measurement witose range of variation is independent of a:
s=(p4q,)

1. When applying methods 2 ami 3, tite Bernoulli distribution ts
taken as tite hikehiitood.

AII titree metitods can be applied to tite titree parametrizations, Witit tite
exception of tite ftrst pametrization witicit can only take metitod 1 because of
tite form of tite parametrie space. In ah viable cases, tite improper density
rr (0) = 0 .1(1 — 0) ‘(0,1> (0) is obtained as tite reference density.
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For tite beta distributions, Jeffreys and Bernardo obtain
rr(0)—0< 2(1 — O)í 2j~í(0)

Let us noxv consider tite family .3~ of gamma densities witit mean a and
varíance s. Let tite likeliitood be a Poisson distribution. Metitods ¡ and 2
produce tite same reference density, tite improperdensity w(0)=tttI<o± .->(0).
Metitod 3 cannot be applied to this case (see section 6). Jeffreys and Bernardo
procedures yield ir(O) =0’ 1t~+~ (O).

In tite normal case of known variance, ah metitods obtain tite same
distribution: w(O) 1.

6. GENERALIZATIONS

1. The k-dimensional case

Tite titree methods can be extended lo tite k-dimensional case, witen tite
parameters are a set of marginal centralization measurements and a joint
dispersion measurement.

This extension can be illusírated by considering tite family Y of Diricitlet
densities, in witich tite parameters are tite marginal means and tite sum of tite
usual parameters. Definition 1 can be applied to titis family. lf we take tite
multinomial distribution as the likelihood, Definitions 2 and 3 can also be
applied. In tite titree cases, tite improper density

>4. >4

Ofl=j[J0» (1 —x O,)~ í<~í>(O~)
¡=1

is obtained as the reference density.

II. Tivo extensions of Definit¡on 3

Definition 3 can also be extended by allowing tite weights to depend on
a
0, tite value of tite prior parameter a.

In Ibis case it cannot be postulated tital tite posterior parameter s
coincides witit .~ for every sample (titis version of tite postulate is included in
the definition for its simplicity, itowever it is not necessary and is too
demanding), but only for titose samples in witicit a certain «good» estimator
of a coincides Witit a0, tite (variable) value of tite prior parameter used in tite
definition of X.

Tite extension can be illustrated by considering tite family Y of gamma
densities witit mean a and variance s and tite family .1/of Poisson likelihoods.



Three Methodsfor Constructing Reference Prior DIvirihutiotis 61

Definition 3 cannot be applied directly because a1 is not a linear function of
a<,. as Is shown by tite transformation equation for tite parameter a:

a,, s0ir -aí= a,»- x. (5)
a0ds,)ti a0ts,,n

However the same pitilosopity of Deftnition 3 can be applied.

A formal application of tite ftrst version of tite technique of equivalent
sample size to formula (5) gives rise to tite determination of s,, as s~= a0¡n.

On the otiter itand, tite transformation of tite second parameter ts
expressed by

nxs3, .t. ab,,
(tis,,±a,,)

2

If s,, is tite value of tite posterior parameter s corresponding to tite
noninformative distribution gamma (a, s,) and to tite observation of a sample
witose mean value is a,,. it would be expressed as

na,, 57-1-45,
O (ns

1±a,)
2

When s=4oo, titen s,, takes tite value of a
0/ti. Hence we can take the

improper density ir(O) = 0 l~~> + (0) as tite reference density.

A furtiter possible generali7ation of Definition 3, applied to tite k-
dimensional case, consists in not postulating titat tite posterior parameter a1
ís a convex linear combination of a,, and of tite statistic, and in defining tite
value X as titat Witicit makes a1 equidistant from a<, and tite statistic.
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