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ABSTRACT. In this work the authors prove the existence of global solutions for
damping nonlinear wave equation u”+ M (|A Fulz) Au+ A*w =f, 0 << ¢=1. Uniqueness

is obtained for — =& <=1. They also prove the exponential decay for the energy,
when 0<{a=1.

INTRODUCTION

In this work we are concerned with global existence and exponential
decay for solutions of the mixed problem:

3y 2 _Ap28 ° <
W_]‘J(anu(x, 1% dx) Au+{—A) Y =f,in @, with 0<<a=l
u(x, =0 for (x, NEY, (1)

u(x, 0)=ua(x),% (x,0)=u (*) in Q,

where M (s) is a positive continuous function on [0,00[; {} is a bounded open
set of R”, with smooth boundary I"; @ is the cylinder {}x]0, ==[ of R**!, with

lateral boundary ¥, =T x[0,00[; A=3, d%dx? is the Laplace operator and
H i=1
|Vu (x, )2 =3, |du/dx,|?.

i=1
The equation (1), without damping (—A)* %tu , has its origin in the study

of vibrations of an elastic string (cf. Carrier [3]). To obtain his model, he
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admits only vertical component for the tension on the string of length L.
Using a linear Hooke’s law. he obtained the model;

=(7,

+
Pa o 11

Py ak (' du L u
f dx g.x

i

7,15 the initial tension on the string: £ the Young™s modulus of the material:
p density: a the area of the cross section: u(y, /) the vertical displacement of
the point x of the string, at time ¢. In this work we are interested in the case
r,>>10, that is, we have an nitial tension. If we consider a Hooke’s law of the
tvpe:

g a {unction not necessarily linear, 7— 7, the variation of the tension, S— L
the variation of the lenght of the string, then we obtain a nonlinear model of
tyvpe (1),. without damping, with

Ms)=m, ~0{s),

m, >0, 8 non linear, Therefore the so called Carrier-Narashimham model is:

{*) t?;_: - M’U;1 |Du (v, 1) a’.\’) Au=/.

When u,, 1, are chosen in a regular class of functions, Pohozhaev [17],
Lions [7], Arosio-Spagnolo [ 1] proved that (*), (1), (1); has regular solution
in x& (2, global in ¢, that 1s, 0 =<r<Tee. Far the case n=1, cf. Bernstein [2],
Dickey [4]. Therefore. if we restrict w, € H) ()N H2(Q), 1, € HI (),
fe L' (0, T H!I(£))), no global solutions has been proved to (*), (1), (1} and
no blow up studied. With this choice for u,, u,, f we can prove that there
exists a certain 7,2>0 and a solution for (*), (1),, (1), defined only on
0x[0, T,], cf. Ebihara-Medeiros-Milla Miranda [5].

However, with the perturbation —A 61[4 ., l.e., the case =1 in (1), there
exist results on global solutions in 7 and on decay, when (u,,, u,, /) belongs to
HU{M N H2Z(O) < HL ()= L1(0, T5 H!(Q)), cf. Nishihara [14], Yamada [18].
It is interesting to look Tsutsumi [17].

In the present work, we obtain global solutions of the mixed problem (1),
that 1s, mixed problem for (*} with the damping (—a)~ g;"' ,f0<a=1, when
u, € HHN D((—A)), u,el2(), feL'(0, T, L2({2)). Our motivation
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was to have information when o — 0, but no result we know up today. If we

suppose M€ C' ([0, =[; R) we prove that when —12—‘5 a = 1 we have unigueness
for solutions, cf. Theorem 1.2.

In Section 2 we study the exponential decay for solutions obtained in
Section 1, 0<<a <1, with f==0 to avoid technalities, following the ideas of
Haraux-Zuazua [6], ¢f. also Nakao [13], [14], Zuazua [22], Mufioz Rivera
[12], Strauss [18]. In Matos-Pereira [ 10] they obtained algebraic decay for the
energy, in the damping case a =1, with M (s)=s.

Another question, proposed by Lions [7] for (*), (1), (1)5, is to study the
case (u,, u;,f) in HI(Q)XL2(Q)xL'(0, 75 12(Q)). An answer to this
question was done by Medeiros-Milla Miranda [11]. They proved that the
best choice is not the above but the following:

(1o t1, NE D((—APH X D({(=A)Hx L0, T; D({—4)"9)).

With D{({—A)) one represents the domain of the operator (—A)%. With
this choice the authors proved, in[11], that (*), (1), (1), has at least one weak
solution, when (} is a bounded open set. For the unbounded case cf. Matos
[9], as an application of the diagonalization theorem by Von Neumann-
Diximier, cf. Lions-Magenes [8].

The present work is dedicated to Jacques Louis Lions on the occasion of
his 60th anniversary, as an acknowledgement of our deep admiration for his
scientific work and reconnaissance for his permanent support to our research
work.

1. GLOBAL SOLUTIONS: EXISTENCE AND UNIQUENESS

let ¥ and H be real Hilbert spaces with Hilbert structure given,
respectively, by ((+,+}), |I-1l, (+,-). [+ ]. We suppose V'CH continuously
and V dense in H. Let A be the operator defined by the triplet {¥, H, ((-,-))}}.
As it is known, A is a positive self adjoint operator of H with domain D(A)C

H. dense and D(A?)=V. We also kno':v that ({u, ©})=(Au, v) for all ue

D(A), veV which implies ({u, v)) = |Afu|2. If we suppose ¥ C H compact,
then the spectral problem ((w, v))= A (w, v) for all v€ ¥, has for solution a
sequence of vectors (w,),cn, w, € H, for all vEN, called eigenvectors of A and
a sequence (A,),en of real numbers A, called eigenvalues of A, such that
0<h <A SN =..diverges to +oo, and ((w,, V))=A,(w,, V) for all
ve ¥, veN. The sequence (w,),en is dense in ¥ and we suppose it is

13

orthonormalized in H.
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With this framework, the mixed problem (1) can be written;
!
wt M(|42u]") Aut Acw=fin 10, 1], 0<a=<1
(2)
u@®=u, w{0)=u,

In (2), w denotes the derivative of u, with respect to ¢ in the sense of the
vector distributions on ]0, 7[. We assume on M the natural condition:

Me C{[0,2¢]; R), M (s)=m,>>0 for all s=0. (3)

Theorem 1.1: Suppose M (s) satisfies (3), 0<<a=1,
U, €EVND(A®), w,eH, fel!® T;H). 4)

Then, there exists one function w:[0. 1] — H, 0< T<os, satisfving the
conditions:

weL=(0, T: VD (4))N 12 (0. T: D (A"?))
wel= T, H)ni, T: D(A;)) ®
219; (' (1), v)+ M (|A%u(r)|2)(AI2u(t), A; v)+(A%u’(t), p wy=(t)v) (6
in D0, T) for all ve V. We say u is weak solution of (2).
u@)=u, wil)=u (7)
Proof: Denote by V,, the subspace of ¥M D (A4%) generated by the first m
eigenveclors wy, wy,...,w,, of A. Let u,, (1) V,, defined by:
W5 (0, )+ M (|42t (0]) (it (0, ) (A, 0 ) =S (0 D) ()
for all ve V,,,.

Un (0) = u,,,— u, strongly in VN D (42) (9)

uy, () =u,,, —u, strongly in H. (10)

The system (8) plus initial conditions (9), (10) has solution on [0, ¢,[. Its
extension to the interval [0, 7] is a consequence of a priori estimates. The
crucial point in the proof of Theorem 1.1 is to obtain strong convergence of

solutions (,,),,cn in the space L2(0, T, D(A?)), in order to obtain the limit
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1
of the nonlinear term M(|A 2u,, (t)|2). We need two a priori estimates. In the
computation we use u in place of w,,.

FIRST A PRIORI ESTIMATE: Let us represent by M(A) a primitive of
M) te.,

M()\):f M (s)ds.

[}

Taking v=2u" in (8), integrating from 0 to ¢ and applying Cauchy-
Schwarz inequality, we obtain;

|u'(:)|2+M(|A%u(:)|2)+2 JnlA;u’(s)Iz ds
G
<2 [l @) dst lunl? + 61 (420

Whence, by the assumption (3) on M (s},

1 1 a
|u’(t)|2+molA5u(t)I2+2 f 1A 2w (s)|? ds
(1]

2)'

an
<2 [l @tds +lu 2+ i (|7,

0

Observe that M()\)Emoh. From (11) it follows:
- 1 '
nu'm|25iu.|2+M(1A2uo|2)+2[|f(s)t|u'(s)|ds.
0
Since | f(s)| € L' (0, 7). this inequality implies, by Gronwall’s lemma:

f’| 7611 (5)] dis

is bounded for all ¢ in [0, T]. Therefore, from this estimate and (11), we
obtain:

lul, ()IP<=C; |A%-‘um(:)|ISC; f'[Agu,;,(s)rdssc (12)
[{]

for all +€[0, T], where C>>0 1s a constant independent of m.

SECOND A PRIORI ESTIMATE: We take v= A2y (8); as above u in
place of u,,. We get:

1 d

@02 = o
2 dt |A ul "_‘(f;A u)'

Ay — |42+ M| Auf) |47 u
g AT = 1AN R M| ATu) |4 7 )
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Integrating from 0 to ¢, we find:

7 | atl
J‘M“AZuF) |42 ul? ds-l-;—jA"ulz——-—(u’,A"u)
¢ ! ! (13)
e, A+ [P s LA 2 [ Ay,

(] 0
By the conditions (9), (10) on u,,. u,; by the first estimate; by the

2
assumption (3) on M and by the inequality 2pg < o + Bq*, 8>0, we obtain,
from (13): A

m, f’[A"; u|2dS-H%—B)IAau|2SK+f'|f(S)HA,xu(g)lds (14

0

for 0 <8< éﬁ, K >0 constant.

We obtain from (14},
[Au(t)|*=a+b fl}f(s)llA“u(s)I ds,
0

with | f(s)1€ L' (0, T). By Gronwall’s lemma, the last inequality and (14), it
follows:

ol

| A% 1, (1< C, ] |47 () ds = € (15)
b

with €| independent of m, for all ¢ in [0, 7.

We have:
et |
DA 2 YCD(AYHYCH, 0<<a=I (16)
ot

with Icontinuous injections, We have compact embedding of D(A ? ) into
D(A?),

From (12), (15) we have:
ot
(t)me n bounded in L2(0, T, D (A4 ? )
(17)
(t4)me n bounded in L2(0, T H)

By (16), {17) and Aubin-Lions compactness theorem, we can extract, from
{thm)men, @ subsequence (1), e, such that:

|
(1) . v converges to u strongly in L2(0, T; D(A?)). (18)
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The vector u obtained from (12), (15), (18), is such that:
(1,),c n converges to u weak star in L=(0, T; VN D(A~))
and weakly in L2(0, T D(Au?))
(u.),c N converges to v weak star in L*(0, T H) 0
and weakly in L2(0, T; D(A;)).
The convergences (18), (19) imply that we can take the limit, when y —oc,

in the approximated system (8), to obtain (6). We also prove that u satisfies
the initial condition (7) and Theorem 1.1 is proved. Q.E.D.

Corollary 1.1:  Under the hypothesis of Theorem 1.1, with f=0, there
exists a function u: [0, =[ — H, satisfying the conditions:
ue L=(0,°0, VN D(A2) )N L2 (0, o=; D(Aozl))
e L= (0, o, H)NL2(0,%; D (A;))
u'+ M(|A l2ul2) Au+ A2 u' =0 weakly as (6)
u@)=u, w0)=u,.

The next step of our work is dedicated to analyse the uniqueness. In order
to be clear we fixe notations and prove two lemmas.

Let 820 be a real number. We consider D (A4#) with the norm ||ui|z=
| Afu|. Then,

AB:D(AB)—~ H
is linear and continuous. It follows that the adjoint 47",
AB H'—(D(A#))",
is also linear and continuous, with
AR f, wgp=<f, AP Wyxy 20

where <>z is the duality between (D(AP}) and D(A4F). Note that E’
represents the dual of E.

Lemma 1.1: If we identify H with H’ by Riesz isomorphism, then A®" is
an extension of AB.
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Proof: If f& H', then {f, v>=<Ju, v>=(u, v), where J is Riesz’s isomorp-
hism. We have

D(AB)C H=H'C(D(AP))

continuous and dense. Let v€ D (4F), and ve H and Jue H'. It follows, from
(20}, that:

<A'G‘ JU, u>5'ﬁ=<;]l), A‘Gu>”'xH=(U, Aﬂu)

Z(A'BU, u) =<{J AP v, H>B'ﬂ,
what implies Af' Ju=JA4Bv. Q.E.D.
Let us consider ;— <a=<1|. Then

D(A%)C D(A[:;) and (D(AI'E'“))'C(D(A?))' 2n
dense and continuous.

Lemma 1.2: U—%SCESI and

ueLf(O,T;D(Ag;-I)), u’ELZ(O,T;D(A%)),
then
dy 2 oo atl e
E(A Ty oAz u)=2(A 2y Al u).

Proof: Let W (0, T) the space
atl

fv; ve L2(0, T,-D(A'2 )) vELO, T, D(A;))}

normed by

atl

2 2 By a
HU”ww.?)‘—‘||U||L=(o,1zbm 2 ))'*' [ v HLZ(O,T:D(AZ))-

atl
We know that D([0, T]; DA 2| })is dense in W0, T), cf. Lions-Magenes [8],
p. 13. Lety € D([0, T); D(A 7 }). Then,
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d att 1 atl atl [

—a | - —a
qAleAte)=(A7¢, A2g)H (A9, A2 ¢) (22)

atl

= (4o (A!_—z_[!ga’), A%aqa) +{(A4 70, 4 I_;tp’)
=4 a4 e (a4 )

|—a I—e
2

since 4 2 ¢, A ? ¢ belong to D (A=),

From (22), we have:

4, I a atl oo
E(A 2, A 299):2(/4 2, A Z‘P')- (23)

If 1 satisfies the condi+t!ion in Lemma 2.1, then there exists a sequence
w.)sen of D0, TT; D(AT)) such that

atl
limg,=u in 12(0, T: D{4 * )
l-o (24)
limg,=u'in £2(0, T:D(4 * ))
From (24) we obtain:
+1 l—a a+l =g

lim (A“2 @, ATo)=(47u, ATu) in L1(0, T)

u’) in .90,

+1 1-

lim (Aaz Cos Aﬁ;(p;)z(A 2u A

atl l_a

3

Considering these convergences in the space D’ (0, 7) and taking the limits
of (23) with ¢ =¢,, we prove Lemma 1.2. Q.E.D.

ESTIMATE FOR u”:
Let « the solution of Theorem 1.1 with f=0. Then, u satisfies:

T T 1 atl l—a
ﬁf (W, 6'v)dt+f M(|A2u’) (42w, 642 v)di (25)

a 0

T o« a
+J(A2u',BA2u)dt-——0

9

i
for < D(0, T) and v eigenvector of A. Obscxl’ve that M(|A5u|2)e L=(0,D
because (#,)men is bounded in L= (0, T: D(A?)). The eigenvectors of A are
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dense in D(A B )ﬂ D(AE) which implies that (25) is true for all
veE D(A 2 )ﬂ D(AE). From (25) with such vectors v, we obtain:

)

—JT(M’, 0’ v) di +LTM (|A_£ ulz) ((A !;a}*( ] Bv>;
+ [ty (a3 o

0 NCN

Yilta
2

This implies:

l-a
2

u"+M(|A_5u|)( )(A ) ((;)*A;u’:O (26)

in the sense of D'(0, T: (D(A[_;)) +( ( ))')

Since,

M) () (47 e 2013 (D(a ™))
and
(A;)* Atuc L2(0, T;(D(A(;-’))')
from (26):

T—ar o

W e12(0, T: (D(A 2 )mD(A 2))’).

TS

Note ‘that u'e D(A

). Then to make sense the duality («”, &) we must
have: ;

D(AZ)CD(AI;)HD(A;),
what implies
I

o — |
—_— > == T,
> = 5 or o = 2

It follows that for az%, we have:

we L0, T; (D(A°))). (27)
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Remark 1.1: From
WEI(0,T: D(A?)) and w'e 120, T; (D(47))),
it follows:
weC([0. 7], H)
and

£ Iurlzzz(u”,ur) .

G

R

Theorem 1.2: (Uniqueness). Suppose
MeCl ({0,%[; R), M(s)=m,>0, Zisag.
If u, v are two solutions of Theorem 1.1, then u=v.
Proof: If w=u—v, from (26) we have:

atl

W M (| ATUP) (AT ) (AT )= M(| A2 (A7) (47 @9
+(42)* AT w'=0in L2(0, T:(D(A2)))
w{0) =’ (0)=0.

o

Since '€ L2(0, T; D(A 2)), from (28) we obtain:
(29)
] t 1 a
L(w”, m’>(%)-(%)ds+ LM(]AZur) (47 o, 42 o)ds
atl 1

[ by ar (s o 47 )

+f'|A§'m'|2 ds=0.
i}

l—a |

Remark 1.2; We have 4 ? u, Aluc D(A 2]. Then

! ! l—& atl 1o

(AZu, Azu):(Alzu, AT A u)=(A 2y A2 u).
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From this equality and Lemma 1.2, we obtain:

att

d 1 b—a
E;IAZuIZ:Z(A 2y, A2 u').

By Remark 1.1 and Remark .2, we get from (29):

f

| H @
%Iw'(t)l“rf%d% [M(|4Zu|’) leﬂdﬁfo | 4207 ds (30)

o

=frjw'( A_;ull) Ag}]u. Al;_(zu') Hwli? ds

bl

|—er

+ [ M@l 111 Aol =l (47 v 47 w)as

0

)

We have, observing that% = I—Qa

| (AT (AT AT )l 2]

+1 (31)
Scld T uf’ ol 24 |A2u] [lo] 2
Also we have:
| MO | (Nl |+ Hu Dol = Hull) (A7 v, 42 ) (32)

<elloll |47 of |40} S e |47 ot N0l 0|4 Tw]
0<<n<lI.

By (30}, (31} and (32}, we obtain:

o s
é—manw||2+(1—n)J|A2w']2£cJ|A T ul? flol|? ds
0 0

+¢ J{|A%u'l2 [|w]|? ds+ ¢, Jr|A%—lv12 [ew]|? ds.
]

0

This ineguality implies:
llw(r)llzifg(S)llw(S)IPds. geL1(0, ),
0

that is, w (1)=0, 0=<¢= T. Fhus we have uniqueness. Q.E.D.
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2. ASYMPTOTIC BEHAVIOR

On this section we obtain informations on the behavior of the energy
associated to (6), Section 1, when 1 goes to oo.

Theorem 2.1:  Jf u is the solution of Corollary 1.1, then

E()=4E@)e v, for all t=0, (33)

where

. |
E@)= 1w @i+ ) M|arum], =0 (34)

and

(35)

M, ) mik, 2T\
Z'y:(j) mm( )

2m A} ‘?+T)\|+T! 2r+m,

r = max { M(s);0<s< ii(i}, (36)

X, the first eigenvalue of A.

We use, in the proof, the method of Haraux-Zuazua [6], cf. also Zuazua
[22]. 1t is sufficient to obtain (33) for the approximated solutions u,, of (8).
The convergences obtained in the proof of Theorem 1.1 imply the inequality
(33) for the limit . By this reason we write i in place of u,, and E(t}or £in
place of E,, (1)

For ¢ >0 we define the perturbed energy E, (t) by:

E()=(1+eC)E{t)+ e, u), (37

where C is a constant to be determined later.

The method depends on an inequality relating £z} and E, (1), which is
isolated in the following lemma:

Lemma 2.1: We have

é}-; (S E()<2E.(1)



226 L. A. Medeiros-M. Milla Miranda
Jor all 1 =0 and 0<e=e,, where

L maan
T 0 et )

Proof: let us consider o (t)=(u' (1), u(r}). We have:

[
(8= a1+ 5l W12 w>0,

22 A lu ()2, then

i
and we know that |A2u([)

(1 S—— (| A2u0)).

mr)}\l
From (39), (40) if follows:

M
2m, A

alr

- f 1
[20/= M| Azu(0)]) = (1

Choosing u=(m,A ) 2, we get:
(1)) S (A" 2 1)
and we have:
EE(1+eOQ) E()+e(m,N)™ ; E(t).
This inequality implies:
E()=2E),
for 0<<e<e,.

From (41} and the definition of E, we get:

1
EZEM)—elg () ZE()-e,(m,\) 2 E(:):—’é—E(f),

which is the other side of the inequality in Lemma 2.1. Q.E.D.

(38)

(39)

(40)

(41)

(42)

Proof of Theorem 2.1: The idea of the proof is to obtain E (1}<< —nE(t),
71 a positive constant. This inequality, with Lemma 2.1, permit us to obtain

the exponential decay.
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We have from the approximated equation:
E(t)=—|A>u 1)),

hence,
E(=—Au'|’.

Also from the approximated equation (8) we obtain:

(u u)=|w|?— )|A2u|2 (A;u’.A:u).

Thus, from (44), (45) we get:
Ete (u W= N2t e|u]2— ('A;u‘2)|AI2u|2
—e(dTw, A7), >0,
We have:
[ Y LA

Since 0<<a =1, we get:

|42 = 3 a0+ 3 X | @)
0<A‘=:; A=
+A 1
<|u|2+|,42 |2<[ T}‘]M(|A:u|2).

By (43) and this last inequality, we obtain, from (47):

(40, A% | S =5 £+ St (a2

for
1+ A,
mu)\l

k=

5]
[3%]
~l

(43)

(44)

(43)

(46)

(47)

(48)
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The inequality (48) permits us to write (46) in the form:

E()+e gE'n)ﬂd—‘f(u', <= — (N —e) |u'|? (49)

| ! ek - I
— 2 24 =0 2
eM (|A2u| ) jAu2+ P M (|A2u]).
We need to compare the last two terms of (49). For this, we know from
(I1) in Section 1, since f=0:

2EW

m,

<

|A%u(!)

-, for all =90, (50)

which implies:
|
M (|A2u())") < for all (=0,
with r defined by (36).

Define

b
-

) 2E(0)

o=

and 6—

3

Il

[

By the definition of Af (A), we have for 0= A< g:

M(N) =X maxgzpe, M(E) :% m, < % M(\).
Therefore,
ek - ek -
E'\M(A)_Eg M\ = 55 M(A) forall 0= A=a. (528

By (50), (51) and observing that I:_ :”?10, we have from (49)

E()+e —g-E'(t)Jrng(u’,u) (52)

< — (A —e) ;u';Z—e;"—:M (]AIZu,Z).
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For 0 <e<e¢ = 2N 7 , we obtain;
T+m,
A —e>0 and < AT — .
27
Thus, from (52):
" ed d em, .
E (’)+TE(U+6?(“‘U}S_T ) 0<e<e,. (53)
By Lemma 2.1, with C= g . it follows, from (53):
Em<-""E (1), 0<e<er=min (e, €)
¢ - e_'_ g + 2 e ST
which implies:
E ()< E (0)e 5= (54)

If we apply Lemma 2.1, with 0Je<le¢;, to (54) we obtain Theorem
2.1. Q.E.D.

Remark [.3: In Y. Yamada [21], he observed that if
Me C([0,%): R), ; <a<lI, (55)
with (1, w)e VN D(A") > H, f=0 to avoid technalities, then he obtained
further regularity for the seolution u given by Theorem 1.1, In fact, he proves
that if we have (55), then u satisfy;
ol
Viue L=(0,7;: D(A * )
Vid' € L=(0, T: D(A*)NL2(0, T: D(A®))
Viure 120, T: H)

for all 1=0.
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