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ABSTRACT. In titis work the authors prove tite existence of global solutions for
damping nonlinearwave equation u”i- Nf (~A2u~2) Aui- ¡f~u’ =f 0< cx =1.¡mniqueness
is obtained for 1 <a=1. Tite>’ also prove tite exponential deca>’ for tite energy,
when0’Ca=l. 2 —

INTRODUCTION

In titis work we are concerned witit global existence and exponential
deca>’ for solutions of tite mixed problem:

82u — u(x du in Q, with 0<cx=1

812 M(j¡V d¡2dx)zXui-(—zM~--¿-=f~

u (ix, t)=0 for (ix, t)E ~ (1)

Su
u(x,0)=u,, (ix) (ix, 0)=uí(x) ini>,

‘St

witere M(s) is a positive continuous function on [0, oo[; fi is a bounded open
set of RO, witit smootit boundary E; Q is tite cylinder Ox] 0, oc[ of Rbi-, witit

O
lateral boundary Zzs17x[0,cc[; á=~ 52/¿jy2 is tite Laplace operator and

O
Vu(x.l)~2=Z ¡Su/Sx,¡2.

Tite equation (l)í. wititout damping (—A)~ ÁU~,itas its origin in tite study
St

of vibrations of an elastic string (cf. Carrier [3]). To obtain itis model, ite

1980 Mathematics Subject Classification (1985 revision): 35L05.
Editorial de la Universidad Complutense. Madrid, 1990.

http://dx.doi.org/10.5209/rev_REMA.1990.v3.n2.18030



L. .4. Mc’d<’i,’o.s--M. A-Ii/la Miranda214

admiís oní>’ vertical componení for the tension on tite string of lengtit L.
Using a linear l-looke’s law. he obíained the model:

52v aE 1> Su S~íí
pi? 4 (r,-f l ( )2dx) , . 0=x=L.

Sí- 2L y dx ox-

a-,, is ihe initial tension on ihe string: E dic Young’s modulus o!’ ihe material;
p densiíy: ci íhe area of te cross section: u (y, Q Ihe vertical displacement of
the poiní y of the string, al time í. In ibis work we are interested in the case
r,,>0, that is. we have an initial tension. lf wc consider a Hooke’s law of ihe
tvpe:

T—T
0=O (S—L

)

a a funclion not necessarilv linear, i-— r,, the variation of te tcnsion, S— L
tite variation of tite lenght of te string. then we obíain a nonlinear model of
type (1)>. without damping, with

rn,>0. O non linear. Therefore te so calleé Carrier-Narashimham model is:

52 ~ Al
11 Vii (x. t» c/j Su =~f(*) Sí~ U»

Witen u,,, u> are citosen in a regular class of functions, Pohozhaev [17].
Lions [7], Arosio-Spagnolo [1] proved that (*), (1),, (lb has regular solution
in xcii, global in t. tal is. O=t<oc. For te case n= 1, cf. Bernstein [2],
Dickey [4]. Titerefore. if we restricí u,,EHJ (11)0112(t1), u~E [14(11).
Je L’ (0. 77: [14(fI)). no global solutions has been proved lo (*), (1),, (1)3 and
no blow up siudied. Witit titis choice for u,. u~.j we can prove that Ihere
exisís a certain 14>0 and a solution for (*), (‘)2. (1>3 defined oní>’ on
flx[0, 17], cf. Ebihara-Medeiros-Milla Miranda [5].

However, with te perturbation —A i . e., the case cx = 1 in (1>,, there
Sí

exisí results on global solutions in í and on dccay, witcn (u,,, u>, fl belongs to
114(11)0 ¡¡2 (f1)~114 (ti) x 0(0, 77; 114(11)), eL Nishihara [14], Yamada [18].

It is interesíing to look 1suísumi [17].

In te presení work, we obíain global solutions of the mixed problem (1),
Sutitat is, mixed problemfor(*)with thedamping(~~A)a
0 , if0<cx=1, when

u,G [12(1I)OD((—Sy), Uí c L
2(fl), Jc L’ (0, 77; 5(11)). Our motivation
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was to itave information wben a—O, but no result we know up today. lf we

suppose Ale CI ([0,oo[; R) we prove titat witen i<a= 1 we itave uniqueness
for solutions, cf. Titeorern 1.2. 2 —

In Section 2 we study tite exponential decay for solutions obtained in
Section 1 0< a< 1, with f= O to avoid tecitnalities, following tite ideas of
Haraux-Zuazua [6], cf. also Nakao [13], [14], Zuazua [22], Muñoz Rivera
[12], Strauss [18]. In Matos-Pereira [¡0] titey obtained algebraic decay for tite
energy, in tite darnping case cv= 1, witit M(s)=s.

Anotiter question, proposed by Lions [7] for (*), (1)2, (1)3, is to study tite
case (u,,, uí,]) in HJ(11)xL2(11)xL’(0, 77; L2(fI)). An answer to titis
question was done by Medeiros-Milla Miranda [1 1]. Titey proved titat tite
best citoice is not tite aboye but tite following:

(u,,, u~,.flc D((—zX)3-4)x D((—A)’--4)x LI (0, 77; D((~zX)l 4))

Witit D((—A)~) one represents tite domain of tite operator (—=j~.Witit
titis citoice tite autitors proved, in [II], titat (*), (1)~, (1)~ itas at least one weak
solution, witen 11 is a bounded open set. For the unbounded case cf Matos
[9],as an application of tite diagonalization titeorem by Von Neumann-
Diximier, cf. Lions-Magenes [8].

Tite present work is dedicated to Jacques Louis Lions on tite occasion of
itis 6Otit anniversary, as an acknowledgement of our deep admiration for itis
scientific work and reconnarssance for itis pernianent support to our researcit
work.

1. GLOBAL SOLUTIONS: EXISTENCE AND UNIQUENESS

Let y and H be real l-Iilbert spaces witit Hilbert structure gíven,
respectively, by ((.,.)), ¡ ¡ . ¡ ¡, (.<it ¡ . ¡. Wc suppose VG ¡E continuously
and Vdense in JI. Let A be tite operator defined by tite triplet [y. ¡E, ((‘,‘) )}.
As it is known, A is a positive self adjoint operator of II witit domain D(A)C

¡E, dense and D(A%= y. We also know titat ((u, u))=(Au, y) for ah uE

D(A), veV witicit implies ((u. v))=IA2ul2. Ifwe suppose VCffcompact,
titen tite spectral problem ((ni, v))=A(w, y) for ah vE V, itas for solution a
sequence of vectors (WJ,GN, w~E ¡E, for ah veN, called eigenvectors of A and
a sequence (AJuEN of real numbers A, called eigenvalues of A, sucit titat
0<Xí <X

2=...=X< diverges to +oo, and ((ni,, v))=X,(w,, y) for alí
vC y, vEN. Tite sequence (Wj,,N is dense in y and we suppose it is
ortitonormahized in JI.
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With titis framework, tite mixed problem (1) can be written:

u ±M(jA2u~)Au+Aau=fin]0,T¡j,0<ct=I (2)

u(0)=u,,, u’(O)=uí

In (2), u’ denotes tite derivative of u, witit respect to í, in tite sense of tite
vector distributions on ]0, T[. We assume on Al tite natural condition:

Ale Co([0,or4; R), M(s)=m,,>0 for ah s=0. (3)

Theorem 1.1: Suppose M(s) satisfies (3), 0<cx=1,

u,,E VflD(AU), u1eH, fcL’(O, 77;JIJ (4)

Titen, titere exIvís one funcí ion u: [O.7] — 11,0< 77<00, saíisfvitig lite
conditioris:

<,+1
ucLcC~O, 77; VflD(An))nL2 (0 77; D (A 2

(5)
u’GL~(O, 77; !VflL

2 (0, 77; D(A2))

4< ‘U’~ v)±Al (jAáuÚA2)(A2u(t), A2v)+(A2u~W, A2 u)=J(tj y) (6)

in D’(O, T)for a!! ve 1’? ¡Ve say u is wea/c sohution of(2).

u(O)=u,,, u’(0)=u, (7)

Proof: Denote by 1”,,, the subspace of Vfl D (Aa) generated by tite first m
eigenvectors <oI,<o2 ,..., <o,,, of A. Let u~Ú)c V,~ defined by:

(u(t), tj+ Nf (¡A2u
01O)~

2) (Au
0jí), u)+(A”z4(t), u) =(f(í), y) (8)

for alí vG Vm.

u,,,(0)= u,,,,, —u, strongly in 1” r’ID(A”) (9)

u,,(O)=uím~uí strongl>’ in JI. (10)

Tite system (8) plus initial conditions (9), (lO) itas solution on [0, t,J. lts
extension to tite interval [0, 77] is a consequence of a priori estimates. Tite
crucial point in tite proof of Titeorem 1. 1 is to obtain strong convergence of

solutions (Um)m~N ín tite space L
2(0, 77; D(A 2)), in order to obtain tite limit
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of tite nonlinear term Al(~AI u,,, (í)~2 ). We need two a priori estimates. In tite

computation we use u in place of u,,,.

FIRST A PRIORI ESTIMATE: Let us represent it>’ M(X) a primitive of
Al(s), i.e.,

M(A)=J’ M(s)ds

Tak¿ng y = 2u’ in (8), integrating from O to í and applying Caucity-
Scitwarz inequality, we obtain:

¡uA(t)¡2±M(IA2uO)~2)+2J¡A2u’(s)¡2 ds

=2JIfa) ¡u’(s)¡ ds+ ¡uím¡2+ M (IÁ~uooi2)
Witence, it>’ tite assuniption (3) on Al(s),

Jo (II)

=2JIf(s)I¡u!(s)Ids+¡uí¡2+M(IA1uoI2).

Observe titat M(A)=m,,A.From (II) it follows:

Since ¡ f(s) e LI (0, 7), titis inequality implies, by Gronwall’s lemnia:

f(s) u’ (s) ¡ ds

is bounded for alí í in [0,77].Titerefore, from titis estimate and (11), we
obtain:

¡u%(í)12=C;IA2um(t)12=C;JIA2u%(~s)I2ds=C (¡2)

for alí tE [0,7’], witere C> O is a constant independent of ni.

SECOND A PRIORI ESTIMATE: We take v=A~u(8); as aboye u in
place of u,,. We get:

cf a 1 ~~jI 4 A~u).
¡A 2u’¡2± Al(~Aiiu~2) A2u~2+j~ t—¡A’~u¡2=(f.
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Integrating frorn O to t, we find:

JM(~A2u~2) A’ uK ds±~4~.iAau¡2= (u’,A~u) (13)

+(u1,,,, Aauc>.~.)+JiA2u’¡2ds+~L¡Aouo,;l2+j’(f.Aau)ds.

B>’ the conditions (9), (lO) on u,,,,,, uí,,,; by the first estimate; by tite

assumption (3) on M and by tite inequality 2pqS P~±13q2,13>0, we obtain,
from (13):

m,, JJ/12 u~2 ds+(-4.-—/3) ¡Aúu¡2=K+J¡ f(s)¡¡ A”u(s)¡ ds (14)

for 0</3< 1 A?>0 constant.

2’

We obtain from (14),

¡ Achu(t)¡
2<a+b fi f(s)¡ ¡A~u(’s)¡ cts,

witit ¡ f(s) ¡ eL’ (0, 7). 8>’ Gronwall’s lenima, tite last inequality and (14), it
follows:

¡A~u,,(’í)¡2=Cí,jk~ 2 u,,,(s.)~~ds=C
1 (15)

witit C1 independent of ni, for alí t in [O,79.

We itave:
04’ -

D(A 2 )CD(A
2) CH, 0<cx=1 (16)

oi-I

witit continuous injections. We have conipact embedding of D(A 2 ) into
D (A2).

From (12), (15) we have:
0+’

(U,,i)meN bounded in L2(0, T;D(A 2))

(17)
(u%)ñ,CN bounded in L2(0, 77; JI)

By (16), (17) and Aubin-Lions conipactness titeorem, we can extract, from
(U,n)mGN, a subsequence (u~)~GN, such titat:

(u0~cN converges to u.strongly in L2(0, 77; D(Afl). (18)
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Tite vector u obtained from (12), (15), (¡8), is sucit titat:

N converges to u weak star in L¶0, 77; Vn D(AO))
0+I

and weakl>’ in L2(0, T;D(A 2

(19)
(u9pON converges to u’ weak star in U(O, T;R)

and weakly in L’(0, 77; D(A 2))

Tite convergences (18), (19) iniply titat we can take tite limit, witen ji—00,
in the approximated s>’stem (8). to obtain (6). Wc also prove titat u satisfies
tite initial condition (7) and Titeorem 1.1 is proved. Q.E.D.

Corollary 1.1: Utider tite itypoíitesis of Theorem ¡.1, wiíitf=0, titere
exisís afutiction u: [O,“4— ¡E. saíisfying tite condiíions:

atÉ

uEL’~ <‘0,00; VflD(A’9)OL’ (0,00; D(A 2))

u’EL’~(O,oo;JI)flL2<’0,oo; D(A2))

u”+ Al(~z42uj2) Au+Aau’=0 weak!y as (6)

u(O)=u,, u’(O)=u,.

Tite next step of our work is dedicated to analyse tite uniqueness. In order

to be clear we fixe notations and prove two lemmas.

Let /3>0 be a real number. We consider DÓ4~) with tite norm

..4#u¡. Titen,
A~: D(A~9—H

is linear and continuous. It follows titat tite adjoint AI”,

A ~: JI’—. (D (Afi))’,

is also linear and continuous, witit

<A~f. u>,
3.~=<f. A~u>,1-~~ (20)

witere ~ is tite duality between (O (A”))’ and O (Aa). Note titat E’
represents tite dual of E.

Lemma 1.1: Ifwe idení<[y II with ¡E’ by R¿esz ¿soniorphism. titer> A~ Iv
an exíension of A~.
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Proof: lf fe ¡JI,
itism. We itave

titen <f u><Ju, v>=(u, y), witere Jis Riesz’s isomorp-

continuous and dense. Let vED (AB), and uF JI and J uF JI’. It follows, from
(20), titat:

<A~ iv, ti> /3fl=<JV, A
13 u> ux;¡t#y, A~u)

(AMv, u) rz<JAB u, u4-~,

witat implies ABJu=JABu. Q.E.D.

Let us consider ~i~’Ccx=1. Titen

o ‘—a
D(A 2)CD(A2) and

dense and continuous.

Lemma 1.2: If’<ct=I and

a+I

uFL2 (0, T; D(A 2

(D(A2))’C(D(A 2))’

u’eL2 (O, T;D(A 2)),

titen
oil —o oíl ‘—a

4<(AT ¡¿ A 2 u)=2(A 2 ~, A 2

Proof: Let LE(0, 7) tite space
a-4I O

[y; veL2(0,T;D(A 2)), v’6L2(0,T;D(A 2)»

normed b>’

1 ¡vi ¡y<,>~ ¡ ¡U¡ ¡L2(0,TD<A 2 ~>+ ¡V’1112(OT:OC.42fl.

oíl

We knowtitat D([0, 7]; D(A 2 )) isdense in W(0, 7),cf. Lions-Magenes [8],
oíl

p. 13. Letq’ eD([0, 7’]; D(A 2 ))~ Titen,

(21)
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a+l 1—o 0-1-1 -o otí —o
Á(A24, A 2q~)—}A29,’A2¿p)+(A2~A24?) (22)

~(Aa(A2w~), A2q,)±(A2 ~, A2¿p’)
U—o —,, 0*t U o

1—o —e,

since A 2 p, A 2 so’ belong to D(A9.

From (22), we itave:
0+’ 0 o+l U o

A 2so)—2 (A
2’p,A 2<pj. (23)

If u satisfies tite condition in Lenima 2.1, titen titere exists a sequence

(‘Pu)vCN of D([0, 79; D(A sucit titat
0+’

limq%=u in L2(O, T;D(A » (24)
110))

limcp9,=u’inL2(O,T;D(A

From (24) we obtain:
01’ l—o nl’ 1—o

hm (A 2 ~, A 2 so~)=(A 2 ~, A 2 u) in L1(0, 7)
oIl —00+’ U—o

hm (A 2 soy, A 2<p’)—(A2u, A2u’) in L’(0, 7)

Considering titese convergences in tite space D’(0, 7) and taking tite limits

of(23) wititq’=q’.,, we prove Lemma 1.2. QED.

ESTIMATE FOR u”:

Let u tite solution of Titeorem 1.1 witit f= O. Titen, u satisfies:

JAl(A~u2) 1—oO’v)dt+ (A~ u, VA 2 v)dt (25)

ti o o
+ j(A2u’~ VA2 v)cft=0

for OFD(0, 7) and u cigenvector of A. Observe titat Al(~A1u~’)FL¶0,7)

because (uJmeN is bounded in L’~(0, 77; D(A2)). Tite eigenvectors of A are



L. A. Medeiros-M. Mit/a Miranda

dense inD(A 2 )ClD(A 2) witicit implies titat (25) is true for alí

vE D(A 2 ) fl D(A 2). From (25) witit sucit vectors u, we obtain:

CT—j0 (u’ O’v)dt+JAl(~A2uI

u), 0v>11

2) <(A 2)*(A 2’ 2

u)*(A;u), 0V><~~)(~~ diO

dt
2

Titis implies:

u”+ M(JA2u~) (AY)* (Á2u)u~i~(Á9* A
2 u’=0

in tite sense of D’(0, 77; (D(

5. nce,

M(~A2u~2) (,42)*

oíl

(A 2 U)EL2 (0,

(Ay AZUCL2(0, 77; (D (.42»’)

from (26):

¡¡‘EL2 (0,77; (D(A2)flD(A2))’).

Note titat u’EJJ
itave:

(A 2) Then to make sense the dualil>’ (u”, u’) we must

D (A 2) C D (A2) fl D (A 2)

witat implies

a 1—a
—> ora>—.2 2

It follows titat for ú=i we itave
2’

u”6L2 (0 77;

(26)

and

—o
) )‘)

(27)



On a Nonlinear Wave Equation wiíh Damping

Remark 1.1: Prom

u’EL2 (0,77; D(A 2)) and u”EL2 (0,77;

it follows:

u’CC<’([0. 77]; II)

and

u’)di

Tbeorem 1.2: (Uuiquetiess). Supp ose

NfcCt (¡jO, 0O¡j It), Al(s)>ni >0

If u. y are íwo so/utiotis of Titeorem 1.1, titen u= y.

Proof: If co=u— y, from (26) we itave:

<o +Nf(~A2u~=)(A2)*(A
0+1

2 u)— Al(~A ~ 2) (A2)* (A

A2 <o’=0 in L2(O, 77;(D(’A 2)’))

ca (O) = ca’ (O) = O.

Since <o’cL2(0, 77, D(A 2)), from (28) we obtain:

fi ~ A2 u 2)

e,-,-’ —o
(A~ <o, A 2 co’)ds

+ IjM(IA=ul2)
1, 0~t~’

—M(jA2v~2)](A 2

‘——a

v,A 2 ca’)ds

cf~=Q

Remark 1.2:
1—o e,

We itave A 2 ~, A2uED(A2). Titen

(n(A 2))’)

o-li
2 y) (28)

ds±
o

(29)

0 1—e, o+l -o

(Á’u, A2u)=(A2u, A2 A 2 u)=(..4 2 u, A 2 u).
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Froni titis equality and Lenima 1.2, we obtain:

att —a

2 u,A 2 u’).
By Remark 1.1 and Remark 1.2, we get from (29):

{[+4< [M(IAiul2) ¡¡<o¡Ii~~ + .f l,1~<o~l2 ~

M’ A2 uj 2)

AOl’u, A2u’) Hco¡¡2 &

+ jAl’(fl(¡¡u¡¡±¡¡u¡¡) (i¡vI¡—IIu¡t)(A 2

a 1—aWe itave, observing titat— >
2 2

‘—o
y. A cvj cts.

‘—o
A 2 u’) ¡¡a>¡¡2j

o o
=cjA2u~2 ¡ ¡co¡¡2+c IA2utI2 ¡-¡co¡ ¡2

Also we itave:
0+’ A2cv’)

0+’ a 0±’ 0

¡ ¡cv¡ A 2 <~4 IA2w~L Sc
2 A2 uj2 ¡ca¡ ¡2+iz JA 2<oP12

0<77<1.

By (30), (31) and (32), we obtain:

-~ m,, ¡ <o ¡¡2 + (1 — jjA2¿o’j2=c jj
0->-

A
2 uJ2 ¡¿o¡¡2o’~

+cj’JA2u~l2 ¡¡ca¡¡2ds±cJjA2uI2¡¡co¡¡2ds

Titis inequality implies:

¡¡caWI¡==Jg(s)¡¡ca(s)¡¡2ds, gEL’(0, 7),

(30)

(31)

(32)

titat is, <o(í)=0, 0=í=77. tus we itave uniqueness. QED.
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2. ASYMPTOTIC BEHAVIOR

On titis section we obtain informations on tite behavior
associated to (6), Section 1, when í goes to oc

of tite energy

Theorem 2.1: If tuis tite so/tui/vn of Coro//arr 1.1, titen

E(t)=4F(O)e ~‘,for aI/ t=O, (33)

where

1 1’
1 Al ‘A’tu(í)l~)

2 2 II’ t=O, (34)

atid

2T+
2y=(——) mm (

2ni~-’Á2+rA¡±T

2 E(O)

)

r= max Nf(s»O=s=
mo

We use, in tite proof, tite metitod of Haraux-Zuazua
[22]. It is sufficient to obtain (33) for tite approximated
Tite convergences obtained in tite proof of Titeorem 1.1
(33) for tite limit u. E>’ titis reason we write u in place of
place of E,,, (í).

[6]. cf. also Zuazua
solutions u,,, of (8).

imply tite inequality
u,,, and F(t) or Fin

Fore >0 we define tite perturbed energ>’ Ejí) by:

Fjt)=(I+eC)E(t)+e(u’, u), (37)

witere C is a constant to be determined later.

Tite metitod depends on an inequality relating Fu)
isolated in tite following lenima:

and F,(t), witicit is

Lemma 2.1: [Ye itave

A
1 tite firsí eigenvalue of A.

(35)

(36)

(í)=E(í) =2 E 4)
2
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jór a// t=Oant! O<e<c_ witere

(m,, A,)’’2

Proof: Let us consider ‘/i(Q=(tu’(t), tu(t)). Wc have:

¡‘PWJ =4-tu(í) ¡2+ 2’ ¡tu’<’Q¡2, ji>0 (39)

and we know thai A2UWJ2=Aí u(t)¡2. then

____ 2>2\ (40)
m,,A, A

From (39), (40) if follows:

2m,,A
1

Citoosrng ji = (m,,A~)’ 2, we get:

¿p(t)¡ S(m,,A,§ 2 F(t), (41)

and we itave:

Ejt)=(l+eC)E(t,>+e(m,,Aíf 2 F(t).

This inequality implies:

LJí)=2Eft>, (42)

for 0<e<e_

From (41) and the definition of E, we get:

witicit is tite other side of the inequalil>’ in Lenima 2.1. Q.E.IJ.

ProofofTheorem 2.1: The idea of tite proof is lo obtain F¿(t)S —i1Fft).
i~ a positive constant. Titis inequaliíy, wiíh Lemma 2.1, permit us to obtain
tite exponentíal deca>’.
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Wc itave from tite approximated equation:

Also Irom tite approximated equation (8) we obtain:

hence,

(u’ u)—Lu’¡2~M(JA2cft
u2) Á=uJ2~(A=tu’.

Titus, from (44), (45) we get:

cfi

(A2u’. A=tu)J={~J,tu’J2+

2~ Nf (~Á2ul2) A2tuJ2 (46)

e >0.

(47)

Since0<a<l weget:

lA2ul2 Z A? (u,caj¡2+ > A~’ ¡(u. <o)¡2o<x~í A.=l

=¡tu¡2+ A’uJ2=[ 1 +A~
m,,A~

By (43) and titis last inequality, we obtain, from (47):

k

for

1 + A
3

2

227

(43)

(44)

A 2u) (45)

We have:

u¡2) <48)

ni,, A1
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Tite inequality (48) permits us to write (46) in the form:

—¿Nf (JA ~uJ2) A2tuJ2+ ~ uY (~.i2uJj.

We uieed to compare tite last two terms of (49). For titis, we know from
(II) in Section 1, since J’=0:

1, 2 E(O)
JA2uÚ)L< for alí t=0, (50)

whicit implies:

:VI (JA~u4,)J2)=r for alí t>0

witit r defined by (36).

Define

2F(0) kr
____ and¿5=

ni

By tite definition of M(A), we itave for 0=ASa:

A¿5M(A)=Xmaxo<t<,,~(~) = k m,,S M(X).k

Therefo re,

eh eh -

M(A)=-y~- Al(A) for alí 0=A=a. (SI)
By (50), (Sl) and observing that k ,»t we itave from (49)

7 7

¿5 cf (52)
2 di
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ForO <e<e1 = 2 A~ r we obtain:

2 r + ni,,

e ni
A<—e>Oand <A”—e.

Rus, from (52):

ebE’(t)+— F’(t)+e—¿’utu)=--
2 di

By Lemma 2.1, with C= it follows, from (53):
2’

ty(í)= - e;;~. E, (í), 0<e< e, =mm (e.,. e1),

witicit implies:

<54)

lf we apply 1.emma 2.1, with 0<e<e,, to (54) we
2.1. Q.E.D.

obtain Theorem

Remark 1.3: In Y. Yamada [2!], ite observed titat if

MEC’([0,oo);R), (55)

wiíh (u,,, u1)c Vfl D(A”)x H.f=0 to avoid tecitnalities,
further regularity for tite solution u given by Titeorem 1.1.
that if we have (55). titen tu satisfy:

then he obtained
In fact, ite proves

v’TucL”(0,T;D(A

v’Tu’EL”(0,T D(A~)flL
2(O,T: Dp4’9)

v’Ttu”GL’(0, T;H)

for alí t=0.
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