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Abstract 
In this work, the approximate analytical solutions of both the modified Klein–Gordon equation and modified Schrödinger 

equation have been obtained with a newly proposed potential called modified screened cosine Kratzer potential (MSCKP) 

under the condition of equal scalar and vector potentials. The potential is a superposition of screened cosine Kratzer 

potential and some exponential radial terms. The aim of combining these potentials is to have an extensive application. 

The energy shift and the energy eigenvalue are calculated using the procedure of improved approximation of the 

centrifugal term, Bopp’s shift method, and perturbation theory. We show that the new energy shift depends on the global 

parameters characterizing the noncommutativity space-space and the potential parameter (De, re, α) in addition to the 

Gamma function and the discreet atomic quantum numbers (j, l, s, m). The present results are applied in calculating both 

the energy spectrum for a few heterogeneous (LiH, HCl, NO) and homogeneous (H2, I2, O2) diatomic molecules. 

Furthermore, we have applied our study to calculation the modified mass of the heavy quarkonium system such as the 

charmonium 𝑐𝑐 and bottomonium 𝑏𝑏 under MSCKP. We have also discussed some special cases of physical importance. 

 

Keywords: Klein-Gordon equation, Schrödinger equation, the screened cosine Kratzer potential, Noncommutative 

quantum mechanics, star products. 

 

Resumen 
En este trabajo, las soluciones analíticas aproximadas tanto de la ecuación de Klein-Gordon modificada como de la 

ecuación de Schrödinger modificada se han obtenido con un potencial recientemente propuesto llamado potencial de 

Kratzer de coseno filtrado modificado (MSCKP) bajo la condición de potenciales escalares y vectoriales iguales. El 

potencial es una superposición del potencial de Kratzer de coseno filtrado y algunos términos radiales exponenciales. El 

objetivo de combinar estos potenciales es tener una amplia aplicación. El desplazamiento de energía y el valor propio de 

la energía se calculan mediante el procedimiento de aproximación mejorada del término centrífugo, el método de 

desplazamiento de Bopp y la teoría de la perturbación. Mostramos que el nuevo desplazamiento de energía depende de 

los parámetros globales que caracterizan el espacio-espacio de no conmutatividad y el parámetro de potencial (De, re, α) 

además de la función Gamma y los números cuánticos atómicos discretos (j, l, s, m). Los presentes resultados se aplican 

en el cálculo del espectro de energía para unas pocas moléculas diatómicas heterogéneas (LiH, HCl, NO) y homogéneas 

(H2, I2, O2). Además, hemos aplicado nuestro estudio para calcular la masa modificada del sistema de quarkonium 

pesado como el charmonium 𝑐𝑐 y el bottomonium 𝑏𝑏bajo MSCKP. También hemos comentado algunos casos especiales 

de importancia física. 

 

Palabras clave: ecuación de Klein-Gordon, ecuación de Schrödinger, potencial de Kratzer del coseno filtrado, mecánica 

cuántica no conmutativa, productos estelares. 

 

 

I. INTRODUCTION 
 

The energy eigenvalues and corresponding wave functions 

give significant information in describing various quantum 

systems in both the relativistic and non-relativistic regime 

using both Schrödinger, Klein-Gordon, and Dirac equations 

with different potentials. The standard Kratzer potential 

(Kratzer potential) [1] is one of most interest by researchers 

in the fields of physics and chemistry; it has been presented 

and investigated by many researchers. This potential has 

played an important role in the history of molecular and 

quantum chemistry [2]. Furthermore, this potential 

approaches infinity as the inter-nuclear distance approaches 

zero, due to the repulsion that exists between the molecules 

of the potential and has a long-range attraction and a repulsive 

part [3]. The energy spectrum of the diatomic CO molecule 

with different quantum numbers can be successfully 

accounted for by applying the Kratzer potential [4]. Many 

techniques have been developed to obtain the solutions of 

relativistic and nonrelativistic wave equations under the 

Kratzer potential such as the asymptotic iteration method [5], 

the factorization method [6], the algebraic approach [7], the 

Nikiforov–Uvarov method [8] and others. Currently, there 

has been great interest in combination with two or more 
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potentials in both the relativistic and non-relativistic regimes. 

The aim of combining these potentials is to have an extensive 

application. Purohit, K. R. et al. have obtained an 

approximate solution of the Klein-Gordon and Schrödinger 

equation for the screened cosine Kratzer potential in D 

dimensions, within the framework of Nikiforov–Uvarov 

method. They obtained bound state energy eigenvalues for a 

few heterogeneous (LiH, HCl, NO) and homogeneous (H2, I2, 

O2) diatomic molecules [3]. This work, motivated by many 

various recent studies such as the non-renormalizable of the 

electroweak interaction,  quantum gravity, string theory, the 

noncommutative relativistic and nonrelativistic quantum 

mechanics has attracted much attention of physical 

researchers [9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. The 

noncommutativity in space-time is not a new and modern 

idea, it was proposed by W. Heisenberg in 1930 and then 

developed by H. Snyder in 1947. In 2017, we have studied 

the new modified Kratzer-type potential in the context of 

nonrelativistic two-dimensional noncommutative quantum 

mechanics [19]. The main objective of this work is to develop 

the study of Purohit et al. within the framework of the Klein 

Gordon equation and Schrödinger equation but in the context 

of symmetries of noncommutative quantum mechanics.  For 

the purpose to get more investigation in the microscopic 

scales and from achieving more scientific knowledge of 

elementary particles and diatomic molecular in the field of 

nano-scales. The relativistic and nonrelativistic energy levels 

under the modified screened cosine Kratzer potential 

(MSCKP) have not been obtained yet in the context of the 

NCQM. Furthermore, we hope to find new applications and 

profound physical interpretations using a new, updated 

model of the MSCKP, this newly potential takes the form: 

{
𝑉𝑠𝑐(𝑟) = −(

𝑎𝑣
𝑟
−
𝑏𝑣
2𝑟2

) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟)

𝑆𝑠𝑐(𝑟) = −(
𝑎𝑠
𝑟
−
𝑏𝑠
2𝑟2

) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟)

,→ 

{
𝑉𝑠𝑐(�̂�) ≡ 𝑉𝑠𝑐(𝑟) −

∂𝑉𝑠𝑐(𝑟)

∂𝑟

L
→

Θ
→

2𝑟
+ 𝑂(Θ2)

𝑆𝑠𝑐(�̂�) ≡ 𝑆𝑠𝑐(𝑟) −
∂𝑆𝑠𝑐(𝑟)

∂𝑟

L
→

Θ
→

2𝑟
+ 𝑂(Θ2)

 .   (1) 

Where𝑎𝑣 = 2𝐷𝑒𝑟𝑒, 𝑏𝑣 = 2𝐷𝑒𝑟𝑒
2 (𝑟𝑒is the equilibrium bond 

length, 𝐷𝑒is the dissociation energy, 𝛿 and 𝛼are the screening 

parameters while 𝑟 is the interatomic or particle distance). 

The new structure of NCQM based on new covariant 

noncommutative canonical commutations relations CNCCRs 

in Schrödinger, Heisenberg, and Interactions pictures (SP, 

HP, and IP), respectively, as follows[20, 21, 22, 23, 24, 25, 

26, 27, 28, 29, 30]: 

{
[�̂�𝜇 ,

∗ �̂�𝜈] = [�̂�𝜇(𝑡),
∗ �̂�𝜈(𝑡)] = [�̂�𝜇

𝐼 (𝑡),∗ �̂�𝜈
𝐼 (𝑡)] = 𝑖ℏ𝑒𝑓𝑓𝛿𝜇𝜈, 

[�̂�𝜇 ,
∗ �̂�𝜈] = [�̂�𝜇(𝑡),

∗ �̂�𝜈(𝑡)] = [�̂�𝜇
𝐼 (𝑡),∗ �̂�𝜈

𝐼 (𝑡)] = 𝑖𝜃𝜇𝜈.
 (2) 

We are generalized the CNCCRs to include HP and IP. It 

should be noted that, in our calculation, we have used the 

natural units𝑐 = ℏ = 1. Here ℏ𝑒𝑓𝑓is the effective Planck 

constant, 𝜃𝜇𝜈 = 휀𝜇𝜈𝜃 (𝜃 is the non-commutative parameter), 

which are an infinitesimals parameter if it compared to the 

energy values and elements of antisymmetric 3 × 3 real 

matrix and 𝛿𝜇𝜈is the identity matrix.  The symbol (∗) denotes 

to the Weyl Moyal star product, which is generalized between 

two ordinary functions 𝑓(𝑥)𝑔(𝑥) to the new modified form 

𝑓(�̂�)�̂�(�̂�) ≡ 𝑓(𝑥) ∗ 𝑔(𝑥) in the symmetries of (RNC: 3D-

RS) as follows [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]:   

  (𝑓𝑔) (𝑥) → (𝑓 ∗ 𝑔)(𝑥) =

𝑒𝑥𝑝 (𝑖𝜃휀𝜇𝜈 ∂𝑥𝜇 ∂𝑥𝜈) 𝑓(𝑥𝜇)𝑔(𝑥𝜈), 

≅ 𝑓𝑔(𝑥)−
𝑖 𝜇𝜈

2
𝜃 ∂𝜇

𝑥𝑓 ∂𝜈
𝑥𝑔|

𝑥𝜇=𝑥𝜈
+ 𝑂(𝜃2).     (3) 

The indices𝜇, 𝜈 ≡ 1,3 and 𝑂(𝜃2)stands for the second and 

higher-order terms of the NC parameter. Physically, the 

second term in Eq. (3) presents the effects of space-space 

noncommutativity properties. Furthermore, the new unified 

two operators 𝜉𝜇
𝐻(𝑡) = (�̂�𝜇or �̂�𝜇)(𝑡)and 𝜉𝜇

𝐼 (𝑡) = (�̂�𝜇
𝐼or 

�̂�𝜇
𝐼 )(𝑡) in HP and IP are depending on the corresponding new 

operators  𝜉𝜇
𝐻 ≡ �̂�𝜇or �̂�𝜇 in SP from the following projections 

relations, respectively:   

{
𝜉𝜇
𝐻(𝑡) = 𝑒𝑥𝑝(𝑖�̂�𝑟

𝑠𝑐𝑇) 𝜉𝜇
𝑆 𝑒𝑥𝑝(−𝑖�̂�𝑟

𝑠𝑐𝑇),

𝜉𝜇
𝐼 (𝑡) = 𝑒𝑥𝑝(𝑖�̂�𝑜𝑟

𝑠𝑐𝑇) 𝜉𝜇
𝑆 𝑒𝑥𝑝(−𝑖�̂�𝑜𝑟

𝑠𝑐𝑇),
⇒ 

{
𝜉𝜇
𝐻(𝑡) = 𝑒𝑥𝑝(𝑖�̂�𝑛𝑐−𝑟

𝑠𝑐 𝑇) *𝜉𝜇
𝑆* 𝑒𝑥𝑝(−𝑖�̂�𝑛𝑐−𝑟

𝑠𝑐 𝑇),

𝜉𝜇
𝐼 (𝑡) = 𝑒𝑥𝑝(𝑖�̂�𝑛𝑐−𝑜𝑟

𝑠𝑐 𝑇) *𝜉𝜇
𝑆* 𝑒𝑥𝑝(−𝑖�̂�𝑛𝑐−𝑜𝑟

𝑠𝑐 𝑇).
        (4)  

Where𝑇 = 𝑡 − 𝑡0, the three unified coordinates𝜉𝜇
𝑆 ≡ (𝑥𝜇 or 

𝑝𝜇), 𝜉𝜇
𝐻(𝑡) ≡ (𝑥𝜇or 𝑝𝜇)(𝑡) and 𝜉𝜇

𝐼 (𝑡) ≡ (𝑥𝜇
𝐼or 𝑝𝜇

𝐼 )(𝑡) are 

represented in three relativistic quantum mechanics pictures, 

while the dynamics of new systems 
𝑑�̂�𝐻(𝑡)

dt
 are described from 

the following motion equations in the modified Heisenberg 

picture as follows: 

𝑑𝜉𝜇
𝐻(𝑡)

dt
= [𝜉𝜇

𝐻(𝑡), �̂�𝑟
𝑠𝑐] +

∂𝜉𝜇
𝐻(𝑡)

∂𝑡
⇒ 

𝑑�̂�𝐻(𝑡)

dt
= [𝜉𝜇

𝐻(𝑡),∗ �̂�𝑛𝑐−𝑟
𝑠𝑐 ] +

∂�̂�𝜇
𝐻(𝑡)

∂𝑡
.               (5) 

The operators �̂�𝑜𝑟
𝑠𝑐 and �̂�𝑟

𝑠𝑐 are the free and global 

Hamiltonian for SCKP while �̂�𝑛𝑐−𝑜𝑟
𝑠𝑐  and �̂�𝑛𝑐−𝑟

𝑠𝑐  the 

corresponding Hamiltonians for the MSCKP. The present 

investigation aims at constructing a relativistic 

noncommutative effective scheme for the MSCKP. The 

outline of the paper organizes as follows: In the next section, 

we briefly review the Klein-Gordon equation KGE with 

SCKP. Sect. 3 is devoted to studying the modified Klein-

Gordon equation MKGE by applying the ordinary Bopp's 

shift method and improved approximation of the centrifugal 

term to obtain the effective potential of MSCKP. Besides, via 

perturbation theory we find the expectation values of some 

radial terms to calculate the energy shift produced with the 
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effect of the perturbed effective potential. Sect. 4 is devoted 

to present the global energy shift and the global energy 

spectra produced with MSCKP in the RNCQM symmetries. 

In Sect. 5, we treated the energy spectra for a few 

heterogeneous (LiH, HCl, NO) and homogeneous (H2, I2, O2) 

diatomic molecules in three-dimensional noncommutative 

nonrelativistic (NC: 3D-RS) under MSCKP. The next section 

is devoted to determining the new masses of the heavy 

quarkonium system such as the charmonium𝑐𝑐 and 

bottomonium 𝑏𝑏 under MSCKP. We generate the solutions 

of a few special potentials mainly found from our general 

form solution in Sect. 7. Eventually, in Sect. 8, we presented 

our conclusion of this paper. 

 

II. REVISED OF EIGENFUNCTIONS AND THE 

EIGENVALUES FOR THE SCREENED COSINE 

KRATZER POTENTIAL IN RQM 

 
As already mentioned our objective is to obtain the spectrum 

of the MKGE with MSCKP in (RNC: 3D-RSP) symmetries, 

we need to revise the corresponding screened cosine Kratzer 

potential model in symmetries of ordinary relativistic 

quantum mechanics RQM [3]: 

𝑉𝑠𝑐(𝑟) = −(
𝑎𝑣
𝑟
−
𝑏𝑣
2𝑟2

) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟), 

𝑆𝑠𝑐(𝑟) = −(
𝑎𝑠

𝑟
−

𝑏𝑠

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟).           (6) 

To achieve this goal of our current research it is useful to 

make a summary  for the Klein–Gordon equation KGE with 

screened cosine Kratzer potential for a system of reduced 

mass𝜇in three-dimensional relativistic quantum mechanics 

[3]: 

 

{−Δ+ (𝜇 + 𝑆𝑠𝑐(𝑟))
2 − (𝐸𝑛𝑙 − 𝑉𝑠𝑐(𝑟))

2}Ψ(𝑟, 𝜃, 𝜙) = 0 ⇒ 

{
𝑑2

𝑑𝑟2
+
2

𝑟

𝑑

𝑑𝑟
+ (𝐸𝑛𝑙

2 −𝑀2) − 2(𝐸𝑛𝑙𝑉𝑠𝑐(𝑟) + 𝜇𝑆𝑠𝑐(𝑟)) + 𝑉𝑠𝑐
2(𝑟) − 𝑆𝑠𝑐

2 (𝑟) −
𝑙(𝑙+1)

𝑟2
}𝑅𝑛𝑙(𝑟) = 0                          (7)  

The vector potential 𝑉𝑠𝑐(𝑟) due to the four-vector linear 

momentum operator 𝐴𝜇(𝑉𝑠𝑐(𝑟), 𝐴 = 0) and space-time scalar 

potential𝑆𝑠𝑐(𝑟) while 𝐸𝑛𝑙 represents the relativistic energy 

eigenvalues in 3-dimensions and 𝑙 represents the principal and 

orbital quantum numbers, respectively. Since the screened 

cosine Kratzer, potential has spherical symmetry, allowing the 

solutions of the time-independent KGE of the known 

formΨ(𝑟, 𝜃, 𝜙) = 𝑅𝑛𝑙(𝑟)𝑌𝑙
𝑚(𝜃, 𝜙) to separate the radial 

𝑅𝑛𝑙(𝑟) and angular 𝑌𝑙
𝑚(𝜃, 𝜙)parts of the wave function and Δ 

is the ordinary 3-dimensional Laplacian operator. To eliminate 

the first-order derivative, we introduce a new radial wave 

function to the form𝜒𝑛𝑙(𝑟) = 𝑟𝑅𝑛𝑙(𝑟), thus Eq. (7) becomes:  

 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) − 2(𝐸𝑛𝑙𝑉𝑠𝑐(𝑟) + 𝜇𝑆𝑠𝑐(𝑟)) + 𝑉𝑠𝑐
2(𝑟) − 𝑆𝑠𝑐

2 (𝑟) −
𝑙(𝑙+1)

𝑟2
} 𝜒𝑛𝑙(𝑟) = 0,                  (8) 

 

If we introduce the shorthand notation 𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟) ≡

2(𝐸𝑛𝑙𝑉𝑠𝑐(𝑟) + 𝜇𝑆𝑠𝑐(𝑟)) − 𝑉𝑠𝑐
2(𝑟) + 𝑆𝑠𝑐

2 (𝑟) +
𝑙(𝑙+1)

𝑟2
 and 

𝐸𝑒𝑓𝑓
𝑠𝑐 ≡ 𝜇2 − 𝐸𝑛𝑙

2 , we obtain the following second-order 

Schrodinger-like equation: 

{
𝑑2

𝑑𝑟2
− (𝐸𝑒𝑓𝑓

𝑠𝑐 + 𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟))} 𝜒𝑛𝑙(𝑟) = 0.              (9) 

For the equal vector and scalar potential𝑉𝑠𝑐(𝑟) = 𝑆𝑠𝑐(𝑟), the 

effective potential reduces to the form:  

𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟) ≡ 2(𝐸𝑛𝑙 + 𝜇)𝑉𝑠𝑐(𝑟) +

𝑙(𝑙+1)

𝑟2
              (10) 

 

In the case of the nonrelativistic limit, Eq. (8) Becomes a 

Schrödinger equation with the interaction potential2𝑉𝑠𝑐(𝑟). To 

aim for 𝑉𝑠𝑐(𝑟), not 2𝑉𝑠𝑐(𝑟)in the interaction potential under 

the nonrelativistic limit, (Kaushal R. Purohit et al.) and 

(Xiang-Jun Xie et al.). applied the scheme proposed by 

Alhaidari et al. [3, 42, 43] to rescale the vector potential 

𝑉𝑠𝑐(𝑟)and scalar potential 𝑆𝑠𝑐(𝑟), and rewrite Eq. (8) in the 

form of

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇) (
𝑟𝑒

𝑟
−

𝑟𝑒
2

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟) −

𝑙(𝑙+1)

𝑟2
} 𝜒𝑛𝑙(𝑟) = 0.                                (11)

                   

The Ref. [3] gives the energy eigenvalues 𝐸𝑛𝑙of the KGE with equal scalar and vector potential 
𝑉𝑠𝑐(𝑟)

2
=
𝑆𝑠𝑐(𝑟)

2
and the corresponding total 

wave function Ψ(𝑟, 𝜃, 𝜙) as follows: 
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𝐸𝑛𝑙
2 − 𝜇2 = 4𝛼2𝑙(𝑙 + 1) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇)(𝛼

2𝑟𝑒
2 − 𝛼𝑟𝑒) − 4𝛼

2 [
𝑙(𝑙+1)+𝐷𝑒(𝐸𝑛𝑙+𝜇)(𝛼

2𝑟𝑒
2−𝛼𝑟𝑒)(

𝑟𝑒
2

2
−
𝑟𝑒
𝛼
)

2(𝑛+
1

2
+√𝐷𝑒𝑟𝑒

2(𝐸𝑛𝑙+𝜇)+(𝑙+
1

2
)
2
)

]

2

.               (12) 

        

 

And 

  Ψ(𝑟, 𝜃, 𝜙) = 𝑁𝑛𝑙
1

𝑟
𝑢𝑘𝑛𝑙(1 − 𝑢) 𝑛𝑙𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 −

2𝑢)𝑌𝑙
𝑚(𝜃, 𝜙) .                                          (13) 

 

Here 휁𝑛𝑙 = 1/2 + √𝐷𝑒𝑟𝑒
2(𝐸𝑛𝑙 + 𝜇) + (𝑙 + 1/2)

2, 𝑢 =

𝑒𝑥𝑝(−2𝛼𝑟), 𝑘𝑛𝑙 = √
𝜇2−𝐸𝑛𝑙

2

4𝛼2
+ 𝑙(𝑙 + 1) +

𝐷𝑒(𝐸𝑛𝑙+𝜇)(𝛼
2𝑟𝑒
2−𝛼𝑟𝑒)

2𝛼2
 

and𝑁𝑛𝑙 = √
𝛼𝑛!(2 𝑛𝑙+1)Γ(2𝑘𝑛𝑙+2 𝑛𝑙+𝑛+1)

22𝑘𝑛𝑙+2𝜁𝑛𝑙−2Γ(2𝑘𝑛𝑙+𝑛+1)Γ(2 𝑛𝑙+𝑛+1)
 is the 

normalization constant.  

 

 

III. SOLUTIONS OF MKGE UNDER MSCKP IN 

(RNC: 3D-RS) SYMMETRIES 
 

At the beginning of this section,  we shall give  and to define a 

formula of MSCKP in the symmetries of relativistic 

noncommutative three-dimensional real space (RNC: 3D-

RS).  To achieve this goal  it is useful to write the MKGE by 

applying the notion of Weyl Moyal star product which have 

seen previously in Eq. (3), on the differential equation that 

satisfied by the radial wave function 𝜒𝑛𝑙(𝑟) in Eq. (11), thus, 

the radial wave function 𝜒𝑛𝑙(𝑟) in (RNC: 3D-RS) symmetries 

becomes as follows [44, 45, 46, 47, 48]:  

 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇) (
𝑟𝑒
𝑟
−
𝑟𝑒
2

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟) −

𝑙(𝑙 + 1)

𝑟2
} 𝜒𝑛𝑙(𝑟) = 0 ⇒ 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇) (
𝑟𝑒

𝑟
−

𝑟𝑒
2

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟) −

𝑙(𝑙+1)

𝑟2
} *𝜒𝑛𝑙(𝑟) = 0.                          (14) 

 

                                               

It is well known that the Bopp’s shift method has been applied 

effectively and has succeeded in simplifying the three basic 

equations:  modified Schrödinger equation MSE, MKGE and 

modified Dirac equation MDE with the notion of star product 

to the Schrödinger equation SE, KGE and Dirac equation DE 

with the notion of ordinary product, respectively. The results 

of the applications of this method were very useful and yielded 

promising results in many physical and chemical fields. The 

method reduced MSE, MKGE, and MDE, to the SE, KGE, and 

DE, respectively, under the simultaneous translation in space-

phase. The CNCCRs with star product in Eq. (2) become new 

CCCRs without the notion of star product as follows [38, 39, 

40, 41, 42, 43, 44, 45]: 

 

[�̂�𝜇
𝑆, �̂�𝜈

𝑆] = [�̂�𝜇
𝐻(𝑡), �̂�𝜈

𝐻(𝑡)] = [�̂�𝜇
𝐼 (𝑡), �̂�𝜈

𝐼(𝑡)] = 𝑖𝜃𝜇𝜈.      (15) 

 

The generalized positions and momentum coordinates  

(�̂�𝜇
𝑆, �̂�𝜇

𝑆), (�̂�𝜇
𝐻 , �̂�𝜇

𝐻)(𝑡) and (�̂�𝜇
𝐼 , �̂�𝜇

𝐼 )(𝑡)in the symmetries 

(RNC: 3D-RS) and (NC: 3D-RS)   are defined in terms of the 

corresponding coordinates (𝑥𝜇
𝑆, 𝑝𝜇

𝑆), (𝑥𝜇
𝐻, 𝑝𝜇

𝐻)(𝑡) and 

(𝑥𝜇
𝐼 , 𝑝𝜇

𝐼 )(𝑡) in the symmetries of RQM And QM via, 

respectively [38, 39, 40, 41, 42, 43, 44]: 

 

(𝑥𝜇
𝑆, 𝑝𝜇

𝑆) ⇒ (�̂�𝜇
𝑆 = 𝑥𝜇

𝑆 −
𝜃𝜇𝜈

2
𝑝𝜈
𝑆, �̂�𝜇

𝑆 = 𝑝𝜇
𝑆) 

(𝑥𝜇
𝐻, 𝑝𝜇

𝐻)(𝑡) ⇒ (�̂�𝜇
𝐻(𝑡) = 𝑥𝜇

𝐻(𝑡) −
𝜃𝜇𝜈

2
𝑝𝜈
𝐻(𝑡), �̂�𝜇

𝐻 = 𝑝𝜇
𝐻(𝑡)) 

(𝑥𝜇
𝐼 , 𝑝𝜇

𝐼 )(𝑡) ⇒ (�̂�𝜇
𝐼 (𝑡) = 𝑥𝜇

𝐼 (𝑡) −
𝜃𝜇𝜈

2
𝑝𝜈
𝐼 (𝑡), �̂�𝜇

𝐼 (𝑡) = 𝑝𝜇
𝐻(𝑡)) 

(16) 

 

This allows us to find  the operator 𝑟2 ⇒ 𝑟𝑛𝑐
2 = 𝑟2 − L

→

Θ
→

 in the 

symmetries of (RNC: 3D-RS) and (NC: 3D-RS) [47, 48, 49, 

50]. It is convenient to introduce a shorthand notation which 

will save us a lot of writing 𝑟𝑛𝑐 → �̂� the previously relation 

reduced to the𝑟2 ⇒ �̂�2 = 𝑟2 − L
→

Θ
→

. The coupling L
→

Θ
→

 

equals(𝐿𝑥Θ12 + 𝐿𝑦Θ23 + 𝐿𝑧Θ13)  ,  here 𝐿𝑥,𝐿𝑦and𝐿𝑧 are 

present the usual components of angular momentum operator 

L
→

in RQM while the new noncommutativity parameter Θ𝜇𝜈 

equals 𝜃𝜇𝜈/2. According to Bopp’s shift method, Eq. (14) 

becomes similar to the following like the Schrödinger 

equation (without the notions of star product): 

 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇)(
𝑟𝑒
𝑟
−
𝑟𝑒
2

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟) −

𝑙(𝑙 + 1)

𝑟2
} *𝜒𝑛𝑟𝑙(𝑟) = 0 ⇒ 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) + 2𝐷𝑒(𝐸𝑛𝑙 + 𝜇) (
𝑟𝑒

�̂�
−

𝑟𝑒
2

2�̂�2
) 𝑒−𝛼�̂� 𝑐𝑜𝑠ℎ(𝛿𝛼�̂�) −

𝑙(𝑙+1)

�̂�2
} 𝜒𝑛𝑟𝑙(𝑟) = 0.              (17) 

 

               

For the simplifier we introduce the reduced potential 𝑉𝑠𝑐
𝑟(𝑟) =

𝐷𝑒 (
𝑟𝑒

𝑟
−

𝑟𝑒
2

2𝑟2
) 𝑒−𝛼𝑟 𝑐𝑜𝑠ℎ(𝛿𝛼𝑟) and for𝛿 = 1, we can 

obtain𝑉𝑠𝑐
𝑟(𝑟) = 𝐷𝑒 (

𝑟𝑒

2𝑟
−

𝑟𝑒
2

4𝑟2
) (1 + 𝑒−2𝛼𝑟). At the first order 

of the parameter, Θwe apply the Taylor expansion as follows: 
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𝑉𝑠𝑐
𝑟(�̂�) = 𝑉𝑠𝑐

𝑟(𝑟) −
L
→

Θ
→

2𝑟

∂𝑉𝑠𝑐
𝑟 (𝑟)

∂𝑟
+ 𝑂(Θ2)  .            (18) 

Now, it’s easy to obtain the following results: 

 

∂𝑉𝑠𝑐
𝑟 (𝑟)

∂𝑟
= −𝐷𝑒 (

𝑟𝑒

2𝑟2
−

𝑟𝑒
2

2𝑟3
) (1 + 𝑒−2𝛼𝑟) − 2𝛼𝐷𝑒 (

𝑟𝑒

2𝑟
−

𝑟𝑒
2

4𝑟2
) 𝑒−2𝛼𝑟and 

1

�̂�2
≈

1

�̂�2
+
L
→

Θ
→

𝑟4
+ 𝑂(Θ2).                     (19) 

 

So far, we can rewrite the new modified radial part  (new differential equation) of the MKGE in the symmetries of (RNC: 3D-RS) as 

follows: 

 

{
𝑑2

𝑑𝑟2
− (𝜇2 − 𝐸𝑛𝑙

2 ) − 2(𝐸𝑛𝑙 + 𝜇)𝑉𝑠𝑐
𝑟(𝑟) −

𝑙(𝑙+1)

𝑟2
+ 2(𝐸𝑛𝑙 + 𝜇)

L
→

Θ
→

2𝑟

∂𝑉𝑠𝑐
𝑟 (𝑟)

∂𝑟
−
𝑙(𝑙+1)

𝑟4
L
→

Θ
→

}𝜒𝑛𝑙(𝑟) = 0.                (20) 

 

Moreover, to illustrate the above equation in a simple 

mathematical way  and attractive  form, it is useful to enter the 

following symbol𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟), thus the radial Eq. (20) becomes: 

 

{
𝑑2

𝑑𝑟2
− [𝐸𝑒𝑓𝑓

𝑠𝑐 + 𝑉𝑛𝑐−𝑒𝑓𝑓
𝑠𝑐 (𝑟)]} 𝜒𝑛𝑙(𝑟) = 0,              (21) 

 

with: 

𝑉𝑛𝑐−𝑒𝑓𝑓
𝑠𝑐 (𝑟) = 𝑉𝑟−𝑒𝑓𝑓

𝑠𝑐 (𝑟) + 𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟).                      (22) 

 

Moreover, 𝑉𝑟−𝑒𝑓𝑓
𝑠𝑐 (𝑟) and 𝑉𝑝𝑒𝑟𝑡

𝑠𝑐 (𝑟) are given by the following 

relations: 

𝑉𝑟−𝑒𝑓𝑓
𝑠𝑐 (𝑟) ≡ 2(𝐸𝑛𝑙 + 𝜇)𝑉𝑠𝑐

𝑟(𝑟) +
𝑙(𝑙+1)

𝑟2
.             (23) 

And 

 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) = [

𝑙(𝑙+1)

𝑟4
−
2(𝐸𝑛𝑙+𝜇)

2𝑟

∂𝑉𝑠𝑐
𝑟 (𝑟)

∂𝑟
] L
→

Θ
→

.         (24)  

 

Substituting Eq. (19) in (24) gives 

 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) = [

𝑙(𝑙+1)

𝑟4
− 2(𝐸𝑛𝑙 + 𝜇)𝐷𝑒 {− (

𝑟𝑒

4𝑟3
−

𝑟𝑒
2

4𝑟4
) (1 + 𝑒−2𝛼𝑟) − 𝛼 (

𝑟𝑒

2𝑟2
−

𝑟𝑒
2

4𝑟3
) 𝑒−2𝛼𝑟}

−2𝛼𝑟

] L
→

Θ
→

.                     (25)

                 

A direct simplification gives               

 

 

 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) = [

2𝑙(𝑙+1)+(𝐸𝑛𝑙+𝜇)𝐷𝑒𝑟𝑒
2

2𝑟4
+ (𝐸𝑛𝑙 + 𝜇)𝐷𝑒 {−𝑟𝑒

2 𝑒
−2𝛼𝑟

2𝑟4
+

𝑟𝑒

2𝑟3
+ (𝑟𝑒 − 𝛼𝑟𝑒

2)
𝑒−2𝛼𝑟

2𝑟3
+ 𝛼𝑟𝑒

𝑒−2𝛼𝑟

𝑟2
}] L
→

Θ
→

.          (26) 

 

 

Eq. (21) cannot be solved analytically for any state because 

of the centrifugal term and the studied potential itself. The 

effective perturbative potential is given in Eq. (23) has a 

strong singularity 𝑟 → 0; we need to use the improved 

approximation of the centrifugal term proposed by Badawi 

et al. [51], this method proved its power and efficiency 

when compared with Greene and Aldrich approximation 

[52]. The approximations type suggested by (Greene and 

Aldrich) and (Dong et al.) for a short-range potential that is 

an excellent approximation to the centrifugal term [3, 53, 

54, 55, 56, 57]: 

 
1

𝑟2
≈

4𝛼2

(1−𝑒𝑥𝑝(−2𝛼𝑟))2
  ⇒  

1

𝑟
≈

2𝛼

1−𝑒𝑥𝑝(−2𝛼𝑟)
.   (27) 

 

This allows us to rewrite the terms of the effective 

perturbative potential given in Eq. (26) as follows: 

 
1

𝑟2
≈

4𝛼2

(1 − 𝑒𝑥𝑝(−2𝛼𝑟))2
=

4𝛼2

(1 − 𝑢)2
⇒
1

𝑟4
≈

16𝛼4

(1 − 𝑢)4
,    
1

𝑟2
≈

4𝛼2

(1 − 𝑒𝑥𝑝(−2𝛼𝑟))2
=

4𝛼2

(1 − 𝑢)2
⇒
𝑒−2𝛼𝑟

𝑟4
≈
16𝛼4𝑢

(1 − 𝑢)4
 

 
1

𝑟
≈

2𝛼

1 − 𝑒𝑥𝑝(−2𝛼𝑟)
=

2𝛼

1 − 𝑢
⇒
1

𝑟3
≈

8𝛼3

(1 − 𝑢)3
,   
1

𝑟
≈

2𝛼

1 − 𝑒𝑥𝑝(−2𝛼𝑟)
=

2𝛼

1 − 𝑢
⇒
𝑒−2𝛼𝑟

𝑟3
≈

8𝛼3𝑢

(1 − 𝑢)3
, 

 

and                   1
𝑟2
≈ 4𝛼2

(1−𝑒𝑥𝑝(−2𝛼𝑟))2
= 4𝛼2

(1−𝑢)2
⇒ 𝑒−2𝛼𝑟

𝑟2
≈ 4𝛼2𝑢

(1−𝑢)2
.                                                 (28)

  

Thus, the new form of the perturbative effective potential is given by: 

 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑢) = [

8(2𝑙(𝑙+1)+(𝐸𝑛𝑙+𝜇)𝐷𝑒𝑟𝑒
2)𝛼4

(1−𝑢)4
+ (𝐸𝑛𝑙 + 𝜇)𝐷𝑒 {−

8𝛼4𝑟𝑒
2𝑢

(1−𝑢)4
+

4𝑟𝑒𝛼
3

(1−𝑢)3
+
4𝛼3(𝑟𝑒−𝛼𝑟𝑒

2)𝑢

(1−𝑢)3
+
4𝑟𝑒𝛼

3𝑢

(1−𝑢)2
}] L
→

Θ.     
→

        (29) 

 

The SCKP is extended by including new terms proportional 

with the radial terms
1

(1−𝑢)4
, 

𝑢

(1−𝑢)4
 , 

1

(1−𝑢)3
, 

𝑢

(1−𝑢)3
 and 

𝑢

(1−𝑢)2
to becomes MSCKP in (RNC-3D: RSP) symmetries. 

The additive part 𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) of the new effective potential 

𝑉𝑛𝑐−𝑒𝑓𝑓
𝑠𝑐 (𝑟) is also proportional to the infinitesimal 

vectorΘ
→

= Θ11𝑒𝑥 + Θ12𝑒𝑦 + Θ13𝑒𝑧. This allows us to 

consider the additive effective potential 𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) as a 

perturbation potential compared with the main potential 
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(parent potential operator𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟)) in the symmetries of 

(RNC: 3D-RS), that is, the inequality 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟)<<𝑉𝑟−𝑒𝑓𝑓

𝑠𝑐 (𝑟)has become achieved.  That is all the 

physical justifications for applying the time-independent 

perturbation theory to become satisfied. This allows us to 

give a complete prescription for determining the energy 

level of the generalized 𝑛𝑡ℎ excited states. Now, we apply 

the perturbative theory, in the case of RNCQM, we find the 

expectation values of the radial terms
1

(1−𝑢)4
, 

𝑢

(1−𝑢)4
 , 

1

(1−𝑢)3
 , 

𝑢

(1−𝑢)3
 and 

𝑢

(1−𝑢)2
taking into account the wave function 

which we have seen previously in Eq. (13). Thus, after 

straightforward calculations, we obtain the following 

results: 

 

⟨𝑛, 𝑙, 𝑚 |
1

(1 − 𝑢)4
| 𝑛, 𝑙, 𝑚⟩ = 𝑁𝑛𝑙

2 ∫ 𝑢2𝑘𝑛𝑙(1 − 𝑢)2 𝑛𝑙 [𝑃𝑛
(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 − 2𝑢)]

2 1

(1 − 𝑢)4
𝑑𝑟

+∞

0

, 

 

⟨𝑛, 𝑙, 𝑚 |
𝑢

(1 − 𝑢)4
| 𝑛, 𝑙, 𝑚⟩ = 𝑁𝑛𝑙

2 ∫ 𝑢2𝑘𝑛𝑙(1 − 𝑢)2 𝑛𝑙 [𝑃𝑛
(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 − 2𝑢)]

2 𝑢

(1 − 𝑢)4
𝑑𝑟

+∞

0

, 

 

⟨𝑛, 𝑙, 𝑚 |
1

(1 − 𝑢)3
| 𝑛, 𝑙, 𝑚⟩ = 𝑁𝑛𝑙

2 ∫
𝑢2𝑘𝑛𝑙(1 − 𝑢)2 𝑛𝑙 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 − 2𝑢)]
2 1

(1 − 𝑢)3
𝑑𝑟,

+∞

0

 

⟨𝑛, 𝑙, 𝑚 |
𝑢

(1 − 𝑢)3
| 𝑛, 𝑙, 𝑚⟩ = 𝑁𝑛𝑙

2 ∫ 𝑢2𝑘𝑛𝑙(1 − 𝑢)2 𝑛𝑙 [𝑃𝑛
(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 − 2𝑢)]

2 𝑢

(1 − 𝑢)3
𝑑𝑟

+∞

0

, 

 

⟨𝑛, 𝑙, 𝑚 |
𝑢

(1−𝑢)2
| 𝑛, 𝑙, 𝑚⟩ = 𝑁𝑛𝑙

2 ∫ 𝑢2𝑘𝑛𝑙(1 − 𝑢)2 𝑛𝑙 [𝑃𝑛
(2𝑘𝑛𝑙,2 𝑛𝑙−1)(1 − 2𝑢)]

2 𝑢

(1−𝑢)2
𝑑𝑟.

+∞

0
                 (30)

 

 

We have applied the property of the spherical harmonics, 

which has the form∫𝑌𝑙
𝑚(𝜃, 𝜙)𝑌𝑙'

𝑚'(𝜃, 𝜙) 𝑠𝑖𝑛(𝜃) 𝑑𝜃𝑑𝜙 =
𝛿𝑙𝑙'𝛿𝑚𝑚'. We have𝑢 = 𝑒𝑥𝑝( − 2𝛼𝑟), this allows us to 

obtain  𝑑𝑟 = −
1

2𝛿

𝑑𝑠

𝑠
. After introducing a new variable𝑧 = 1 −

2𝑢, we have𝑢 =
1−𝑧

2
,𝑑𝑟 =

1

2𝛼

𝑑𝑧

1−𝑧
 and1 − 𝑢 =

𝑧+1

2
. From the 

asymptotic behavior of Eq. (21), when 𝑟 → 0 (𝑧 → −1) 
and𝑟 → +∞ (𝑧 → 1), this allows to reformulating Eq. (30) as 

follows: 

 

𝐴𝑛𝑙𝑚 ≡ ⟨𝑛, 𝑙,𝑚 |
1

(1 − 𝑢)4
| 𝑛, 𝑙, 𝑚⟩ =

𝑁𝑛𝑙
2

22 𝑛𝑙+2𝑘𝑛𝑙−3𝛼
∫ (1 − 𝑧)2𝑘𝑛𝑙−1(1 + 𝑧)2 𝑛𝑙−4 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(𝑧)]
2

𝑑𝑧
+1

−1

, 

 

𝐵𝑛𝑙𝑚 ≡ ⟨𝑛, 𝑙,𝑚 |
𝑢

(1 − 𝑢)4
| 𝑛, 𝑙, 𝑚⟩ =

𝑁𝑛𝑙
2

22 𝑛𝑙+2𝑘𝑛𝑙−2𝛼
∫ (1 − 𝑧)2𝑘𝑛𝑙(1 + 𝑧)2 𝑛𝑙−4 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(𝑧)]
2

𝑑𝑧
+1

−1

, 

 

𝐶𝑛𝑙𝑚 ≡ ⟨𝑛, 𝑙,𝑚 |
1

(1 − 𝑢)3
| 𝑛, 𝑙, 𝑚⟩ =

𝑁𝑛𝑙
2

22 𝑛𝑙+2𝑘𝑛𝑙−2𝛼
∫ (1 − 𝑧)2𝑘𝑛𝑙−1(1 + 𝑧)2 𝑛𝑙−3 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(𝑧)]
2

𝑑𝑧
+1

−1

, 

 

𝐷𝑛𝑙𝑚 ≡ ⟨𝑛, 𝑙,𝑚 |
𝑢

(1 − 𝑢)3
| 𝑛, 𝑙, 𝑚⟩ =

𝑁𝑛𝑙
2

22 𝑛𝑙+2𝑘𝑛𝑙−1𝛼
∫ (1 − 𝑧)2𝑘𝑛𝑙(1 + 𝑧)2 𝑛𝑙−3 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(𝑧)]
2

𝑑𝑧
+1

−1

, 

 

𝐸𝑛𝑙𝑚 ≡ ⟨𝑛, 𝑙,𝑚 |
𝑢

(1−𝑢)2
| 𝑛, 𝑙, 𝑚⟩ =

𝑁𝑛𝑙
2

22𝜁𝑛𝑙+2𝑘𝑛𝑙𝛼
∫ (1 − 𝑧)2𝑘𝑛𝑙(1 + 𝑧)2 𝑛𝑙−2 [𝑃𝑛

(2𝑘𝑛𝑙,2 𝑛𝑙−1)(𝑧)]
2

𝑑𝑧
+1

−1
.               (31) 

 

 

               

For relieving the burden of writing, we will provide useful 

abbreviations⟨𝑛, 𝑙, 𝑚|𝐴|𝑛, 𝑙, 𝑚⟩ ≡ ⟨𝐴⟩(𝑛,𝑙,𝑚) ≡ 𝐴𝑛𝑙𝑚. For the 

ground state𝑛 = 0, we have𝑃0
(2𝑘0𝑙,2 0𝑙−1)(𝑧), thus the above 

expectation values in Eq. (31) reduce to the following simple 

form: 

 

⟨
1

(1 − 𝑢)4
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

22 0𝑙+2𝑘0𝑙−3𝛼
∫ (1 − 𝑧)2𝑘0𝑙−1(1
+1

−1

+ 𝑧)2 0𝑙−4𝑑𝑧 , 

⟨
𝑢

(1 − 𝑢)4
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

22 0𝑙+2𝑘0𝑙−2𝛼
∫ (1 − 𝑧)2𝑘0𝑙(1
+1

−1

+ 𝑧)2 0𝑙−4𝑑𝑧, 
 

⟨
1

(1 − 𝑢)3
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

22 0𝑙+2𝑘0𝑙−2𝛼
∫ (1 − 𝑧)2𝑘0𝑙−1(1
+1

−1

+ 𝑧)2 0𝑙−3𝑑𝑧 , 
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⟨
𝑢

(1 − 𝑢)3
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

22 0𝑙+2𝑘0𝑙−1𝛼
∫ (1 − 𝑧)2𝑘0𝑙(1
+1

−1

+ 𝑧)2 0𝑙−3𝑑𝑧, 
 

⟨
𝑢

(1−𝑢)2
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

22𝜁0𝑙+2𝑘0𝑙𝛼
∫ (1 − 𝑧)2𝑘0𝑙(1 + 𝑧)2 0𝑙−2𝑑𝑧.
+1

−1
                                 

(32) 

        

Where 휁0𝑙 = 1/2 + √𝐷𝑒𝑟𝑒
2(𝐸0𝑙 + 𝜇) + (𝑙 + 1/2)

2 ,  

𝑘0𝑙 = √
𝜇2−𝐸0𝑙

2

4𝛼2
+ 𝑙(𝑙 + 1) +

𝐷𝑒(𝐸0𝑙+𝜇)(𝛼
2𝑟𝑒
2−𝛼𝑟𝑒)

2𝛼2
 and 𝑁0𝑙 =

√
𝛼(2 0𝑙+1)Γ(2𝑘0𝑙+2 0𝑙+1)

22𝑘0𝑙+2𝜁0𝑙−2Γ(2𝑘0𝑙+1)Γ(2 0𝑙+1)
. Comparing Eq. (32) with the 

integral of the form [58]: 

 

∫ (1 − 𝑥)𝛼
+1

−1

(1 + 𝑥)𝛽𝑃𝑚
(𝛼,𝛽)(𝑥)𝑃𝑛

(𝛼,𝛽)(𝑥)𝑑𝑥 

=
2𝛼+𝛽+1Γ(𝑛 + 𝛼 + 1)Γ(𝑛 + 𝛽 + 1)

(2𝑛 + 𝛼 + 𝛽 + 1)Γ(𝑛 + 𝛼 + 𝛽 + 1)𝑛!
  𝛿𝑚𝑛 ⇒ 

 

∫ (1 − 𝑥)𝑛+𝛼
+1

−1

(1 + 𝑥)𝑛+𝛽𝑑𝑥

=
22𝑛+𝛼+𝛽+1Γ(𝑛 + 𝛼 + 1)Γ(𝑛 + 𝛽 + 1)

(2𝑛 + 𝛼 + 𝛽 + 1)Γ(2𝑛 + 𝛼 + 𝛽 + 1)
  

 for  (𝑛 = 0,1,....).                        (33) 

 

A direct calculation gives the expectation values in Eq. (32) 

as follows:  

 

𝐵0𝑙𝑚 ≡ ⟨
𝑢

(1 − 𝑢)4
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

2𝛼

Γ(2𝑘0𝑙 + 1)Γ(2휁0𝑙 − 3)

(2𝑘0𝑙 + 2휁0𝑙 − 3)Γ(2𝑘0𝑙 + 2휁0𝑙 − 3)
, 

𝐶0𝑙𝑚 ≡ ⟨
1

(1 − 𝑢)3
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

2𝛼

Γ(2𝑘0𝑙)Γ(2휁0𝑙 − 2)

(2𝑘0𝑙 + 2휁0𝑙 − 3)Γ(2𝑘0𝑙 + 2휁0𝑙 − 3)
, 

𝐷0𝑙𝑚 ≡ ⟨
𝑢

(1 − 𝑢)3
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

2𝛼

Γ(2𝑘0𝑙 + 1)Γ(2휁0𝑙 − 2)

(2𝑘0𝑙 + 2휁0𝑙 − 2)Γ(2𝑘0𝑙 + 2휁0𝑙 − 2)
, 

𝐸0𝑙𝑚 ≡ ⟨
𝑢

(1−𝑢)2
⟩
(0,𝑙,𝑚)

=
𝑁0𝑙
2

2𝛼

Γ(2𝑘0𝑙+1)Γ(2 0𝑙+1)

(2𝑘0𝑙+2 0𝑙−1)Γ(2𝑘0𝑙+2 0𝑙−1)
.   (34) 

  

Where 𝛽0𝑙 ≡ 2휀0𝑙 + 2𝑘𝑙. For the first excited state𝑛 = 1, we 

have𝑃1
(2𝑘1𝑙,2 1𝑙−1)(𝑧) = 𝑔1𝑙 + ℎ1𝑙(1 − 𝑧), with 𝑔1𝑙 = 2𝑘1𝑙 +

1, ℎ1𝑙 = −(𝑘1𝑙 + 휁1𝑙 + 1/2), the expectation values in Eq. 

(31) are reduced to the following simple form: 

 

⟨
1

(1 − 𝑢)4
⟩
(1,𝑙,𝑚)

≡ 𝐴1𝑙𝑚 ≡ 𝑇11 + 𝑇12 + 𝑇13,   

⟨
𝑢

(1 − 𝑢)4
⟩
(1,𝑙,𝑚)

≡ 𝐵1𝑙𝑚 ≡ 𝑇21 + 𝑇22 + 𝑇23 ,  

 ⟨
1

(1 − 𝑢)3
⟩
(1,𝑙,𝑚)

≡ 𝐶1𝑙𝑚 ≡ 𝑇31 + 𝑇32 + 𝑇33, 

⟨
𝑢

(1 − 𝑢)3
⟩
(1,𝑙,𝑚)

≡ 𝐷1𝑙𝑚 ≡ 𝑇41 + 𝑇42 + 𝑇43  , 

 ⟨
𝑢

(1−𝑢)2
⟩
(1,𝑙,𝑚)

≡ 𝐸1𝑙𝑚 ≡ 𝑇51 + 𝑇52 + 𝑇53.       (35) 

 

where the 15-elements 𝑇𝑖𝑗 are given by: 

 

 

(
𝑇11
𝑇12
𝑇13

) =

(

  
 

𝑔1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−3𝛼
∫ (1 − 𝑧)2𝑘1𝑙−1(1 + 𝑧)2 1𝑙−4𝑑𝑧
+1

−1

ℎ1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−3𝛼
∫ (1 − 𝑧)2𝑘1𝑙+1(1 + 𝑧)2 1𝑙−4𝑑𝑧
+1

−1

2𝑔1𝑙ℎ1𝑙𝑁1𝑙
2

22𝜁1𝑙+2𝑘1𝑙−3𝛼
∫ (1 − 𝑧)2𝑘1𝑙(1 + 𝑧)2 1𝑙−4𝑑𝑧)
+1

−1 )

  
 

, (
𝑇21
𝑇22
𝑇23

) =

(

  
 

𝑔1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙(1 + 𝑧)2 1𝑙−4𝑑𝑧
+1

−1

ℎ1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙+2(1 + 𝑧)2 1𝑙−4𝑑𝑧
+1

−1

2𝑔1𝑙ℎ1𝑙𝑁1𝑙
2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙+1(1 + 𝑧)2 1𝑙−4𝑑𝑧)
+1

−1 )

  
 

, (

𝑇31
𝑇32
𝑇33

) =

(

  
 

𝑔1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙−1(1 + 𝑧)2 1𝑙−3𝑑𝑧
+1

−1

ℎ1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙+1(1 + 𝑧)2 1𝑙−3𝑑𝑧
+1

−1

2𝑔1𝑙ℎ1𝑙𝑁1𝑙
2

22𝜁1𝑙+2𝑘1𝑙−2𝛼
∫ (1 − 𝑧)2𝑘1𝑙(1 + 𝑧)2 1𝑙−3𝑑𝑧
+1

−1 )

  
 

, 

(
𝑇41
𝑇42
𝑇43

) =

(

  
 

𝑔1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−1𝛼
∫ (1 − 𝑧)2𝑘1𝑙(1 + 𝑧)2 1𝑙−3𝑑𝑧
+1

−1

ℎ1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙−1𝛼
∫ (1 − 𝑧)2𝑘1𝑙+2(1 + 𝑧)2 1𝑙−3𝑑𝑧
+1

−1

2𝑔1𝑙ℎ1𝑙𝑁1𝑙
2

22𝜁1𝑙+2𝑘1𝑙−1𝛼
∫ (1 − 𝑧)2𝑘1𝑙+1(1 + 𝑧)2 1𝑙−3𝑑𝑧)
+1

−1 )

  
 

      and      (

𝑇51
𝑇52
𝑇53

) =           

   

(

  
 

𝑔1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙𝛼
∫ (1 − 𝑧)2𝑘1𝑙(1 + 𝑧)2 1𝑙−2𝑑𝑧 +
+1

−1

ℎ1𝑙
2 𝑁1𝑙

2

22𝜁1𝑙+2𝑘1𝑙𝛼
∫ (1 − 𝑧)2𝑘1𝑙+2(1 + 𝑧)2 1𝑙−2𝑑𝑧
+1

−1

2𝑔1𝑙ℎ1𝑙𝑁1𝑙
2

22𝜁1𝑙+2𝑘1𝑙𝛼
∫ (1 − 𝑧)2𝑘1𝑙+1(1 + 𝑧)2 1𝑙−2𝑑𝑧)
+1

−1 )

  
 

.              (36) 
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We apply the integral in Eq. (33) to obtain the following results:  

 

(
𝑇11
𝑇12
𝑇13

) =
𝑁1𝑙
2

2𝛼

(

 
 

𝑔1𝑙
2 Γ(2𝑘1𝑙)Γ(2 1𝑙−3)

(Χ1𝑙−4)Γ(Χ1𝑙−4)

4ℎ1𝑙
2 Γ(2𝑘1𝑙+2)Γ(2 1𝑙−3)

(Χ1𝑙−2)Γ(Χ1𝑙−2)

4𝑔1𝑙ℎ1𝑙
Γ(2𝑘1𝑙+1)Γ(2 1𝑙−3)

(Χ1𝑙−3)Γ(Χ1𝑙−3) )

 
 

, (
𝑇21
𝑇22
𝑇23

) =
𝑁1𝑙
2

2𝛼

(

 
 

𝑔
1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−3)

(Χ1𝑙−3)Γ(Χ1𝑙−3)

4ℎ1𝑙
2 Γ(2𝑘1𝑙+3)Γ(2 1𝑙−3)

(Χ1𝑙−1)Γ(Χ1𝑙−1)

4𝑔1𝑙ℎ1𝑙
Γ(2𝑘1𝑙+2)Γ(2 1𝑙−3)

(Χ1𝑙−2)Γ(Χ1𝑙−2) )

 
 

, (

𝑇31
𝑇32
𝑇33

) =
𝑁1𝑙
2

2𝛼

(

 
 

𝑔1𝑙
2 Γ(2𝑘1𝑙)Γ(2 1𝑙−2)

(Χ1𝑙−3)Γ(Χ1𝑙−3)

4ℎ1𝑙
2 Γ(2𝑘1𝑙+2)Γ(2 1𝑙−2)

(Χ1𝑙−1)Γ(Χ1𝑙−1)

41𝑙ℎ1𝑙
Γ(2𝑘1𝑙+1)Γ(2 1𝑙−2)

(Χ1𝑙−2)Γ(Χ1𝑙−2) )

 
 

, 

(
𝑇41
𝑇42
𝑇43

) =
𝑁1𝑙
2

2𝛼

(

 
 

𝑔1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−2)

(Χ1𝑙−2)Γ(Χ1𝑙−2)

4ℎ1𝑙
2 Γ(2𝑘1𝑙+3)Γ(2 1𝑙−2)

Χ1𝑙Γ(Χ1𝑙)

4𝑔1𝑙ℎ1𝑙
Γ(2𝑘1𝑙+2)Γ(2 1𝑙−2)

(Χ1𝑙−1)Γ(Χ1𝑙−1) )

 
 

          and           (

𝑇51
𝑇52
𝑇53

) =
𝑁1𝑙
2

2𝛼

(

  
 

𝑔1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−1)

(Χ1𝑙−1)Γ(Χ1𝑙−1)

2ℎ1𝑙
2 2𝛼+𝛽+1Γ(2𝑘1𝑙+3)Γ(2 1𝑙−1)

(Χ1𝑙+1)Γ(Χ1𝑙+1)

4𝑔1𝑙ℎ1𝑙
Γ(2𝑘1𝑙+2)Γ(2 1𝑙−1)

Χ1𝑙Γ(Χ1𝑙) )

  
 

. (37)  

            

With Χ1𝑙 ≡ 2𝑘1𝑙 + 2휁1𝑙, 𝑁1𝑙
2 ≡

𝛼(2 1𝑙+1)Γ(Χ1𝑙+2)

2Χ1𝑙−2Γ(2𝑘1𝑙+2)Γ(2 1𝑙+2)
. This allows us to obtain the expectation values in the first excited state (1, 𝑙, 𝑚)as 

follows: 

 

(

 
 

𝐴1𝑙𝑚
𝐵1𝑙𝑚
𝐶1𝑙𝑚
𝐷1𝑙𝑚
𝐸1𝑙𝑚)

 
 
≡
𝑁1𝑙
2

2𝛼

(

 
 
 
 
 
 

𝑔1𝑙
2 Γ(2𝑘1𝑙)Γ(2 1𝑙−3)

(Χ1𝑙−4)Γ(Χ1𝑙−4)
+ 4ℎ1𝑙

2 Γ(2𝑘1𝑙+2)Γ(2 1𝑙−3)

(Χ1𝑙−2)Γ(Χ1𝑙−2)
+ 4𝑔1𝑙ℎ1𝑙

Γ(2𝑘1𝑙+1)Γ(2 1𝑙−3)

(Χ1𝑙−3)Γ(Χ1𝑙−3)

𝑔1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−3)

(Χ1𝑙−3)Γ(Χ1𝑙−3)
+ 4ℎ1𝑙

2 Γ(2𝑘1𝑙+3)Γ(2 1𝑙−3)

(Χ1𝑙−1)Γ(Χ1𝑙−1)
+ 4𝑔1𝑙ℎ1𝑙

2𝛼+𝛽+1Γ(2𝑘1𝑙+2)Γ(2 1𝑙−3)

(Χ1𝑙−2)Γ(Χ1𝑙−2)

𝑔1𝑙
2 Γ(2𝑘1𝑙)Γ(2 1𝑙−2)

(Χ1𝑙−3)Γ(Χ1𝑙−3)
+ 4ℎ1𝑙

2 Γ(2𝑘1𝑙+2)Γ(2 1𝑙−2)

(Χ1𝑙−1)Γ(Χ1𝑙−1)
+ 41𝑙ℎ1𝑙

Γ(2𝑘1𝑙+1)Γ(2 1𝑙−2)

(Χ1𝑙−2)Γ(Χ1𝑙−2)

𝑔1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−2)

(Χ1𝑙−2)Γ(Χ1𝑙−2)
+ 4ℎ1𝑙

2 Γ(2𝑘1𝑙+3)Γ(2 1𝑙−2)

Χ1𝑙Γ(Χ1𝑙)
+ 4𝑔1𝑙ℎ1𝑙

Γ(2𝑘1𝑙+2)Γ(2 1𝑙−2)

(Χ1𝑙−1)Γ(Χ1𝑙−1)

𝑔1𝑙
2 Γ(2𝑘1𝑙+1)Γ(2 1𝑙−1)

(Χ1𝑙−1)Γ(Χ1𝑙−1)
+ 2ℎ1𝑙

2 2𝛼+𝛽+1Γ(2𝑘1𝑙+3)Γ(2 1𝑙−1)

(Χ1𝑙+1)Γ(Χ1𝑙+1)
+ 4𝑔1𝑙ℎ1𝑙

Γ(2𝑘1𝑙+2)Γ(2 1𝑙−1)

Χ1𝑙Γ(Χ1𝑙) )

 
 
 
 
 
 

.                      (38) 

 

 

Our recent research is divided into two main physical parts. 

The first  part is to correspond to replace the coupling of 

angular momentum operator with noncommutativity coupling 

L
→

Θ
→

 by the new interest and significant equivalent coupling 

Θ𝐿
→

𝑆
→

 (withΘ = (Θ12
2 + Θ23

2 + Θ13
2 )1/2), we have chosen the 

arbitraries vectorΘ
→

parallel to the spin-s of Heterogeneous 

(LiH, HCl, NO) and Homogeneous (H2, I2, O2) diatomic 

molecules under MSCKP and then we replace Θ𝐿
→

𝑆
→

 

by
Θ

2
(𝐽
→
2 − 𝐿

→
2 − 𝑆

→
2). Thus, the spin-orbit term containing 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐−𝑠𝑜(𝑢) ≡ Θ𝑓(𝑢)𝐿

→

𝑆
→

, with 

 

𝑓(𝑢) = [
8(2𝑙(𝑙+1)+(𝐸𝑛𝑙+𝜇)𝐷𝑒𝑟𝑒

2)𝛼4

(1−𝑢)4
+ (𝐸𝑛𝑙 + 𝜇)𝐷𝑒 {−

8𝛼4𝑟𝑒
2𝑢

(1−𝑢)4
+

4𝑟𝑒𝛼
3

(1−𝑢)3
+
4𝛼3(𝑟𝑒−𝛼𝑟𝑒

2)𝑢

(1−𝑢)3
+
4𝑟𝑒𝛼

3𝑢

(1−𝑢)2
}].                         (39) 

 

Furthermore, in the RQM and NRQM the operators (�̂�𝑛𝑐−𝑟
𝑠𝑐 ,𝐽2, 

𝐿2, 𝑆2and 𝐽𝑧) forms a complete set of conserved physics 

quantities, the eigenvalues of the operator (𝐽
→
2 − 𝐿

→
2 − 𝑆

→
2) are 

equal the values 2𝑘(𝑙) ≡ 𝑗(𝑗 + 1) − 𝑙(𝑙 + 1) − 𝑠(𝑠 + 1), 
with |𝑙 − 𝑠| ≤ 𝑗 ≤ |𝑙 + 𝑠|. Consequently, the energy shift 

Δ𝐸𝑠𝑐(𝑛 = 0, 𝑗, 𝑙, 𝑠) and Δ𝐸𝑠𝑐(𝑛 = 1, 𝑗, 𝑙, 𝑠) due to the 

perturbed spin-orbit coupling which produced by the effect of 

the perturbed effective potential 𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) for the ground state 

and the first excited state, respectively, in (RNC: 3D-RS) 

symmetries as follows: 

 

Δ𝐸𝑠𝑐(𝑛 = 0, 𝑗, 𝑙, 𝑠)

= 4𝑘(𝑙)𝛼3(𝐸0𝑙 + 𝜇)Θ {2𝛼 (
2𝑙(𝑙 + 1)

(𝐸0𝑙 + 𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴0𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵0𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶0𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷0𝑙𝑚

+ 𝐷𝑒𝑟𝑒𝐸0𝑙𝑚} , 

Δ𝐸𝑠𝑐(𝑛 = 1, 𝑗, 𝑙, 𝑠) = 4𝑘(𝑙)𝛼
3(𝐸1𝑙 + 𝜇)Θ {2𝛼 (

2𝑙(𝑙+1)

(𝐸1𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴1𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵1𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶1𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷1𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐸1𝑙𝑚}.   

(40) 

 

Which allows us to generalize the above results to the case of 

𝑛𝑡ℎ excited states of Heterogeneous (LiH, HCl, NO) and 

Homogeneous (H2, I2, O2) diatomic molecules under MSCKP 

in (RNC: 3D-RS) symmetries as follows: 
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Δ𝐸𝑠𝑐(𝑛, 𝑗, 𝑙, 𝑠) = 4𝑘(𝑙)𝛼
3(𝐸𝑛𝑙 + 𝜇)Θ {2𝛼 (

2𝑙(𝑙+1)

(𝐸𝑛𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴𝑛𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶𝑛𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐸𝑛𝑙𝑚}.     

(41) 

 

The second interest physical part is corresponding to replace 

both (L
→

Θ
→

 andΘ12) by (𝜎12ℵ𝐿𝑧 and𝜎12ℵ, respectively), we have 

also need to apply ⟨𝑛, 𝑙, 𝑚|𝐿𝑧|𝑛', 𝑙',𝑚'⟩ = 𝑚'𝛿𝑛𝑛'𝛿𝑙𝑙'𝛿𝑚𝑚' 
(with−(𝑙, 𝑙') ≤ (𝑚,𝑚') ≤ +(𝑙, 𝑙')). All of this data allows for 

the discovery of the new energy shift Δ𝐸𝑠𝑐(𝑛 = 0, 𝑙,𝑚) and 

Δ𝐸𝑠𝑐(𝑛 = 1, 𝑙,𝑚) due to the modified perturbed Zeeman 

effect which generated by the influence of the perturbed 

effective potential 𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟) for the ground state and the first 

excited state in (RNC: 3D-RS) symmetries as follows: 

 

Δ𝐸𝑠𝑐(𝑛 = 0, 𝑙,𝑚) = 4𝛼
3(𝐸0𝑙 + 𝜇)ℵ {2𝛼 (

2𝑙(𝑙 + 1)

(𝐸0𝑙 + 𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴0𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵0𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶0𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷0𝑙𝑚

+ 𝐷𝑒𝑟𝑒𝐸0𝑙𝑚}𝜎𝑚, 

Δ𝐸𝑠𝑐(𝑛 = 1, 𝑙,𝑚) = 4𝛼
3(𝐸1𝑙 + 𝜇)ℵ {2𝛼 (

2𝑙(𝑙+1)

(𝐸1𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴1𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵1𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶1𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷1𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐸1𝑙𝑚} 𝜎𝑚. 

(42) 

 

Thus, we can generalize the previous results to the 𝑛𝑡ℎ excited 

states of Heterogeneous (LiH, HCl, NO) and Homogeneous 

(H2, I2, O2) diatomic molecules under MSCKP in (RNC: 3D-

RS) symmetries as follows: 

 

 

  Δ𝐸𝑠𝑐(𝑛, 𝑙, 𝑚) = 4𝛼
3(𝐸𝑛𝑙 + 𝜇)ℵ {2𝛼 (

2𝑙(𝑙+1)

(𝐸𝑛𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴𝑛𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶𝑛𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐸𝑛𝑙𝑚} 𝜎𝑚.  (43) 

 

 

IV. GLOBAL RELATIVISTIC SPECTRUM OF 

MSCKP 
 

In this section, we report our results on based the superposition 

principle which permitted to deduce the additive energy shift, 

Δ𝐸𝑠𝑐(𝑛 = 0, 𝑗, 𝑙, 𝑠,𝑚)andΔ𝐸𝑠𝑐(𝑛 = 1, 𝑗, 𝑙, 𝑠,𝑚) for 

the ground state and the first excited state, respectively, in 

(RNC: 3D-RS) symmetries. Those energy shifts due to the 

spin-orbit coupling and modified Zeeman effect which are 

induced by 𝑉𝑒𝑓𝑓
𝑠𝑐 (𝑟) Heterogeneous (LiH, HCl, NO) and 

Homogeneous (H2, I2, O2) diatomic molecules under MSCKP 

as follows:

 

Δ𝐸𝑠𝑐(𝑛 = 0, 𝑗, 𝑙, 𝑠,𝑚)

= 4𝛼3(𝐸0𝑙 + 𝜇) {2𝛼 (
2𝑙(𝑙 + 1)

(𝐸0𝑙 + 𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴0𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵0𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶0𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷0𝑙𝑚

+ 𝐷𝑒𝑟𝑒𝐸0𝑙𝑚} {𝑘(𝑙)Θ+ ℵ𝜎𝑚}, 

Δ𝐸𝑠𝑐(𝑛 = 1, 𝑗, 𝑙, 𝑠,𝑚) = 4𝛼
3(𝐸1𝑙 + 𝜇) {2𝛼 (

2𝑙(𝑙+1)

(𝐸1𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴1𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵1𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶1𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷1𝑙𝑚 +

𝐷𝑒𝑟𝑒𝐸1𝑙𝑚} {𝑘(𝑙)Θ+ ℵ𝜎𝑚}.     (44)

   

Which generalized easily to the 𝑛𝑡ℎ excited states in (RNC: 3D-RS) symmetries as follows: 

 

Δ𝐸𝑠𝑐(𝑛, 𝑗, 𝑙, 𝑠,𝑚) = 4𝛼
3(𝐸𝑛𝑙 + 𝜇) {2𝛼 (

2𝑙(𝑙+1)

(𝐸𝑛𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴𝑛𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶𝑛𝑙𝑚 + 𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷𝑛𝑙𝑚 +

𝐷𝑒𝑟𝑒𝐸𝑛𝑙𝑚} {𝑘(𝑙)Θ+ ℵ𝜎𝑚}.            (45) 

 

The above results present the energy shift of Heterogeneous 

(LiH, HCl, NO) and Homogeneous (H2, I2, O2) diatomic 

molecules under MSCKP in (RNC: 3D-RS) symmetries, 

which generated with the effect of noncommutativity 

properties of space-space; it depended explicitly with the 

noncommutativity parameters(Θ, 𝜎). It is should be noted that 

the obtained effective energy Δ𝐸𝑠𝑐(𝑛, 𝑗, 𝑙, 𝑠,𝑚) under MSCKP 

has a carry unit of energy because it resulted from the 

perturbed effective energy (𝜇2 − 𝐸𝑛𝑙
2 ) combined with the same 

energy value square and the mass square where we have the 

principle of equivalence between mass and energy at higher 

energy. This allows us to conclude  the 

energy𝐸𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) of Heterogeneous (LiH, 

HCl, NO) and Homogeneous (H2, I2, O2) diatomic molecules, 

in the symmetries of (RNC: 3D-RS), corresponding the 

generalized 𝑛𝑡ℎ excited states, as a function of the shift energy 
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Δ𝐸𝑠𝑐(𝑛, 𝑗, 𝑙, 𝑠, 𝑚) and 𝐸𝑛𝑙 due to the effect of SCKP in RQM, 

which obtained from Eq. (12), as follows: 

 

𝐸𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) = 𝜇 + 𝐸𝑛𝑙 + [4𝛼

3(𝐸𝑛𝑙 + 𝜇) {2𝛼 (
2𝑙(𝑙+1)

(𝐸𝑛𝑙+𝜇)
+ 𝐷𝑒𝑟𝑒

2)𝐴𝑛𝑙𝑚 − 2𝛼𝐷𝑒𝑟𝑒
2𝐵𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐶𝑒𝑙𝑚 +

𝐷𝑒(𝑟𝑒 − 𝛼𝑟𝑒
2)𝐷𝑛𝑙𝑚 + 𝐷𝑒𝑟𝑒𝐸𝑛𝑙𝑚} {𝑘(𝑙)Θ + ℵ𝜎𝑚}]

1/2

. (46) 

 

 

V. NONRELATIVISTIC SPECTRUM OF MSCKP 

 
 Now, in this section we trite the nonrelativistic effect of 

MSCKP on the Heterogeneous (LiH, HCl, and NO) and 

Homogeneous (H2, I2, O2) diatomic molecules. From the Eqs. 

(3.5) and (3.6), we can write MSCKP in the nonrelativistic 

noncommutative three-dimensional real space (NC: 3D-RS) 

symmetries as follows: 

 

𝑉𝑠𝑐(�̂�) = 𝑉𝑠𝑐(𝑟) + 𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) + 𝑂(Θ2).                 (47) 

                                

Where 𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) is the perturbative potential in the symmetries 

of nonrelativistic noncommutative QM: 

𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) = −𝐷𝑒 {

(
𝑟𝑒

2𝑟3
−

𝑟𝑒
2

2𝑟4
) (1 + 𝑒−2𝛼𝑟)

+2𝛼 (
𝑟𝑒

2𝑟2
−

𝑟𝑒
2

4𝑟3
) 𝑒−2𝛼𝑟

} L
→

Θ
→

+ 𝑂(Θ2).  

(48) 

 

A direct simplification gives: 

 

𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) = −𝐷𝑒 {

−
𝑟𝑒
2

2𝑟4
−

𝑟𝑒
2

2𝑟4
𝑒−2𝛼𝑟 +

𝑟𝑒

2𝑟3

+
𝑟𝑒−𝛼𝑟𝑒

2

2𝑟3
𝑒−2𝛼𝑟 +

𝛼𝑟𝑒

𝑟2
𝑒−2𝛼𝑟

} L
→

Θ
→

+ 𝑂(Θ2). 

(49) 

 

The approximations type suggested by (Greene and Aldrich) and (Dong et al.) allows rewriting the perturbative potential 𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟)as 

follows: 

 

𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) = −4𝐷𝑒 {−

2𝑟𝑒
2𝛼4

(1−𝑢)4
−
2𝛼4𝑟𝑒

2𝑢

(1−𝑢)4
+

𝑟𝑒𝛼
3

(1−𝑢)3
+
𝛼3(𝑟𝑒−𝛼𝑟𝑒

2)𝑢

(1−𝑢)3
+

𝛼3𝑟𝑒𝑢

(1−𝑢)2
} L
→

Θ
→

+ 𝑂(Θ2).                                (50) 

 

 

Thus, we need the expectation values of the radial 

terms
1

(1−𝑢)4
, 

𝑢

(1−𝑢)4
 , 

1

(1−𝑢)3
 , 

𝑢

(1−𝑢)3
 and 

𝑢

(1−𝑢)2
to find the 

nonrelativistic energy corrections produced with the 

perturbative potential 𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟). We have calculated the 

expectation values for the ground state and the first excited 

state and we generalized the results to the nth excited state. To 

avoid the repetitions the previous calculations and to respect 

on considerations the corrections produced with the perturbed 

spin-orbit interaction and modified Zeeman effect, we need 

to generalize the obtained energy shift in the Eq. (45) to find 

the nonrelativistic global corrections under MSCKP for 

Heterogeneous (LiH, HCl, NO) and Homogeneous (H2, I2, 

O2) diatomic molecules as follows: 

 

 

Δ𝐸𝑠𝑐
𝑛_𝑟𝑒(𝑛, 𝑗, 𝑙, 𝑠,𝑚) = −4𝐷𝑒𝛼

3{−2𝑟𝑒
2𝛼𝐴𝑛𝑙𝑚 − 2𝛼𝑟𝑒

2𝐵𝑛𝑙𝑚 + 𝑟𝑒𝐶𝑛𝑙𝑚 + (𝑟𝑒 − 𝛼𝑟𝑒
2)𝐷𝑛𝑙𝑚 + 𝑟𝑒𝐸𝑛𝑙𝑚}{𝑘(𝑙)Θ + ℵ𝜎𝑚}.      (51) 

 

 

This allows us to find the nonrelativistic global energy 

𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) under MSCKP for 

Heterogeneous (LiH, HCl, NO) and Homogeneous (H2, I2, 

O2) diatomic molecules as follows in the nonrelativistic 

noncommutative three-dimensional real space (NC: 3D-RS) 

symmetries as follows:

 

𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) = 𝐸𝑛𝑙

𝑛𝑟 − 4𝐷𝑒𝛼
3{−2𝑟𝑒

2𝛼𝐴𝑛𝑙𝑚 − 2𝛼𝑟𝑒
2𝐵𝑛𝑙𝑚 + 𝑟𝑒𝐶𝑛𝑙𝑚 + (𝑟𝑒 − 𝛼𝑟𝑒

2)𝐷𝑛𝑙𝑚 + 𝑟𝑒𝐸𝑛𝑙𝑚}{𝑘(𝑙)Θ + ℵ𝜎𝑚}. (52) 

 

 

Where 𝐸𝑛𝑙
𝑛𝑟is the nonrelativistic energy under for Heterogeneous (LiH, HCl, NO) and Homogeneous (H2, I2, O2) diatomic molecules [3]: 

 

𝐸𝑛𝑙
𝑛𝑟 = 2

𝛼2

𝜇
𝑙(𝑙 + 1) + 2𝐷𝑒𝛼(𝛼𝑟𝑒

2 − 𝑟𝑒) − 2
𝛼2

𝜇
[

𝑙(𝑙+1)+𝐷𝑒𝜇(𝑟𝑒
2−
2𝑟𝑒
𝛼
)

2(𝑛+
1

2
+√𝐷𝑒𝑟𝑒

2𝜇+(𝑙+
1

2
)
2
)

+
1

2
(𝑛 +

1

2
+√𝐷𝑒𝑟𝑒

2𝜇 + (𝑙 +
1

2
)
2

)]

2

.             (53) 
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VI. QUARKONIUM MASS SPECTRO-SCOPY OF 

THE MSCKP 
 

Quarkonium mass spectroscopy for the screened cosine 

Kratzer potential  studied by K. R. Purohit et al. [3] in the 

symmetries of commutative quantum mechanics. We want to 

generalize this study to the case of NCQM. To achieve the 

goal we recall first for the mass formula of quarkonium in 3-

dimensional space [59, 60, 61, 62, 63]:  

 

𝑀 = 𝑚𝑞 +𝑚𝑞 + 𝐸𝑛𝑙 → 𝑀 = 2𝑚𝑞 + 𝐸𝑛𝑙            (54) 

 

Here 𝑚𝑞 is the bare quark mass for quarkonium and𝑀 denote 

to the mass the charmonium𝑐𝑐 and bottomonium𝑏𝑏 in RQM 

under ordinary SCKP. To achieve this goal, we generalize the 

traditional formula to the new form:  

 

𝑀𝑠𝑐 = 2𝑚𝑞 + 𝐸𝑛𝑙
𝑛𝑟(𝑎', 𝑏', 𝛼) → 

𝑀𝑛𝑐
𝑠𝑐 = 2𝑚𝑞 + 𝐸𝑛𝑟−𝑛𝑐

𝑠𝑐 (𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚),      (55) 

 

where𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) and 𝐸𝑛𝑙

𝑛𝑟(𝑎', 𝑏', 𝛼) are 

obtained from Eqs. (50) and (51), respectively, by making the 

changed 𝐷𝑒𝑟𝑒 → 𝑎' and 𝐷𝑒𝑟𝑒
2 → 𝑏' we obtain the modified 

energy and ordinary energy of quarkonium system such as the 

charmonium𝑐𝑐 and bottomonium𝑏𝑏 in NCQM and QM 

under MSCKP ad SCKP, respectively, as follows:  

 

 

𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) = 𝐸𝑛𝑙

𝑛𝑟(𝑎', 𝑏', 𝛼) − 4𝛼3{−2𝑏'𝛼𝐴𝑛𝑙𝑚 − 2𝛼𝑏'𝐵𝑛𝑙𝑚 + 𝑎'𝐶𝑛𝑙𝑚 + (𝑎' − 𝛼𝑏')𝐷𝑛𝑙𝑚 + 𝑎'𝐸𝑛𝑙𝑚}{𝑘(𝑙)Θ+ ℵ𝜎𝑚}. 
(56) 

And 

𝐸𝑛𝑙
𝑛𝑟(𝑎', 𝑏', 𝛼) = 2

𝛼2

𝜇
𝑙(𝑙 + 1) + 2𝛼(𝛼𝑏' − 𝑎') − 2

𝛼2

𝜇
[

𝑙(𝑙+1)+𝜇(𝑏'−
2𝑎'

𝛼
)

2(𝑛+
1

2
+√𝑏'𝜇+(𝑙+

1

2
)
2
)

+
1

2
(𝑛 +

1

2
+√𝑏'𝜇 + (𝑙 +

1

2
)
2

)]

2

.      (57) 

 

Thus, the modified mass of the heavy quarkonium system 

such as the charmonium𝑐𝑐 and bottomonium becomes as 

follows:  

𝑀𝑛𝑐
𝑠𝑐 = 𝑀𝑠𝑐 + 𝛿𝑀𝑛𝑐

ℎ𝑦(𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚).        (58) 

Where 𝑀𝑠𝑐 are ordinary quarkonium mass spectroscopy in 

ordinary QM while𝛿𝑀𝑛𝑐
ℎ𝑦(𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚)is the additive 

part of quarkonium mass spectroscopy in NCQM 

symmetries produced with the perturbative 

potential𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟): 

 

𝛿𝑀𝑛𝑐
ℎ𝑦(𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) = 4𝛼3{2𝑏'𝛼𝐴𝑛𝑙𝑚2𝛼𝑏'𝐵𝑛𝑙𝑚 − 𝑎'𝐶𝑛𝑙𝑚 + (𝑎' − 𝛼𝑏')𝐷𝑛𝑙𝑚 − 𝑎'𝐸𝑛𝑙𝑚}{𝑘(𝑙)Θ+ ℵ𝜎𝑚}.       (59) 

 

 

Note that the additive part 𝛿𝑀𝑛𝑐
ℎ𝑦(𝑎', 𝑏', 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) is 

infinitesimal when it compared with the main part 𝑀𝑠𝑐 because 

it is proportional to two infinitesimal parameters(Θ, 𝜎). 
 

 

VII. STUDY OF IMPORTANT PARTICULAR 

CASES  
 

After studying the bound states of arbitrary l state MKGE and 

MSE with the MSCKP, we consider some particular cases: 

 

1- The first special case corresponds to the modified Coulomb 

plus inverse-square potential MCISP (𝛿 = 𝛼 = 0,𝐷𝑒𝑟𝑒 →
𝐵and 𝐷𝑒𝑟𝑒

2 → 𝐴). The perturbative effective potential in Eq. 

(25) will be simplified to the form: 

 

𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) → 𝑉𝑝𝑒𝑟𝑡

𝑖𝑐 (𝑟) = [
𝑙(𝑙+1)

𝑟4
− (𝐸𝑛𝑙 + 𝜇) (

𝐴

𝑟4
+

𝐵

𝑟3
)] L
→

Θ
→

.   

(60) 

 

Also, the energy shift in Eq. (56) was reduced to the 

corresponding values for MCISP with an additional 

condition 𝛼 → 1 in corresponded terms in Eq. (26). Thus, we 

recover the results that we obtained in our previous reference  

[47]. 

 

2- The second special case corresponds to the new modified 

Kratzer-type interaction (𝛿 = 𝛼 = 0,𝐷𝑒𝑟𝑒 → 𝐴 = 𝑘𝑟𝑒and 

𝐷𝑒𝑟𝑒
2 → 𝐵 = 𝑘𝑟𝑒

2 in addition to imposing the special case 

𝐿𝑥 = 𝐿𝑦 = 0 and 𝐿𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 ≠ 0) which 

corresponds to the translation into two-dimensional space 

from three-dimensional space. The perturbative potential 

in Eq. (5.4) will be simplified to the form: 

 

𝑉𝑠𝑐
𝑝𝑒𝑟𝑡(𝑟) → 𝑉𝑘𝑝

𝑝𝑒𝑟𝑡(𝑟) = (
𝐴

2𝑟3
−

𝐵

𝑟4
) 𝐿𝑧Θ.        (61) 

 

Moreover, the energy 𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) in Eq. (52) 

was reduced to the corresponding values for the new modified 

Kratzer-type interaction with an additional condition𝛼 → 1 in 

corresponded terms in Eq. (26). Thus, we recover the results 

that we obtained in our previous reference [l9].  

 

 

VIII. CONCLUSIONS 
 

This section of our paper gives a summary of the basic points 

in our work; we have presented the formulation of the 

noncommutative quantum mechanics based, and we have 

studied the effects of the noncommutative space-space on the 

MKGE and MSE under MSCKP in the relativistic and 

nonrelativistic noncommutative three-dimensional spaces. 
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The energy spectra (𝐸𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚) 

and 𝐸𝑛𝑟−𝑛𝑐
𝑠𝑐 (𝐷𝑒 , 𝑟𝑒 , 𝛼, 𝑛, 𝑗, 𝑙, 𝑠,𝑚)) of Heterogeneous (LiH, 

HCl, NO) and Homogeneous (H2, I2, O2) diatomic molecules 

due to the noncommutativity property corresponding to the 

generalized 𝑛𝑡ℎ excited states in the symmetries of (RNC: 3D-

RS) and (NC: 3D-RS) are calculated. The energy eigenvalues 

appear as a function of the shift energy Δ𝐸ℎ𝑦(𝑛𝑟 , 𝑗, 𝑙, 𝑠,𝑚) and 

𝐸𝑛𝑟𝑙 of the SCKP is obtained via first-order perturbation theory 

and expressed by the Gamma function, the discreet atomic 

quantum numbers (𝑗, 𝑙, 𝑠,𝑚), and the potential parameters 

(𝐷𝑒 , 𝑟𝑒 , 𝛼) in addition to noncommutativity two parameters 

(Θand𝜎). This behavior is similar to the perturbed both 

modified Zeeman effect and modified perturbed spin-orbit 

coupling in which an external magnetic field is applied to the 

system and the spin-orbit couplings which are generated with 

the effect of the perturbed effective potential 𝑉𝑝𝑒𝑟𝑡
𝑠𝑐 (𝑟) in the 

symmetries of RNCQM and NRNCQM. Furthermore, we 

have calculated the new masses of the heavy quarkonium 

system such as the charmonium𝑐𝑐and bottomonium𝑏𝑏 with a 

spin-(0 or1) under the MSCKP. It is worth mentioning that, for 

all cases, when to make the two simultaneously limits(Θ, 𝜎) →
(0,0), the ordinary physical quantities are recovered. The 

comparisons show that our theoretical results are in very good 

agreement with reported works.  
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