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Abstract

By means of a theoretical development of lecture [3], we provide a characterization of the
Goldbach Conjecture in an infinite set of even numbers in terms of gradients of deformed
hyperbolas.
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1 Hyperbolic classification of natural numbers

1.1 Introduction

For a natural number n > 1 the fact of being a prime is equivalent to stating that the hyperbola
xy = n does not contain non-trivial natural number coordinate points that is, the only natural
number coordinate points in the hyperbola are (1,7) and (n,1).

We establish a family of bijective functions between non-negative real numbers and a half-
open interval of real numbers. Bijectivity allows us to transport usual real number operations,
sum and product, to the interval. It also allows us to deform the xy = k hyperbolas with k
as a real positive number in such a way that we can distinguish whether a natural number n
is a prime or not by its behaviour in terms of gradients of the deformed hyperbolas near the
deformed of xy = n (Hyperbolic Classification of Natural Numbers).

In this section we define a function ¢ which ranges from non-negative real numbers to a
half-open interval, strictly increasing, continuous in Rt = R>¢ and class 1 in each interval
[m,m+1] (m e N ={0,1,2,3,...}) . The bijectivity of ¢ allows to transport the usual sum and
product of R* to the set Rt := ¢(R™) in the usual manner. That s, calling £ := 9(x), we define
§@f:=y(s+1), §@F:= p(st). Therefore, (R, P, ®) is an algebraic structure isomorphic to
the usual one (RT,+,-) and as a result, we obtain an algebraic structure (N := ¢(IN), ®, ®)
isomorphic to the usual one (IN, +, -). The function ¢ also preserves the usual orderings. Thus
we transport the notation from R* to R, that is 7 is natural iff # is natural, p is prime iff p is
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prime, £ is rational iff x is rational, etc. Assume that, for example 0 =0, 1 =072, 2 =1'3, 3 =
30001, 4 = 7, 5 = 6/3, 7 = 7'21,..,12 = 9’03, ... then, the following situation would arise:
the even number 9’03 is the sum of the prime numbers 63 and 721 and the number 7 is the
product of the numbers 0'72 and 7.

Obviously, until now, we have only actually changed the symbolism by means of the func-

tion 1. If we call £7 plane the set (p(RT))?, the hyperbolas xy = k (k > 0) of the xy plane with
x > 0and y > 0 are transformed by means of the function ¢ x ¢ at the £ ® § = k "hyperbolas"
of the £7) plane. We will restrict our attention to the points in the £7 plane that satisfy £ > 0 and
7§ > %£. Then, with these restrictions for the ¢ function, it is possible to choose right-hand and
left-hand derivatives of ¢ at m € IN* = {1,2,3,...} such that we can characterize the natural
number coordinate points in the £§ plane in terms of differentiability of the functions which
determine the transformed hyperbolas. As a result, we can distinguish prime numbers from
composite numbers in the aforementioned terms.

Definition 1.1. Let ¢ : R™ — R be a map and let ¢, be the restriction of ¥ to each closed
interval [m.m + 1] (m € IN) . We say that ¢ is an R™ coding function if:

() (0) = 0.

(ii) p € C(R™).

(iii) Vm € N, ¢, € C'([m, m + 1)) with positive derivative in [m, m + 1].

Figure 1. R coding function.

Remarks 1.2. (1) Easily proved, if ¢ is an R* coding function then it is strictly increasing and
consequently, injective.

(2) If My : = sup {¢(x) : x € R} then, My € (0, +o0] (being My = oo iff ¢ is not bounded),
andso ¢ (RT) = [0, My). Therefore ¢ : R* — ¢ (R™) = [0, My) is bijective, and here onwards
we will refer to the i function as a bijective function.

(3) We will frequently use the notation £ := (x). Due to the ¥ bijection, we transport the
sum and the product from R* to [0, My) in the usual manner ([2]), that is we define in [0, My)
the operations -sum as £ & § := (x +y) and p-product as £ @ § := (x-y). Thus, ¢ :
(R*,+,-) = ([0, My) , ®, ®) is an isomorphism.

(4) The v function preserves the usual orderings, that is, § < fes<t s=ftes=t

(5) For £ € [0, My) we say that £ is a -natural number iff x is a natural number, £ is p-prime iff
x is prime, £ is -rational iff x rational, etc.

(6) When we work on the set [0, M¢)2, we say that we are on the £7 plane.

(7) For x > y we denote £ ~ § := ¢(x —y) = (P-subtraction) and for y # 0, £ + 7 := Pp(x/y)
(p-quotient).

1.2 -hyperbolas in the £7 plane

The aim here is to study the transformed curves of the y = k/x hyperbolas (k € RT — {0}) by
means of an R™ coding function in terms of differentiability. Consider the function

I (0, +00) = (0, +o0), By (x) = <.
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Figure 2. p-hyperbolas in the £1) plane.

We call ¢p-hyperbola any transformed curve graph of I' (/) by means of 1 x . Notice that
the function which defines the i-hyperbola is:

}Alk : (O,Mlp) — (O,Mlp) , ]:lk (Ll) =y (l[)lk(u>> .

Theorem 1.3. Let ¢ : RT — [0, My) be an R* coding function. Then, fi : (0, My) — (0, My) is
continuous and strictly decreasing.

Proof. (0, My) E)l (0, +00) g (0, +00) AN (0, My), thus iy, = g o hy o ™! is a composition of con-
tinuous functions, and is consequently continuous. In addition
k k
TRIORETRI0)
= (i) > v (e ) = e > o,
p=(s) $=i(b)

that is, ﬁk is strictly decreasing. O

O<s<t<My=yp l(s)<yp'(t)=

Letuscall (y;_1)" (i) = a;and ()", (i) = b; (i = 1,2,3,...) We will now analyse the differ-
entiability of /i distinguishing, for this, the cases in which the dependent and/or independent
variable takes ¢-natural number values or not.

Theorem 1.4. Where x,y € RT — N, [x] =n, |y| =m.
1-If (%,9) € T(hy), then

+ T on? b, n2 ap
4.~ If (1) € T (hy), then
N —k a A -k b
/ AN L hm / A7) — L om
(h)y () = —7 5, (h)= () = —7 a
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Proof. Case 1u € (7,71 @ 1) (n € N) that is, u is not a ¢-natural number. We obtain

(ﬁ,ﬁ@i)l’il(n,nﬂ) 'i(k/(nﬂ),k/n) i(h (nol)k+n)

so, I maps iy : (n,n @ 1) = (k+ (A @), k+n).
1.a) Suppose /1 (1) is not a -natural number (Fig. 3). Since k/¢~! (1) is not a natural number,
in a neighbourhood of , the expression of the /i function is:

K/ (u)
&/ (u)]

O --------------0

>

n i n+1
1

Figure 3. Finding (f)' (u).

~oNy _ , k . —k . !
(i)' () = (IPW» J) (w-l <u>) (=t ()* () (¥ ()

Consequently fi; is differentiable at u.
1.b) Suppose /i (1) is a p-natural number (Fig. 4). This is equivalent to say that k/¢~! (u) is a
natural number. For a sufficiently small € > 0 we obtain

-1 h

(e ul ™ (e~ e),pt ()] S

w‘f(u)’ w—l(s ~ e)> B+ p () k9T~ o).

We can choose € > 0 such that n < 1 (u ~ €) < = }(u) < n+ 1 and as a consequence for
every t € (u ~ ¢,u] we verify k/p~1(u) < k/¢p~1(t). That is, we can choose € > 0 such that

Vie (u~eulhp(t)y=9 i (k/p~'(t)). Thus:
¢y~ 1w

. ' k —k 1
h L u - ( ) ( > . . )
W=t e ) G o)
Let us now examine the value of (f;)’, (). For a sufficiently small € > 0 we obtain (Fig. 5).

-1

[u,ude) v (o=t (w), v (ume)) B
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kf~" (u)

"oyt

Figure 4. Finding ()" (u).

k[ (w)

Figure 5. Finding ()", (u).

(IIJ_1 (I; de) lP_lk(u)} 5 <f<+¢7% €>/&+m)} |

(u@e€) < n+1and as a consequence for

We can choose € > 0 such that n < 1 (u) < ¢!
(u). That is, we can choose € > 0 such that

every t € [u,u®e) we verify k/p~1(t) < k/yp~!
Vie [uude),

Would result:

Y _ / k . —k . 1
w0 = (g ) (@) Grar wreTwr

Case2 u = 1 (n € N*) that is, u is a ¢-natural number (1 > 0). For a sulfficiently small € > 0
and ¢(n + 6) = 1 & € we obtain (Fig. 6)

. p! h ko k1w /o s
[n,n@e)%[n,n+5)$<n+§,n}%(kT(nGBé),an}.

For every t € [, 7 @ €), we verify i (t) = tpm (k/yp=(t)) if k/n ¢ N* and Iy (t) =
i, (k/9p~1(t)) if k/n € N*. As a consequence

(i)' (#) = (w)5)) (k) L (ifk/m g NY),

2 () (n)
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7%(“)

n+4

(h)y () = (1#5 ,1): (k) %2]{ - (%)2(”) (ifk/n € N¥).

Finally we have to study the differentiability of /i at u = 7 from the left side. For a suffi-
ciently small € > 0 and ¢(n — ) = i ~ €, we obtain (fig. 7)

; N [k k AT
(i ~e€n] = (n—246,n] {n,n_(S)%{an,k.(n 5))

Yy
(]
L R °
Y xP |
-, !
hi(f) ===~ !
> T b1
A~

Figure 7. Finding () (7).

We can choose € > 0 such that Vt € (71 ~ €, 71] we verify

i (8) =9 (wlfu))

regardless of whether k/# is a natural number or not. This therefore would result

. Pk —k 1
() (1) = (w5, () " W) ()

We have completed our examination of the differentiability of /i when dependent and/or
independent variables take -natural number values or not. Since (¢;_1)"_ (i) = a; and (q)i)ﬁr (i)
=0b; (i=1,2,3,...), the proposition is proven. O
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Corollary 1.5. If we want the fi; functions to be only differentiable at the points where both the
ordinate and the abscissa are not 1p-natural numbers, we must select ¢ in such a way that

(an # bp) A (am # b)) A (anam # buby) Vn € N*,Vm € IN*. 1)

Definition 1.6. We say that an R* coding function identifies primes if the fi; functions are only
differentiable at the non--natural number abscissa and ordinate points

1.3 Classification of points in the £7j plane

Let ¢ : Rt — [0, My) be an R" coding function that identifies primes. The class of sets =
{T'(hy) : k € R* — {0}} is a partition of (0, +c0)? and being ¥ a bijective function, the class
H = {T(fy) : k € RT — {0}} of all g-hyperbolas is a partition of (0, M¢)2. Every subset of
IR? will be considered as a topological subspace of R? with the usual topology. We have the
following cases:

- (%9 € (0, M,l,)2 (x ¢ NAy ¢ N). Then, in a neighbourhood V of (%,7) we verify:
V(s f) V, the y-hyperbola which contains (3, f) is differentiable at §. Of course, we mean to
say the function which represents the graph of the y-hyperbola (Fig. 8).

Figure 8. x ¢ N,y ¢ N.

2.- (%,1) € (0, M¢)2 (x ¢ NAm € IN*). Then, in a neighbourhood V of (%,11) we verify:
V(3,F) € V, the y-hyperbola which contains (3§, ) is differentiable at § iff f # 1 (Fig 9).

Figure 9. x ¢ N,m € N*.

- (n,9) € (0, Mlp) (n € N* Ay ¢ N). Then, in a neighbourhood V of (7,7) we verify:
V(3,F) € V, the p-hyperbola which contains (3, f) is differentiable at § iff § # 7 (Fig. 10).

Figure 10. n € N*,y ¢ IN.

4.- (n,m) € (0, M¢)2 (n € N* Am € IN*). Then, in a neighbourhood V of (11, 1i1) we verify:
V(3,f) € V, the ¢-hyperbola which contains (3, ) is differentiable at § iff § # 7 and f # 7 (Fig.
11).
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Figure 11. n € N*,m € IN*.

Given the symmetry of the -hyperbolas with respect to the line £ = #, let us consider the
triangular region of the £§ plane Ty = {(%,9) : 7 > £, % > 0}.

Definition 1.7. Let ¢ be an R™ coding function that identifies primes and assume that (£,7) €
Ty If (£,9) = (7,1) with n € IN*, m € IN* we say that it is a vortex point with respect to ¢ (Fig.
12).

Figure 12. Vortex points.

The existence of vortex points in a ¢-hyperbola allows us to identify ¢-natural numbers (-
prime iff we have only one vortex point). We call this Hyperbolic Classification of Natural Numbers.

Corollary 1.8. Let k € (0, My). According to the statements made above, we may classify k
in terms of the behaviour of ¢-hyperbolas in 7y that are near the -hyperbola £ ® § = k. We
obtain the following classification:

1) k is a p-natural number iff the -hyperbola £ ® § = k in Ty contains at least a vortex point.
2) k is a p-prime number iff k # 1 and the y-hyperbola £ ® § = k in Ty contains one and only
one vortex point.

3) k is a -composite number iff the -hyperbola £ ® § = k in Ty contains at least two vortex
points.

4) kis not a y-natural number iff the -hyperbola £ ® § = kin Ty does not contain vortex points.

So, vortex points are characterized in terms of differentiability of the y-hyperbolas in Ty
near these points. For every k > 0, denote k := T(f;) N Ty and let 0 be one element different
from k (k > 0). Define R = {k : k > 0} and consider the operations on R :

=
—~

+s,k-5=k-s (k>0,5>0).
FF—F,F-0=0-F=0 (t>0)

(@]

Then, (R, +,-) is an isomorphic structure to the usual one (R, +,-) and prime numbers
p € N are characterized by the fact that p # 1 and j contains one and only one vortex point.

Amongst the R coding functions that identifies primes, it will be interesting to select those
given by ¥y, : [m,m+1] - R" (m =0,1,2,...) functions that are affine (Fig. 13).
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Byp-----mmmmmmmme e E .
| & =(z)
Bot------------= X 1
B1 ------ ! |
: T
1 2 3 4
Figure 13. R™ prime coding.
m—1
Ym(x) = &u(x —m) + By (& >0Vm € N,By =0,By = ) _ &if m > 1). )
j=0

We can easily prove that the i functions defined by means of the sequence (¢,),,~, are R*
coding functions. Now, we have §o = a1, §1 = ap = by, {» = a3 = by, 3 = a4 = b3..., thatis
ay = Cn—1, 4m = &m—1, bu = Cn, b = &m. The conditions (1) for ¥ to identify primes are clearly
guaranteed by choosing ¢; such that

0<go<¢1<Ca<@3<...
though this is not the only way of choosing it.

Definition 1.9. Any R" coding function i that is defined by means of ¢, affine functions that
also satisfies 0 < ¢&; < &1 (Vi € IN) it is said to be an R prime coding. We call the numbers
o, €1, &2, &3, ... coefficients of the RT prime coding.

2 Essential regions and Goldbach Conjecture

Goldbach’s Conjecture is one of the oldest unsolved problems in number theory and in all of
mathematics. It states: Every even integer greater than 2 can be written as the sum of two primes
(S). Furthermore, in his famous speech at the mathematical society of Copenhagen in 1921
G.H. Hardy pronounced that S is probably as difficult as any of the unsolved problems in
mathematics and therefore Goldbach problem is not only one of the most famous and difficult
problems in number theory, but also in the whole of mathematics ([5]). In this section, and using
the Hyperbolic Classification of Natural Numbers we provide a characterization of S.

In the £7 plane determined by any R prime coding function ¢ and for any given y-even
number & > 16 we will consider the function in which any number k of the closed interval
[4, & = 2] corresponds to the area of the region of £7: £ > 2,7 > £, ® § < k (called lower area)
and also the flAmction that associates each to the area of the region of £i: £ > 2, §>%a~ k<
2®17 < & ~ 4 (called upper area). The £ plane is considered imbedded in the xy plane with
the Lebesgue Measure ([4]). This means that for any given -even number & > 16 we have
& = k@ (& ~ k) and, associated to this decomposition, two data pieces, lower and upper areas.
We will study if & is the -sum of the two i-prime numbers ko and & ~ k taking into account
the restrictions & ~ 3 and & + 2 both ¢-composite. The upper and lower area functions will not
yet yield any characterizations to the Goldbach Conjecture. We will need the second derivative
of the total area function (the sum of the lower and upper areas).

To this end, we define the concept of essential regions associated to a hyperbola which,
simply put, is any region in the xy plane with the shape [n,n + 1] x [m,m 4 1] where n and m
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are natural numbers, m > n > 1 and the hyperbola intersects it in more than one point or else

the shape [n,n + 1]2 where n > 1 and x < y and the hyperbola intersects in more than one
point.

These essential regions are then transported to the £ plane by means of the ¢ x i function,
and we will find the total area function adding the areas determined by each hyperbola in the
respective essential regions, and the second derivative of this area function in each essential re-
gion. After this process we obtain the formula which determines the second derivative function
of the total area ET in each sub-interval [IAcO,IAcO @ i], ko = 4,5,...,a/2 — 1 a derivative which is
continuous.

x
:%'%4’ 2ka ' ik
gkg gvéfk[)fl a

(Ar)" (k) (k € Tko, ko & 1]).

Both x;, and y;, are numeric values in homogeneous polynomials of degree two obtained
from substituting in their variables the &; coefficients of the iy R™ prime coding function . We
call P, = (xko, yko) an essential point. The study of the behaviour of the second derivative in
these intervals allows the following characterization of the Goldbach Conjecture for any even
number & > 16 with the restrictions « — 3 and « /2 composite.

Claim 2.1. Let « > 16 be an even number. Then, « is the sum of two prime numbers ky and
a —ko (5 < ko < a/2) iff the consecutive essential points Py, 1 and P, are repeated, that is, if
Pry—1 = Py,

Remark 2.2. Consider the infinite sets:

P={a e N:aevenua >16},
A={aeN:aeven, a > 16,witha/2 and &« — 3 composite},
B={a € N:aeven, a > 16,with a/2 prime or « — 3 prime} .

Then, the Goldbach Conjecture is trivially satisfied in B, and P is a disjoint union of A and B so,
Claim 2.1 provides a characterization of this conjecture in the infinite set A.

Definition 2.3. Consider the family of functions
H={h:[2, Vk] =R, he(x) =k/x, k >4}

whose graphs represent the pieces of the hyperbolas xy = k (k > 4) included in the subset of
R?, S = (x > 2) A (x < y). For n,m natural numbers consider the subsets of R?:

a) Ry =[mn+1x[mm+1] (2<n<m)

b) Ry = (mn+1] x [n,n+1)) N {(x,y) € R*: y > x}

Let /i be an element of 1. We say that Ry, ,,) is a square essential region of hy if R, ,,) N T (hy)
contains more than one point. We say that R, , is a triangular essential region of hy if R, ,) N
I (hy) contains more than one point.

Example 2.4. The essential regions of the xy = 17 hyperbola are R 5 8), R(2,7), R(2,6), R(2,5), R(35),
R(3’4) and R(4r4) (Flg 14)

Analyse the different types of essential regions depending on the way the hyperbola xy = k
intersects with Ry, ,,,) (m > n). If the hyperbola passes through point P (1, m + 1) (Fig.15), then
the equation for the hyperbola is xy = n(m +1).

The abscissa of the Q pointis x = n(m+ 1) /m. We verify thatn < n(m+1)/m < n+ 1. This
is equivalent to say nm < nm +n and nm +n < mn + m or equivalently (0 < n) A (n < m),
which are trivially true.
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2 3 4 5

Figure 14. Essential regions of xy = 17.

Q\

Figure 15. Intersection between hyperbolas and essential regions.

\ \ \ \\\
\ A\

Figure 16. Types of square essential regions.

N X

Figure 17. Types of triangular essential regions.
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The remaining types are reasoned in a similar way (Fig. 16).
We use the same considerations for the triangular essential regions R, ,) (Fig. 17).

Let kg € IN, kg > 4. We will examine which are the types of essential regions for the hyper-
bolas xy = k (y > x) where kg < k < ko + 1. The passage through essential regions of points
Py, Qo of the xy = ko hyperbola with relation to P, Q points of the xy = k hyperbola corresponds
to the following diagrams (Fig. 18).

PP Ry P

P

Py P, \'Q
\ » o

Py

Q@ Qo Q QoQ

B 2 L
P Qo
P Q
PO Q QO QO
Q Qo
Ry

Figure 18. Square and triangular essential regions (ko < k < ko + 1).

As a consequence, the essential regions for the hyperbola xy = k (k > 4) are of the following
types

a) Square essential regions R;, ;).
Type 1 Type 2 Type 3 Type 4 Type 5

\ N

Figure 19. Square essential regions (k > 4).

b) Triangular essential regions R, ;).

Type 6 Type 7 Type 8

N

Figure 20. Triangular essential regions (k > 4).

We will find the essential regions of the xy = k hyperbolas with the conditions kg € IN, kg >
4, ko < k < ko + 1. The abscissa of xy = kg varies in the interval |2, /ko| (Fig 21).

a) Forn € {2,3,...,|vko| — 1} the R(, ) essential regions of the xy = k hyperbolas are
obtained when m varies in the set (Fig. 22):

{lko/(n+1)], [ko/(n+1)] +1,..., [ko/n]}.
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n—T—l

Do
we
e
S
)
5
[=]
| I—
5
5
=3
| —
_|_
-

Figure 21. Finding all essential regions (1).

We can easily verify that if m = [ko/n| then R, ,,) is a square essential region of Type 2, if
m = |ko/(n+1)], R, ;) is a square essential region of Type 5 and the remaining R, ,,) are of
Type 3.

b) For n = | vk, the R\ vkolm) essential regions are obtained when m varies in the set:

{Lvko), [Vko] +1,..., [ ko/[vko] |}-

Yy Yy
R
Wil (%))
# o R/ . )
- (|t [t )
R k
oD g
L Wkl |-=---> | R(EL\/EJ»L\/EJ)
nnl % |v/ko [\/Ik_oj—i—lw

Figure 22. Finding all essential regions (2).

If m = | ko] we obtain a triangular essential region and could eventually exist a square
essential region (Fig. 22). Consider the set of indexes {(n,i,)} such that

(1) Forn =2,3,...,|vko| — 1 then
in=|ko/(n+1)], ko/(n+1)] +1,..., |ko/n].
(2) For n = | v/ko | then
in = Vo, ko] +1,..., L ko/ [v/Fo) |-
Let E;s (ko) be the set {(n,i,)}, where (n, i,) are pairs of type (1) or of type (2). We obtain the

following theorem:

Theorem 2.5. Let kg € N* (kg > 4). Then,
i) All the xy = k (ko < k < ko + 1) hyperbolas have the same essential regions, each of the same type.
ii) The xy = k essential regions are the elements of the set

{R (i) : (n,in) € Es(ko) }-
Example 2.6. For ko = 18 the essential regions of the xy = k (18 < k < 19) hyperbolas are (Fig.

23) R(29), R(3) (type 2), R(z5), R27), R(z5) (type 3), Riz6), R34y (type 5) and R(yy) (type 7).
The essential regions of the xy = k (19 < k < 20) hyperbolas are exactly the same, due to the
fact that 19 is a prime number.
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zy==~F

(18 <k < 19)

4

10

zy==~F
(19 < k < 20)

Figure 23. Essential regions (18 < k < 19 and 19 < k < 20).

2.1 Areas in essential regions associated with a hyperbola

To every Ry, ) (n < m) essential region of the xy = k (k ¢ IN*,k > 4) hyperbola, we will
associate the region of the xy plane below the hyperbola (we callit D, ,,,) (k)). Denote A, ,,) (k)
the area of Dy, ,,,) (k). We have the following cases (Fig. 24).

Type 2

(i) Type 2 essential region

Type 7

Type 3

Type 5

Type 8

Figure 24. Areas in essential regions.

Ay (k) = //D " dxdy with D, .,y (k) =n < x < k/m,m <y < k/x. Then,
(n,m)

b ‘
A(n,m)(k):/n dx/m dy:/n ;—m dx:klog% +nm — k.

If k € [ko, ko + 1] (kg > 4 natural number), then A’n,m) (k) = logk/(nm) and the second

"

derivative is A (r,m)

(

(k) = 1/k. Note that we have used the closed interval [ko, kg + 1] so we may

extend the definition of the essential region for k € IN (k > 4) in a natural manner. In some
cases the “essential region" would consist of a single point (null area).

(i) Type 3 essential region
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In this case Dy, ;) (k) = D' U D" where D" = [n,k/(m +1)] x [m,m + 1] and D" = k/(m +
1) <x<k/m,m<y<k/x. Besides, D' D" = @.

k
Anmk:// dxdy = —— //dd
(n, )() D (1) (K) ey m+1 nt D" ey

k m+1 1 1
—T_H—n+klog - —l—mk(m—).

n,m

If kg < k < kg+1then, A" )(k) =0.

(n,m

(iii) Type 5 essential region

In this case Dy, ) (k) = D" U D" where D" = [n,k/(m +1)] x [m,m + 1] and D" = k/(m +
1) <x<n+1, m<y<k/x Besides, D’ND" = @.

Ay (k) = ‘//D(n,m) " dxdy = mLH —n+ //D” dxdy

n4l———

*L—rﬂ—klog o

T om+1

(n+1)}£m+1)_m< k >

In the interval [ko, ko + 1] we obtain A’(n,m)(k) = log((n+1)(m+1)/k) and A’(’n,m)(k) =
—1/k.

(iv) Type 7 essential region

D) =n<x<vk, x<y<k/x.

A (k) = /n\/ﬁdx/x];dy:/nﬂ <I;—x> dx

x? vk k k n?
—[klogxz} —Elogk—i—klogn+7.

n

Ifkg <k<kyo+1, A’(n/n) (k) = (1/2)logk — log n and A’(’n/n) (k) =1/(2k).

(v) Type 8 essential region

In this case D(, (k) = D’UD"” where D' = n < x < k/(n+1), x <y < n+1and
D" =k/(n+1) < x < vk, x <y <k/x. Besides, D’ N D" = Q.

n—il n+1 vk %
Ay ) = [ dxdy+ [[ dxay [Tax [ ay+ [ dx [Tay

n+1

n—+1

'”L“( 1-x)d v
= +1- +/ :
/n n x)dx+ [ v/

n+1

k k n?
(x—x>dx—2—n(n+1)+2+klog

Ifko <k <ko+1, Al (k) =log((n + 1)/vk) and A" (k) = —1/(2k).

( (nn
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— | Dam)

Dnm)

Figure 25. Relationship between g(n,m) and A m)-

2.2 Areas of essential regions in the £ij plane

Consider in the xy plane, an essential region Ry, ,,) (1 < m) of the xy = k (k > 4) hyperbola and
pan R™ prime coding function with ; coefficients. Let R\(n,m) be the corresponding region in the

£7 plane that is, ﬁ(n/m) = (p X P)(R(ym)). We call A(n,m) the area of ﬁ(n,m) = (p x P)(D(um))
supposing the £ plane embedded in the xy plane.

Theorem 2.7. In accordance with the aforementioned conditions
m) — EnCmA (nm

Proof. The transformation that maps D/, ,,,) in [A)(n,m) is £ = Pu(x), § = P (y). The Jacobian for
this transformation is

0t of
e 19X Y| g [Wh ()0
]—det % % —det[ 0 lp:n(y)]_lpn(x)lpm(y)#o
ox oy

Thus, ([1]) A(n,m) = ffﬁ(n agdy = ffD |1[Jn ), (y)| dxdy. Since ¥ is an R" prime cod-

ing function, then |J| = &:¢m and asa result the relatlonship between the areas of the essential

regions in xy and in £7 is g(n,m) = //D CnCm dxdy = CnCm // dxdy = CnCmAm)- U
(n,m) (n,m)

Let a be an even number. We will assume for technical reasons that « > 16. Let k € [4, a /2]
and consider the subsets of IR? (FIg, 26):

Dy(k) = {(x,y) ER?:x>2, y>x, xy <k},
Ds(k):{(x,y)e]RZ:xZZ,ny,zx—kaygoc—él}.

Let i be an R* prime coding function and consider the subsets of [0, M¢)2

Di(k) = (y x $)(Di(k)) , Ds(k) = ( x ¢)(Ds(k)).

We now define the functions
1) A;: [fl a=2] = IQ—MZX\I(A)(areaofDI(
&2 — ]RJr k— AS( ) (area of Ds(
Q]—>]RjL AT—A1+A5

).
k).

Let « be an even number (a > 16) and ¢ an R™ prime coding function with coefficients ¢;.
We take kg = 4,5,...,4/2 — 1 and we study the second derivative of A} at each closed interval
ko, ko @ 1]. For this, we consider the corresponding function A;(k). Then Vk € [ko, ko + 1] we
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Y

Dg(k)

2 T
Figure 26. D (k) and Dg (k).
verify Ar(k) = Ajr(ko) + Aj(k) — Ap(ko). Additionally, Aj(k) — Aj(kp) is the sum of the areas

in the essential regions associated with the xy = k hyperbola, minus the area in the essential
regions associated with the xy = ko hyperbola so,

Ap(k) = Arko) = ) {A(n,in)(k) - A(n,i,,)(ko)] :
(n,in)€Es (ko)

We know that functions A, ; y(k) have a second derivative in [ko, ko + 1], therefore

Al = ¥ Al (0 (VK€ ko ko+1]).
(nin)€Es (ko)

We now want to find the expression of (A;)” as a function of the variable k, where k €

ko, ko @ 1]. By proposition 2.7, A\(n,m) (k) = EnGmA(nm) (k). If we derive with respect to k, we
obtain

(A )" (k) = Enlm A, ()=

8>

kol

ko

Figure 27. Finding (Amm))”(k)).
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Atk € [ko, ko + 1], the expression of k is k = &, (k — ko) + By, (2). Then dk/dk = 1/&,,
therefore (A(n/m))’(fc) = (Cn(,’m/{fko)A’(n,m) (k). Deriving once again:

(Apum))" (k) = if’" 1 ®
ko

We get the following theorem:

Theorem 2.8. Let « be an even number (& > 16). Then for every kg = 4,5,..., (& +2) ~ 1

DAV R = L (A" (Ve oo koo 1),
(n,in)€Es (ko)

b) For k € [ko, ko @ 1] and bearing in mind the different types of essential regions, we obtain

(i) Type 2 essential region: (A\(n,m))”(i%) = @gzifm . %
ko
(ii) Type 3 essential region: (A(n,m))”(f() =0.
(iii) Type 5 essential region: (/T(n,m))”(fc) = ngm : %
ko
; i i 2 " ‘:% 1
(iv) Type 7 essential region: (A(n,n)) (k) =2+ .
Cko 2k
(0) Type 8 essential region: (A )" (k) — — 22 . 1
v) Type 8 essential region: ( (n,n)) (k) = _67,%0 S5

Example 2.9. We will find (A;)” (k) in [12,13] with & > 26 (Fig. 28).

]
r?__

\ i@g=F
61" \ (12 < k < 13)
S__

&_—\ 1
5 3 i z

Figure 28. Finding (A;)" (k) in [12,13].
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Lok koG, k24, k

= %(5266 — &+ &8 —E3/2)
ke,

Ay =28 1 Gl 1,50 1 1 & 1

Now, consider the polynomial p(t2, t3,ts, ts)) = tate — tats + tsts — t5/2. We call this poly-
nomial a lower essential polynomial of kg = 12 and we write it as Pry,. Let us generalize this
definition.

Definition 2.10. Let « be an even number (« > 16). The polynomial obtained naturally by
removing the common factor function 1/(k&3) in (A;)" (k) in the interval [ko, ko ® 1] (ko =
4,5,...,0/2 — 1) is called a lower essential polynomial of ky. It is written as PI,kO'

Remarks 2.11. (i) Lower essential polynomials are homogeneous polynomials of degree 2. (i)
The variables that intervene in Py are at most t, and t;, where (1,i,) € Es(ko), some of which
may be missing (those which correspond to essential regions in which the second derivative is

0). (iii) We will also use Pj ., as the coefficient of 1/ (ké‘%o) in (Ap)" (k).

Corollary 2.12. Let # be an even number (« > 16). Then, Vk € [ko, ko @ 1] withko € {4,5,...,a +
2 ~ 1} we verify (A;)" (k) = PLko/(kgl%O)'

23 (Ag)” and (Ar)” functions

Let « be an even number (« > 16). We take kg € {4,5,...,4/2 — 1} and we examine the
second derivative of Ag at each closed interval [ko, ko ® 1]. Then, Vk € [ko, ko + 1] we verify
Ag(k) = Ag(ko) + Ag(k) — Ag(ko). Additionally, Ag(k) — As(ko) is the area included between
the curves

xy=a—ky, xy=a—k x=2, y=x.

As a result, it is the sum of the areas in the essential regions of the xy = a — ko hyperbola minus
the area in the essential regions of xy = & — k. We obtain:

As (k) — As (ko) = Y. [A(n,i,,) (0 —ko) — A (& — k)}/
(n,in)GEs(Otfkofl)

Allk) = — Y Al (@ = k).
(?l.in)EEs((X—k[)—l)

~

Of course, the same relationships as in the lower areas are maintained with the expression (Ag)”
as a function of k . We are left with:

_ GnGi,

(A\(n,in))//(i%) = ]
éa—ko—l

. A/(/n,in)(“ —k).

We define upper essential polynomial in a similar way we defined lower essential polynomial
and we write them as Pg ;. The same remarks are maintained.

Remarks 2.13. (i) Upper essential polynomials are homogeneous polynomials of degree 2. (ii)
The variables that intervene in Ps, are at most t,, t;, where (n,i,) € Es(a — ko — 1), some
of which may be missing (those which correspond to essential regions in which the second
derivative is 0). (iii) We will also use P, as the coefficient of 1/ (a — k) i—ko—l in (Ag)” (k).
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2.4 Signs of the essential point coordinates
Definition 2.14. Let ¢ be an R™ prime coding function and « an even number (« > 16). For
ko € {4,5,...,a/2 — 1} we write P, = (xx,,Yk,) = (Prk,s Psk,). We call any Py, an essential

point associated with .

Hence, we can express

~ A X, 1 1 A a s s
(Ar)'(]) = 0 + (k € [koko @ 1), ©
Cho Pkl Xk
The formula from proposition 2.8 is
(Ap)"(k) = (A" (k) (k€ [ko, ko & 1]).
(n.in)€Es (ko)
where the Eg (k) sub-indexes are:
Forn=2,3,...,[vko| — 1,
in=|ko/(n+1)], ko/(n+1)] +1,... ,|ko/n]. 4)

Forn = [vko],
in = [Vkol, [Vko| +1,..., L ko/[Vko] J. ®)

Thus, for sub-index 7 in (1), in (A;)"” only intervene i, = |ko/(n+1)] and i, = |ko/n], since
we have already seen that all the sub-indexes included between them two, (A\(n,z},)), (k) =0,
as the essential regions are of type 3. In the lower essential polynomial we obtain ¢y (|, /n| —
Clko/(n+1)]) > 0 (for any R™ prime coding function). For n = | vko | we obtain the cases:

(i) Lvko] = Lko/ [Vko] (i) [Vko] < Lko/ [V/ko]]- (6)

In case (i) we would obtain the addend (1/ 2){,‘% ko |” in case (ii) we would obtain (Fig. 29):

Sl ikos Lvisll — /28 ) = v Clros vl — (1/2)8 ) > 0.

g ]
v WlLko/ 1Rl ) |-~~~
YV |- V(W) |-
WVl Wk @

Figure 29. Finding the sign of xy.

As a result, for an R™ prime coding function we obtain x4 > 0, x5 > 0, ..., x,/21 > 0.
The reasoning is entirely analogous for the upper essential polynomials that is, y4 < 0, y5 <
0, ..., Yas2—1 < 0. We will now arrange the coordinates for the essential points.

1. Lower essential polynomials If kg € IN, (ko > 4) is composite, there is at least one - nat-

ural number coordinates point (7, 7i) such that 2 < i < iz which the g-hyperbola  ® § = ko
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goes through.

(@) If 2 < n < m we obtain the changes

Changes
Pri,—1 Prg,
0 _gnflgm
_Enflgmfl gngm
gngmfl 0
Figure 30. Arranging x, in order. Case (a).
OIf2<n=m
Changes
Pr k-1 Pr
0 _gnfl‘fn
—£a_1/2 £/2
Figure 31. Arranging xy, in order. Case (b).
@©If2=n<m
N Changes
R | Pry—1 Pk,
(2,7m) .
. 0 &26m
NN £26m-1 0

Figure 32. Arranging xy, in order. Case (c).

Then Pry, — Pri,—1 > 0, since where there are transformations we obtain, for any prime
coding function, either (a) or (b) or (c)

(@) CnCm — Cn—1Gm +Cn-1Cm-1— CnCm—1 =

gm (gn - gn—l) - ‘:m—l (‘:n - Cn—l) =
(gn - gnfl) (gm - gmfl) > 0.
&2 2 B =281l + 2 (En— 1)
(b) 5 ~on-1bnt 21 = > = > > 0.

(C) Cng - CZérm—l = 52 (gm - gm—l) > 0.

If ko is prime then x;;_; = xi, since the same essential regions exist for the hyperbolas
tR) = kin (kg ~1,ko) U (ko, ko ® 1). For a — ko prime we obtain y, = yi,_1 since the same

essential regions exist for the hyperbolas £ ® § = & ~ kifk € (ko ~ 1,ko) U (ko, ko @ 1).
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2. Upper essential polynomials If &« — k¢ is composite, and reasoning in the same way, we
obtain Ps, — Psx,—1 > 0. For a — ko prime we obtain Psj, = Psy,_1 since the same essential
regions exist for the hyperbolas £ ® 7 = & ~ kif k € (ko ~ 1,ko) U (ko, ko @ 1). We obtain the
theorem:

Theorem 2.15. Let a be an even number (« > 16), and 1 an R™ prime coding function. Let P, =
(Xky, Yk, ) be the essential points. Then,

()0 < x4 < x5 < ... < Xyypo1. Additionally, x, 1 = Xy, < ko is prime.

(i) ys <ys < ... <Yay2-1 < 0. Additionally, yr,_1 = yx, & « — ko is prime.

Corollary 2.16. In the hypotheses from the above theorem: The even number « is the sum of
two primes ko and « — ko, ko € {5,6,...,a/2 — 1} iff the consecutive essential points Py,—1 and
Py, are repeated, that is P 1 = Py,.

Remark 2.17. Corollary 2.16 proves Claim 2.1 and according to Remark 2.2 we have provided a
characterization of de Goldbach Conjecture in the infinite set

A={aeN:aeven, « > 16,witha/2 and « — 3 composite} .
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