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ABSTRACT

The problem of excitation of a cylindrical metal waveguide by a source
located in the cross section is considered. We assume that the source is surface
currents on a flat, infinitely thin metal plate with a smooth boundary. The plate
is connected to the generator of non-harmonic oscillations. The boundary of
the cross section of a waveguide filled with a homogeneous dielectric is a closed
piecewise-smooth contour. The initial physical problem is formulated as a mixed
boundary problem for the system of the Maxwell equations. Components of the
desired solution for the problem is presented in the form of a series in two sets
of two-dimensional eigenfunctions of the Laplace operator. The first set of the
eigenfunctions corresponds to the operator with Dirichlet boundary conditions,
the second set to the operator with Neumann boundary conditions. We show
that the expansion coeflicients of the longitudinal components (components
directed along the waveguide axis) of the electric and magnetic intensity vectors
must be solutions to the jump problem for a system of telegraph equations. The
problem of finding the unknown coeflicients of the expansion of the longitudinal
component of the vector of electric intensity is reduced to solving a system of
the Volterra integral equations of the first kind with respect to the derivatives
of the desired coeflicients. The unknown coefficients of the expansion of the
longitudinal component of the vector of magnetic intensity are found by solving

a system of the Volterra integral equations of the second kind.

KEYWORDS

Metal waveguide, Wave excitation, Telegraph equation, Cross-sectional source,

Volterra equation.
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1.INTRODUCTION

Metal waveguides are widely used in electronics and engineering. The study of
such waveguide structures includes both the description of the set of eigenwaves
and the search for the conditions of their excitation (Barybin, 2007). In particular,
the excitation of oscillatory processes with specified characteristics in such

structures is one of the tasks facing engineers.

In the case of a harmonic non-stationary electromagnetic field, the fundamentals
of the theory of waveguides with metal walls were created in the middle of the
last century (see, for example, works) (Samarskii & Tikhonov, 1948; Samarskii
& Tikhonov, 1947). The problem of field excitation by currents given inside the
waveguide was investigated in enough detail. The modern theory of excitation
of waveguides of various types is presented in the review article (Solncev, 2009;
Ghaderi & Mahdavi Panah, 2018). For metal waveguides, there are cases when
solutions to the problems of propagation and diffraction of eigenwaves can be
obtained analytically (Collin, 1960; Mittra, 1971).

Various methods are used to excite waveguides. For example, in optical
waveguides, geometric inhomogeneities on a dielectric are often used to excite
oscillations by an incident external wave (Sun & Wu, 2010; Shapochkin et al.,
2017; Kheirabadi & Mirzaei, 2019; Kashisaz & Mobarak, 2018). For metal
waveguides, adjacent transducer waves are used or, more often, probes inside the
waveguide (Yirmiyahu, Niv, Biener, Kleiner, & Hasman, 2007; Kong, 2002; Pan
& Li, 2013; Eslami & Ahmadi, 2019; Jabbari et al., 2019; Nakhaee & Nasrabadi,
2019). In this case, the probes can have both a simple dipole shape and a loop
shape. Also, the natural waves are excited through the slits of the waveguide or
through another conjugate waveguide (Sadiku, 2014). In this case, the waveguide
itself can be both homogeneous and inhomogeneous filling (Bogolyubov ¢t al.,
2003; Islamov et al., 2017; Sailaukyzy et al., 2018).

In the present work, we consider the problem of the excitation of a cylindrical
metal waveguide by currents on an infinitely thin metal plate located in cross

section and connected to a generator. We assume that the waveguide cross section
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is bounded by a piecewise smooth curve. The non-harmonic electromagnetic
field excited in the waveguide is sought as a solution to the jump problem for the
Maxwell equations. We show that the longitudinal components of the field must
be solutions of the system of telegraph equations. The jump problem for such the

system of equations is reduced to the system of the Volterra integral equations.

2. PROBLEM STATEMENT

Let an infinite cylindrical waveguide with metal walls (Figure 1a) is filled with a
homogeneous isotropic dielectric, and the axis is the longitudinal axis of the
waveguide. Let its cross section Q (z=0) be bounded by a piecewise-smooth
contour C and consists of two parts: M and NV (Figure 1b), moreover, 2 := M U N. Part
M is an infinitely thin ideally conducting plate connected to a generator of high-
frequency non-harmonic oscillations. The currents arising on the plate excite an

electromagnetic field in the waveguide. It is necessary to find this field.

A B

Figure 1. The construction of the cylindrical waveguide with a current source in a cross section in a
plane z=0

As 1s known (Nikolskij & Nikolskaya, 1989), the following necessary conjugation
conditions (boundary conditions) are fulfilled at the interface: the tangential
component of the electric intensity E is continuous, the jump of the tangential

component of magnetic intensity His equal to the density of the surface current,
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the jump of the normal component of the electric induction D is equal to the
density of the surface charge, the normal component of magnetic induction B is

continuous.

We assume that the field is non-harmonically dependent on time. We search for
solutions of the Maxwell equations at z > 0 and at z < 0:

. oH
VXE=—puoor,

(1)

VxH oF
_Esoaf

on the set jumps to Q of the tangent components of the vectors E and H:

Hi(Goy,0)—H;(xy,t) =4, y0), (x,y)€Qt>0,
HE(x,y,0) — Hy (5,9,0) = A,(x, 7,0, (5,y) €Q,t >0, 2)

E;(x, }’; t) - Ej; (x, :}Jlt) = Bx(xj :}JJ t); (x, }’) = QJ t> OJ
Ef(x,y,0) — Ey(x,7,6) = B,(5,,), (5,) €0t > 0. 3)

Conditions (2) and (3) are slightly more general than required. In the problem of
excitation of a waveguide by a source at a cross section, the jump in the tangential
component of the magnetic vector is set to M (this is the electric current density)
and is zero at JV; the jump of the tangent component of the electric vector is

everywhere zero.

The desired solutions of the Maxwell equations (1) must also satisfy the initial

conditions at t = 0:

dHE(x,y,2) —0
at '

dEE(x,y,2) _0 @
dt ’

Hi(x,y,z) =0 or

Ef(x,y,z) =0 or

and be sufficiently smooth at z > 0 and at z < 0. We assume that their limit
values are correctly determined at z — 0 + 0 in the classical or generalized sense
(Pleshchinskii, 2019).
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3.JUMP PROBLEM FOR TELEGRAPH EQUATIONS

Let us proceed from the jump problem for the Maxwell equations (1)-(4) in the
cylindrical domain (2 X R to the jump problem for an infinite system of telegraph
equations. The components of the solutions for the Maxwell equations in a
cylindrical region that satisfy the boundary conditions on the wall of the waveguide
(the tangent component of the electric vector is zero) can be represented for the

components H(x, y, z, {) in the following form (Pleshchinskii ez al., 2017):

Z (2020 (5,7), M= 01, 5

+ +

E a BHZ a
Hiz Z zZm Tt m Ly +Z zm ot m ),
T =¢g,¢ T (z,t) 3y (x,y) oz (z,t) x (6y), (6

dEZ,, dHZ
HE= ey ZomnPni sy Ting, f)—(x;) @)

and for components £(x, 9, z, {) as follows:

Ef = ZE},m (2, O Ym¥m (%, 1), 8)
8E+

E = Z w t)— %)) 9)
OEZ

EE=) T r)—(x y)muz ””(z 02m ey, o)

where ¢ is the dielectric constant, and x is the magnetic permeability of
the substance. The functions ,,(x,¥) and @,.(x,¥) are orthonormal sets of
eigenfunctions for the Laplace operator in the domain (2, with Neumann and
Dirichlet boundary conditions, respectively. Moreover, 4,, and Xm are eigenvalues
of the Laplace operator. We assume that a piecewise-smooth contour is such
that the eigenfunctions exist in simple cases; and in simple cases, as a circle or a

rectangle, they are constructed analytically, in other cases, they are constructed
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numerically. The expansion coeflicients E, ,,(z,t) and H, ,,(z,t) are new unknown

functions and must be solutions to jump problems for telegraph equations
H;—fm(z, t):

9?HZ 1 aszJ—fm Am
5z @D =3 @O ——ZHL(z0, m=01. (11)
HZ,(0,t) —HZ,,(0,8) = Hy(x,3,0,t), (x,y) €Q,
dH:,. OH_,, 12
S 0,0 - 0,0 = Ky, 0,0, (1)EQ, )
T
Hin(2,0)=0, 5 (20)=0, (13)
and for telegraph equations EZ, (z, t):
0EZ,, 1 9%E%, Xm
sz B =7 5 @O " FEm(z0, m=01.. (14)
Elm(0,0) —EZ,(0,1) = Ey(x,y,0,0), (x,y) €Q,
dE . dE. .. (15)
Az (D,t) - az (DJE) - El(xJ}JDJt)! (xl.}) € -Q'J
OEZ
Ezm(z,0) =0, 5 @0 =0, (16)

where x is the wave number (k? = uogop). The functions He (x,y,0,t), H; (x,,0,1),
Ey(x,v,0,t), E;(x,y,0,t) are some known functions in domains (2. We show below
what these functions will be equal to. The functions are defined on M as functions

of the current density, and on N they are equal to zero.

Now we show that the desired expansion coefficients for the longitudinal field
components in the problems (11)-(13) and (14)-(16) can be found after solutions

for some integral equations are obtained.

For this purpose, we consider the jump problem for telegraph equation in the

general case with respect to the auxiliary function u(z, ¢) in the half-plane ¢ > 0:

’u  ,0%u
an y—bu, z%0 (17)
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with boundary conditions:
u(0+0,t) —u(0—0,t) = A(t),

] b
220400 -22(0-0,0) = B,
dz dz
and 1nitial conditions:
ou
u(z,0) = f(2), Eiz,ﬂ) = F(2).

We note that the functions f{z) and Fz) can have discontinuities at the point z=0:

f@)={f(2,2<0; f*(z),z >0},
F(z) = {F‘(z),z< 0; F'(z),z> 0}.

We seek a solution of the jump problem in the space of continuously differentiable
functions. Let FE(z), f(2),g%(t),GE(t) be some known functions defined in the
spaces C*(R) and C*(R™).

Earlier in (16), we considered the over-determined boundary problem for
telegraph equation (17) in the right quarter of the plane (z > 0, ¢ > 0) with initial

and boundary conditions (see Figure 2):
Wz = 1@, (0 =F*(@),

u(0+0,t) =g*(t), g—z({]+0,t)= G*(t).

Figure 2. Traces of functions of the over-determined boundary problem for telegraph equation in the
upper half-plane t>0.
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We obtained in (16) the condition for the solvability of this problem in the
following form:

2at 2t

1 1 1 1
5f " (2a0) +§f " (at,t,)ds =5 9" (2t3+§f Y (t,at,$)dd
or
*(2 t)+1Tt * P, (o @ar—DF) - bif *( )’F”e Cat— 7)),
Frm0 3 | o Qe 0) o O s
o] _ . Jo(bJG=207)
~g*@0+3 [ [a6* @ (G —20%) + brg S

0

Note that this equality establishes the relationship between the boundary functions
in a mixed boundary problem for telegraph equation in a quarter of a plane. If
the condition of solvability of the over-determined problem is executed, then it

can be extended to the whole quarter-plane and even to the half-plane.

Now we consider the over-determined problem in the left quarter of the plane (z

< 0, ¢ > 0) with initial and boundary conditions
du
wz0)=f"@, 5 (=0=F(),
u0-00=g"®, 20-00=6"0.

We replace  with Z = —z and seek the function (2 t) = u(—zt). The equation

itself does not change, and the initial and boundary conditions take the form
ot
(z,0) = f~(-2), E(ZU)ZF_(—Z")
and
ot
W0+ 0,t) = g~ (1), E[O—I—O,t) =—G~(1).

Then, in a similar way as in (16), we obtain the solvability condition for this

problem in the following form:
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2at

B 1
f(—2at)+ EJ
0

=g‘(2t)+%f

0

(2ar— )¢

%F_(_f)fo(zm) btf~(~ 5)] o (@ar- E)f)\df

—aG-(©))o (b T 20 + beg-(py LY E = 20%) (‘fz )l

We use the solvability conditions and reduce solving the jump problem with zero
initial conditions to solving the system of four equations:

n

1 J'o(bJG—m7)
*m+= | |ac* b —mE) + brg* ()Y s )
g*(n f Ol (2108 + g 0> 2L ag
n
1 T (G =m)E )
M+ | |—a6=@)s (b + bt
T +3 f a6~ (5 =) + brg™ ()= P

g M —g m=Am), GT(m)— G~ ()= B(x).

We denote n = 2t. If the solvability conditions are added and subtracted, then we

get two integral equations:

Jo(bJGE—m2)

d
&-m< :

n
b
g*@+g @+ [lg* @+ g )

1

:_afB(gjjo (bJ@&—m)%)a,

1]

n
a [ 16+ 6O (5 G —mE) a¢

fo(b\,l' &—n)X )

E—n) “

— A - —f (Ll Zme)

0

If A(m) = 0 and B(n) 1s different from 0, then the function g*(m) = g~ (n) = g(n) 1s

found as a solution for the integral equation:

fo( \,n'(f )¢ )

n
— - —a [ BORL(EME)iE. g

1]

n
29 + b f g(el - n))
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If () =0 A(m) # 0, then the function G*() = G~(3) = G(x), and is found as a

solution for the integral equation:

i

n
ZaIG(n)jo (b (f—n)f)d§=—A(n)—n§fA(<f)

0 1]

Js(bJE=m2)

dé.
c-mz o (19

Thus, we reduced solving the jump problem for telegraph equation to solving the
Volterra integral equations (18) and (19). Solving the first equation, we can find the
longitudinal components in the jump problem for /_ (z,), which corresponds to
the jump problem for the equation (17) with A(n) = 01in the boundary conditions.
The second equation can be used to determine £_ (z,7) with B() = 0.

4. BOUNDARY CONDITIONS OF THE JUMP PROBLEM
FOR TELEGRAPH EQUATIONS

We express the right parts in the formulas (12) and (15) through known functions.
From the conditions of the jump problem for the tangential components of the
electric and magnetic vectors (2), (3), we obtain the conjugation conditions for
the normal components of these vectors. We express the terms of the left-hand
sides under conjugation conditions through £ (z,1) and H_ (z,7). For this, we use
the representations of the transverse field components in formulas (6), (7), (9),
(10) H (x,9, 2, 1), I—{V(x, )2 0, E(x, 9,2 1), E) (x,9, 2, t), we substitute them into the
corresponding conditions (2), (3) and for any (x,y) € O we get:

oE* dE_ ad
EOEZ[ =1 (0,0) - =22 (0, r)lai;(x,y)
Z[ Zm(O )_ Z‘m{:o )l—(x.}) Ax(x;}’;f),
aE-
—eo¢ Z[ = 0,0) - =22 (0,1)

Z[ 2 0,0) - ””(owl ™ (6,) = 4, (5,7,0),

(20)
% (x, )
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Z[aE;m(o (0,0 %2 ) uouZ[ = (0,0

l—(x y)=B,(x,y,1),

AE* @21)
Z[ =m0, - T g, t)l—(xy

+#o#Z[ ”‘(O t)— Z’”(Ot)l—(xy)—ﬁ(xyt)

In the system (20), we differentiate the first equation with respect to x, the second
with respect to y and add them. Then we get:

oH; 2%
Z[ 2m (g,1) - 2 g, )” 7 (0) + 5o (1,9)

04, 04,
=—Z(xy 0+
7 oYt 3y (xy,6)

Now let us differentiate the first equation with respect to », the second one with
respect to x, and we subtract the second equation from the first equation. Then

we obtain:

[5) 2ny dE; d? 9?
sosZ[ =7 (0,6) - “”(or)“ P o) + S )

04,

We perform similar transformations in the system (21) and obtain the following

equations:
aE+ 0E; . a? a2
" 6
PMLCAY t)+—(x3 t),
Hz+m zm
—popZ[ 002", w” " oy) + 20 )

0B,
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In square brackets, the expressions for the sum of the derivatives of the functions
¢ (x, ») and § (x, ») represent the Laplace operator applied to these functions,
respectively. We use this property of the eigenfunctions. Next, we scalar multiply
both sides of the equations on ¢ (x, y) and ¢ (x, »), and, using the orthogonality of

these functions, we obtain:

[aH‘;" 0.0~ o, t)lﬂ.k

04, ,
- —ﬂ‘ [WEI,JJ)+a—y(x,3,t)]tpk(x,3)dxd3,

[y

- 22
lmoﬂ[aHz" 0,0) - z" (0, t)l
ﬂ‘ ] @ (x, y)dxdy,
[BE;;: [0 f) zk (0 f)]xk
0B, B,
=— fJ‘ [E (x,y,t) + B—y (x,y, t)] Y, (x,y)dxdy,
ﬂ (23)

ot [BE; £ (0,6) —%(o t)]xk

-~ IG

We express the time derivatives in the systems of equations (22) and (23) as follows:

J’[Bh’;k t sz L
lk#oﬂfﬂ[ay Coy,t) =

OE: 9E:
f [ 0,0 - a;* ©

- somfﬂ oy &

We consider that the initial conditions are zero, and we get:

3,0 i G )dxay.

,0)| @ 05, y)dxayer,

0| e G v)dxay .
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HZ, (0, t) - z‘k({] t)

r)]cpk(x Y)dxdyds,

) || o5

E;:k (OJ t) - E;k (OJ t) =

ost ﬂ [—(x} 2

The last two expressions and the first equations in the systems of equations (22),

9,0 i Gy dndyer.

(23) are the conjugation conditions on the waveguide cross section in the jump

problem for H_ (z, ) and E_ (2, 1), respectively.

We use the obtained results and write down the jump problem for telegraph
equation with respect to H_ (z, 7). We assume that 4 (v, y, /) = (x, y, ) and A (x, y,
0)=7%2,0,B(x,»,0)=0and B(x, y, {) = 0. Then we get:

d’HE 1 9%2HE A
(g =— — 2550 - ZHE ),

z,k (OJ t) - z,I.: (Drt) =0,

OHZ, dH,
—2%(0,t) — —=%(0,t
o (0,0) ——2£(0,1)

= _—ﬂ —(x y,t) +—(x y, t]] 0. (o )dxdy,  (6y) € M.

Since the first condition is homogeneous, we denote H7, (0,t) = HZ, (0,t) = H_,. (t)
, and then the new desired function is the solution for the Volterra integral

equation of the second kind (for the function g(%) by the formula (18)

J' oy —10)%)

d
€—t)¥¢ :

t
2H, (D) + bt f H, )
(24)

:—J’jo (bJ(;’T)ﬂ —(xJ §)+—(x Y, 5)]%(963')dxdyd<f

where a = 1/x,b = \[2,/x.

After calculating the trace of the function H_, (t) on the waveguide cross section,
solving the jump problem is reduced to the recovery of two functions HZ,, (z,t)

and H}, (z,t) by the following formulas from [16]:
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t+z/a

Ho(a) = Hou(e+2/@ + 0% [ Hou®)
0

Jo(b/E —D)Z—2%/a?)
€ -0)?—z7/a
t—z/a

) . (G =07 —27/2)
Hz,k(zjt)_Hz,k[t_Z/a)_bE a” Zk(f) @_t)z_zz/az d

The jump problem for £ (z, #) takes the following form:

dg,

d2EX, 1 9%EZ,

atz’ (Z’t)=F G52 £zt ——2 EZ.(z,1),

EZ. (0, t)— z_k{:o t)
- somf ﬂ 5},

0E],
dz

0| e G vdrayar,

dE-
(0,t) ——=£(0,6) = 0.
dz

In this problern we have a homogeneous second condition, then
ok (0,1) = 9k (0 t) = aEz"‘ (0,t) and the limit value of the function a:—“ (0,t) on

the Cross sectlon of the waveguide we find as a solution for the Volterra integral

equation of the first kind by formula (19):

t

JE
zaf zk

fﬂ —(x y, T)_—(%J T)]wk(x y)dxdy dt

Lbt [[o(b/G=D2)

2 ffi) b -0

CNGEBRLS

305?&

x f ﬂ [—( 63,0~ 2 (2,0 i (o y)axay drae.

The values of the functions EJ;, (z,t) and EZ,(zt) in the entire waveguide are

determined by the following two formulas from [16]:
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t—z/a

0E
En@=-a [ 2000 (b/G- 07— 77a)de,
0
t—z/a

ES(zt)=a J’

o]

a

E,, 2 2/q2
S22 (0,00 (0/& ~ 07 —27/a? )aé.

Thus, all components of the electromagnetic field can be expressed through

solutions for the Volterra equations (24) and (25).

5. CONCLUSIONS

The problem of the excitation of a cylindrical waveguide by the surface currents
on infinitely thin metal plate located in the cross section is considered. The
components of the excited electromagnetic field in the waveguide are searched
in the form of series in the eigenfunctions of the Laplace operator. The jump
problem for searching the unknown coeflicients of these series is reduced to

solving a system of the Volterra integral equations.
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