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Abstra
t. In this note, we announ
e the results of our investigation on

the Dixmier tra
e and the Wodzi
ki residue for pseudo-di�erential opera-

tors on 
ompa
t manifolds. We give formulae for the Dixmier tra
e and

the non-
ommutative residue (also 
alled Wodzi
ki's residue) of invariant

pseudo-di�erential operators on 
ompa
t manifolds with or without bound-

ary. For every 
losed manifold, the notion of global symbol for invariant

pseudo-di�erential operators will be based on the Fourier analysis asso
iated

to every ellipti
 and positive operator (developed by M. Ruzhansky, V. Tu-

runen and J. Delgado). In parti
ular, for ea
h 
ompa
t Lie group we will use

its representation theory. For the analysis of operators on 
ompa
t manifolds

with boundary, we will use the non-harmoni
 analysis asso
iated with bound-

ary valued problems (developed by M. Ruzhansky, N. Tokmagambetov, and

J. Delgado).
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La traza de Dixmier y el residuo de Wodzi
ki para

operadores pseudodiferen
iales globales sobre

variedades 
ompa
tas

Resumen. En esta nota se anun
ian los resultados de nuestra investiga
ión

sobre la traza de Dixmier y el residuo de Wodzi
ki para operadores pseu-

dodiferen
iales sobre variedades 
ompa
tas. Se 
al
ula la traza de Dixmier

y el residuo no 
onmutativo (residuo de Wodzi
ki) de operadores pseudo-

diferen
iales invariantes sobre variedades 
ompa
tas 
on o sin borde. Para
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ada variedad 
errada (suave, 
ompa
ta y sin borde), se emplea la no
ión de

símbolo global que viene dada por el análisis de Fourier aso
iado a 
ada opera-

dor elípti
o y positivo (desarrollado por M. Ruzhansky and V. Turunen para

para grupos de Lie y por M. Ruzhansky, N. Tokmagambetov y J. Delgado

para variedades 
erradas). En parti
ular, para 
ada grupo de Lie 
ompa
to,

se usa su teoría de representa
ión. Respe
to al análisis de operadores sobre

variedades 
on borde, se usa el análisis no armóni
o aso
iado a problemas


on valores de frontera (introdu
ido por M. Ruzhansky, N. Tokmagambetov,

y J. Delgado).

Palabras 
lave: Traza de Dixmier, residuo no 
onmutativo, operador global,

teoría de representa
iones.

1. Introdu
tion

In this work, we 
lassify the Dixmier tra
eability of some invariant operators on 
ompa
t

manifolds and we apply these results in order to study the Wodzi
ki residue of pseudo-

di�erential operators. This work is a subsequent analysis to the program of M. Ruzhansky

and J. Delgado on the 
lassi�
ation of global operators in ideals 
ontained in the algebra

of bounded operators on Lebesgue spa
es (see [16, 17, 18, 19, 20, 21℄). The topi
 has

been of intense resear
h in the last years not only for operators on 
ompa
t manifolds,

but also on non-
ompa
t manifolds and other spa
es without a di�erentiable stru
ture

(see e.g. [1, 3, 4, 5, 6, 8, 9, 10, 11, 14, 15, 27, 24℄). The novelty of the announ
ed results

is that we use the matrix-valued global quantisation developed by Ruzhansky, Turunen,

Tokmagambetov and Delgado, instead of the 
lassi
al results on the subje
t based on

the 
lassi
al notion of the lo
al symbol via lo
alizations (see, e.g. Hörmander [26℄), as

in [13, 23, 25, 33, 34℄ and referen
es therein. We summarise our investigation in the

following results:

We provide ne
essary and su�
ient 
onditions in order that global invariant pseudo-

di�erential operators on a manifold with or without boundary belong to the Dixmier


lass L(1,∞)(L2).

We provide su�
ient and ne
essary 
onditions in order to obtain Dixmier tra
eabil-

ity for a type of pseudo-di�erential operators with global symbols in the Hörmander


lasses on 
ompa
t Lie groups, and we express our results by using the represen-

tation theory of these groups. Also, we use Connes' tra
e theorem in order to get

formulae for the non
ommutative residue of 
lassi
al pseudo-di�erential operators

on 
ompa
t Lie groups.

For a smooth 
ompa
t manifold with or without boundary, we �nd 
riteria in

terms of the global symbols in order that the 
orresponding operators belong to

the Mar
inkiewi
z ideal L(p,∞)(L2), 1 < p < ∞, as well as to the Dixmier ideal

L(1,∞)(H) where H = L2(M).

Our main result will be presented in Se
tion 3. In Se
tion 2 we provide some basi
s on

the theory of pseudo-di�erential operators, the Wodzi
ki residue and the Dixmier tra
e.

Finally, in Se
tion 4 we provide some examples.

[Revista Integración, temas de matemáticas



The Dixmier tra
e and the Wodzi
ki residue for global pseudo-di�erential operators 69

2. Preliminaries

In order to present our main results we re
all some de�nitions (see Connes [13℄). Let H
be a Hilbert spa
e, L(H) be the algebra of bounded linear operators on H and K(H)
be the ideal of 
ompa
t operators on H. A 
ompa
t operator A ∈ K(H) belongs to the

Dixmier 
lass L(1,∞)(H) if

∑

1≤n≤N

sn(A) = O(log(N)), as N → ∞,

where {sn(A)} denotes the sequen
e of singular values of A, whi
h 
onsists of the points

in the spe
trum of

√
A∗A. The sequen
e sn(A) 
an be arranged in in
reasing order so

that L(1,∞)(H) may be endowed with the norm

‖A‖L(1,∞)(H) =
1

logN
sup
N>1

∑

n≤N

sn(A).

If A ∈ L(1,∞)(H), the fun
tional ‖A‖L(1,∞)(H) de�nes a norm. Some ideals, 
losely re-

lated to the Dixmier ideal, are Mar
inkiewi
z ideals L(p,∞)(H), de�ned by those bounded

linear operators A on L2
satisfying the eigenvalue 
ondition:

∑

1≤n≤N

sn(A) = O(N (1−1/p)), N → ∞,

where 1 < p < ∞. On the 
lass L(p,∞)(L2) the usual norm is given by

‖A‖L(p,∞)(H) := sup
N≥1

N ( 1
p
)−1

∑

1≤n≤N

sn(A).

The main obje
ts here are pseudo-di�erential operators, whi
h we introdu
e as follows

([16, 26, 31℄). A pseudo-di�erential operator A is an operator de�ned by the integral

representation

Af(x) =

∫

Rn

eix·ξσA(x, ξ)f̂(ξ) dξ, (1)

where the fun
tion σA(x, ξ) �
alled the symbol of A� satis�es estimates of the type (see

Hörmander [26℄)

|∂α
x ∂

β
ξ σ

A(x, ξ)| ≤ Cα,β(1 + |ξ|)m−|β|. (2)

Here f̂ denotes the eu
lidean Fourier transform of the fun
tion f and m is the order of

the pseudo-di�erential operator A. If we 
onsider a 
ompa
t manifold without boundary

M of dimension κ, a pseudo-di�erential operator A on M 
an be de�ned by using the

notion of lo
al symbol; this means that for any lo
al 
hart U , the operator A has the

form

Au(x) =

∫

T∗

xU

eix·ξσA(x, ξ)û(ξ) dξ.

A pseudo-di�erential operator A is 
alled 
lassi
al, if σA
admits an asymptoti
 expansion

σA(x, ξ) ∼
∑∞

j=0 σ
A
m−j(x, ξ) in su
h a way that ea
h fun
tion σm−j(x, ξ) is homogeneous
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70 D. Cardona & C. del Corral

in ξ of order m − j for ξ 6= 0. The set of 
lassi
al pseudo-di�erential operators of order
m is denoted by Ψm

cl (M). For A ∈ Ψm
cl (M), and for x ∈ M ,

resx (A) =

∫

|ξ|=1

σ−κ(x, ξ) dξ

de�nes a lo
al density whi
h 
an be glued over M . In this 
ase, the non-
ommutative

residue of A is de�ned by the expression

res (A) =
1

κ(2π)κ

∫

M

∫

|ξ|=1

σA
−κ(x, ξ) dξ dx. (3)

The following fa
t is due to Connes, [13℄: if A ∈ Ψ−κ

cl (M) is a positive operator, then

Trω(A) = res(A).

In the 
ase of a manifold M with boundary, the typi
al algebra of pseudo-di�erential

operators is known as the Boutet de Monvel algebra (BdM). This algebra is formed by

matrix valued pseudo-di�erential operators asso
iated with boundary value problems (see

[2℄):

A =

[
P+ +G K

T S

]
: C∞(M)⊕ C∞(∂M) → C∞(M)⊕ C∞(∂M).

The non
ommutative residue and the Dixmier tra
e for an operator P in BdM's algebra

have been studied e.g. in Fedosov [23℄ and Nest and S
hrohe [28℄.

In order to study the Dixmier tra
e and the non-
ommutative residue, we will use the

notion of global pseudo-di�erential operator. If we 
onsider a 
losed manifold M (i.e.,

a 
ompa
t manifold without boundary) and H = L2(M), there exists a global Fourier

analysis asso
iated to every positive ellipti
 pseudo-di�erential operator E on M whi
h

gives for 
ertain pseudo-di�erential operators A, �
alled E-invariants� , a dis
rete Fourier
representation of the form

Af(x) =
∞∑

l=0

〈σA,E(l)f̂(l), el(x)〉Cdl , (4)

where el(x) := (eml )1≤m≤dl
and {eml : l ∈ N, 1 ≤ m ≤ dl} is a basis of L2(M) 
onsisting

of eigenfun
tions λl, l ∈ N0, of E. The fun
tion σA,E is 
alled the matrix valued symbol

of A with respe
t to E. The quantisation pro
edure asso
iating to every operator A
a
ting in C∞(M) the matrix valued symbol σA,E was introdu
ed by J. Delgado and

M. Ruzhansky, [20℄. Also, If M = G is a 
ompa
t Lie group and E = −LG is the

positive Lapla
e-Beltrami operator on G, Ruzhansky and Turunen in [31℄ give a dis
rete

representation to every pseudo-di�erential operator A a
ting on C∞(G) in terms of the

representation theory of the group G, in the following way:

Af(x) =
∑

[ξ]∈Ĝ

dξTr[ξ(x)σA(x, ξ)f̂ (ξ)]. (5)

Here Ĝ denotes the unitary dual of G. Ruzhansky-Turunen's 
al
ulus that gives a 
har-

a
terisation for the Hörmander 
lasses Ψm
ρ,δ(G) on a 
ompa
t Lie group G by using global

[Revista Integración, temas de matemáticas
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symbols. In fa
t, A ∈ Ψm
ρ,δ(G), if and only if, its global symbol σA(x, ξ) as in (5) satis�es

‖∆α
ξ ∂

β
xσA(x, ξ)‖op ≤ C〈ξ〉m−ρ|α|+δ|β|, x ∈ G, [ξ] ∈ Ĝ, where 〈ξ〉 := (1+λ[ξ])

1
2
and {λ[ξ]}

is the spe
trum of −LG, whi
h 
an be enumerated by [ξ] ∈ Ĝ.

Let us observe that if M = G is a 
ompa
t Lie group and the operator E ∈ Ψν
+e(G)

is not invariant (this means that the global symbol σE(x, ξ) depends of both variables,

the spatial variable x ∈ G, and the Fourier variables [ξ] ∈ Ĝ), then in lo
al 
oordinates,

E-invariants operators A are E-multipliers, but they are not Fourier multipliers be
ause

in lo
al 
oordinates their symbols are depending on the spatial variables.

In the formulation of our result for 
ompa
t manifolds with boundary, we use the global

quantization of pseudo-di�erential operators on 
ompa
t manifolds with boundary due

to J. Delgado, M. Ruzhansky and N. Tokmagambetov [30℄ whi
h we brie�y des
ribe

as follows. Let M be a 
ompa
t manifold with boundary ∂M and let L be a pseudo-

di�erential operator on M satisfying some boundary 
onditions on ∂M. We assume that

L has dis
rete spe
trum {λξ | ξ ∈ I}. If σA,L : M × I → C is a suitable fun
tion, the

operator A asso
iated with σA 
an be written as

Af(x) =
∑

ξ∈I

uξ(x)σA,L(x, ξ)f̂ (ξ), for f ∈ C∞
L (M), (6)

where f̂ := FL(f) denotes the L-Fourier transform of f introdu
ed in [30℄. L-Fourier
multipliers are bounded linear operators A : C∞

L (M) → C∞
L (M) satisfying FL(Af)(ξ) =

σA,L(ξ)FL(f)(ξ), for all f ∈ C∞
L (M), and for some fun
tion σA,L : I → C depending

only on the Fourier variables ξ ∈ I. In this 
ase, σA,L(ξ) is 
alled the L-symbol of A.

3. The Dixmier Tra
e and the non-
ommutative residue for global

pseudo-di�erential operators

In this se
tion, we present our main results for global operators on 
ompa
t manifolds.

We start with the 
ase of 
ompa
t manifolds without boundary. Here, κ denotes the

dimension of a �xed 
losed manifold.

Theorem 3.1. Let M be a κ-dimensional 
ompa
t manifold without boundary and let

E ∈ Ψν
+e(M) be a positive ellipti
 pseudo-di�erential operator on M. If A : L2(M) →

L2(M) is an E-invariant bounded operator with matrix-valued symbol (σA,E(l))l, then we

have that

A is Dixmier tra
eable, i.e., A ∈ L(1,∞)(L2(M)) if, and only if,

τ(A) :=
1

dim(M)
lim

N→∞

1

logN

∑

l:(1+λl)
1
ν ≤N

Tr(|σA,E(l)|) < ∞, (7)

where σA,E is as in (4). Moreover, if A is positive, τ(A) = Trw(A).

If A is an E-invariant operator, then A ∈ L(p,∞)(L2(M)) if, and only if,

γp(A) := sup
N≥1

NdimM( 1
p
−1) ·

∑

l:(1+λl)
1
ν ≤N

Tr(|σA,E(l)|) < ∞, (8)

where 1 < p < ∞. In this 
ase, ‖A‖L(p,∞)(L2(M)) ≍ γp(A).

Vol. 38, N
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72 D. Cardona & C. del Corral

Let M = G be a 
ompa
t Lie group and let Ĝ be the unitary dual of G. If we denote
by σA(x, ξ) the matrix valued symbol asso
iated to A, then under the 
ondition

‖∆α
ξ ∂

β
xσA(x, ξ)‖op ≤ C〈ξ〉−κ−|α|, x ∈ G, [ξ] ∈ Ĝ, ∀α ∈ R

n, (9)

the operator A is Dixmier measurable.

If A ∈ Ψ−κ

cl (G) is a 
lassi
al and positive pseudo-di�erential operator and its symbol

admits an asymptoti
 expansion in homogeneous 
omponents of the form:

σA(x, ξ) ∼
∞∑

j=0

am−j(x)σ
Am−j (ξ), (10)

then

res(A) =
1

dim(G)

∫

G

a−κ(x)dx × lim
N→∞

1

logN

∑

ξ:〈ξ〉≤N

dξTr(|σA−κ
(ξ)|). (11)

The expression (11) in the pre
eding theorem gives a formula for the non
ommutative

residue of 
lassi
al operators in terms of irredu
ible representations on G. We observe

that our approa
h provide formulae for the non
ommutative residue of operators on the

torus, of a di�erent way in relation with the re
ent work of Piets
h [29℄.

Now we present our result 
on
erning to global operators on a manifold with boundary.

With the notations above our result on the Dixmier tra
eability of operators on manifolds

with boundary 
an be enun
iated of the following way. We write I = {ξl : l ∈ N0}.

Theorem 3.2. Let M be a 
ompa
t manifold with boundary ∂M. If A : L2(M) → L2(M)
is a bounded Fourier multiplier, and L is a self-adjoint operator on L2(M), then we have

the following assertions:

A is Dixmier tra
eable if, and only if,

τ ′(A) := lim
N→∞

1

logN

∑

l≤N

|σA,L(ξl)| < ∞. (12)

In this 
ase, for A a positive operator, τ ′(A) = Trω(A).

Moreover, if L is an operator of order m satisfying the Weyl eigenvalue 
ounting

formula, that is,

NL(λ) := #{l : |λξl |
1
m ≤ λ} = C0λ

dimM +O(λdimM−1), λ → ∞, (13)

then A is Dixmier tra
eable if, only if (
f. (12)),

τ ′(A) =
1

dimM
lim

N→∞

1

logN

∑

l:|λξl
|
1
m ≤N

|σA,L(ξl)| < ∞. (14)

In this 
ase, for A a positive operator, τ ′(A) = Trω(A).

[Revista Integración, temas de matemáticas
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A ∈ L(p,∞)(L2(M)) if, and only if,

γ′
p(A) := sup

N≥1
N ( 1

p
−1)

∑

l≤N

|σA,L(ξl)| < ∞, (15)

where 1 < p < ∞. In this 
ase, ‖A‖L(p,∞)(L2(M)) ∼ γ′
p(A). Moreover, if L satis�es

(13), we have

γ′
p(A) ≍ sup

N≥1
NdimM( 1

p
−1).

∑

l : |λξl
|
1
m ≤N

|σA,L(ξl)|. (16)

On the other hand, let A = [P+, T ]
t
be a 
olumn ellipti
 operator in the Boutet de

Monvel algebra of order n. We assume the existen
e of L satisfying as in Ruzhansky-

Tokmagambetov's 
al
ulus. Any parametrix R of PT is Dixmier tra
eable and Trω(R) =
res (R) = limN→∞

1
lnN

∑
l≤N |(σP,L(ξl))

−1|, here (σP,L(ξl))l∈N0 denotes the global symbol

of the operator P with respe
t to L. This residue's formula is the same for all parametrix of

A, R and independent of the boundary 
ondition and independent of the average fun
tion

ω. If in addition L satis�es the Weyl Eigenvalue Counting Formula, we also have

Trw(A) =
1

dim(M)
lim

N→∞

1

logN
.

∑

l : |λξl
|
1
m ≤N

|σA,L(ξl)|. (17)

The proofs of these theorems and the 
orresponding analysis developed in this global

setting 
an be found in Cardona and Del Corral [12℄. We refer the reader to Cardona, Del

Corral and Kumar [7℄ where the Dixmier tra
e of dis
rete pseudo-di�erential operators

has been investigated.

4. Examples

In this se
tion we provide some examples in relation with our main results. First, we


onsider a Dixmier tra
eable Bessel potential asso
iated to L. Also, we 
onsider an ex-

ample of a Dixmier tra
eable operator on the manifold with boundary M = [0, 1]. Later,
we 
onsider the 
ase of Bessel potential on SU(2) ∼= S

3
and SU(3) respe
tively.

Example 4.1. Let M be a 
ompa
t manifold with boundary ∂M and L as in the pre
eding

se
tions. Let us 
onsider the model operator LM self adjoint on L2(M). If we assume

that −L is a positive operator of order ν, and some positive real number s1 satis�es

∑

l∈N0

〈ξl〉−s = ∞,
∑

l∈N0

〈ξl〉−s′ < ∞ (18)

for all 0 < s ≤ s1 < s′ < ∞, then with the notations above the operator A := (I −L)−
s1
ν

is Dixmier tra
eable on L2(M). For the proof, we 
ombine that the global symbol of A is

given by

σA,L(ξl) = (1 − λξl)
−

s1
ν ≍ 〈ξl〉−s1 .

As 
onsequen
e of (18) we have that 〈ξl〉−s1 = O(l−1), l → ∞, and
∑

l≤N

〈ξl〉−s1 = O(logN), N → ∞. (19)
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74 D. Cardona & C. del Corral

Hen
e, by Theorem 3.2 we obtain

Trw((I − L)−
s1
ν ) ≍ lim

N→∞

1

logN

∑

l≤N

〈ξl〉−s1 < ∞. (20)

Example 4.2. Consider M = [0, 1] and the operator L = −i d
dx on M◦ = (0, 1) with the

domain

D(L) = {f ∈ W 1
2 [0, 1] | af(0) + bf(1) +

∫ 1

0

f(x)q(x) dx = 0},

where a 6= 0, b 6= 0, and q ∈ C1[0, 1], here W 1
2 [0, 1] := {f ∈ L2[0, 1] | f ′ ∈ L2[0, 1]}.

Under the assumption that a + b +
∫ 1

0
q(x) dx = 1, we have the inverse L−1

exists and

is bounded from L2[0, 1] to D(L). The operator L has a dis
rete spe
trum whi
h 
an be

enumerated by λj = 2πj − i ln(−a/b) + αj , for j ∈ Z, where the sequen
e αj satis�es

that for any ǫ > 0,
∑

j∈Z
|αj |1+ǫ < ∞. If mj denotes the multipli
ity of the eigenvalue

λj , then mj = 1 for su�
iently large |j|, and the system of eigenfun
tions are given by

ujk =
(ix)k

k!
eiλjx, for 0 ≤ k ≤ mj − 1 and j ∈ Z.

Let j0 ∈ N large enough so that mj = 1 for |j| ≥ j0. The global symbol σL,L(x, j) of L
with respe
t to L is given by

σL,L(x, j) =

{
x2k

k!2 λj , x ∈ [0, 1]; 0 ≤ k ≤ mj − 1, |j| ≤ jo,
λj , |j| ≥ j0,

for some j0 ∈ N. It follows from the fun
tional 
al
ulus that L−1
has a dis
rete spe
trum

given by λ−1
j with j ∈ Z. Sin
e |λj|=O(j) for j∈ Z, we have

∑
|j|≤N |λ−1

j |=O
(
ln(2N+1)

)
.

Therefore, L−1
is a pseudo-di�erential operator whi
h lies in L(1,∞)(L2[0, 1]) with symbol

σL−1,L(ξ) = (σL,L(ξ))
−1, |ξ| ≥ j0, and

Trω(L
−1) = lim

N→∞

1

ln (2N + 1)

∑

|j|≤N

|λ−1
j |

= lim
N→∞

1

ln (2N + 1)

∑

j0≤|j|≤N

|(σL,L(x, j))
−1|

= lim
N→∞

1

ln (2N + 1)

∑

|j|≤N

2πj + i ln(−a/b) + αj

(2π j + Re (αj))2 + (Im (αj) + ln(b/a))2
.

Example 4.3. Let us assume that A is a left-invariant operator on SU(2) ∼= S3. We re
all

that the unitary dual of SU(2) (see [31]) 
an be identi�ed as

ŜU(2) ≡ {[tl] : 2l ∈ N, dl := dim tl = (2l + 1)}. (21)

There are expli
it formulae for tl as fun
tion of the Euler angles in terms of the so-
alled

Legendre-Ja
obi polynomials, see [31]. In this 
ase, if A is Dixmier tra
eable with symbol
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σ([tl]) ≡ σ(l), then

Trw(A) = lim
N→∞

1

log
(∑

l≤N
2 ,l∈ 1

2N0
d2l
)

∑

l≤N
2 ,l∈ 1

2N0

d[tl]Tr[|σ(l)|]

= lim
N→∞

1

log
(∑

l≤N
2 ,l∈ 1

2N0
(2l+ 1)2

)
∑

l≤N
2 ,l∈ 1

2N0

(2l+ 1)Tr[|σ(l)|]

= lim
N→∞

1

log[ 16 (N + 1)(2N2 + 7N + 1)]

∑

l≤N
2 ,l∈ 1

2N0

(2l + 1)Tr[|σ(l)|].

For example, if A = (I−L
SU(2))

−κ

2 , is the Bessel potential of order −κ = − dim SU(2) =

−3, then A is Dixmier tra
eable, σ(l) = (1 + l(l+ 1))−
3
2
and

Trw((I − L
SU(2))

− 3
2 )

= lim
N→∞

1

log[ 16 (N + 1)(2N2 + 7N + 1)]

∑

l≤N
2 ,l∈ 1

2N0

(2l+ 1)2[1 + l(l+ 1)]−
3
2

= lim
N→∞

1

log[ 16 (N + 1)(2N2 + 7N + 1)]

N∑

n=0

(n+ 1)2
[
1 +

n

2
(
n

2
+ 1)

]− 3
2

= lim
N→∞

1

log[ 16 (N + 1)(2N2 + 7N + 1)]

N+1∑

n=1

n2

8
[n2 + 3]−

3
2

∼ 0.03935... (numeri
al eviden
e).

A similar result 
an be obtained if we 
onsider the operator (I −Lsub)
− 3

2
, where Lsub :=

D2
1 + D2

2 is the sub-Lapla
ian on SO(3); here D1 and D2 are the derivatives in the


orresponding variables to the Euler angles for SO(3) (see [31, 32]).

Example 4.4. Let A be a left-invariant pseudo-di�erential operator Dixmier tra
eable on

SU(3). The Lie group SU(3) has dimension 8 and 3 positive square roots α, β and ρ with

the property ρ = 1
2 (α+ β + ρ). We de�ne the weights

σ =
2

2
α+

1

3
β, τ =

1

3
α+

2

3
β. (22)

With the notations above, the unitary dual of SU(3) 
an be identi�ed with

ŜU(3) ≡ {λ := λ(a, b) = aσ + bτ : a, b ∈ N0, dλ =
1

2
(a+ 1)(b+ 1)(a+ b+ 2)}. (23)

The Dixmier tra
e of A, on
e denoted its full symbol by σ(λ) ≡ σ(λ(a, b)), is given by the
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expression

Trw(A)

= lim
N→∞

1

log[
∑

0≤a+b≤N dλ(a,b)]
×

∑

0≤a+b≤N

1

2
(a+ 1)(b+ 1)(a+ b+ 2)Tr[|σ(λ(a, b))|]

= lim
N→∞

1

log[ 1
120 (N + 1)(N + 2)(N + 3)(N + 4)(2N + 5)]

×
∑

(a,b):0≤a+b≤N

1

2
(a+ 1)(b+ 1)(a+ b+ 2)Tr[|σ(λ(a, b))|].

Sin
e, the eigenvalues of the Lapla
ian L
SU(3) on SU(3) are of the form

−c(λ) = −1

9
(a2 + b2 + ab+ 3a+ 3b), (24)

the symbol of the operator A = (I − L
SU(3))

− 8
2
(whi
h is Dixmier tra
eable) is given by

σ(λ) = (1 + c(λ))−4. (25)

Hen
e,

Trw((I − L
SU(3))

− 8
2 )

= lim
N→∞

1

log[ 1
120 (N + 1)(N + 2)(N + 3)(N + 4)(2N + 5)]

×
∑

(a,b):0≤a+b≤N

1

36
(a+ 1)2(b + 1)2(a+ b+ 2)2[1 + (a2 + b2 + ab+ 3a+ 3b)]−4.

Remark 4.5. Similar examples to the 
onsidered above 
an be obtained if we take, for

example, every n-torus Tn ∼= Rn/Zn
or the 
ompa
t Lie group SO(3) ∼= RP3, spheres Sn

and arbitrary real and 
omplex proje
tive spa
es.

Example 4.6. Let us assume that G is a 
ompa
t Lie group of dimension κ, and let us

de�ne A := a(x)(−LG)
−κ

2
. We 
onsider a(x) positive and smooth in order that A will

be a positive operator. The global symbol of A is given by

σA(x, ξ) := a(x)λ
−κ

2

[ξ] Idξ
, λ[ξ] 6= 0, (26)

and by using (11) we have that

res(A) =
1

dim(G)

∫

G

a(x)dx × lim
N→∞

1

logN

∑

ξ:〈ξ〉≤N

d2ξλ
−κ

2

[ξ] . (27)

In parti
ular, for G = T
κ , where T ≡ [0, 1), dξ = 1, and λ[ξ] = 1/4π2|ξ|2, ξ ∈ Z. In this
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ase,

lim
N→∞

1

logN

∑

ξ:〈ξ〉≤N

d2ξλ
−κ

2

[ξ]

≍ lim
N→∞

1

logN

∑

ξ∈Zκ,1≤|ξ|≤N

|ξ|−κ ≍ lim
N→∞

1

logN

∫

1≤|ξ|≤N

|ξ|−κdξ

≍ lim
N→∞

1

logN
log(N) = 1.

Consequently,

res(A) ≍ 1

κ

∫

Tκ

a(x1, · · · , xκ)dx1 · · · dxκ , (28)

whi
h is a well known fa
t (see e.g. Connes [13℄).
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