Boletin de Mateméticas 22(1) 39-53 (2015) 39

The asymptotics of the kernel functions
associated to orthogonal polynomials in several
variables on the unit ball

Comportamiento asintético de polinomios ortogonales en varias
variables sobre la bola unidad

Herbert Duenas''?, Wilmer M. Gémez?'"

Abstract. We consider a family of orthogonal polynomials in several vari-
ables with respect to a Sobolev-type inner product, obtained from adding a
gradient operator of order j, evaluated in a fixed point to a standard inner
product. We study explicit relations between the Sobolev-type polynomials
and the standard polynomials, among the kernel functions associated to the
Sobolev-type polynomials and the kernel functions associated to the standard
polynomials. In addition, an example for a particular choice of a classical
measure o € R? is analyzed. Finally, we obtain the asymptotics of the some
derivatives of the kernel functions evaluated in some points of the unit ball in
d variables.

Keywords: Orthogonal polynomials in several variables, Asymptotics behav-
ior, Sobolev inner products.

Resumen. Consideramos una familia de polinomios ortogonales en varias
variables con respecto a un producto interno de tipo Sobolev, el cual se obtiene
al adicionar a un producto interno estandar un operador gradiente de orden
7, evaluado en un punto fijo. Estudiamos relaciones entre los polinomios de
tipo Sobolev y los polinomios estandar, como relaciones entre el nicleo asoci-
ado a los polinomios de tipo Sobolev y el nicleo de los polinomios estéandar.
Adicionalmente, estudiamos un caso particular de una medida o € R?. Final-
mente, se obtienen los comportamientos asintéticos de las derivadas del nucleo
evaluadas en puntos de la bola unidad en d variables.
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1. Introduction

The study of Sobolev orthogonal polynomials on the real line has been evolving
in the last fifty years, over all in the last twenty years, when an extensive
interest by the researchers has increased because of the uses in some subjects, in
particular, in the approximation theory. The study of orthogonal polynomials
of several variables has been increasing as a consequence of the results on the
real line, as the properties of the zeros, differential equations, and asymptotic
behavior. However, one of the motivations of study of asymptotic behavior of
orthogonal polynomials on several variables is that this theory has become a
tool for numerical solutions of partial differential equations. In [6], we can find
an interesting survey of Sobolev orthogonal polynomials.

A special attention has been paid to the families of non-standard orthogonal
polynomials, within the Sobolev-type orthogonal polynomials, see [6, 7, 8] and
the references therein, which are associated with an inner product defined on
the linear space of polynomials with real coefficients. These inner products

(p.q) = 0, d)o + > XD (€)q V() = /E p(@)g(x)do (@) + Y Ap™ (€)q™ (©),
=0 =0
(1)

where ECR, j€N, £ €R, \; € RT and ¢ is a classical measure.

The non-standard features of this kind of inner products is the presence of
derivatives and that the operator associated with the multiplication by x is not
symmetric; that is, for any pair of polynomials p and g,

(xp,q) # (p,2q).

The family of orthogonal polynomials with respect to (1) are called Sobolev-
type orthogonal polynomials and the family of orthogonal polynomials with
respect to (p, q), are called standard polynomials.

We will study a particular case of the inner product (1), for orthogonal
polynomials in several variables. As in [4], the derivative is replaced by a
gradient operator of order j. We analyze the relation among the Sobolev-type
polynomials and the standard polynomials, such the relation between the kernel
functions associated to the Sobolev-type polynomials and the kernel functions
associated to the standard polynomials.

In [4], the authors analyze the asymptotic behavior of the kernel functions
associated with the Sobolev-type orthogonal polynomials on the unit ball in d
variables on the point (0,0), where 0 = (0,0,...,0). They obtain expressions
for the kernel functions and the fourth order derivatives (after [3]). We continue
with this particular choice of measure, but we analyze the asymptotic behavior
not only in (0,0), but also we extend the analysis in any point on the unit
sphere.
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2. Preliminaries: Orthogonal polynomials in
several variables

Let k = (K1, K2, ...,kq) € N? be a multi-index and x = (21, 79,...,24) € R%
A monomial in d variables is given by:

X" =aftxs? . ahl
The integer number |k| = k1 + ko + - - - + Kkq is called the total degree of x*.
A polynomial P(x) in d variables is a linear combination of monomials,

P(x) = Z X",

where the coefficients ¢,; are in a field C, usually the real numbers R or the
complex numbers C. The degree of a polynomial is defined as the highest total
degree of its monomials.

For a polynomial P(x) in several variables the partial derivative with respect
to the ¢ — th component is denoted by

OP(x
al‘i

~—

8;P(x) =

We will denote,

e TI%, the set of the polynomials in d variables with real coefficients,
e = {Z:cﬁxN :cx €ER, xeRd}.
K

e 11 the subspace of II¢ consisting on the polynomials of total degree at
most n,

e = chx“: cw €ER, x € R?

n

|kl<n

A polynomial is called homogeneous if its monomials have the same total degree.
H? denote the space of homogeneous polynomials of degree n in d variables,
ie.,

HE = chx“: e €R, xeR?

|r[=n

Every polynomial in I1¢ can be written as a linear combination of homogeneous
polynomials. Therefore, for every P(x) € I1¢, we have,

P(x) = Z Z cpX”.

i=0 |k|=i
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A basis of HZ is {x" : |k| = n} and the dimension of HZ denoted by r¢ is given
by

dimHe = rd = ( ntd-1 ),

n
see [5]. An essential difference between polynomials in one variable and in sev-
eral variables is the fact that in the last ones we do not have an obvious natural
order. The natural order among monomials of one variable is the increasing
degree, which is: 1, x, 22, z3,.... For polynomials in several variables, there

are many choices of well-defined total orders. We present two possibilities.

1. The lexicographic order. Let k = (Kk1,Ka, ..., Kd), 1= (M1,72,--,Md),
be two multi-indexes. x >, n if the first non-zero entry in the difference
k—n = (k1 —N1,Kk2 — N2,...,Kkqg — Nq) is positive. Is clear that the
lexicographic order does not respect the total degree of the polynomials.

2. The graded lexicographic order. Let £k = (K1,K2,...,Kd),
n = (n,n2,...,14), be two multi-indexes. s »gr 7 if |k] > |n|, or in
the case that || = |n| then we have the first non-zero entry in the dif-
ference Kk —n = (k1 — M1, K2 — N2, ..., Kd — 1a) is positive. The graded

lexicographic order respect the total degree of the polynomials.

We consider the orthogonality only in terms of polynomials of different degrees;
that is, equal degree polynomials are orthogonal polynomials of lower degree;
but equal degree polynomials are not orthogonal between each other.

Let do(x) be a positive measure defined on £ C R% a domain with a
nonempty interior. Let (-,-) denote the inner product defined on II¢ by

(p(x),4(x))s = / p(x)q(x)do(x), (2)

E

see [7]. We will say that the polynomial p(x) € I1¢ is orthogonal with respect
to (2) if (p(x),q(x)) =0, Yg(x) € II;_,.
Let V¢ be linear space of orthogonal polynomials of total degree n with
respect to (2). Then
dimV,! = dimH2.

If{Pr(x):|ki| =n,1<i<r
polynomial vector as:

g}nZO is a basis of V¢, we will write the (column)

d
s d
n réx1

where k1, Ko, ..., K, are arranged according to the reverse lexicographic order.
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We denote the partial derivative with respect to the ¢ — th component of a
polynomial vector
0; P (x)
;P (x)

0ilPy(x) = OiFi ()

0P, " (x)

d
rédx1

We will say that {P,(x)},~, is an orthogonal polynomial system, if,

0 if m#n
H, if m=mn,

(P,(x),Pl(x)) = /3 P, (x)PZ (x)do(x) { 3)

where H,, is a symmetric and positive e x r¢ matrix. If H,, is the identity

matrix Vn > 0 then {P,(x)},~, is called an orthonormal polynomial system
(OPS). A step-by-step method of constructing a corresponding orthonormal
polynomial sequence is known as the Gram-Schmidt process. It produces real
orthonormal polynomials, see [2], generalizing this method it is always possible
from an orthogonal polynomials system to obtain a system of orthonormal
polynomials.

We define the kernel function of de by

Pi(x.y) = PY(0)H; 'Bi(y) = Pi(y. %), j >0, (4)

and the kernel function of 11 by

Ku(x,y) =Y _ Pi(x,y) =Y PI(xX)H;'Pi(y) = Kn(y,x), n>0. (5)
§=0 §=0
The definition of K, (x,y) does not depend on a particular basis, but it is often

more convenient to work with an orthonormal basis, see [5]. Thus, the kernel
function adopts a simpler expression

=0

Let f be a real valued function on d variables. We will use the gradient operator
V defined as usual

VF(x) = (01f(x), 02f(x), ..., 0af(x)) € Mixa(I?).

The gradient operator can be extended for vector polynomials. If {P,(x)},>0

Boletin de Matemdticas 22(1) 39-53 (2015)



44 Herbert Duetias & Wilmer M. Gémez

is an OPS, for n > 0, we introduce, see [7]

VP, (%) = (01Pn (X)|82Pn (X)] - . . |04 ()

81Pﬂ1(x) 82P’ﬂ(x) 83P"”~1(x) T 8dPN1(x)
O Peyix)  02Peyx)  03Peyx) +  0aPayix)
NPy 2Puyy O3Peye0 0 0aPeyio | ¢ M, (1%,
NPs ) 02Ps o0 03Ps oo - O0aPe j(x)

and, for a higher order gradient, we define, see [4]
vOP, = VOB, (x) = (aglpn(x)\agzpn(x)\ 10 IP’n(x)) € Myg s (1Y), (6)

where, 8; = o7 +7 and B; runs through all d’ combinations of j total
K d

92]192)2.-9i 929
derivatives with respect to d different variables (i.e., all different combinations of
V1,72, --,7va € N such that v1 +v2 + -+ + 74 = j, arranged according to the lexico-
graphic order).

Moreover, we define the vectors

. n . T
KV (x,y) =3 (VORx)) HPilly) € Moy (T1), (7)
i=0
KD (x,y) =Y PLx)H'VIP(y) € My, g (11%), 8)
i=0

which satisfy K,gj’0>(x, y) = (Kﬁo’j)(y, x))7, and the matrix
Gd) o d’
K9P (x,y) = (9,00, Knlx,¥)) | (9)

where, as above, 3; (resp. mz) runs through all d’ combinations of j total derivatives
with respect to d different variables in x (resp. y).
In [4], the authors show the following lemma.

Lemma 2.1. Let A € RT and £ € RY a fized point. Forn >0, I,; + /\K,(ﬂ"j)(g,g) is
a symmetric and non singular matriz.

3. A higher order Sobolev-type inner product
We consider the following Sobolev-type inner product, see [4]

(p(x), 4(x)),, = (p(x), q(x))a + AV p(€)(VVq(€))" (10)

where £ € R, A e Rt and j € N.

We will denote the OPS with respect to (10) by {Qn(x)}n>0 and the OPS with
respect to (2) by {Pn(x)}n>0-

We define the kernel function of de associated with {Qp(x)}n>0 by

Qi(x7 y) = QZT(X)Gz_le(y) = Qi(yvx)’ Jj=0, (11)
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see [4], and the kernel function of I1¢ associated with {Qy (x)}n>0 by
Faloy) =3 Qi y) = S Q7 (0GT ' Quly),  n>0. (12)
i=0 i=0
The following two theorems whose proof appears in [4] establish an explicit relation

between {Qn (x)}n>0 and {P,(x)}.>0 and their respective kernel functions.

Theorem 3.1. Let {P,(x)}n>0 be the OPS associated with the inner product (2).
Define a Sobolev-type inner product as in (10). Then if we denote by {Qn(x)}n>0
its corresponding OPS, normalized such that Qn(x) and P,(x) have the same leading
coefficient, we have Qo(x) = Po(x), and for n > 0,

Qu(x) = Pu(x) = AWVVR(6) (I + AR (66) KUY (Ea).  (13)

Conversely, if we define {Qn(X)}n>0 as in (13), then they are an OPS with respect
to (10).

Theorem 3.2. For i > 1, we have:
. .. —1 .
Qi(x,¥) = Pi(x,y) = MKV (6,%)" (Lo + AKO)(6,6)) KV (6,)

| R (14)
FAEID(E )T (1 + KD (€.0) T KOV (.y),

where we assume Kéj’o)(x, y) = 0. Furthermore,

Ru(x,y) = Knly) = AKYO(6x)" (1o + KD (€,6) T KFV(€,y). (15)

4. An example on the unit ball in R?

Let BY = {x € R? : |x| < 1} the unit ball in R?* where |x| =
\/m% + a2 + - + 22 is the Euclidean norm. We denote (x,y) = z1y1 + Zay2 + - +
Zqyq the standard inner product on RY.

As in [4], we analyze a particular case of the Sobolev-type inner product defined
n (10). We consider the weight function

_1 1
W) = (1= Ik "%, wz-3  xeB” (16)

Associated with W, (x), we define the inner product on the unit ball

)y = Ne | FO9()W, () .. oo, a7

where N, is the normalizing constant in order to have (1,1) =1 and it is given by
-1 d+1
I'(p+ 2=
N, = (/ Wu(x)dx> = M.
b AT (it 3)
The family of orthogonal polynomials with respect to (17) is called the classical or-

thogonal polynomials on the unit ball, see [9].
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‘We will denote by {P,(La’ﬂ) (z)}n>0 the family of Jacobi polynomials in one variable,
which are orthogonal with respect to the weight function (1 — z)* (1 + z)” on the
interval [—1, 1], where «, 8 > —1. The family of Jacobi polynomials satisfies

@p)qy— ((nrae ) _Tlhtatl)
P (1)—< n )‘F(n+1)r(a+1)’ (18)

I'n+B8+1)

PR (~1) = (=1)" PP (1) = (-1)" (n+5> = (—)r =) (g
(0= P = 0 (") = (0 e e (19
dpP{*” o 1

O s P @), O =ttt A1) (20)
From the Stirling formula for the asymptotics of the Gamma function, see [1]
F(?’L+k) k-1 1
F(n—l—l)_n 1+0(n™"), n-—oo.
As a consequence, when n — oo,
1
(c,8) — @ (1 -1 1
BSOM) = g (1 007), (21)
1
PP (1) = ———(-1)"n" (1 ! 22
(1) = i D o), (22)
Crap=n(1+0(mn"). (23)

In [4] the authors studied a family of orthogonal polynomials associated to the
Sobolev-type inner product defined in (10), for a particular case where the measure is
1- Hx||2)“_%. They analyzed the asymptotic behavior of the corresponding kernel
function K, (x,y) and the matrix (9), for j =2and x =y =0 € R?, i.e,, K32(0,0).
As a continuation, we will first perform an analysis of the asymptotic behavior of the
kernel, not only evaluating in the points x =y = 0 € R?, but evaluating in the points
x=0¢€R?and y € R? with |y| = 1.

Then we evaluate in the points x,y € R? such that ||x|| = 1 = [ly]|, ie.,
we analyze the asymptotic behavior of the kernel function K',?’Q)(O7 Yiyll=1) and
K,g2‘2>(x||x||:1, Y|iyll=1) respectively, where y =1 means a point y € R? such that
lyll =1 (similar to xx|=1)-

4.1. The kernel function K£2’2)(O,y||yH:1)

We consider the orthogonal polynomials with respect to the Sobolev-type inner prod-

uct (10), where (f, g), is defined in (17). We are interested in analyzing the asymp-

totic behavior of the corresponding kernel functions for j = 2, &1 = 0 and ||&2]] = 1.

At the first time we find an expression for both, KT(LO’2>(O, y) and K,(L2’2)(0, Yilyl=1)-
Taking into account that

1
Ka(x,y) = buAn [ P D (w)(1 =) 1dt, (24)

—1
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see [10], where

by = Vl (1 —tz)“_ldt} o F\;;;(j)) (25)

d
a(u,d)=oc=u+§,

A - l'(a+ 1)I'(n + 2a)
" TR2a+1)I(n+a)’

wix,y,t) = w = (x,y) + /1 [x]* /1 - [ly]*

Taking partial derivatives with respect to the variables x, and x5, integrating by parts
and evaluating at x = 0,

82

m[(ﬂ (07 )’) = yy-ysbuAnCn,a’aflcnil’aH’a .

1
[P (VIS (-

1

-yl
2p

1
/ PO (VIZyIP) (- e (21)
-1

6r,5buAnCn,a,aflCnfl,orkl,a :

Moreover, using,

L d d 4 -1
[P (IR - £ e = s R 2P, (28)
—1

see [7], with

AP (p + T[] + p+ S + DI (n + 2p + d)

P, p,d = , 29
TEET P+ M2 4+ p 4 DT (4 204+ d + 1)bu A, (29)
from (27), (28) and as a = pu+ 4, it follows:
? (£+2,u—3) 2 2
9200, K (0y) = vy BiPulam 2 (1= 2lyl7) = (1= llyI)drs B2
dyy il
PG (= 2ty ], (30)
with
B =buAnC, g g 1Cnotpr gir e g Pn—tmata,

_ —1
By = (2) b#A”Cn,w%,u+%—1cn—1,u+g+1,u+ghn—l,u+1,d-
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Now, taking partial derivatives of mKn(O, y) with respect to the variables y; and
y; and evaluating at y |y =1

84
7Kn 07 = =—4 i 7'65 j T 367' j (o s(si j j 7'5si
By:05:05.0z, (0¥ lyi=1) [yiyr s, + yiysOr.j + yrysdij + ysyrds,
+yjys§r,i]'
d _1
BlC n— 2] d (5+3u+3 )( )+ (673]‘53,1' +6S’j6r’i)B1P(27+2”u 2)(—1)

+2u=3 (252 [252)

(§+4.u+3)
+ 16yjyiyrysBlc' ne2)dy MilCn 2 1,443, u+1P 2R )

[252]-2
($+1u+3) (8+2,1+3)
+ 261'73'57‘,SBQP[” 2] " ( )7 16yiyj5T,sBQO[n;2 dq, M+1P[%]fl 2 (71)
(31)
‘We denote,
(§+3,u+3)
2= —4BiC0pn_2 ,QH#%P[:%Q]Z 2 (-1), (32)
Blp( *j“ 2y, (33)
(4+4,u+%)
zZ3 = 16310[%] d+2,,u 1Cn 2 17g+37#+1pn 2] 9 ( 1)7 (34)
2= 2B PR ), (35)
(4+2,u+%)
Z25 = 716320[%]’%+1’”+1P[ 2 ] 1 ( 1) (36)

As a consequence, the d* x d? matrix K,(LQ’Q)(QyHy”:l), whose entries are arranged
according to the orders of their partial derivatives, has elements

21 (YiyYrds,j + YiYsOrj + YrYsOij + YjyrOs,i + YjYsOr,i)

+22(07, 05,4 4 0s,50ri) + 23YjYiyrys + 240i j0r s + 25YiY;0r,s,
where 1 < r,s,4,j < d.
From Kronecker’'s deltas we can observe,
Let 4,4, 7,8, z1 survives if at least two are equal.
zg survives if (i =sAr=j)V(j=sAr=1i).
z3 survives in all entries of the matrix.
If 4, j, r, s are different two by two only z3 survive.

z4 survives if r = s A i =j.

A

25 survives if r = s.

Below we give a first conjecture, regarding the distribution of the d* entries of the
matrix K,(l2’2)(0,y||y”:1).

Conjecture. The d* entries of the matrix K& (0,¥y|=1) are distributed as follows

1. d? entries appear only once.

2. W entries appear 2 times each one.
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d(d—1)
375

d(d—1)(d—2)
4 2

entries appear 4 times each one.

entries appear 10 times each one.

5. W entries appear 24 times each one.

Lemma 4.1. Letb,, An and hn,u,q defined in (25), (26) and (29) respectively. When
n — 00,

20 (p+ T+ §+1) g »

Ny mineTEr Ea R S G (37)
_ VAT (Wr@2p+d+1) o

M D+ T+ 4+ 1)

buA, =

“1+0(m™). (38)

Proof. It is obtained using the Stirling formula in the definitions of b,, A, and
Rrad- O

Theorem 4.2. Let z1, 22, 23, z4 and zs defined from (32) to (36). When n — oo,

a=kn2 I (14 0(n7Y), (39)
2 =hy 02T (14O ™Y), (40)
2= ks -nEHTE (14 0(nh), (41)
2= ke n2HE (14 0(n7Y), (42)
25 = ks -nETAYE (1+0(n™), (43)

where ki, k2, k3, ka and ks are constants depending of p and d.

Proof. 1t is obtained directly by applying (16), (17), (37) and (38) to the definitions
given. O

On the other hand, we have the following result.

Theorem 4.3. Let K, (x,y) be the kernel function associated to {P,(x)}n>0, the
OPS with respect to (17), then for n — oo

(i) K&°0,y) =n®*2 (1+0(m™") ify=0.

() K0 (0 y)=n 52 (1 +0O(n™"))  uniformly in compacts inside B* — {0}.
(iii) K$°(0,y) = 5" (1+0(n™)) if |y =1.
Proof. (i) From (30), evaluating in ||y|| = O the first term vanishes and considering

(21), (23) together with the Lemma 4.1. we get the desired expression.

(if) We get the result using the fact that
subsets of (—1,1), see [8] and (23) together with the Lemma 4.1.

pLeb) (t)‘ < Cn~Y? uniformly compacts

ili) From , evaluating in ||y|| = 1 the second term vanishes and considering
iii) I 30 luating i 1 th dt ish d ideri
(22), (23) together with the Lemma 4.1. we get the desired expression.
O
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4.2. The kernel function K.\*” (XHx”:l,y”yH:l)

We consider the orthogonal polynomials with respect to the Sobolev-type inner prod-
uct (10), where (f, g)o is defined in (17). We are interested in analyzing the asymp-
totic behavior of the corresponding kernel functlons for j =2, H§1 H 1 and ||&f = 1.
First, we find an expression for both K (X)x|=1,¥) and K2 (X|\x|\:1,y”y\\:1)-

Taking partial derivatives with respect to the variables z, and z in (24), integrat-
ing by parts, evaluating at ||z|| = 1, using (25) and the fact that 2ub,4+1 = (2u+1)b,
we get,

82

00T, 2u+ 1

PR ((X=1,y))

1 yl?
2p+1

1|yl
Kn(xHxH:l?y) =\ YrYs — 757‘,3 Ancn,a,a—lcn—l,a+l,a

(-Tsy'r + -Try.s)A Cn a,a— lcn 1,41, aCn 2,a+2, o¢+1P(a+3 ot2)

((xixi=1,¥))

ww 2. A C C C C
(2#+1)(2/L+3) rdsAnlUn a,a—1bn—-1a+1,avn—2,a04+2,0a4+1vn—-3,a4+3,a+2

PR (=1, y)) -

+

Now, taking partial derivatives of FErr T Bx Ko (X|x|=1,y) with respect to the variables
y; and y; and evaluating at ||y|| = 1, we have

ot (2,2)
a a a. o X|[[=1» = = n ’ X||l=1» =
By, 0,030, o (Xiel=1, Yiyli=1) = Ko™ (Xjx=1, ¥ y1=1)

= <5r,,7-63,2- ot o T ,75M)
+ [65 i (mjyr + Lmryj) +6ri (wjys + Lmsyj)
’ 2p+1 ’ 20+ 1
+ 0,5 (miyr + Lxryi) }92
2u+1
+ |:6rj <Sﬂz‘ys + 2 -'Esyi> + r.s (-ijz’ + iﬂﬁz‘yj)
’ 21+ 1 ’ 2u+1

+0ij | Tsyr + —— 2
i,j sYr 2 +1 g2

+ [(xjmyrys + xrmsyjzﬁ) +

4

+

2
St 1 (%5 yiyr + T3 TrYsYs) } g3,

where 1 < r,s,4,j < d and

91 = AnCraa1Cn1,041,0 P52 (X2, Yiyi=1)) » (44)
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g2 = A Cn a,o0— 1077, 1,a+1, aCn 2,a+2, a+1P(a+3 et) (<X|\x”=1ay”y\|=l>) ) (45)

g3 = Ancn,a,a—lCn—l,a+1,acn—2,a+2,a+1Cn—3,oz+3,oz+2 .
(a+4,a+3)
P ((Xpxi=15¥iyi=1)) - (46)
From Kronecker’s deltas we can observe,

1. j,4,7r, 8, g1 survive only in two cases: when all of them are equal and when two
of them are equal to each other and the other two are equal to each other.

2. If j,4,r, s are different two by two, g2 does not survive.

3. g3 survives in all entries of the matrix.

Below we give a second conjecture, regarding the distribution of the d* entries of the
. 3,2
matrix KA (xj=1, ¥yl -1)-

Conjecture. The d* entries of the matrix Kfzw) (XHxnzlyyHyH:l) are distributed as
follows

1. d? entries appear only once.

2. d*(d — 1) entries appear 2 times each one.

2
3. [@} entries appear 4 times each one.

Lemma 4.4. Let A, defined as in (26), then for n — oo,

M (pu+§+1) 4 -1
n=—1—=—""nt"2(14+0(n s 47
Tt a o™ (47)
Proof. 1t is obtained using the Stirling formula in the definitions in (26). O

The behavior of g1, g2 and g3 is analyzed in two situations: when x = y and when
X=-Yy,

Theorem 4.5. Let g1, g2 and gs defined in (44), (45) and (46), when n — oco.
(i) Ifx=y

g1 = kg - p2eHdt 1+ 0(n 1)) 7 (48)
g2 = kr 0T (14 0(n 7)), (49)
=ks -0 (140N, (50)
where ke, k7 and ks are constants depending of p and d.
(i) x = -y
g1 = ko - p2Htd+s (1 + O(n_l)) , (51)
g2 = kyo - n2HTeTS (1+ O(n_l)) , (52)
g3 = ki1 -0 T (14 O(m™Y), (53)

where kg, k1o and k11 are constants depending on p and d.
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Proof. (i) When x =y, g1, g2 and g3 are given by

g1 = AnCn,a,a—lCn—l,oz-‘rl,ozpyg(i-;la-‘—l)(1)7
g2 = Ancn,a,aflCnfl,a+1,acn72,a+2,a+1Pysli§3’a+2)(1)7
gs = Ancn,a,aflC’nfl,od»l,ozCn72,o¢+2,o¢+1Cn73,a+3,a+2p7g(iz4’a+3)(1)4
using (21), (23) and the Lemma 4.4., when n — oo,
g1 = ke - 0T (1+0nT),

g2 = kr - p2ptd+o (1 + (’)(nfl)) ,
g3 = ks - n2u+d+8 (1 + 0(7171)) ]

(i) When x = —y, g1, g2 and g3 are given by

+2,0+1
g1 = A'VLC7L7(X,(171C7L717a+17apf,r§’(i2 ¢ )(_1)7
+3,042
g2 = Anon,a,ozf1Cn71,a+1,acn72,a+2,a+lPysoig @ )(_1)7

a+4,a+3
gs = AnCn,a,af1Cn71,a+1,acn72,a+2,a+lCn73,a+3,a+2p,§_4 )(_1)7

using (22), (23) and the lemma 4.4., when n — o0,

g1 = ko -0 (14 0(n™),
g2 = ki - TS (1+0(n™),
gs = ki L p2HtdT (1 +0 n_l)) .

(
(
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