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Notable Finsler connections
on a Finsler manifold
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ABSTRACT. In this expository paper we present a comprehensive, invariant de-
scription of four important Finsler connections: the Berwald, Cartan, Chern—
Rund and Hashiguchi connection. Following Grifone’s theory [8], [9], our ap-
proach based on the Frolicher-Nijenhuis calculus of vector-valued forms and
derivations [7], simplified by the technique of lifting vector fields to the tan-
gent bundle. We give a fine analysis of the role of some axioms characterizing
these connections, as well as explicit rules of calculations for the corresponding
covariant derivatives.
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RESUMEN. En este articulo de divulgacién se presenta una descripciéon geomsé-
trica de cuatro conecciones importantes dentro de una variedad de Finsler a
saber: La de Cartan, la de Berwald, la de Chern-Rund y la de Hashiguchi.
La técnica mostrada en la exposicién para el cédlculo de dichas conecciones es
entre lo cldsico y lo moderno como son las teorias de Grifone [8] [9] y el célculo
de formas diferenciales vectoriales de Frolicher—Nijenhuis [7]. En el presente
articulo hacemos un andlisis fino del papel de algunos axiomas que caracterizan
dichas conecciones. Ademés se muestran los cédlculos explicitos de las derivadas
covariantes.
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1. Introduction

There are four Finsler connections on a Finsler manifold which may be
considered “natural” in some sense: the connections named Berwald, Cartan,
Chern-Rund and Hashiguchi connection, respectively. (An important obser-
vation of M. Anastasiei [2] clarified that the Finsler connection introduced by
H. Rund [20] is identical with the connection constructed by S.S. Chern [4]
(for a recent account see [3]), so we use the terminology “Chern-Rund connec-
tion”.) A satisfactory and truly aesthetical axiomatic description of Cartan’s
connection was first achieved by M. Matsumoto [13] in the sixties. A sim-
ilar characterization of the Berwald connection is due to J. Grifone [9] and
T. Okada [18] (in the seventies) and M. Abate [1] (lately). After the Cartan
connection has been constructed, easy processes, baptized by M. Matsumoto
“Pl.process” and “C-process” (see [15] and the concluding remark of this pa-
per) yield the Chern-Rund, the Hashiguchi and the Berwald connection. The
minimality of the axiom-systems of these notable Finsler connections has also
been studied [16], by means of the classical tensor calculus.

In Matsumoto’s global formulation [15] the framework for the Finsler con-
nections is a principal bundle, the so-called Finsler bundle. In the exposition
and applications of this theory the tools of the tensor calculus, adapted to the
Finsler setting ([15], §6) play a dominant role. Another approach, developed
in the most consistent and complete form by J. Grifone [8,9], works on the
tangent bundle 77a7.' Its distinctive feature is the systematic application of
an intrinsic calculus, based on the Frélicher-Nijenhuis formalism. — Inci-
dentally we remark that 77 seems at first to be a too large arena for Finsler
geometry.? Indeed, classically and from a vector bundle view-point Finsler con-
nections, Riemann-Finsler metrics etc. live on the vertical bundle 7% ,, which is
just the associated vector bundle of Matsumoto’s Finsler bundle. Nevertheless,
the larger arena, is more convenient in many respects and, prescribing suitable
conditions (see (FiNs1) and (FiNs2) in Definition 4), a faithful reconstruction
of the classical picture is possible.

Well now, to make a long story short, in this paper we would like to link
the above mentioned two approaches. Our presentation is based conceptually
and technically on Grifone’s work in the first place, but taking maximally into
consideration Matsumoto’s carefully elaborated theory and the results of his
school.

LFor basic notations see 1.1.

2Note that this seemingly wide scene can be significantly enlarged, preserving the funda-
mental geometric relations. With regard to this we refer to the work of R. Miron and his
school [17].
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What does this mean in concreto? — Let us see briefly some new or different
features of our approach.

e From QOkada’s axioms we derive intrinsically the rules of calculation with
respect to the Berwald connection, proving at the same time its unicity and
existence. (We emphasize that the use of local coordinates will be com-
pletely avoided in this paper.) It turns out that Okada’s axioms (01)—(02)

[e]

guarantee the existence and the unicity of a Finsler connection (D, h), while
from the axioms (03)—(05) it follows that h is the Barthel endomorphism,
described by Grifone’s “fundamental theorem of Finsler geometry” ([8], II.
33 or Theorem B below). It becomes also clear that deleting axiom (O5),
we have a free scope for important generalizations, see Remark 9.

e We present a more sophisticated version of the construction of the Cartan
connection, which also puts into focus the main points. Our intrinsic proof
adopts a “multiplied Christoffel process” and depends substantially on our
generalization of the classial Cartan tensors and a delicate result concern-
ing horizontal endomorphisms. In more detail, we suppose that the given
horizontal endomorphism A is induced by a semispray. Then, in view of the
cited result (Theorem A in our paper), the weak torsion (form) of h vanishes.
This circumstance and Proposition 2 makes it possible to derive the rules of
calculation (C1)—(C4).

e As to the Chern-Rund and the Hashiguchi connection, our statements are
analogous. For example, (CHR1)—(CHRA4) guarantee the existence and

R
unicity of a Finsler connection (D, h). If, in addition, (CHR5) is also re-
quired, then h becomes the Barthel endomorphism. The role of axioms
(Hsa1l)—(Hsa3) on the one hand and of the further axioms (Hsc4)—(HsaG6)
on the other hand is similar.

e We establish an explicit relation among the covariant derivatives with respect
to the Berwald, Cartan, Chern-Rund and Hashiguchi connections.

On the ground of these we also believe that our treatment puts some recent
studies (see e.g. [1], [3]) into a general, transparent framework and makes them
more applicable.

We conclude our overview with a few general and, partly, technical re-
marks. Because Grifone’s theory and the Frolicher-Nijenhuis formalism are
not so widely known, we shall review their rudiments in Section 1 in a rela-
tively detailed form. This section also contains some novelties. We frequently
found it advantageous to apply vertically and horizontally lifted vector fields.
In connection with this, it proved useful to introduce the tension form and the
strong torsion form in Lemma 1. (We note that the weak torsion form and the
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curvature form, whose practical role is similar, have already been constructed
by Crampin [6]). Secondly, as we have already remarked, we had to define
the so-called Cartan tensors under more general assumptions than classically.
The important Proposition 2 concerning the second Cartan tensor is proved in
section 2, using a Berwald-type Finsler connection.

1. Preliminaries

1.1. Notations and some basic facts. We try to make this paper self-
contained in the framework of our possibilities. The interested reader can
find all preparatory material required for a full understanding of the work
in [11,12,8,9]. As we have just indicated, our approach and results depend con-
siderably on Grifone’s fundamental papers [8,9], so we adopt his terminology
and conventions as far as feasible. The calculative apparatus which lie at the
foundations of the theory was established by A. Frolicher and A. Nijenhuis.
Their epoch-making paper [7] is still one of the best readable sources, for a
nice recent account see [11].

(i) Throughout the paper the identity map of any set onto itself is denoted by
1.

(ii) We consider now once for all an n-dimensional (n € N*t), real, C*°, con-
nected, paracompact manifold M. C° (M) is the ring of real-valued smooth
functions on M, X(M) denotes the C°°(M)-module of vector fields on M.
QF(M) (k € N*t) is the module of (scalar) k-forms on M, Q°(M) := C>®(M).
Q(M) := @}_,QF(M) is the graded algebra of differential forms, with mul-
tiplication given by the wedge product.

(iii) # : TM — M is the tangent bundle of M, it is also denoted by 7.
mo : TM — M is the subbundle of 77 constituted by the nonzero tangent
vectors to M. The kernel of the tangent map T'w (or T'mg) yields a canonical
subbundle 73, of 7rar (or 74y, of T1s), called the vertical subbundle. The
sections of the bundles 77, and 77, are said to be vertical vector fields; the
C*°(T M)-module constituted by them is denoted by X?(TM) and X*(T M),
respectively. The vertical lift of a vector field X € X(M) is denoted by X7,
while X°¢ stands for the complete lift of X. It is well-known that for any
vector fields X,Y € X(M)

1) [X*,Y"] =0, [X°,Y]=[X,Y]", (XYl =[X,Y]

(iv) In the geometry of the tangent bundle two canonical objects play a dominant
role: the Liouwville vector field C € X?(T M) and the vertical endomorphism
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J:X(TM) — X(TM). We have:

(2) ImJ = Ker J = XY (T M), J? =0;
3) JX°=X", [, X"]=-X" (X e€ZX(M)).

1.2. Vector forms and derivations. [7,10,11]

Tk (M) (k € NT) denotes the C> (M )-module of vector k-forms on M.

It can be regarded as the module of k-linear skew-symmetric maps

X(M) x -+ x X(M) —» X(M); ¥O(M) := X(M). If K is a vector 1-form,
its adjoint operator K* : Q(M) — Q(M) is defined by the formula

4) K*'w(Xy,...,Xg) = w(K(X1),...,K(Xk))
(w e Q¥ (M), k e Nt; X; € X(M), 1<i<k).

A vector form L € /(T M) (I € N*) is said to be semibasic if VX € X(T M) :
igxL =0and Jo L =0 (iyx stands for the insertion operator induced by
JX). In particular, a scalar form w € Q¥(TM) (k € Nt) is called semibasic
if VX € X(TM) tigxw = 0.
Let us consider a vector k-form K € ¥¥(M). In the Frolicher-Nijenhuis
theory two derivations, denoted by ix and dg, are associated to K. Now
we briefly recall their definitions.
o ig isof degree k — 15 ig [ C°(M) :=0; igkw =wo K, if
w € QY(M).
o dx = [ik,d] == ix od — (—1)F"'d o ik is of degree k (d denotes the
operator of the exterior derivative).
We get immediately that

(5) VfECOO(M)ZdKf:indefOK.

It can be proved that dg is uniquely determined by its action over C*°(M).
In case of a vector O-form X € (M) = X(M) ix means the usual insertion
operator, while dx is the Lie derivative Lx with respect to X.

Suppose that K € *(M), L € ¥!(M). The graded commutator of dx and
dy, is defined by the formula

[dK,dL] = dK o dL — (—1)kldL o dK.

A substantial result of the Frolicher-Nijenhuis theory states that there exists
a unique vector form [K, L] € ¥ (M) such that

ldr,dr] = dik,L);
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[K, L] is said to be the Frélicher-Nijenhuis bracket of K and L. If K and L
are vector O-forms, i.e. vector fields on M, then [K, L] reduces to the usual
Lie bracket of vector fields.

In the sequel we shall need the evaluation of the Frolicher-Nijenhuis bracket
in some special cases. — Let K,LeW!(M). Then for any vector fields
X, Yex(M),
(6) [K,Y](X) = [K(X),Y] - K[X,Y];
(7) [K, L)(X,Y) = [K(X), L(Y)] + [L(X), K(Y)]

+KoL[X, Y]+ Lo K[X,Y]- K[X,L(Y)]

— K[L(X),Y] - LIX, K(Y)] — LIK(X),Y];

in particular
(8) %[K,K](X,Y)= [K(X), K(Y)] + K*[X,Y]
- K[XaK(Y)] - K[K(X),Y]

Nk = 1[K, K] is said to be the Nijenhuis-torsion of K.
The vertical endomorphism J can obviously be interpreted as a vector 1-form
of ¥1(TM). We have:

) Ny= gl =0, [L0]=1

Remark 1. In the sequel we shall introduce vector k-forms (k € N*) over

TM or T M. Their differentiability will be required only over 7 M, unless
otherwise stated.

1.8. Semisprays and horizontal endomorphisms.

Definition 1. A mapping S : TM — TT M is said to be a semispray on M

if it satisfies the following conditions:

(Spr1) S is a vector field of class C* on T M.
(SPR2) S is smooth over TM.

(SPR3) JS =C.

If, in addition,

(SPr4) [C,S] =S (i.e. S is homogeneous of degree 2)
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then S is called a spray.

Definition 2. A horizontal endomorphism on M is a vector 1-form
h € BT M) satisfying:

(HE1) h is smooth over T M.
(HE2) h is a projector, i.e. h> = h.
(HE3) Kerh = X"(TM).

Having a horizontal endomorphism h, one can construct the following impor-
tant geometric data and structures.

(i) Horizontal lifting:
X € (M) = X" := hX° € X(TM).

(ii) Tension: H := [h,C] € Y} (TM). If H vanishes, we say that h satisfies the
homogeneity condition.

(iii) Weak torsion: t := [J,h] € O*(TM).

(iv) Strong torsion: T :=ig,t + H € U'(TM), Sp is an arbitrary semispray on
M.

(v) Curvature tensor: R:= —Nj, = —%[h, h].

(vi) Almost complez structure: F € ¥'(TM), F? = —1; F is characterized by
the relations

(10) Foh=-J, FoJ=h.
(vii) The (module) direct sum decomposition
(11) X(TM) =%"(TM)® X" (TM),
X"(TM) := Im h is the submodule of horizontal vector fields.
For details, we refer to [8]. From (11), one can easily deduce the next

Local basis property. If (Xi,...,X,) is a local basis of X(M), then
(XP,..., XY, XP, ..., X" is a local basis for X(TM).

This observation will be frequently used. The following relations will also
be useful:

(12) holJ =0, Joh=J.
(13) Ifv:=1—h, then JoF =v, Fov=hoF.
(14) VX € X(M): JX" = X".
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Lemma 1 and definition. The vector forms H,t,T and the curvature tensor R
are all semibasic, so they are completely determined by the following mappings:

e n: X € X(M)w n(X):= H(X") — tension form

o 7:(X,Y) € X(M) x X(M) » 7(X,Y) := (X" Y") — weak torsion form,
briefly torsion form

e 0:X € X(M)w— 0(X):=T(X") - strong torsion form

e p: (X,Y) € X(M) x X(M) = p(X,Y) := R(X",Y") - curvature form.
Explicitly, VX,Y € X(M):

(15) n(X) = [X",C].

(16) 7(X,Y) = [X" VY] - [Yh X?] - [X,Y]".

(17) 6(X) = v[hSp, X?] + X" — X (S, is an arbitrary
semispray on M).

(18) p(X,Y) = —v[ X" Vh.

Proof. A routine calculation shows that the considered vector forms are all
semibasic, indeed. Then the local basis property guarantees that H,¢,T and
R are completely determined by 7, 7,8 and p, respectively. It remains to verify
(15)—(18). We are going to check only (15) and (16). (The proof of (18) is
similar. To obtain (17), much more calculation is needed and we shall not
apply this formula in the present paper.)
. 0(X) = H(X") := [b,C)x"* € [1X", C] - h[X", 0]

= [x*, 0] - hx*t, 0] 2 oxh, .
Here the vector field [X", C] is vertical, because

xv W gxh @7 oxh @ rxt, o] - Jxt, o)

=[x°, 0] - Jix", 0] € xv — Jix*h, ]

and hence J[X", C] = 0. So we obtain the relation n(X) = [X",C].

. F(X,Y) = t(X*, V) = [, h)(XP, YR 2 [T, Ryt
+[AX", JYM + T o h[XP, VP + ho JX* VH
— JIX", hY") — JhX", YR — B[ X, YR

— h[ax", v EY e vh 4 X Y

— JIX" Yh] — h[ X", V] — A[XY, V.
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[X", V"] and [X 7, Y "] are obviously vertical, so the last two terms vanish. Since
JEXYH) = J(AXR, Y 4 o[XR, V) = J[X, Y] = [X, Y],

we have the desired formula. uf

The key relation between the semisprays and the horizontal endomorphisms
is given by the following important result, discovered independently by M.
Crampin [5,6] and J. Grifone [8].

Theorem A.
(i) If S is a semispray on the manifold M, then

(19) hi= %(1 +[7,9])

is a horizontal endomorphism on M, whose weak torsion vanishes. If, in
addition, S is a spray, then h satisfies the homogeneity condition, i.e. the
tension of h also vanishes.

(ii) Suppose, conversely, that h is a horizontal endomorphism on M. h arises
from a semispray according to (19) if and only if its weak torsion form
vanishes.

1.4. Finsler manifolds. To avoid any confusion arising from the different
conventions, we have still to proceed with some very basic definitions and facts.

Definition 3. Let a function E : TM — R be given. The pair (M, E)
(or simply M) is said to be a Finsler manifold with energy function E if the
following conditions are satisfied:

(F1) Va€eTM:E(a)>0; E0)=0.

(F2) E is of class C* on TM and smooth over 7M.

(F3) CE =2E,i.e. E is homogeneous of degree 2.

(F4)  The form w := dd;FE € Q*(T M), called the fundamental form,

is nondegenerate.

Remark 2. Keeping the notations of the definition, we have the following
useful identities:

(20) icw = dJE, ,ch =w, iJw =0.
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Lemma 2 and definition. If (M, E) is a Finsler manifold with fundamental
form w, then the mapping

(21) g:X"(TM) x X*(TM) = C>(TM),

(JX,JY) = §(JX,JY) := w(JX,Y)
is a well-constructed, nondegenerate, symmetric bilinear form (over C*°(TM)),
which is said to be the Riemann-Finsler metric of (M, E). ul

Lemma 3 and definition. On any Finsler manifold (M, E) there is a spray
S :TM — TTM which is uniquely determined over T M by the formula

isw = —dE.
This spray is called the canonical spray of the Finsler manifold. ]

In his book [19], B. O’Neill refers to the fundamental lemma of semi-
Riemannian geometry as “the miracle of semi-Riemannian geometry”. Well
now, the “first miracle of Finsler geometry” is the following essential result,
due to J. Grifone [8].

Theorem B. On a Finsler manifold (M, E) there is a unique horizontal endo-
morphism h such that

(BTl) dnE =0 (“h is conservative”).
(B12) The strong torsion of h vanishes.
h is given by the formula

h=50+128)),

where S is the canonical spray. u

We shall call the horizontal endomorphism guaranteed by Theorem B the
Barthel endomorphism of the Finsler manifold.

Lemma 4. Let us consider the Riemann-Finsler metric g and suppose that h
is a horizontal endomorphism on M. If, as above, v := 1 — h, then

(22) 9 :X(TM) x X(TM) - C*(TM)

(X,Y) = g(X,Y) == g(JX, JY) + g(vX,0Y)
is a well-defined (pseudo-) Riemannian metric on T M, called the prolongation
of g along h. uf

Remark 3. It can be checked immediately that
(23) VX, Y € X(TM): g(hX,JY) =0,
(24) 9(C,C) =g(C,C) = 2E.
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Lemma 5 and definition. Let (M, E) be a Finsler manifold and consider the
prolonged metric g given by (22). There exists a unique tensor

C: X(TM) x X(TM) = X(TM)

satisfying:
(1) JoC =0;
1
() VXY,Z€X(TM): g(C(X,Y),17) = 5(Lsx ')V, 2).

C has the following properties:
e it is semibasic;

e ifC,(X,Y,Z) :=g(C(X,Y),JZ), then C, is symmetric;

e C%:=1ig,C =0, where Sy is an arbitrary semispray.
C (as well as C,) is called the first Cartan tensor of the Finsler manifold. u

Lemma 6 and definition. Under the hypothesis of Lemma 5, there is a unique
tensor field C' : X(TM)xX(T M) — X(T M) satistying the following conditions:

(i) JoC' =0
1
(ii) VXY, Z € X(TM): g(C'(X,Y),12) = 5(Laxg)(JY, 1 Z).
Then C' is semibasic. C' (as well as its lowered tensor C;) is said to be the

second Cartan tensor of the Finsler manifold, belonging to the horizontal en-
domorphism h. u

2. Generalities on Finsler connections
Definition 4. Suppose that h is a horizontal endomorphism on M and D is
a linear connection on the tangent manifold TM or on the manifold 7 M.
(i) The pair (D, h) is said to be a Finsler connection on M if it satisfies the

following two conditions:

(Fins1) D is reducible: Dh = 0.
(FINs2) D is almost complex: DF = 0.

(F is the almost complex structure associated with h.)
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(i) The covariant differential DC € (T M) is said to be the deflection map.
If (D, h) is a Finsler connection, then

W (DC): X € X(TM)— DC(hX) = DpxC
is called the h-deflection, while v*(DC) (v = 1 — h) is the v-deflection.

Remark 4. The “Finsler connections” just introduced are the very same as
the “normal d-connections” in [17] and are in essence the same as Matsumoto’s
pair connections ([15] Def. 9.1).

Remark 5. We get immediately from (FiNs1) that the covariant derivatives
of a vertical vector field are vertical while the covariant derivatives of a hori-
zontal vector field remain horizontal. (FINs1) also implies (cf. [17,15]) that the
torsion tensor field T of D is completely determined by the following mappings:

A(X,Y) :=hT(hX,hY) — (h)h — torsion,

B(X,Y) := hT(hX,vY) — (h)hv — torsion,
R'(X,Y) := vT(hX, hY) — (v)h — torsion,
PY(X,Y) := vT(hX,vY) — (v)hv — torsion,
SY(X,Y) := vT(vX,vY) — (v)v — torsion.

Remark 6. Tt is easy to see that any Finsler connection (D,h) has the
following properties:
e DJ=0.
e D is completely determined by its action over X(T'M) x X¥(T M), namely:
for any vector fields X,Y € X(T' M),

(25) D,xhY = FD,xJY,
(26) DypxhY = FDpx JY.
e The curvature tensor field K of D can be described by the following three
mappings:
R(X,Y)Z := K(hX,hY)JZ — h-curvature,
P(X,Y)Z := K(hX, JY)JZ — hv-curvature,
QX,Y)Z :=K(JX,JY)JZ — v-curvature.

Definition 5. (ct. [9,15,21]) The mapping
D' X°(TM) x X°(TM) = 2°(TM), (JX,JY)w~ DiyJY =[J,JY]X
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is said to be the intrinsic or the flat v-connection in the vertical bundle 73,,.

Remark 7.

e It is easy to check that D is well-defined: JX' = JX implies that D ., JY =
Dy, JY.

e Diis a very simple but excessively important example of the so-called pseu-
doconnections; for their role played in the foundation of the theory of Finsler
connections we refer to [21] and [22].

e Applying the property [J, J] = 0, a simple calculation yields the evaluated
formula

(27) Dy JY = J[JX,Y].

o

Definition 6. A Finsler connection (D, h) is said to be of Berwald type, if it
satisfies the following conditions:

(Brwl) D[ X'(TM)x X°(TM) = D', ie. J*D=D:.
(Brw?2) VX,Y € X(TM) : DpxJY = o[hX, JY].

Corollary 1. If (lo), h) is a Finsler connection of Berwald type, then for any
vector fields X,Y € X(TM),

(Brw3) DoxhY = h[vX, Y],

(Brw4) DiuxhY = hF[hX, JY].

Proof. This follows immediately by (25) and (26). ul

Proposition 1. Suppose that (D, h) is a Finsler connection of Berwald type.
(i) The h-deflection of (D, h) coincides with the tension of h.

(ii) The torsion tensor field T of D can be represented in the form

(28) T=Fot+R

(t is the weak torsion, R is the curvature of h; see 1.3).
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Proof.
(i) Let X € X(M) be arbitrary and let us choose a semispray So. Then, taking
into account the proof of Lemma 1, we get:

DynC = DynJSy "=

This proves our first claim.
(ii) Let X,Y € X(M) be arbitrary. Since [X",Y?] is vertical, it follows that

v[ X", 0] =n(X) = HX").

']%(Xha YY) = Bthu — _lo)Yth — X" Y] (Brw2,3)

=o[X" Y7 - hlY?, X" - [ X" Y] =0.

Similarly,

]

T(XU’YU) — _lO)XvYU _ _5YUX1J _ [XU,Yv] (Brwé),(l)

0.
So we have to evaluate T only on a pair of form (X" Y"). We obtain:
T(xh, yhy B2 O pyixch yo] - Foyh, X0] — [X*, V)
=F([X",Y"] - [Y" X)) - [X,Y]" —o[X", Y]
W p(xh,vY] - V", X - J[X, Y]*) — o[ X", Y]
(W temmal oy 4 RY(XM, V).
This proves what we wanted. i
Corollary 2. Hypothegjs as in Proposition 1.

(i) The h-deflection of (D, h) vanishes if and only if h satisfies the homogeneity
condition.

(if) The (h)h torsion A of D is related to the weak torsion of h by the formula

o
A=Fot,
consequently the vanishing of A is equivalent with the vanishing of the weak
o]
torsion t. In this case the torsion of D coincides with the curvature of h.

Proof. Tt is enough to note that for any vector fields X, Y € X(T M),
AX,Y) == hT(hX, 1Y) D hFt(hX, hY) + hR(hX, hY)
B Fot(hX,hY),

because t and R are both semibasic. ]
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Corollary 3. If (D, h) is a Finsler connection of Berwald type with vanishing
h-deflection, then the weak torsion of h is homogeneous* of degree 0, i.e. [C,t] =
—t.

Proof. [C,t] =[C,[J, h]]. The graded Jacobi identity gives the relation

0=[C,[J,h]] + [/, [h, C]] = [A,[C, J]].

Since (D, h) has no h-deflection, the second term vanishes by Corollary 2/(i),
while the third terms gives —t by (9). Thus we obtain the desired formula. &

Proposition 2. Let (M, E) be a Finsler manifold and (D, h) a Berwald-type
Finsler connection on M. Consider the second Cartan tensor C' belonging to
h.

(i) For any vector fields X,Y,Z € X(M),

QCIQ(XC7YC>ZC) = (-Bth)(YvaZv) = [Yva [Xhazv]]E

+Y?[Z°(X"E)].
(ii) If h is conservative and its torsion form 7 vanishes, then C; is totally sym-
metric.
Proof.

(a) Let us note first that for any vector fields X, Y € X(M), the relation
(%) g(X",Y") =g(X",Y") = X"(Y'E)
holds. Indeed,

v v = v v (3)— c c
9(X*,Y") =g(X*,Y") = g(JX°, JY*)

@ e ve) ) g, By (XY, v

= X" (d;BE(Y®)) - Y°(dsE(X?)) — dsE[X?,Y"]

© xv(dB(JY*)) - Y (dBE(JX")) — dE(J[X", V<)
WD xo(gpyvy) = XU(VE).

* For the definition of homogeneity of vector forms see (8], I. 4.
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(b) Now we prove (i). For any vector fields X,Y, Z € X(M),

204X, Y, 2°) = (Laxeg) (JY©, J2°) L (Lyng) (Y7, 27)

= (Dxrg) (V" 2%) = XPg(v?, 2°) — g(IX", V"), 2°)
- g(v,[x", 2']) ¥ X" [v*(2"E)]
- [X"Y*|(Z°E) — g([X", Z2"],Y")
=Y'[X"(Z2"E)] - [X",Z"|(Y"E)
=Y"([X", Z'|E+ Zz°(X"E)) - [X", Z*](Y"E)
= [V, X", Z'|E+ Y [Z°(X"E)].

(c) Suppose that h is a conservative horizontal endomorphism with vanishing
weak torsion. Then for any vector field X € X(M),

0 = (dpE) (X°) 2 dE(hX°) = dE(X") = X"E,
and hence (from (i)),
2C,(X°,Y*°, Z°) = [Y7,[X", Z¥]] E.

Now, using the Jacobi identity and the condition 7 = 0, we obtain: for any
vector fields X,Y, Z € X(M),

0=[v",[X" 2] + [X*,[2°, V"] + [2°, [V, X"]]

—

[y xt, 2 + [z, XM 2 v [xt, 2]
+ [20, -yt X + [27 - (X Y)]

Y [vr, Xt 2v]) - [2Y, v, X

—
—

therefore [Y?,[X", Z¥]] = [Z?,[Y", X?]]. This means that
Cy(X°Y°, Z%) = Cy(Y*, Z°, X°).

The further symmetries of C; can be shown in the same manner. uf
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3. The Berwald connection of a Finsler manifold

Theorem 1. (cf. [1,9,18]) Let a Finsler manifold (M, E) be given and suppose
that h is a horizontal endomorphism on M.

(i) There is a unique Finsler connection (D, h) on M such that

(01) The (v)hv torsion P! of D vanishes: |P' = 0.

(02) The (h)hv torsion B of D vanishes: | B = 0|,

o
Then (D, h) is of Berwald type, so the covariant derivatives with respect to

D can be explicitly calculated by (BRw1)—(Brw4).

(i) If (lo), h) satisfies the further conditions

(03) dnE =0 (i.e., h is conservative),
(04) the h-deflection h*(lo)C’) vanishes,
(05) the (h)h torsion A of D vanishes,

then h is just the Barthel-endomorphism of the Finsler manifold.
Proof.

Step 1. We assume that (D, h) is a Finsler connection, satisfying (01)—(02).
First we show that (O1) and (O2) imply (BRw2) and (BRw3). Indeed:

(O1) = (Brw2) Let X,Y € X(T'M) be arbitrary. Then

0L PUX,Y) = vT(hX, JY) = v(DpxJY — DyyhX — [hX, JY],

— DypxJY — o[hX,JY]  (by Remark 5), thus we get (BRw2).

(02) = (BrRw3) Indeed, VX,Y € X(T'M):

(02) ¢

0 ‘Y B(Y, X) = hT(hY, JX) = h(Dny JX — DyxhY — [hY, JX])

— _DyxhY — h[hY, JX],
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hence DyxhY = h[JX, hY]. Replacing X by FX, this is just (BRw3). Having
these formulas, now we derive (BrRw4) and (Brw1). For any vector fields
X,Y € X(TM),

0 "2 DR(JY,hX) = Dyx FJY — FDpxJY
W DuxhY = FDuxJY P2 FulnX, JY] = hF[RX, JY],

so (Brw4) is valid;

0= DF(JY,JX) = DyxFJY — FD;xJY ‘&

=DjxhY — FD; x JY,
therefore

DyxJY = —FD,;xhy = _prrx,v] 2 Jiix,v),

thus we have obtained (BRw1).

Step 2. Suppose that (03)—(05) are also satisfied. Then (O5) implies by Corol-
lary 2/(ii) the vanishing of the weak torsion of h, and from (04) it follows that
the tension H also vanishes. Thus the strong torsion

T:=ig,t+H=0.

This, together with (O3), means that h is indeed the Barthel endomorphism.

Step 8. The method of the existence proof is the following. We consider the
Barthel endomorphism A of (M, E) (its existence is guaranteed by Theorem B)

and define D by the formulas (BRw1)—(Brw4). Then (03) is satisfied auto-
matically, while (O4) and (O5) follow by Corollary 2. It remains to check that

D is indeed a linear connection and (O1), (0O2) are also satisfied. This can be
done by an easy straightforward calculation so we omit the details. [

Remark 8. The connection just described is said to be the Berwald connec-
tion of the Finsler manifold of (M, E). Axioms (O1)—(05) were formulated by
T. Okada [18] with a slight difference. Based on these axioms, Okada calculated
the connection parameters by means of classical tensor calculus. For another,
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but closely related, approach see [9]. Recently, M. Abate [1] also characterized
the Berwald connection. Similarly to Okada’s, his proof is not coordinate-free.

Remark 9. In his paper [14], M. Matsumoto raises the following question:
keeping the axioms (01)-(04), is there some possibility to revive the (h)h-
torsion tensor field? He gives a criterion for the existence of a “Berwald con-
nection with nonvanishing (h)h-torsion” or “BTT-connection” in the following
local form:

r 6 i 8 i
() v (T gy Te) =0

here T}% are the components of the (h)h-torsion with respect to a suitable local
basis of X(7 M). Now we are in a position to present a brief discussion of this
problem with the help of our intrinsic tools.

e Because of Corollary 2/(ii), the desired horizontal endomorphism must be
different from the Barthel endomorphism and, by Theorem A/(ii), it cer-
tainly does mot arise from a semispray.

e According to Corollary 3, the 0-homogeneity of the weak torsion is forced,
S0

(29) [C,t] = —t

gives a necessary condition. (Making some effort, it can be shown that (29)
o
implies the 1-homogeneity of the (h)h-torsion A Cx2po t.)

e A further necessary condition can be obtained as follows: Applying (5.8)
of [7] and (2), we have:

0=1[J,[J,h]] + [J,[h, J]] + [I, [, J]]
= 2[J,[J, h]] = 2[J. 1],

hence

(30) [J,4] = 0.

e An easy but a little lengthy calculation shows that in local coordinates (29)
and (30) lead to (*x), so we have obtained an intrinsic formulation of Mat-
sumoto’s criterion. This formulation seems to be fruitful for further study
of such important topics as generalized Berwald spaces, Wagner spaces and
so on; for remarkable recent results see [23].
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4. The Cartan connection on a Finsler manifold

Theorem 2. (cf. [9,15]) Let a Finsler manifold (M, E) be given and suppose
that h is a horizontal endomorphism on M, arising from a semispray. Let g be
the prolongation of § along h and C' the second Cartan tensor belonging to h.

(i) There is a unique Finsler connection (D,h) on M (D is given on TM ) such

that

(M1) D is metrical: .

(M2) The (v)v-torsion S* of D vanishes: .
(M3) The (h)h-torsion A of D vanishes: .

(M4) The h-deflection of (D, h) vanishes: .

The covariant derivatives with respect to D can be explicitly calculated by
the following formulas:

(C1) D;xJY = J[JX,Y]+C(X,Y)
(C2) DyxJY =v[hX,JY]+C'(X,Y)
(C3) D,xhY = h[vX,Y]+ FC(FX,Y)
(C4) DpxhY = hF[hX,JY]|+ FC'(X,Y)

(X,Y € X(TM)).

(ii) If, in addition,

(M5) h is homogeneous: | H = [h,C] =0

then h coincides with the Barthel endomorphism of the Finsler manifold.

Proof. The plan of attack is the very same as that of Theorem 1. We are going
to show the unicity of (D, h) and to check that h is the Barthel endomorphism.
The existence proof will be omitted again.

Unicity.
(a) First we derive (C1). For the sake of simplicity, we use vertically lifted vector
fields, so let X,Y, Z € X(M) be arbitrary. From (M1) it follows that

Xvg(Y",2Z7)
Y?g(Z°,X")
-Z"g(X",Y")

g(DX”Yvazv) +g(Yv7DX”Zv)7
g(DY"ZvaXv) +g(Zv7DY”XU)7
—g(D7 XV, Y") = g(X?, D7Y").
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Adding these three equations and using that from (M2)

DXuY"—Dyusz[X“,Y"](lz)O and so on,
we get the relation
(31) g(2Dx-Y?,Z%) = XVg(Y",Z") + Y g(Z", X") — Z'g(X",Y").
From the definition of the tensor C (Lemma 5)

29(C(X",Y"h), JZ") = X¥g(Y", 2") — g(J[X", Y], 27)
—g(Y*, J[X", Z")).
[X?,Y"] and [X?, Z"] are vertical hence J[X?,Y"] = J[XV, Z"] = 0. So we

have:
2g9(C(X", V"), JZ") = X g(Y", ZY).

In the same way,

29(C(Y", Z"), JIX") = Y"g(2", X"),
_QQ(C(ZhaXh)a JYh) = _ng(vayv)'

Adding again the last three equations and taking into account the symmetry
of C, we get

(32) 9(2C(X",Y"),Z2°) = X g(Y",Z") + Y"g(Z", X")
— Z%g(X?,YY).

From (31) and (32) it follows that
Dx.Y? =C(Xh Y"),
which is just (C1) in the case X := X" YV := Y*. If f € C®°(T M), then
Dxe fY* 2 D n fIV" = (XYY" + fC(XP, V);
on the other side

JIIX", fY"] = J[X", Y] = J(XHY"] = (XY™,
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therefore (C1) holds in the general case too.

Next we show that h is conservative. Let X € X(M) be an arbitrary vector
field. Applying conditions (M1) and (M4) we obtain:

(M1)

0 =" (Dxrg) (C,C) = X"g(C,C) — 29 (Dx1C,C)

M xhgc,0) B 2xhE = 2dB(X?) = 2d, B(X).

This means that dy E = 0, indeed. Since h arises from a semispray, in view
of Theorem A/(ii) its torsion form 7 vanishes. Thus we can conclude by
Proposition 2 that the second Cartan tensor C' belonging to h is symmetric.

Now we are in a position to derive (C2). As in the preceding reasoning, we
begin with the usual “Christoffel process”. VXY, Z € X(M):

Xhg(Yv,Z°) = g(DxnY?,Z%) + g(Y?, Dxn ZY),
(33) Vhg(Z¥,X") = g(DynZ", X¥) + g(Z*, Dyn X"),
—Z"g(X",Y") = —g(Dpn XV, Y") = g(X*, D V")
(since D is “h-metrical” as well). From the vanishing of the (h)h-torsion
DxnY" — Dyn X" = n[ X" Y = [X,Y]",
hence
h h_ c (10),(3) v
FDxnYh — FDyu X" = FR[X, V)" 2% _1x, v
Here FDxn V" % _DynJY? = —DyaY? and, similarly, FDyr X" =
—Dyr X". So we obtain:
DxnY? — Dya XV = [X, Y],
(34) DynZ° = DY =Y, Z)°,
—Dyn XY+ Dxn Z° = —[Z, X]°.
Adding now both sides of (33) and using (34) it follows that

(35) 9(2DxnY",Z%) = X"g(Y*, Z") + Y"g(2", X")
- Zhg(XUJYU) + g([X, Y]UJ Zv)
—9([Y, 2], X*) + 9([2, X]°, V).



NOTABLE FINSLER CONNECTIONS ON A FINSLER MANIFOLD 29

In the next step we apply the Christoffel process to the tensor C' belonging
to h. We get:
QQ(CI(th Yh)a Zv) = th(Yva Zv) - g([Xha Yv]v Zv) - g(Yva [Xha Zv])v
29(C'(Yh, Zh), X¥) = Yhg(ZY, XV) — g([Y", 2], X¥) — g(Z°,[Y", X)),
—29(C'(Z", X"),Y") = =Z"g(X",Y") + g([Z", X"}, V") + g(X", [Z",Y")).

We add these three equations. Using the symmetry of C' (assured in (b)),
the following relation drops out:

9(2C" (X" Y"), Z%) = X g(Y", Z¥) + Y'g(Z", X")
(36) _Zhg(XvaYv) - g([XhJYU] + [YhJXU]JZU) + g([ZhaXU]
—[X",Z2°),Y") + g([Z", Y] - [Y", Z¥], XV).

Substituting the first three terms of the right side of (35) from (36), we have:

g(2Dxn YV, Z%) = g(2C" (X", Yh), Z?)
+g([X", Y]+ [Yh, XV] + [X, Y], 2Y)
37) +9(X", 2] - [Z2", X"] - [X, Z]",Y")
+g([Y", 2] = [Z", VY] - [V, Z]°, X7).

By our assumption h arises from a semispray so in view Theorem A/(ii) the
torsion form 7 of h vanishes. Thus (by (16))

7(X,Y) = [Xh, VY] = [Vh, X¥] - [X,Y]' =0,
(X,2) =[X",z°] - [2", X"] - [X, Z]" =0,
T(Ya Z) = [Yha ZU] - [ZhJYU] - [Y7 Z]v = 0;

T

consequently the third and the fourth term on the right side of (37) vanish,
while in the second term

(XM Y]+ YR X+ [X, Y] = 2[X", V7).
So at last we have achieved our aim: it follows that

g(2DxnY?, Z%) = g(2C" (X", V") + 2[Xh, V"], ZY),
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therefore
DxnY?¥ = [X" Y] +C' (X", Yvh).

This proves (C2) and, at the same time, the unicity assertion of the Theo-

rem. IZT

Remark 10.

e The Finsler connection (D, h) described by the theorem is called the Cartan
connection of the Finsler manifold (M, E). It is most closely related to
the Levi-Civita connection of a Riemannian manifold so Theorem 2 can be
referred to as the “second miracle of Finsler geometry”.

e Axioms (M1)—(M5) were first formulated by M. Matsumoto; for a brief his-
torical account and a comparison see his monograph [15]. Grifone’s axioms
in [8] are the same in essence. We would like to emphasize two important
features of our treatment again.

* The starting horizontal endomorphism is not supposed to be the Barthel
endomorphism.

x The fine logical connections among the axioms (M1)—(M5), the rules
(C1)—(C4) and the (partly forced) properties of the given horizontal en-
domorphism became transparent.

5. The Chern-Rund and the Hashiguchi connection

After having proved Theorems 1 and 2, following the line of the preceding
reasoning we can easily deduce the following results.

Corollary 4. (cf. [15,16]) Let (M, E) be a Finsler manifold and h a horizontal
endomorphism on M, arising from a semispray. Let us consider the Riemann-
ian metric g given by (22).

R
(i) There is a unique Finsler connection (D, h) on M, satisfying:

R .
(CHR1)  J*D = D,
R R
(CHR2) D is h-metrical (i.e., VX € X(TM) : Dpxg = 0),
R
(CHR3) the (h)h-torsion of D vanishes,

R R
(CHR4) the h-deflection h*(DC') of D vanishes.

R
The covariant derivatives with respect to D and their connection with the
previously described ones are given by the following table:
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(R1) DyxJY = JIIX,Y] = Dyx Y

(R2) DuxJY = o[hX, JY] +C'(X,Y) = Dux JY
(R3) DuxhY = h[vX,Y] = DyxchY

(R4) DuxhY = hF[hX, JY] + FC'(X,Y) = DpxhY

(X,Y e X(TM)).
(ii) If, in addition,
(CHRS5) h is homogeneous (i.e., H = [h,C] = 0),
then h is the Barthel endomorphism of the Finsler manifold. [
Remark 11. The Finsler connection just described is called the Chern-Rund
connection of the Finsler manifold (see the Introduction).

Corollary 5. (cf. [15,16]) Let us consider a Finsler manifold (M, E) and the
Riemannian metric g given by (22). Suppose that h is a horizontal endomor-

phism on M.

H
(i) There is a unique Finsler connection (D, h) such that

H H
(Hsagl) The (v)hv-torsion of D vanishes: | P! = 0|.

H H
(Hsa2) D is v-metrical, i.e. VX € X(TM) :|Dyxg=0|.

H H
(Hsa3) The (v)v-torsion of D vanishes:|S' =0 |.

H
The covariant derivatives with respect to (D, h) and their relations to the
Berwald and Cartan covariant derivatives are summarized in the following

table:
(H1) DyxJY = JIJX,Y] +C(X,Y) = Dyx JY
(H2) DaxJY = v[hX, JY] = Dpx JY
(H3) DuxhY = h[vX, Y]+ FC(FX,Y) = DyxhY
(H4) DaxhY = hF[hX, JY] = Dpxh¥

(X,Y € X(TM)).
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H
(ii) If (D, h) satisfies the further conditions

(Hsc4) dhE = 0;
H H
(Hsa5) the (h)h-torsion of D vanishes (i.e., A = 0);
H H
(Hsa6) the h-deflection h*(DC') of D vanishes

then h is the Barthel endomorphism of (M, E). ul

H
Remark 12. The Finsler connection (D, h) described by Corollary 5 is called
the Hashiguchi connection of (M, E).

Remark 13. We have the following interesting relation between the (v)hv-
torsion of the Cartan connection, the (v)hv-torsion of the Chern-Rund connec-
tion and the second Cartan tensor C':

PL(X,V) = BY(X,Y) = C'(X,FY)  (X,Y) € X(TM)).
Indeed, for any vector fields X,Y € X(T M),
P'(X,Y) := vT(hX,vY) = v(DaxvY — DyyhX — [hX,vY])
— DpxoY — o[hX,vY]
(@) WhX, vY] + C'(X, FY) — v]hX, Y] = C'(X, FY),

R
and P! = P! due to (R2). This observation yields the following “commutative
diagram” (cf. [15], p. 120) and [22]):

*p_pi R
Cartan connection (D, h) L P=P", Chern-Rund connection (D, h)
o R o
h* D:Dl lh* D=D

H *p_pi o
Hashiguchi connection (D, h) L P=D",  Berwald connection (D, h)

(h is the Barthel endomorphism).
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