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Using weak forms to derive asymptotic
expansions of elliptic equations with
high-contrast coefficients

Leonardo Andrés Poveda Cuevas!?

Abstract. In this work we review some recent results on approximation of
solutions of elliptic problems with high-contrast coefficients. In particular, we
detail the derivation of asymptotic expansions for the solution in terms of the
high-contrast of the coefficients. We consider the case of high-contrast elliptic
equations and we present the case of only one high-contrast inclusion. The case
of more inclusions follows similarly. In order to simplify the presentation we
consider first the one dimensional case so no further complicated requirements
regarding the computation of two or higher dimensional integrals are needed.
We review the case of two-dimensional problems and give some numerical
examples.

Keywords: Elliptic equations, high-contrast coefficients, asymptotic expan-
sions.

Resumen. En este trabajo revisamos algunos resultados recientes sobre la
aproximacion de soluciones de problemas elipticos con coeficientes de alto con-
traste. En particular, detallamos la derivacién de expansiones asintéticas para
la solucién en términos del alto contraste de los coeficientes. Consideramos
el caso de ecuaciones elipticas de alto contraste y presentamos dnicamente el
caso de una inclusion. El caso de més inclusiones se sigue de manera similar.
Con el fin de simplificar la presentacién consideramos primero el caso unidi-
mensional, para evitar complicaciones con respecto al cdlculo de integrales de
dos 0 més dimensiones. Revisamos el caso de problemas bi-dimensionales y se
dan algunos ejemplos numéricos.
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1. Introduction

The mathematical and numerical analysis of partial differential equations in
multi-scale and high-contrast media are important in many practical applica-
tions. In fact, in many applications related to fluid flows in porous media the
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100 Leonardo Andrés Poveda Cuevas

coefficient represents the permeability (which is how easy the porous media
let the fluid flow). The values of the permeability usually, and specially for
complicated porous media, vary in several orders of magnitude. We refer to
this case as the high-contrast case and we say that the corresponding elliptic
equation that models (e.g. the pressure) has high-contrast coefficients, see for
instance [4, 7, 8].

A fundamental purpose is to understand the effects on the solution related
to the variations of high-contrast in the properties of the porous media. In
terms of the model, these variations appear in the coefficients of the differential
equations. In particular, this interest gives an importance for the computation
of numerical solutions.

In order to devise efficient numerical strategies it is important to under-
stand the behavior of solutions of these equations. Deriving, and manipulating
expansions representing solutions certainly help in this task.

In this work we detail the derivations of asymptotic expansions for high-
contrast elliptic problems. We consider expansions of the form

uy (@) = >y (o), (1

and detail procedures to define and compute each of the terms in the series.
This work is preliminary and complements current work in the use of similar
expansions to design and analyze efficient numerical approximations of high-
contrast elliptic equations, see [8].

This manuscript is organized as follows. In Section 2 we detailedly show
how to work out the expansion for one dimensional problems. We give some
explicit examples. In Section 3 we summarize the procedure for two dimensional
problems and give some numerical examples. In Section 4 we present some
conclusions and work perspective.

2. Asymptotic expansion in one dimension

In this section we detail the procedure to derive (by using weak formulations)
the asymptotic expansion for the solution of a high-contrast elliptic problem.
In order to simplify the presentation we have chosen a one dimensional problem
with only one high-contrast inclusion. In Section 3 we summarize the procedure
for higher dimensional problems.

Let us consider the following one dimensional problem (in its strong form)

xz), forallze (-1,1),
:um:&) ey (2)

where the high-contrast coefficient is given by,

1, -1<z<-dord<ax<l,
“@{n, << 3)

In this case we assume n >> 1. This differential equation models the stationary
temperature of a bar represented by the one dimensional domain [—1,1]. In
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Derivations of high-contrasts expansions 101

this case, the coefficient k models the conductivity of the bar which depends
on the material the bar is made of. For this particular coefficient, the part
of the domain represented by the interval (—§,d) is highly-conducting when
compared with the rest of the domain and we say that this medium (bar) has
high-contrast conductivity properties.

We first write the weak form of this problem. We follow the usual proce-
dure, that is, we select a space of test functions, multiply both sides of the
equations by this test functions, then, we use integration by parts formula (in
one dimension) and obtain the weak form. In order to fix ideas and concentrate
on the derivation of the asymptotic expansion we use the usual test function
and solutions spaces, in this case, that would be subspaces of H' (—1,1) for
both, solutions and test functions.

Let v € H}(—1,1) be a test function and v € H'(—1,1) is the sought
solution, for more details of the spaces H! and Hg see for instance [2, 6]. Then
after integration by parts we write

1 1
/ ku'v' = / fv, forallve H} (—1,1).
-1 -1
Here v is the weak solution of problem (2). Existence and uniqueness of the
weak solution follows from usual arguments (Lax-Milgram, in e.g., [2]). To
emphasis the dependence of u on the contrast n, from now on, we write u,,
for the solution of (2). Note that in order to simplify the notation we have
omitted the integration variable x and the integration measure dx. We can
split this integral in sub-domains integrals and recalling the definitions of the
high-contrast conductivity coefficient k = x (x) in (3), we obtain

-5 5 1 1
/ u'v’—i—n/ u'v +/ u'v :/ fu, (4)
-1 -5 5 -1

for all v € H} (—1,1). We observe that each integral on the left side is finite
(since all the factors are in L? (—1,1)).
Our goal is to write an expansion of the form

uy () = Y07y (), ()
§=0

with individual terms in H' (—1,1) such that they satisfy the Dirichlet bound-
ary condition u; (—1) = u; (1) = 0 for j > 1. Other boundary conditions for
(2) can be handled similarly. Each term will solve (weakly) boundary value
problems in the sub-domains (—1,—4), (—4,0) and (4,1). The different data
on the boundary of sub-domains are revealed by the corresponding local weak
formulation derived from the power series above (5). We discuss this in detail
below.

We first assume that (5) is a valid solution of problem (4), see [5], thus we
can substitute (5) into (4). We obtain that for all v € H} (—1,1) the following
holds

500 § o 1o 1
/ Znﬂu;vW—n/ Znﬂu;v’—#/ Znﬂu;v’ :/ fo,
1 j=o =9 j=0 o j=0 -
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or, after formally interchanging integration and summation signs,

S [ [ [
1 o

Jj=0

S o

1
+Z777]+1/ u}v’z/ fu.

= -5 -1

Rearrange these to obtain,

o ] -5 1 ] K} 0o . § 1
S| [t [ e [ e o [ = [
= 1 5 -5 = -5 -1

which after collecting terms can be written as

< [ =6 5 T
Znﬂ /1 u;v'+/5u;+lv’+/§ n~uv’

j=0

+77/2u6v' /11 fv, (6)

which holds for all test functions v € H}(—1,1). Now we match up the coeffi-
cients corresponding to equal powers on the both sides of equation (6).

2.1. Terms corresponding to 7
In the equation (6) above, there is only one term with 1 so that we obtain
5
/ upv’ =0, for allv € Hy (—1,1).
-5

Thus uj = 0 (which can be readily seen if we take a test function v such that
v = up) and therefore ug is a constant in (—d,0).

2.2. Terms corresponding to 7" = 1

The next coefficients to match up are those of n° = 1, the coefficients in (6)
with j = 0.

1.5¢

Figure 1: Function v in Vgpgt-
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Let
Veonst = {v € Hi(-1,1): vM = V] (=s,5) is Constant}.

For an illustration of the function v in Vigpgt, see Figure 1. We have

-5 1 1
/ ugv’ —|—/ ugv' = / fu, forall v € Vegnst- (7)
5 -1

-1

To study further this problem we introduce the following decomposition for
functions in v € Vgopgt- For any v € Vgpst, we write

v = CoX + oM 4 ’U(Q),

where vV € HJ (—-1,-0), v@® € H} (6,1) and y is a continuous function
defined by
1, z € (—6,0),
x(x)=1<¢ 0, xr=-1,x=1, (8)
harmonic, otherwise.

, x(ff) |
1.5
1l
0.5
s 0 5 1

Figure 2: x function.

See Figure 2 for an illustration of x. Note also that

0, x € (=4,0),
X'()=9 1/(1-6), ze(-1,-9), (9)
-1/(1—-94), ze€(4,1),

and observe that x € Hg(—1,1).

The same decomposition holds for ug, that is, ug = cox + ™) + u(?, since
ug € Veonst- Note that this is an orthogonal decomposition, which can be
verified by direct integration. Next we split (7) into three equations using the
decomposition introduced above. This is done by testing again subset of test
functions determined by the decomposition introduced above.
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1. Test against y, that is, let v = x € Hg (—1,1) in (7) and using that

ug = dx + uM + u® we get,

-6 , 1 , 1
/ (00x+u(”+u<2)) x'+/ (00x+u<”+u<2)) x’=/ fx, (10)
1 1) —1

which after simplification (using the definition of x and the fundamental
theorem of calculus) gives

/ 15 co () + /5 () = / 11 x

from which we get

J1 fx 1-4 [
0= =50 o ()
SR er 2 e
where we have used the derivative of x defined in (9) for (-1, —4J) and

(6,1) respectively.

We now test (7) against o) € H} (=1, —§) (extended by zero), that is,
we take v = v in o) € H} (—1,-0) to get

=6 ’ ’ 1 / ’ 1
/ (Cox +uM 4 u<2)) (v(l)) +/ (cox +uM 4+ u(Q)) (vm) = fv(l).
-1 5 -1

1 ’ ’
Note that / (cox +u® 4+ u(2)) (v(l)) = 0 (since v is supported in
5
(—1,—6)). Using this, we have that

-5
/ (cox +u) 4 u(2 / fol.
-1

After simplifying (using the definition of x and the fundamental theorem
of calculus) we have

/ ((1) / Fo@, for all vV € HY (=1,-8).  (12)
—1

Recalling the boundary values of u(!) we see that (12) is the weak formu-
lation of Dirichlet problem

— ’Z,L(l) //: , iIl *1,*6,
{ u(l() (—i) = ({ ey (_(5) _ 0.) (13)

Testing against v(?) € H} (8,1) we get (in a similar fashion) that

1
/ (u<2>) ( (2) / o, forall v® e HL(5,1).  (14)
§

Then u® is the weak formulation to the Dirichlet problem
_ gu@))” =/, in(4,1),
u® (6) =0, u® (1) = 0.
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2.3. A remark about Dirichlet and Neumann sub-domain
problems

Now we make the following remark that will be central for the upcoming argu-
ments. Looking back to (7) we make the following observation about ug. Tak-
ing test functions v € H} (=1, —J) we see that ug solve the following Dirichlet
problem

-5 -5
/ ugv’ = / fv, forallv e Hy (—1,-9),
-1

-1
with the corresponding boundary data. The strong form for this Dirichlet
problem is given by

{ —2"=f, in (~1,-9)
z(=1) =0, z2(=0) = uo (—9),

with only solution z = ug in (—1,—0). From here we conclude that z = wug
is also the solution of the following mixed Dirichlet and Neumann boundary
condition problem

{ —2"=f  in(-1,-9),
2(=1)=0,2'(=07) =up (=67),

with weak formulation given by
-5 -4
/ 2 =g (=67 ) v (=67) +/ fv, forallve H'(-1,-6).
~1 ~1

Since z = ug € H* (—1,—4) is solution of this problem we can write

-5 -4

/ ugv’ =g (=6 ) v (=67) + fv, forallve H'Y(-1,-6). (15)
—1 —1

Analogously we can write

1 1
/ ugv’ =g (67) v (61) +/ fv, forallve HY(5,1). (16)
o 8

By substituting the equations (15) and (16) into (7) we have

(ug (—6‘)1}(—5_)4—/:16)‘1)) +/_6 W' + (/ Fo—u (5%) v (5+)) - _11 fo,

so that, after simplifying it gives, for all v € H' (—1,1), that
§ é
/ ! = / Fotu (67)v (5%) ) (67 )u(=67).  (17)
-5 -5

This last equation (17) is the weak formulation of the Neumann problem for
uy defined by

=
/\

>,
~

_ul_fa i
{uﬁ(ﬁ)u( 57) .l (67) = ufy (67F). (18)
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This classical Neumann problem has solution only if the compatibility condition
is satisfied. The compatibility condition comes from the fact that if we integrate
directly the first equation in (18), we have

5
_/ U1—/ f, and then we need u}(—8") — (9 / f.

Here, the derivatives are defined using side limits for the function u;. Using
the fact that u}(—d") = uj(—07) and w}(67) = u((6™) then, the compatibility
conditions becomes

)
uh(—67) — ub(5%) = / . (19)

In order to verify this compatibility condition we first observe that if we take
v =y in (15) and (16) and recalling the definition of x we obtain

-5
/ upX' = up(— / Ix and /UOX—“05+ /fX
-1

On the other hand, if we take v = x in (7) we have

-3 1 1
/ upx' +0+/ upx' = [ fx
—1 4 —1

Combining these three equations we conclude that (19) holds true.

Now, observe that (18) has unique solution up to a constant so, the solution
takes the form w; = w; + ¢1, with ¢; an integration constant. In addition, u;
is a function with the property that its means measure is 0, i.e.,

s
[ w-o
-8

In this way, we need to determine the value of constant ¢y, for this, we substitute
the function w; with a total function @y + ¢1, but the constant ¢; cannot be
computed in this part, so it will be specified later.

Therefore u; solves the Neumann problem in (-4, d)

/ ujp = / fo—[up(61) —up(—67)], for all v € H'(—6,9). (20)

2.4. Terms corresponding to 77!

For the other parts of u; in the interval, we need the term of n with j = 1,
which is given from the equation (6), we have

-5 5 1
/ ujv’ —|—/ upv’ —I—/ uiv' =0, forallve Hy(—1,1). (21)
5

-1 -4

Note that if we restrict this equation to test functions v € H}(—1,—6) and
v € HE(5,1) such as in (7), i.e., fis ubv’ = 0, we have

-5
/ ujv' =0, for all v € H(—1,—6),

-1
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and L
/ ujv’ =0, for all v € Hy(d,1),
5

where each integral is a weak formulation to problems with Dirichlet conditions

—uf =0, in (-1,-9),
up(—1) =0, (22)
ul(—5_) = ul(—5+) = ﬂ1(—5+) + ¢y,

and
—uf =0, in (4,1),
w1 (0T) = w1 (67) =1 (67) + ¢, (23)
ul(l) = 0,

respectively.

Back to the problem (21) above, we compute uy with given solutions in (22)
and (23) we get

5
/ ubv! = uf (=06 )v(—67) —uf (5T )v(sT).
-5
This equation is the weak formulation to the Neumann problem
—uf =0, in (-0,9), (24)
uy(—07) = uj(=67), uy(67) = uy (67).

Note that, since uy depends only on the (normal) derivative of wy, then, it
does not depend on the value of ¢;. But the value ¢; is chosen such that
compatibility condition holds.

2.5. Terms corresponding to n77, j > 2

In order to determine the other parts of us we need the term of 1 but this
procedure is similar for the case of u; with j > 2, so we present the deduction
for general u; with j > 2. Thus we have that

-5 5 1
/1 wjv' + /5u;-+1v’ +/6 wiv' =0, forallve Hj(—1,1). (25)
Again, if we restrict this last equation to v € Hi(—1,—6) and v € H(5,1) to
be defined in (7), we have
-5
/1 ujv' =0, for all v € Hj(—1,-6),

and .
/6 wjv' =0, for all v € Hi(6,1),
respectively. Where each integral is a weak formulation to the Dirichlet problem

—u/ =0, in(-1,0),
i (26)
uj(=67) = uj(=6") =u;(=0") + ¢,
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and —u/ =0, in(5,1),
uj(6%) = u;(07) = u;(67) + ¢y, 27
’U,j(l) =0.

Following a similar argument to the one given above, we conclude that u; is
harmonic in the intervals (—1, —0) and (0, 1) for all j > 1 and u;_; is harmonic
in (—4,0) for j > 2. As before, we have

wi(07) —uf(=0") = = [uf 1 (67) —uf_(=67)], forallj>2.
Note that w; is given by the solution of a Neumann problem in (—§,d). Thus,
the function takes the form u; = @; + ¢;, with ¢; being a integration constant,
though, u; is a function with the property that its integral is 0, i.e.,

s
/ u; =0, forallj>2.
-5

In this way, we need to determine the value of constant c;, for this, we substitute
the function u; with a total function w; +c¢;. Note that @; solves the Neumann
problem in (-4, d)

s
/ wp' = —[uf_ 1 (6%) —uf_(—67)], forall ve H'(-4,6). (28)
-5
Since c¢;, with j = 2,..., are constants, their harmonic extensions are given by
¢;jx in (—1,1), (see Remark 3.1 below for more details). We have

uj =u; +¢x, in (=4,9).

This complete the construction of u;.
From the equation (25), and solutions of Dirichlet problems (26) and (27)
we have

s
/5 10! = s (—6 Yo(—67) — (5 Yu(8"). (29)
This equation is the weak formulation to the Neumann problem
{ 7ug+1 = 07 in (767 5)7 (30)
Wiy (—0F) = uj(=07), w1 (07) = uj(67).

As before, we have
Wy (57) =ty (-6%) = = [u(6%) — uj(~57)]
The compatibility conditions need to be satisfied. Observe that
Wi (07) = Wiy (=07) = — [uf(67) —wf(—67)]
= —U;(07) — e5x(67) + U5 (—67) +e5x/(=07)
= Wj(=07) = W) +¢; [X(=07) =X/ (67)]
=0.
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By the latter we conclude that, in order to have the compatibility condition of
(30) it is enough to set,

@) -
TX(=07) = X(6T)
We can choose u;41 in (=6, ) such that
s
Uj41 = ﬂj+1 + Cj+1, where / ﬂjH = 0,
-6

and u;41 solves the Neumann problem
5
/ Wy v == [uj(6%) —uf(=67)], forallve H'(=6,0). (31)
)

and as before

Cj+1 =

)~ Wy (57)
+

_ﬂgﬂ(f(?* u;
X'(—=67) = x'(67)

(

2.6. Illustrative example in one dimension

In this part we show a simple example of the weak formulation with the purpose
of illustrating of the development presented above. First take the next (strong)
problem
(K‘ ('T) u’ (x))l = 07 in (_2a2)a (32)
u(=2) =0, u(2) =4,

with the function « (z) defined by

1, —2<z<—1,
k(x)y=4¢ n -1<z<1,
1, 1<z<2

The weak formulation for problem (32) is to find a function u € H*(—2,2) such

that
ffz H(x)u’(m)v’(x)dx =0,
{ w(2) = 0, u(2) = 4, (33)

for all v € H}(—2,2).

Note that the boundary condition is not homogeneous, but this case is
similar, and only the term wug inherit a non-homogeneous boundary condition.

As before, for j = 0 we have the equation (7), then wg is constant in (—1, 1)
and we write the decomposition ug = cox+u!) +u? and if v = x € H}(-2,2)
from equation (10) we have that ¢y = 2.

Similarly, we can take v = v} € H}(—2,—1) and we obtain the weak
formulation of Dirichlet problem

. @“(”)” —0, in(-2,-1),
uM(=2) =0, uM(-1) =0,
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that after integrating directly twice gives a linear function u*) = a; (2 4 2) in
(—2,—1) and «ay is an integration constant. Using the boundary data we have
M =90
ult) =0.
Ifv = v(® € H}(1,2) we have the weak formulation to the Dirichlet problem
(13) that in this case becomes,

{ - gu@))” —0, in(1,2),
u? (1) =0, u?(2) = 4.

Integrating twice in the interval (1,2) we obtain the solution, u(?) = ay(z — 1),
which becomes u(?) = 4(z — 1). We use the boundary condition to determine
the integration constant as. Then, we find the decomposition for ug = cox +
u™M 4+ 4@ for each part of interval which is given by

2(93 + 2)7 YIS (72, 71)7
up =4 2, z e (—1,1),
2z, z € (1,2).

With wug already computed we can to obtain the boundary data for the Neu-
mann problem that determines u; in the equation (18). We have

_ulll :O’ in (_151)7
Wh(—1) = 2, uy (1) = 2.

As before, we see that the compatibility condition holds and therefore it has
solution in the interval (—1,1). Easy calculation gives u; = 2. For computing
the constant ¢;, we consider the Neumann problem (20), which has the solution
u1; = 2x. By the definition of u; = w; + ¢; we conclude that ¢; = 0. Now, in
order to compute u; in the (=2, —1) and (1,2) we apply the condition in (21).
It follows from the Dirichlet problems (22) and (23), that the solutions are
u; = —2(z + 2) and u; = —2x + 4 respectively. We summarize the expression
for u; as

—2(x+2), ze(-2,-1),

up = 2z, x € (—1,1),
—2(x—2), ze€(1,2).

Returning to equation (21) we can obtain ug in the interval (—1,1) by solving
the Neumann problem

—uy =01in (—1,1),
ub(—1) = =2, uh(1) = 2.

Note again that the compatibility condition holds. The solution is given by
ups = —2zx. Computing the constant cy, we consider the Neumann problem
(28) for j = 2, has the solution @z = —2x. Note that we assume the boundary
conditions of Dirichlet problems (26) and (27). Then ¢y = 0. So, in order to
find uz in the intervals (—2,—1) and (1,2), we apply the condition in (25). It
follows from (26) and (27) that the solutions are ug = 2(x+2) and ug = 2(z—2),
respectively.

For the case of terms u;41 with j > 2, we consider the Neumann problem
(30) with solution ;41 = £2x in (—1,1). Note that the compatibility condition
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holds. Again we recall the Neumann problem (31) with solution @1 = +2x
in this case. We conclude that ¢; = 0 for each j = 2,3.... Again in order
to find uj4q in the intervals (—2,—1) and (1,2). It follows of analogous form
above that the solutions u; 11 = F2(x+2) in (-2, —1) and w41 = F2(x—2) in
(1,2), for j = 2,3,.... So, we can be calculated following terms of the power
series.

We note that above we computed an approximation of the solution by solv-
ing local problems to the inclusion and the background. In this example, we
can directly compute the solution for the problem (32) and verify that the
expansion is correct. We have

u(z) = a/w Ldt.

—o k(1)
Then with boundary condition of problem (32) we calculate a constant o =
12T’7, so we have
n
o (2 +2), r€[-2,-1),
euR 1+%+(x71)}, ze(l,2).
Recall that the term ﬁ can be written as a power series given by ﬁ =

0o (=1)7
Zj:o o

By inserting this expression into (34) and after some manipulations, we
have

2z +2) Y0, S v e[-2,-1),
u(z) =14 2-22y, ze[-1,1), (35)
0 —1)7 %) —1)J
Qijzo(nj) —4x2j:1(7ﬂ) , x€][1,2].

We can rewrite this expression to get

2(x+2) 1 —2(x+2) 1 2(x+2)
u(z)=4 2 + - 2z + = —2z +---, (36)
2 T -2z —4) T 2z —4)
uo Ul u2

Observe that those were the same terms computed before by solving local
problems in the inclusions and the background.

3. Asymptotic expansion in two and three
dimensions

In this section we use the notation introduced in [5] and we detail the deriva-
tion of asymptotic expansions in higher dimensions for high-contrast elliptic
problems of the form,

—div(k(x)Vu(x)) = f(z), in D, (37)
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with Dirichlet data defined by v = g on dD. We assume that D is the dis-

joint union of a background domain and inclusions, D = Dy U (Uﬂ]\f:1 D,,).
We assume that Dy, Dq,..., Dy, are polygonal domains (or domains with

smooth boundaries). We also assume that each D,, is a connected domain,
m=20,1,..., M. Additionagy, we assume that Dy, is compactly included in
the open set D\ Ué\il tm Do 16, Dy C D'\ Uej\il 04m Do, and we define

Dy := D\ U%Zl D,,. Let Dgy represent the background domain and the sub-
domains {D,,}M_, represent the inclusions. For simplicity of the presentation
we consider only interior inclusions. Other cases can be studied similarly.

We consider a coefficient with multiple high-conductivity inclusions. Let &
be defined by

[ n €Dy, m=1,.... M,
We seek to determine {u;}32, C H'(D) such that
1 1 -
un:u0+7u1+—2uQ+---:Zn Ty, (39)
U =
and such that they satisfy the following Dirichlet boundary conditions,
up=gondD and wu;=0o0n0D forj>1. (40)

This work complements current work in the use of similar expansions to de-
sign and analyze efficient numerical approximations of high-contrast elliptic
equations, see [8, 9].

We have the following weak formulation of problem (37): to find u € H*(D)
such that

A(u,v) = F(v), forall v e H}(D), (41)
u=g, on 0D.
The bilinear form A4 and the linear functional F are defined by
A(u,v) = / k(z)Vu(z) - Vo(x)de, for all u,v € H} (D), (42)

D
F(v) = /D f(@)v(x)dx, for all v € H} (D).

We denote by u,, the solution of problem (37) with Dirichlet boundary condition
(40). From now on, we use the notation w(™, which means that the function
w is restricted on domain D,,, that is w(™) = wlp,,, m=0,1.

3.1. Derivation for one high-conductivity inclusion

Let us denote by w, the solution of (37) with the coefficient x(z) defined in
(38). We express the expansion as in (39) with the functions u;, j =0,1,...,
satisfying the conditions on the boundary of D given in (40). For the case
of the one inclusion with m = 0,1, we consider D as the disjoint union of a
background domain Dy and one inclusion D, such that D = Dy U D;. We
assume that D; is compactly included in D (D C D).
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We obtain the following development for each term of this asymptotic ex-

pansion in the problem (37). First we replace u(z) for the expansion (39) in
the bilinear form of the (42), we have

/D/f(x)Zn_jVuj-Vv: Zn‘jVuj~Vv+77/D Zn_jVuj-Vv
§=0

Do j—o 1 =0
:Znﬂ Vu; -Vv+772777j Vu; - Vo
i=0 Do i=0 b
o0 oo
= Zn”/ Vu; - VU+Z77’”“/ Vu; - Vo,
jZO D() jZO Dl

we change the index in the last sum to obtain,

Z?fj/ Vu; - Vo + Z n? Vuji1 - Vo,
=0 Do

j=—1 Du

and then, we have

Zn*j / V’Uzj -Vov + n/ VUO Vv + Zni-j / VUj+1 - V.
=0 Do Dy =0 Dy

We obtain,

77/ Vuo-Vv+Zn_j (/ Vuj-Vv+/ Vuj+1-Vv> :/ fu. (43)
Dy = Do Dy D

In brief, we obtain the following equations after matching equal powers,

Vug - Vo =0, (44)
D
/ Vugy - Vo + Vuy - Vo = / fu, (45)
Do Dy D
and for j > 1,
/ VUj . V’U + VUj+1 . VU = O7 (46)
D(] Dl

for all v € H} (D).
The equation (44) tells us that the function ug restricted to D; is constant,
that is u(()l) is a constant function. We introduce the following subspace,

Veonst = {v € HE (D), such that v = v|p, is constant}.

If in equation (45) we choose test function z € Viqpgt, then, we see that ug
satisfies the problem

JpVug-Vz= [, fz, forallze Vgt

uy =g, in 0D. (47)
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The problem (47) is elliptic and it has a unique solution. This follows from the
ellipticity of bilinear form A.
We introduce the harmonic characteristic function xp, € H} (D) with the
condition
ng =1, in Dy,

and which is equal to the harmonic extension of its boundary data in Dg (see
[5]). We then have,

VXS:()? Vz =0, for all z € Hy(Dy), (48)
Dy
Xgl) =1, on 0D,
XS:()? =0, on 0D.

To obtain an explicit formula for ug we use the facts that the problem (47) is
elliptic and has unique solution, and a property of the harmonic characteristic
functions described in the next remark (see [5]).

Remark 3.1. Let w be a harmonic extension to Dy of its Neumann data on
0Dg. That is, w satisfies the following problem

Vw-Vz = Vw-ngz, forall z€ H'(Dy).
Dy dDy

Since xp, = 0 on 9D and xp, = 1 on dD1, we have that

Vxp, -Vw = Vw-noXD1:O< Vw~n)+1( Vw~no>,
oD

Do 9Do dD;

and we conclude that for every harmonic function on Dy,
Vxp, -Vw = Vw - ng.
D() aDl

Note that if ¢ € H'(D) is such that €1 = ¢|p, = ¢ is a constant in D; and
¢©) = ¢|p, is harmonic in Dy, then &€ = cxp,.

An explicit formula for ug is obtained as
Up = 0,0 + COXD; > (49)

where ug o € H'(D) is defined by u((f% =0in D; and ué?()) solves the Dirichlet
problem

Vu(()?()) Vi — fz, for all z € H} (Dy). (50)
Do Do
u(()?()) =0, on D1,
u(()?()) =g, on OD.

From equation (47), (49) and the facts in the Remark 3.1 we have

VUO : VXDI = / fXDl7
Do D
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or

V(uo,0 + coxp,) - Vxp, = / fxpis
Do D

from which we can obtain the constant ¢y given by

- Jp fxp, — fDo Vuog,o - VXD,
fDO |VXD1|2 7

Co

or, using the Remark above we also have

fDl f= f(’)Dl v'UJO,O )
f8D1 vXDl L '

Co =

Thus, by (52) ¢o balances the fluxes across D1, see [5].

Dq AuCI:f
ug = g in D
Dy

ug constant

0D,

115

(51)

(52)

Figure 3: Illustration of local problems related to wug in the inclusion and the

background.

In Figure 3 we illustrate the properties of ug, that is, the local problem ug is

solved in the inclusions and the background.
To get the function u; we proceed as follows. We first write

ugl) = ﬂgl) +c¢1, where / ﬂgl) =0
D,

and ﬂ@ solves the Neumann problem

Vﬂgl) -Vz= / fz— Vugo) -nyz  for all z € H'(Dy).

Dy D 0D

The Problem (53) satisfies the compatibility condition so it is solvable.

constant c; is given by

N(O) ~
o = _faDl vU1O Mo _fDO Vuy 'VX2Dl
faDl szjf ‘Mg fDO Vx|
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Aul =0
Do uy = 0in 9D
D,
A’U..l =
V’Lbl Ny = —V'ﬂlo Mo in (3D1

0D,

Figure 4: Illustration of local problems related to u; in the inclusions and the
background. First a problem in D; is solved and then a problem in Dy is solved
using the boundary data in 9D;.

In Figure 4 we illustrate the properties of w1, that is, the local problem u; is

solved in the inclusions and the background. Now, we complete the construc-

tion of u; and show how to construct u;, j = 2,3,.... For a given j =1,2,...
(1) (0) (1)

and given u; we show how to construct u; " and ;.

Assume that we already have constructed u:’ in D; as the solution of a
Neumann problem in D; and can be written as

ugl) = Hgl) +¢j, where /D u; =0. (55)
1

We find u§0) in Dy by solving a Dirichlet problem with known Dirichlet data,
that is,

Vul? - Vz =0, for all 2 € H}(Dy),
bo (56)

ugo) = ﬂ;l) on 0Dy and wu; =0o0ndD.

Since ¢j, j = 1,..., are constants, their harmonic extensions are given by
¢jXp,, j =1,.... Then, we conclude that
uj; = ﬁj +¢iXDy s (57)

where ﬂ;o) is defined by (56). The balancing constant c; is given as

(0 -
7f8D1 Vu; ) g _ 7fD0 Vi, - Vxb,
Jop, V{5, - 1o Iy VXD, 1?

(58)

Cj:

so we have |, oD, Vu§-0) -np. This completes the construction of u;. The com-
patibility conditions are satisfied, if we use the definition of ¢; in (58). In the
Figure 5 we illustrate the properties of u;, that is, the local problem u; is solved
in the inclusions and the background.

We recall the convergence result obtained in [5]. There it is proven that
there is a constant C' > 0 such that for every n > C, the expansion (39)

Boletin de Matemadticas 21(2) 99-124 (2014)



Derivations of high-contrasts expansions 117

converges (absolutely) in H!(D). The asymptotic limit ug satisfies (49). Ad-
ditionally, for every nn > C, we have

J 4 oo C ]
u=3"n7y < C1 (1 lla-2(0) + lgllmir2om)) D () ’
5=0

HI(D) j=J+1

for J > 0. For the proof we refer to [5].

Au; =0
Dy w; =0 in D
Dy
Auy = f
V?.Lj sy = —Vuj_l N in 8D1
0D,

Figure 5: Illustration of local problems related to u; , 7 > 2, in the inclusion
and the background. First a problem in D; is solved and then a problem in
Dy is solved using the boundary data in 9D;.

3.2. Derivation for multiply high-conductivity inclusions

In this section we express the expansion as in (39) with the coefficient

(z) = n, €Dy, m=1 ..., M,
11, weDy=D\UY_, D

First, we describe the asymptotic problem.
We recall the space of constant functions inside the inclusions

Veonst = {v € Hj(D), such that v|p,, is a constant for all m =1,..., M} .

By analogy with the case of one high-conductivity inclusion, if we choose test
function z € Vopgt, then, we see that ug satisfies the problem

JpVug-Vz= [, fz, forall ze Vyongt (59)
uy = ¢, in 0D.

The problem (47) is elliptic and it has a unique solution. Foreachm =1,..., M
we introduce the harmonic characteristic function xp, € Hg(D) with the
condition

m

X5 =6 in Dy, for €=1,..., M, (60)

and which is equal to the harmonic extension of its boundary data in Dy, xp,,
(see [5]).
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We then have,

/ Vxp,, - Vz =0, for all z € Hj(Dy). (61)
Do

XDy, = Omes on dDy, for £ =1,..., M,

XD,, =0, on 0D.

Where §,,,» represent the Kronecker delta, which is equal to 1 when m = ¢ and
0 otherwise. To obtain an explicit formula for ug we use the facts that the
problem (47) is elliptic and has unique solution, and a similar property of the
harmonic characteristic functions described in the Remark 3.1, we replace xp,
by xp,, for this case.

We decompose ug into the harmonic extension to Dy of a function in V.qpet
plus a function ug, with value g on the boundary and zero boundary condition
on 0D,,, m=1,..., M. We write

M
Uo = Ug,0 + Z Cm(U0) XD,y »
m=1
where ug o € Hl(D) with upo = 0 in D,, for m = 1,..., M, and ug, solves
the problem in Dy
/ Vugo-Vz= [ fz, forall z€ H}(Dy), (62)
D(] DO

with ugo = 0 on 0D,,, m =1,..., M and up,0 = g on 0D. We compute the
constants ¢, using the same procedure as before. We have

M
Zcm(uo) VXDm'XDg :/ fXDe_ v/UIO,O'vXDg? fOI(:lw'va
oo’ Do D Do

and this last problem is equivalent to the linear system,

AgeomX = b,

where Ageom = [ame] and b = (by,...,by) € RM are defined by

Ame = / VX, - VXD, = VXD XDes (63)
D Do
be = / fxp, — | Vwuoo-Vxbp,, (64)
D Do
and X = (c1(ug), - - -, car(ug)) € RM. Then we have
X = Ageomb- (65)

Now using the conditions given for xp,, in the Remark 3.1 we have
Ame = / Vxbp,, - Vxp, = / XD; - o = VXbp, - ne. (66)
D oD, 0Dy
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Note that 27]\521 ¢mXD,, is the solution of a Galerkin projection in the space

Span{xp,, }%:1. For more details see [5], and references therein.
Now, we describe the next individual terms of the asymptotic expansion.
As before, we have the restriction of u; to the sub-domain D,,, that is

u{™ =™ 4oy, with / ™ =0,
D

m

and @™ satisfies the Neumann problem

Vﬂgm) -Vz= fz— Vu(()o) Nz, for all z € HY(D,,),
D, D, D,
form=1,..., M. The constants c; ,, will be chosen later.
Now, for j =1,2,... we have that uj(.m) inD,,,m=1,...,M, then we find
u;O) in Dy by solving the Dirichlet problem

; Vu;o) -Vz =0, for all z € H&(Do)7 (67)
0

Ugo) :’Uém) (: agm) +Cj,m)7 on 8Dma m = 1a'--7M7

W = 0, on 0D.

J
Since c;,,, are constants, we define their corresponding harmonic extension by

Yo ¢ S it
m=1 Cj,mXD,,- OO0 We rewrite

M
uj = u; + Z Cj.mX D - (68)

m=1

The uﬂq in D,, satisfy the following Neumann problem

/ Vuyﬂ -Vz=— Vug-o) “ngz, forall z € HY(D).
Dy, 9D,

For the compatibility condition we need that for £ =1,..., M

0= / VU§Q1 ‘g = 7/ Vugo) Mo
E)Dz aDé
M
[ <a§°) s cj,mxg;> o
D, m=1

M
~(0 0
= - Vu; ) ‘Mg — E cj’m/ VXSDL “Mg.
oD, = aD,,

From (63) and (66) we have that X; = (¢j1,...,¢;,nm) is the solution of the
system
AgeomX; =Y,

Y, = < Vu§0)~n0,...,—/ Vﬂ§0)~n0),
8D1 8Dm
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or

Y, = <_ Vul? VXD, — v 'VXDM> :
BDO

0D
For the convergence we have the result obtained in [5]. There it is proven that
there are constants C,C;7 > 0 such that n > C, the expansion (39) converges
absolutely in H!(D) for n sufficiently large. We recall the following result.

Theorem 3.2. Consider the problem (37) with coefficient (38). The corre-
sponding expansion (39) with boundary condition (40) converges absolutely in
HY(D) for n sufficiently large. Moreover, there exist positive constants C' and
C1 such that for every n > C, we have

J = ‘
B c\’
=Sl <l + gl eop) S ( ) !
=0

H(D) g=J+1

for J > 0.

3.3. Examples in two dimensions

In this section we show some examples of the expansion terms in two dimen-
sions. In particular, few terms are computed numerically using a Finite Element
method. For details on the Finite Element Method, see for instance [1, 3]. We
recall that, apart for verifying the derived asymptotic expansions numerically,
these numerical studies are a first step to understand the approximation wug
and with this understanding try to devise cheap numerical approximations for
uo (and then for u,). We make some comments in the next section.

Figure 6: Example of geometry configurations with interior inclusion to solve
the problem (37) with w(z) = 0 on 9D and the coefficient ~ in (38).

We numerically solve the problem (37) with u(x) = 0 on 0D and the coefficient
k in (38) where the domain configuration is illustrated in Figure 6. This con-
figuration contains one polygonal interior inclusion. We applied the conditions
above develop through an numerical implementation in MatLab. We set n = 10
for this example. We show the computed first four terms of the asymptotic ex-
pansions in Figure 7. In particular we show the asymptotic limit ug. For this
case 7 = 10 and the errors form the truncated series and the whole domain
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solution u,, is reported in Figure 8. We see a linear decay of the logarithm of
the error with respect to the number of terms that corresponds to the decay of
the power series tail.

As a second example we consider several inclusions. The domain is illus-
trated in Figure 9 as well as the corresponding ug term. In Figure 10 we show
the behavior of the first three terms but inside the inclusions regions.

In the Figure 10 we have a plot of the asymptotic solutions and show its
behaviour on inclusions.

(C) uz (D) us

Figure 7: Few terms of the asymptotic expansion (39) for the solution of (37)
with u(z) = 0 on 9D and the coefficient « in (38) where the domain configu-
ration is illustrated in Figure 6. Here we consider n = 10.
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-5 4
— log(error), n = 10
. —10 ——log(error), n = 100| |
&
2
515 .
80
2

0 5 10 15 20 25 30

Number of Terms Before Truncating The Expansion

Figure 8: Error of the difference of the solution u, computed directly and the
addition of the truncation of the expansion (39). We consider n = 10 (solid
line) and 1 = 100 (dashed line).

0.
0.
0.
0.
0.
il
o.

il

Figure 9: Example of geometry configurations with interior inclusion (left pic-
ture). Asymptotic limit ug for the solution of (37) with u(z) = 0 on 9D and
the coefficient  in (38) where the domain configuration is illustrated in the
left picture. Here we consider 7 = 10 (right picture).

(A) uo (B) w1 (C) uz

Figure 10: Illustration, inside inclusions, of first few terms of the asymptotic
expansion (39) for the solution of (37) with u(z) = 0 on dD and the coefficient
k in (38) where the domain configuration is illustrated in Figure 9. Here we
consider n = 10.
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4. Final comments and ongoing work

We review some results and examples concerning asymptotic expansions for
high-contrast coefficient elliptic equations. In particular we gave some explicit
examples for the computations of the few terms in one dimension that several
numerical examples in two dimensions. We mention and a main application
in mind is to find ways to quickly is an approximation compute a few terms,
in particular the term wg, which, as seen in the paper, is approximation of
order ! to the solution. A main difficulty is that the computation of the
harmonic characteristic functions is computationally expensive. One option is
to approximate these functions by solving a local problem (instead of a whole
background problem). For instance the domain where harmonic characteristic
functions can computed is illustrated in Figure 11 where the approximated har-
monic characteristic function will be zero on the a boundary of a neighborhood
of the inclusions. See Figure 11. This approximation will be consider for the
case of many highly, dense high-contrast inclusions. This is under study and
results will be presented elsewhere.
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Figure 11: Illustration of 6— neighborhood of an inclusion (blue region).
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