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Abstract

We propose adaptive rank tests for the location alternative in one sample, using
as score function the percentile function of the Generalized Lambda Distribution
(GLD). We give expressions for its efficiency as functions of the kurtosis pa-
rameters of the distribution used for the score function and those of the sampled
distribution. A simulation study shows that the proposed tests maintain its nom-
inal size and that this test using scores functions with small kurtosis parameter,
are very efficient for samples coming from distributions with large kurtosis, over-
taking the sign test and the Wilcoxon test. Reciprocally, tests which use scores
from GLD distributions with large kurtosis are more efficient when the sample
comes from GLD distributions with small kurtosis

Keywords: Efficiency, generalized lambda distribution, location rank test, normal
scores, rank test.

Resumen

Nosotros proponemos pruebas de rango adaptativas para la alternativa de local-
ización en una muestra, usando como función de puntaje la función percentil de
la Distribución Lambda Generalizada (GLD, por sus siglas en inglés). Damos
expresiones para su eficacia como funciones de los parámetros de curtosis de la
distribución utilizada para la función de puntaje y distribución de la muestra. Un
estudio de simulación muestra que las pruebas propuestas mantienen su tamaño
nominal y que esta prueba que usa funciones de puntaje con un parámetro de cur-
tosis pequeña es muy eficiente para las muestras provenientes de distribuciones
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con curtosis grande, superando la prueba del signo y la prueba de Wilcoxon.
Rećıprocamente, las pruebas que usan puntuaciones de distribuciones GLD con
kurtosis grandes son más eficientes cuando la muestra proviene de distribuciones
GLD con curtosis pequeña.

Palabras clave: Eficiencia, distribución lambda generalizada, prueba de rango
de ubicación, puntajes normales, prueba de rango.

1 Introduction

Let X1, ..., Xn be independent random variables coming from a continuous distri-
bution F (x− θ). The problem to consider is the test of the hypothesis:

H0 : θ = 0 versus HA : θ > 0. (location alternative)

We have chose the one sided alternative although the results are valid also to
the two sided alternative. The most common test under these conditions is the
sign test. When the symmetry of the sampled distribution can be justified, the
Wilcoxon signed rank test is more powerful than the sign test and its power tends
to increase with the kurtosis of the sampled distribution (Aranda & Corzo 2002).
Score functions to build locally most powerful rank tests are obtained using the
density f of the sampled distribution by means of the ratio −f ′/f . However,
this type of score function by the lambda family is not a nondecreasing function.
Instead of this we will focus our interest to build rank tests using the percentile
function of the GLD. The idea comes from the known result that for the normal dis-
tribution the optimal scores are obtained through its percentile function Φ−1(u).
These scores were proposed early by Fraser (1957). The normal score function
has been used in many other contexts: for the two sample location alternative
(Waerden 1952/1953); for analysis of variance (Fisher & Yates 1938); scale alter-
native in two sample problem (Klotz 1962); recently by Brown & Hettmansperger
(1996) for various departures from normality, and more recently in survival anal-
ysis by Li & Zhang (2011) among others.

We give general expressions for the efficiency of the proposed test and we compare
it with various versions of it and with the sign and Wilcoxon signed rank tests.
We show by a simulation study that tests obtained using the percentile function
of the GLD distribution are more efficient than the sign test and the Wilcoxon
signed rank test.

Our tests are natural candidates for test problems coming from applications where
is necessary to fit the GLD to the studied variables. Such applications are fre-
quently in fields such as Science, Engineering, Costs, Mechanics and Materials
Sciences, Environment and Reliability Analysis, as was noted in the recently pub-
lished handbook about the fit of probability distributions by Karian & Dudewicz
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(2010) in which the theory and the methodology to fit the GLD and other exten-
sions of it are discussed. You will also find in the handbook a lot of applications
in the following situations: to fit GLD probability density functions to small sam-
ples; to fit the distribution of a mixed truncated random variable and its uses to
find the optimal deductibles in the purchase of an automobile insurance and to
optimize the order size maximizing the expected utility of an investor in an inven-
tory model; to model the distribution of the repair costs of pipeline linkage in a
water utility company; to model distributions of materials damage; to fit a GLD
to the fatigue lifetime distribution, brittle fracture, and extreme values analysis;
and to model the distribution of environmental pressure, just to mention some. It
can be find also another list of applcations and uses of the GLD at the beginning
of section 7 of Karian & Dudewicz (2010).

In section 2 the proposed test statistic and the conditions under which the per-
centile function of the GLD distribution produces well-defined score functions are
discussed. Expressions for the two first moments are given and the convergence of
the distribution of the test statistic under H0 to the normal distribution is proved.
In section 3 the efficiency of the proposed test is computed and is compared with
the efficiency other tests. In section 4 the results of the simulation study are
presented and the section 5 contains some conclusions and a discussion.

2 The proposed test statistic

To introduce the scores of test statistic we need the percentile function of the GLD
defined by (see (Karian & Dudewicz 2000)):

F−1(y) = F−1 (y;λ1, λ2, λ3, λ4) = λ1 +
yλ3 − (1− y)λ4

λ2
, 0 ≤ y ≤ 1, (1)

where λ1, λ2, λ3, λ4 are location, scale, skewness and kurtosis parameters respec-
tively.

Without loss of generality, we will suppose that λ1 = 0 and we will take λ3 = λ4,
so that F−1(y) comes from a symmetric distribution whith percentile function

F−1(y) =
yλ4 − (1− y)λ4

λ2
(2)

For a nonnegative, nondecreasing function φ(u), 0 < u < 1, with
∫ 1

0
φ(u)du < ∞

and 0 <
∫ 1

0
φ2(u)du < ∞ a general score tests statistic is defined by V̄ =

1
n

n∑
j=1

φ
(
Rj

n+1

)
S (Xj), where S(x) = 1 when x > 0, 0 otherwise and Rj is the

rank of |Xj |.
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Let F−1+ (u) be defined as the inverse of the function

F+(x) = P (|X| ≤ x) = F (x)− F (−x) = 2F (x)− 1. (3)

The GLD scores test statistic is defined taking φ(u) = F−1+ (u) as:

V̄λ =
1

n

n∑
j=1

F−1+

(
Rj
n+ 1

)
S (Xj) , (4)

where the subindex λ denotes the dependence of V on λ2 and λ4, λ3 = λ4, λ2 6= 0,
λ4 > − 1

2 and λ2, λ4 have the same sign.

To obtain F−1+ (·) note that from (3) is valid x = F−1+ (2F (x) − 1). Moreover, for

u = 2F (x)− 1 it holds that x = F−1
(
u+1
2

)
, which implies F−1+ (u) = F−1

(
u+1
2

)
.

Now from (2), we obtain:

φ(u) = F−1+ (u) = F−1
(

1 + u

2

)
=

(
1

2λ4

)(
(1 + u)λ4 − (1− u)λ4

λ2

)
, 0 < u < 1.

(5)

Although definition (3) uses F and it has no explicit expression, this is not nec-
essary because the test statistic depends only on F−1. The proposed GLD scores
test based on V̄λ rejects H0 in favor of HA for large values of V̄λ. As a special case,
F−1 = Φ−1 produces the (Fraser 1957) normal scores test statistic. The validity
conditions of the score function are given in the following theorem, whose proof is
given in Appendix A.1.

Theorem 1. Let φ be as in (5). Then φ is nonnegative and nondecreasing when
λ2 and λ4 have the same sign. Moreover,

E(V̄λ) =

∫ 1

0

φ(u)du =
2λ4 − 1

2λ4λ2(λ4 + 1)
, λ2 6= 0, λ4 6= −1. (6)

and

nV ar(V̄λ) =
1

4

∫ 1

0

φ2(u)du =
1

4
σ2, λ4 6= −1, λ4 > −

1

2
(7)

where σ2 is the variance of the GLD distribution used as score function (see Ap-
pendix A.2).

Following (Hettmansperger 1984, p. 88), it can be verified that

V̄λ − E(V̄λ)√
V ar(V̄λ)

=
2
√
n

σ

(
V̄λ −

2λ4 − 1

2λ4λ2(λ4 + 1)

)
has asymptotically a normal standard distribution.
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3 Asymptotic relative efficiency of the proposed
test

To compare two tests based on test statistics V
(i)
n , i = 1, 2 for H0 : θ = 0 vesus

HA : θ > 0, we use the following known expression for the ARE of test 1 relative
to test 2 satisfies(see for example (Hettmansperger 1984)):

e12 = lim
j→∞

n
(2)
j

n
(1)
j

=
c21
c22

(8)

where ci is called the Pittman efficacy of the test based on V
(i)
n , i = 1, 2.

One common expression for the Pittman Efficacy is: c = µ′
n(0)√

(n)σn(0)
, where µ′

n(0) =

d
dθ
µ(θ)|θ=0, and µn(θ) and σn(θ) are the asymptotic mean and the asymptotic

variance of Vn respectively (see for example (Hettmansperger 1984), (Manoukian
1986)). For a more general expression of e

12
see (Govindarujulu 2011). As a

derivative, c measures the rate of change in the asymptotic mean of Vn in stan-
dard units. It is to be expected that the greater the rate of change, the greater
the sensibility of the test to alternatives near to the null hypothesis. To compute
ci, i = 1, 2 in (8) we will use two expressions taken from Hettmansperger (1984),
which permit us to calculate them, through the percentile function of the GLD.

Now we will obtain expressions for the efficacy for V̄λ tests, for the sign test and
for the Wilcoxon signed rank test, when the density function of the sampled dis-
tribution is approximated by a GLD distribution. Proofs are given in appendix
A.3.

Theorem 2. Let X1, . . . , Xn be a random sample from a continuous symmetric
distribution F (x− θ) with median θ and density f . When F comes from a GLD
distribution with parameters (λ′1, λ

′
2λ
′
3, λ
′
4), the efficacy of V̄λ as it is defined in (4)

is:

c =
2λ

′
4−λ4λ4g(λ′4)

σfλ′4g(λ4)

∫ 1

0

(1 + u)λ4−1 + (1− u)λ4−1

(1 + u)λ
′
4−1 + (1− u)λ

′
4−1

du (9)

where

g(λ4) = sign(λ4)

√
2

1 + 2λ4
− 2β(1 + λ4, 1 + λ4), (10)

λ4 is the parameter of GLD used as score function, σf is the standard deviation
of F , g(λ′4) is obtained as g(λ4) in (10) and β(·, ·) represents the β function.
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Alternatively:

c =
(λ′4 − 1)2λ

′
4−λ4g(λ′4)

σfg(λ4)λ′4

∫ 1

0

(
(1 + u)λ4 − (1− u)λ4

) (
(1 + u)λ

′
4−2 − (1− u)λ

′
4−2
)

(
(1 + u)λ

′
4−1 + (1− u)λ

′
4−1
)2 du

(11)

In the expressions above, it is clear that the efficacy depends on λ4, the kurtosis
parameter of the GLD distribution used for the score function, on λ′4, the kurto-
sis of the sampled distribution and on σf , the standard deviation of the sampled
distribution F .

Corollary 2.1. . Let X1, . . . , Xn be a random sample from a continuos symmet-
ric distribution F (x− θ) with median zero and let V̄λ be a GLD scores test. If V̄λ
uses as score function the same GLD distribution from which the sample comes,
then c = 1/σf and it coincides with the efficacy of the t-student test.

Theorem 3. Let X1, . . . , Xn be a random sample from a continuos symmetric
distribution F (x−θ) with median zero. If the density f of the sampled distribution
is approximated by a GLD distribution with parameters λ′2 and λ′4, the efficacies
of the sign test S and of the signed rank test T are:

c
S

= 2f(0) =
g(λ′4)2λ

′
4−1

σfλ′4
,

c
T

=
√

12f∗(0) =

√
12g(λ′4)

σfλ′4

∫ 1

0

dy

yλ
′
4−1 + (1− y)λ

′
4−1

,

respectively

Theorem 4. Let X1, . . . , Xn be a random sample from a continuos symmetric
distribution F (x − θ) with median zero. The ARE of two GLD scores tests is
independent of σ2

f (scale invariant).

The most important consequence of Theorem 4 is that the ARE of any two GLD
scores tests depends only on λ4 which is the kurtosis parameter of the GLD distri-
bution used for the score function and on λ′4 the kurtosis parameter of the sampled
distribution (see (A.2) to compute the kurtosis parameter).

Corollary 4.1. Let X1, . . . , Xn be a random sample from a continuos symmetrical
distribution F (x− θ) with median zero. The ARE between some par of tests that
includes the GLD scores test, the sign test, the signed rank test or the t-student
test is scale invariant.
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Theorem 5. Let X1, . . . , Xn be a random sample from a continuos symmetrical
distribution F (x− θ) with median zero. The efficacy of a GLD test V̄λ with scores
from a uniform distribution on interval (a, b) is independent of a and b, and it
equals the efficacy of the signed rank test, which implies that they have the same
efficiency.

Thinking about a class of tests whose score functions are percentile functions, The-
orem (5) means that within this class, the Wilcoxon test corresponds to the V̄λ test,
which uses as score function the percentile function of the uniform distribution.

4 Numerical results for efficiencies of the pro-
posed tests.

The expressions given in (9) and (11) to compute the efficacy of the GLD scores
test V̄λ have integrals that have no analytic solutions. It was necessary to approx-
imate them numerically to have values of the ARE for the comparisons among the
tests.

We compare 20 GLD score tests under the established conditions: λ2 and λ4 with
the same sign, λ2 6= 0 and λ4 > − 1

2 . Seven of them have score functions coming
from the following known symmetric distributions with median zero, when they are
approximated by the GLD distribution: uniform distribution with b = −a =

√
3,

normal distribution with µ = 0;σ = 1, t-student with 30, 10 and 5 degrees of
freedom, Logistic distribution µ = 0;σ = 1 and Laplace distribution with σ = 1.
All parameters have been obtained from Karian & Dudewicz (2000) tables. The
other 13 tests were build with GLD scores by fixing values of λ4 and making σ = 1
without loss of generality, because the ARE is scale invariant.

Table 1 in the appendix contains the values of λ2, λ4, the kurtosis and the stan-
dard deviations used to construct the proposed tests. The values of λ2 are obtained
from λ2 = 1

σ g(λ4) for g(λ4) as in (A.2). Only the values of λ4 > −1/4 are shown
because for − 1

2 ≤ λ4 ≤ − 1
4 the score functions are not well-defined. Note that

the kurtosis decreases with λ4 up to λ4 = 1, 45 and then increases but now λ4
decreases. For the uniform and for the GLD(2) functions, only the value of the
parameter λ4 changes.

Table 2 shows the parameters of the GLD distributions with which some known
distributions were approximated, and of those GLD distributions used as sampled
distributions.
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Efficiencies

As examples, we have computed efficiencies of GLD scores tests which use per-
centile functions GLD(1.45), GLD(50) and GLD(−0, 249) to compare them with
otherGLD scores tests, with the Fraser (normal scores) test and with the Wilcoxon
signed rank test. These efficiencies are in tables 3 to 7.

Table 3, for example, contains the efficiencies of a test with score functionGLD(1.45)
relative to nineteen GLD scores tests indicated in the rows, for samples coming
from 10 distributions, indicated in the columns. It can be noted that the efficien-
cies of the GLD(1.45) scores test increase for samples coming from distributions
with larger kurtosis than the normal distribution (see the last six columns of the
table). On other hand, for samples coming from distributions with lower kurtosis
than the normal distribution, the efficiencies of the GLD(1.45) scores test decrease
(first three columns of the table). For samples coming from the normal distribu-
tion, only the efficiencies of the GLD(1.45) scores test relative to the GLD(50),
GLD(25) and GLD(10) scores tests are greater than one. The same comments
are valid for the efficiency of the GLD(1.45) scores test relative to the t-test used
for calibration. In all cases, the GLD(1.45) scores test have higher efficiency than
the sign test and almost the same efficiency as the Wilcoxon test.

In the first two columns of Table 4, it can be seen that the efficiencies of the
GLD(50) scores test relative to the other GLD scores tests up to the logistic scores
test are greater than one, for samples coming from the GLD(0.7) and GLD(0.5)
distributions. The same comment holds for the efficiencies of the GLD(50) scores
test relative to the sign, Wilcoxon and t-tests. The GLD(50) scores test is also
more efficient than the sign test for samples coming from the GLD(0.3) distribu-
tion.

In Table 5, it can be noted that the efficiencies of the GLD(−2.49) scores test
relative to all other GLD scores tests are much greater than 1 for samples coming
from GLD(0.7), and they are greater than 1 for samples coming from GLD(0.5)
and GLD(0.3).

In Table 6, which contains the efficiencies of the Fraser normal scores test it can be
seen that the GLD(50), GLD(25) and GLD(10) are more efficient than the Fraser
Test for samples coming from the GLD(0.7) and GLD(0.5) distributions. Tests
T30, T10, logistic, Laplace, T5, GLD(−0.20), GLD(−0.24) and GLD(−0.249) are
more efficient than the Fraser test for samples coming from GLD(0.7), GLD(0.5)
and GLD(0.3). Tests GLD(2.0), GLD(1.5), GLD(1.45), GLD(1.4), uniform and
GLD(0.5) are more efficient than the Fraser test for samples coming from the
T (10), logistic, Laplace, T5,GLD(−0.2) and GLD(0.24) distributions.

Table 7 shows the efficiencies of the Wilcoxon test. In the first three columns
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of this table, it can be noted that the GLD(50), GLD(25), GLD(10) GLD(2.5),
GLD(0.5), normal, T30, T10, logistic, Laplace, T5, GLD(−0.20), GLD(−0.24)
and GLD(−0.249) scores tests are more efficient than the Wilcoxon test for sam-
ples coming from the GLD(0.7), GLD(0.5) and GLD(0.3) distributions, except
for GLD(50) for samples coming from the GLD(0.3) distribution. Rows six and
ten confirm the announced result that the GLD(2.0) and the uniform scores tests
have the same efficiency as the Wilcoxon test. Rows 7 to 9 show that the GLD(2),
GLD(1.5), GLD(1.45), GLD(1.4) and uniform scores tests are as efficient as the
Wilcoxon test.

Practical guidelines

To use the proposed tests we suggest the following steps:

Find the best GLD fit for your data, using any of the methods to calculate
the values of the lambdas suggested by Karian & Dudewicz (2010) in chapters
3, 5, 6, 7 and 10.

If the fitted GLD is a symmetric distribution, proceed to identify if it is more
leptokurtic than the normal distribution and use the GLD(1.45) scores test.

If the fitted GLD is a symmetric distribution, proceed to identify if it is
less leptokurtic than the normal distribution and use the GLD(50) or the
GLD(2.49) scores test.

If the fitted GLD is not a symmetric distribution you can not use directly
the GLD scores test. When possible, transform the data to get data with a
symmetrical distribution, and go to steps 1 to 3 with the transformed data.

5 Conclusions

As was pointed out, the GLD(1.45) scores test is the best test for samples coming
from distributions that are more leptokurtic than the normal distribution. All
other proposed tests are more efficient than the GLD(1.45) scores test for sam-
ples coming from distributions less leptokurtic than the normal distribution. The
GLD(50) and GLD(2.49) scores tests are better tests than the GLD(1.45) scores
test for samples coming from distributions with smaller kurtosis than the normal
distribution.

Tests generated by scores functions with lower kurtosis are better tests, for sam-
ples coming from leptokurtic distributions. On the other hand, for samples coming
from distributions with lower kurtosis, the tests generated by scores functions with
higher kurtosis are better.

Comunicaciones en Estad́ıstica, diciembre 2017, Vol. 10, No. 2



192 Jimmy Corzo Salamanca & Arsenio Hidalgo Troya

Comparing with the sign and Wilcoxon tests, GLD scores tests are better tests,
for samples coming from flattened distributions.

Within the class of tests which uses percentile score functions, the Wilcoxon,
GLD(2) and uniform scores tests have the same efficiencies, and they are the
best tests for samples coming from the logistic distribution.

Recibido: 18 de Julio de 2016
Aceptado: 2 de Febrero de 2017
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A Proofs of theorems

A.1 Proof of Theorem 1

The expression (5) is not negative when (1+u)λ4−(1−u)λ4 and λ2 have the same
sign. This occurs because 0 < u < 1 implies 1 + u > 1− u and then

1 + u

1− u
> 1.

Two cases are possible:

λ4 ≥ 0 implies (1 +u)λ4 − (1−u)λ4 ≥ 0 and so λ2 must also be greater than
zero.

λ4 < 0. Then
(

1+u
1−u

)λ4

< 1 which implies (1 + u)λ4 − (1 − u)λ4 < 0 and

therefore λ2 must also be less than zero.

On the other hand, the derivative of (5) is

φ′(u) =
λ4
λ2

(
(1 + u)λ4−1 + (1− u)λ4−1

2λ4

)
. (12)

The second term in (12) is positive for 0 < u < 1, so that φ′(u) > 0 and hence
φ(·) is nondecreasing, when λ2 and λ4 have the same sign.

Now, we check that
∫ 1

0
φ(u)du <∞:∫ 1

0

φ(u)du =

∫ 1

0

1

2λ4λ2

(
(1 + u)λ4 − (1− u)λ4

)
du

=
2λ4 − 1

2λ4−1λ2(λ4 + 1)
, λ2 6= 0 λ4 6= −1. (13)

Finally, we must check that 0 <
∫ 1

0
φ2(u)du <∞. Then:∫ 1

0

φ2(u) du =
1

22λ4λ22

∫ 1

0

(
(1 + u)λ4 − (1− u)λ4

)2
du

=
1

22λ4λ22
(I1 + I2 − 2I3) (14)
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Now the first two integrals are

I1 =

∫ 1

0

(1 + u)2λ4du =
22λ4+1 − 1

2λ4 + 1

and

I2 =

∫ 1

0

(1− u)2λ4du =
1

2λ4 + 1

To compute

I3 =

∫ 1

0

(1 + u)λ4(1− u)λ4du =

∫ 1

0

(1− u2)λ4

we use the following result from (Rainville 1960, p.31):∫ 1

−1
(1 + u)p−1(1− u)q−1du = 2p+q−1β(p, q)

where β(p, q) = Γ(p)Γ(q)/Γ(p+ q).

Defining p− 1 = q − 1 = λ4 or equivalently p = q = 1 + λ4, we obtain:∫ 1

−1
(1 + u)p−1(1− u)q−1du =

∫ 1

−1
(1 + u)λ4(1− u)λ4du

= 2

∫ 1

0

(1− u2)λ4du

= 22λ4+1β(1 + λ4, 1 + λ4).

We conclude that:
I3 = 22λ4β(1 + λ4, 1 + λ4)

Replacing I1, I2 and I3 in (14) the result is:∫ 1

0

φ2(u)du =
1

22λ4λ22

(
22λ4+1 − 1

2λ4 + 1
+

1

2λ4 + 1
− 2

(
22λ4β(1 + λ4, 1 + λ4)

))
=

2

λ22

(
1

2λ4 + 1
− β(1 + λ4, 1 + λ4)

)
= σ2, (15)

where σ2 is the variance of the GLD distribution used as score function in (2),
which is bounded if and only if λ4 > − 1

2 .

A.2 Variance and Kurtosis parameters of the GLD distri-
bution

The variance and kurtosis parameters of a GLD distribution with parameters λ1 =
0, λ2, λ3 = λ4 can be calculated from Karian & Dudewicz (2000) by α2 = σ2 = B

λ2
2
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and α4 = D
B2 , where

B =
2

1 + 2λ4
−2β(1+λ4, 1+λ4), D =

2

1 + 4λ4
−8β(1+3λ4, 1+λ4)+6β(1+2λ4, 1+λ4)

where β(·, ·) is the β function.

A.3 Proof of Theorem 2.

(Hettmansperger 1984) p. 105 uses the following expression to compute the efficacy
of a rank test based on a general scores statistic with generating function φ(.):

c =
2
∫∞
0
φ′(2F (x)− 1)f2(x)dx√

1
4

∫ 1

0
φ2(u)du

where F is the sampled distribution and f its density function. Taking u =
2F (x) − 1 implies du = 2f(x)dx and x = F−1

(
1+u
2

)
. From (15), we know that∫ 1

0
φ2(u)du = σ2. Then

c =
2

σ

∫ 1

0

φ′(u)f

(
F−1

(
1 + u

2

))
du (16)

The score function of V̄λ is:

φ(u) =
1

2λ4λ2

(
(1 + u)λ4 − (1− u)λ4

)
,

then

φ′(u) =
λ4

λ22λ4

(
(1 + u)λ4−1 + (1− u)λ4−1

)
Now the density function of the sampled distribution can be written in terms of
λ′2 and λ′4 as follows (see (Karian & Dudewicz 2000) Theorem 1.2.2):

f

(
F−1

(
1 + u

2

))
=

λ′2

λ′4
(
1+u
2

)λ′
4−1 + λ′4

(
1−u
2

)λ′
4−1

=
2λ

′
4−1λ′2
λ′4

(
1

(1 + u)λ
′
4−1 + (1− u)λ

′
4−1

)
, (17)

On the other hand, the standard deviations of the score function φ(·) and of the
sampled distribution F are σ = 1

λ2
g(λ4), and σf = 1

λ′
2
g(λ′4), respectively, where

g(λ4) and g(λ′4) are calculated from (10).
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By replacing the previous results in (16) we obtain:

c =
2λ

′
4−λ4λ4g(λ′4)

σfλ′4g(λ4)

∫ 1

0

(1 + u)λ4−1 + (1− u)λ4−1

(1 + u)λ
′
4−1 + (1− u)λ

′
4−1

du

Using the expression for the density function from (17) the following is valid:

f ′(x) =
d

dx

(
λ′2

λ′4
(
1+u
2

)λ′
4−1 + λ′4

(
1−u
2

)λ′
4−1

)
with x = F−1

(
1 + u

2

)

= −
2λ′2λ

′
4 (λ′4 − 1)

((
1+u
2

)λ′
4−2 −

(
1−u
2

)λ′
4−2
)
d( 1+u

2 )
dx(

λ′4
(
1+u
2

)λ′
4−1 + λ′4

(
1−u
2

)λ′
4−1
)2 with x = F−1

(
1 + u

2

)

= −
2λ′2λ

′
4 (λ′4 − 1)

((
1+u
2

)λ′
4−2 −

(
1−u
2

)λ′
4−2
)
f(x)(

λ′4
(
1+u
2

)λ′
4−1 + λ′4

(
1−u
2

)λ′
4−1
)2 with x = F−1

(
1 + u

2

)
(18)

Now x = F−1
(
1+u
2

)
implies F (x) =

(
1+u
2

)
and f(x)dx = d

(
1+u
2

)
. Then

d
(
1+u
2

)
dx

= f(x)

(Hettmansperger 1984) gives the following alternative expression for the efficacy

of a test: c =
∫ 1

0
φ(u)φf (u)du/

√∫ 1

0
φ2(u)du where

φf (u) = −
f ′
(
F−1

(
1+u
2

))
f
(
F−1

(
1+u
2

)) (19)

By replacing of (17) and (18) in (19) we obtain:

φf (u) = −
λ′2 (λ′4 − 1) 2λ

′
4

(
(1 + u)

λ′
4−2 − (1− u)

λ′
4−2
)

λ′4

(
(1 + u)

λ′
4−1 + (1− u)

λ′
4−1
)2

Substituting the previous result, the variances of the score function and of the
sampled distribution in expression for the efficacy in (??) we obtain:

c =
(λ′4 − 1)2λ

′
4−λ4g(λ′4)

σfg(λ4)λ′4

∫ 1

0

(
(1 + u)λ4 − (1− u)λ4

) (
(1 + u)λ

′
4−2 − (1− u)λ

′
4−2
)

(
(1 + u)λ

′
4−1 + (1− u)λ

′
4−1
)2 du
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A.4 Proof of Corollary 2.1

When the score function of
−
V λ and the sampled distribution are the same, then

λ4 = λ′4; substituting in (9) it follows that c = 1/σf , which coincides with the
efficacy of the t test.

A.5 Proof of theorem 3

The efficacies of the sign and Wilcoxon tests are:

cS = 2f(0)

cT =
√

12f∗(0)

where f is the density of the sampled distribution and f∗(0) =
∫∞
−∞ f2(x)dx.

Approximating f(0) and f∗(0) through the GLD distribution with parameters λ′2
and λ′4 produces:

f(0) =
λ′2

λ′4
(
1
2

)λ′
4−1 + λ′4

(
1
2

)λ′
4−1

=
λ′2

2λ′4
(
1
2

)λ′
4−1

=
g(λ′4)2λ

′
4−2

σfλ′4

because f(0) is obtained when y = 1
2 and σf = 1

λ′
2
g(λ′4).

Similarly

f∗(0) =

∫ ∞
−∞

f2(x)dx =

∫ 1

0

f(F−1(y))dy =
λ′2
λ′4

∫ 1

0

dy

yλ
′
4−1 + (1− y)λ

′
4−1

=
g(λ′4)

σfλ′4

∫ 1

0

dy

yλ
′
4−1 + (1− y)λ

′
4−1

Hence

cS =
g(λ′4)2λ

′
4−1

σfλ′4
(20)

cT =

√
12g(λ′4)

σfλ′4

∫ 1

0

dy

yλ
′
4−1 + (1− y)λ

′
4−1

(21)

A.6 Proof of Theorem 4

From (9), the efficacy of a GLD scores test is a function of λ4, λ′4 and 1/σf . Since
the efficiency of two tests is e12 = c21/c

2
2, for two GLD tests this ratio is indepen-

dent of σ2
f .
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A.7 Proof of Corollary 4.1

From (9), (20) and (21) the efficacies of the sign and the Wilcoxon tests are func-
tions of 1/σf and the efficacy of the t test is also a function of 1/σf . Also the
ARE of any comparison between these tests is scale invariant.

A.8 Proof of Theorem 5

The score function for V̄λ is:

φ(u) =
1

2λ4λ2

(
(1 + u)λ4 − (1− u)λ4

)
=

σ

2λ4g(λ4)

(
(1 + u)λ4 − (1− u)λ4

)
,

because λ2 = g(λ4)
σ , with g(λ4) = sign(λ4)

√
2

1+2λ4
− 2β(1 + λ4, 1 + λ4).

To approximate the uniform distribution on the interval (a,b) through the GLD
distribution the following parameters are used: λ1 = (a+ b)/2, λ2 = 2/(b+a) and
λ3 = λ4 = 1 (See (Karian & Dudewicz 2000) page 69). Replacing λ4 in the score
function we obtain:

φ(u) =
σ

21g(1)

(
(1 + u)1 − (1− u)1

)
=
√

3σu,

where the last equality holds because

g(1) = sign(1)

√
2

1 + 2
− 2β(2, 2) =

√
2

1 + 2
− 2

Γ(2)Γ(2)

Γ(4)
=

1√
3

Moreover, the efficacy of a test based on a statistic with generating score function
φ(.) is given by:

c =
2
∫∞
0
φ′(2F (x)− 1)f2(x)dx√

1
4

∫ 1

0
φ2(u)du

, (22)

where F is the sampled distribution and f its density.

Replacing u = 2F (x) − 1 in (22), taking derivative φ′(u) =
√

3σ and using∫ 1

0
φ2(u)du = σ2 from (15) we obtain:

c =
4

σ

∫ ∞
0

φ′(u)f2(x)dx, con u = 2F (x)− 1

=
2
√

3σ

σ

(
2

∫ ∞
0

f2(x)dx

)
= 2
√

3

∫ ∞
−∞

f2(x)dx =
√

12f∗(0)

which corresponds to the efficacy of the test based on
−
V λ with score function the

percentile function of the uniform distribution on the interval (a, b). This result
coincides with the efficacy of the Wilcoxon test, and for this reason they have the
same efficiencies.
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Table 1: Parameters of the GLD used as score functions. Source: own elaboration.

Function λ2 λ4 Kurtosis (α4)

GLD(50) 0,1407195 50,000 25,3756
GLD(25) 0,1980295 25,000 12,8762
GLD(10) 0,3086059 10,000 5,3781
GLD(5) 0,4255546 5,000 2,9033
GLD(2,5) 0,5501397 2,500 1,9065
GLD(2,0) 0,5773503 2,000 1,8000
GLD(1,5) 0,5939174 1,500 1,7531
GLD(1,45) 0,5943288 1,450 1,7526
GLD(1,4) 0,5944028 1,400 1,7531

GLD(1)-UNIFORM 0,5773503 1,000 1,8000
GLD(0,5) 0,4632514 0,500 2,0817

GLD(0,1349)-NORMAL 0,1974368 0,1349 3,000
GLD(0,09701)-t30 0,1502824 0,09701 3,231
GLD(0,01476)-t10 0,02610317 0,01476 4,000

GLD(-0,000363)-LOGISTIC -0,000658823 -0,000363 4,205
GLD(-0,0802)-LAPLACE -0,1685725 -0,0802 6,000

GLD(-0,1359)-t5 -0,3203494 -0,1359 9,003
GLD(-0,20) -0,547179 -0,200 22,2127
GLD(-0,24) -0,729591 -0,240 126,9026
GLD(-0,249) -0,7764068 -0,249 1330,8630

Table 2: Parameters of the GLD distributions used as sampled distributions.
Source: own elaboration.

Function λ′2 λ′4 kurtosis (α′4)

GLD(0,7) 0,5286277 0,700 1,9179
GLD(0,5) 0,4632514 0,500 2,0817
GLD(0,3) 0,3509922 0,300 2,4075
NORMAL 0,1974368 0,1349 3,000

t10 0,02610317 0,01476 4,000
LOGISTIC -0,000658823 -0,000363 4,205
LAPLACE -0,1685725 -0,0802 6,000

t5 -0,3203494 -0,1359 9,003
GLD(-0,20) -0,547179 -0,200 22,2127
GLD(-0,24) -0,729591 -0,240 126,9026
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