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Abstract. In this paper we show that if the Nemytskii operator maps the
(¢, @)-bounded variation space into itself and satisfies some Lipschitz condi-
tion, then there are two functions g and h belonging to the (¢, a)-bounded
variation space such that f(¢,y) = g(t)y + h(t) for all ¢t € [a,b], y € R.
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El operador de Nemytskii en espacios de variacion
acotada generalizados

Resumen. En este articulo demostramos que si el operador de Nemytskii lleva
el espacio de variacion (¢, a)-acotada en si mismo, y satisface cierta condicion
de Lipschitz, entonces existen dos funciones g y h perteneciendo al espacio
de variacion (¢, «)-acotada tal que f(t,y) = g(t)y + h(t) para todo ¢ € [a, b],
y € R.

Palabras claves: p-variacion de Riesz, variacion (¢, a)-acotada.

1. Introduction

Two centuries ago, around 1880, C. Jordan (see [15]) introduced the notion of a function of
bounded variation and established the relation between these functions and monotonic
ones, when he was studying convergence of Fourier series. Later on the concept of
bounded variation was generalized in various directions by many mathematicians, such
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Vol’pert, N. Wiener, among many others. It is noteworthy to mention that many of
these generalizations where motivated by problems in such areas as calculus of variations,
convergence of Fourier series, geometric measure theory, mathematical physics, etc. For
many applications of functions of bounded variation in mathematical physics see the
monograph [13].

In his 1910 paper F. Riesz (see [27]) defined the concept of bounded p-variation
(1 < p < o0) and proved that, for 1 < p < oo, this class coincides with the class of func-
tions f, absolutely continuous with derivative f € Lp[a,b]. Moreover the p-variation of

a function f on [a, b] is given by V,(f,[a,b]) = V,(f) = Hf’||ip[a’b].

In [3] the first and third named authors generalized the concept of bounded p-variation
introducing a strictly increasing continuous function « : [a,b] — R and considering the
bounded p-variation with respect to «. This new concept was called (p,«a)-bounded
variation and denoted by BV(, )[a,b]. In [2] there was a further generalization, given
rise to the concept of (¢, a)-bounded variation. In this paper we show that the Nemytskii
operator is bounded in RBV 4 )[a, b].

2. Definitions and Notations

In this section, we gather definitions and notations that will be used throughout the
paper. Let a be any strictly increasing, continuous function defined on [a, b].

2.1. Lebesgue-Stieltjes measure and integral
Lebesgue-Stieltjes measure

Let o be a strictly increasing continuous function on R with finite value. Let
v = {[a7 b):a< b} the set of all half-open intervals in R. Define j, : v — RT by

tia([a, b)) = a(b) — a(a).

Tt is not hard to show that p, is o-additive on ~, that is, if {[an, b,,)}
sequence of members of 7y, then

nen 1S 2 disjoint

Mo U [an,bn) | = Zﬂu ([anvb'n)) .
n=1 n=1

Then there exists a unique extension of p, into the Borel sets of R. The completeness
of this extension is call the Lebesgue-Stieltjes measure induced by «a, defined on the o-
algebra 7, and will be denoted as 1, too (see, e.g., [12]). In the case a(z) = = we get
back the usual Lebesgue measure.

Example 2.1. Let a be a strictly increasing absolutely continuous on [a,b] with derivative
o/. In this case the corresponding measure i, is defined on all subsets of [a,b] which are
Lebesgue measurable, and for each subset of this kind

o (A) =/Ao/(z)dx,
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Nemytskii operator on generalized bounded variation space 73

Indeed, by virtue of the Lebesque theorem, for each interval (c,d) we have
d
palle. ) = a(d) ~ale) = [ o/(a)da.

The Lebesgue-Stieltjes integral

Let pq be the Lebesgue-Stieltjes measure generated by a strictly increasing function a.
For this measure we define in the usual way the class of integrable functions and we
establish the concept of Lebesgue integral

[ 1t

One integral of this type taking with respect to a measure pi,, corresponding to a generated
function «, is called Lebesgue-Stieltjes integral and it is denoted by

b
(L) / f(2) da(),

and we may write f € LS(a).

Example 2.2. If « is an absolutely continuous function, its Lebesgue-Stieltjes integral is

/ " fle) da(a) = / " fla)ol (@) .

Theorem 2.3. If f is a continuous function on [a,b], then f € RS(a) (RS(a) stands
for the set of all Riemann-Stieltjes integrable functions, see [12]). Moreover this integral
coincides with the Lebesgue-Stieltjes integral

b b
(L3) [ 1) data) = (RS) [ f(a)dafa).

Definition 2.4. A function f : [a,b] — R is said to be absolutely continuous with respect
to « if for every € >0 there exists some ¢ >0 such that if {(a;,b;)}}—; are disjoint
open subintervals of [a,b], then

n

> (albj) —alay) <4 implies Y [f(b;) = flay)| <e.

j=1 j=1

Thus, the collection a-ACla, b] of all a-absolutely continuous functions on [a, b] is a func-
tion space and an algebra of functions.

Definition 2.5. Let E C [a,b]. The set E has measure zero (in the Jordan sense) with
respect to p, if given € > 0 there exists a numerable cover by open intervals of E
{Zn = (an,bn) : n € N} such that 37, (a(by) — a(an)) <e.
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Definition 2.6. Suppose f and « are real-valued functions defined on the same open
interval (bounded or unbounded). Suppose 1z is a point in this interval. We say f is
a-derivable at xzq if

f(@) — f(zo)

exists.
z—zo o) — a(zg)

If the limit exists we denote its value by f/ (x¢), which we call the a-derivative of f at
Zo-.

Lemma 2.7. Let f € a-ACa,b]; then f! exists and is finite on [a,b] a.e.[pq].

For the proof of Lemma 2.7 see [4, 14, 27].

2.2.  Nemytskii Operator

Suppose I, M and N are nonempty sets. Given a mapping ¢ : I x N — M, the operator
b+ NT — M defined by (p°g)(z) = (2, g(z)) for all z € T and g € N is called the
Nemytskii operator.

The Nemytskii operator is, in Krasnosel’skii-Rutickii terminology [17], the “simplest”
classical nonlinear operator acting between function spaces, and its study is very well
documented (see, e.g., [1, 17]). This documentation is mainly done in many classical
function spaces, such as Holder, Lebesgue, Orlicz, Sobolev, among others. To the best
of our knowledge, its properties on spaces of bounded variations and its generalizations
(even for intervals) is less studied.

In his 1982 paper, J. Matkowski (see [19]) has shown that the operator F' generated by
f Ja,b] x R — R maps Lip[a,b] into itself and it is globally Lipschitz, there exists a
positive constant K such that

HF(’“‘) - F(U)”Lip[a,b] < K”U - UHLip[a,b]
where u,v € Lip[a, b] if and only if there exists g, h € Lipa, b] such that
F(t,2) = g(t)w + h(t) M
for ¢t € [a,b], z € R.

Remark 2.8. Note that there are function spaces where the Matkowski result does not
remain valid. For example, on the space Cla, b] and Ly[a,b] with p > 1, take g : R — R
given by g(x) = sin(z) and define

ft,z) =g(z), te]la,b], zeR.

The function ¢ is Lipschitz on R, but f does not satisfy the relation (1); however, the
operator F' generated by f maps each the above spaces into itself and

|Fu — Folloo = || sin(u(-)) — sin(v(+))]| o
< Kflu=vlloo
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Nemytskii operator on generalized bounded variation space 75

with u,v € Cla, b], and
b P
1Fu=Foluiion = | [ Isinu(t) = sin(u(e))|a
< K”u - vHLip[a,b]

with u,v € Lpla, b], where K is the Lipschitz constant of g.

Matkowski’s result has been extended in the framework of various function spaces for
single-valued as well as multivalued Lipschitzian Nemytskii operators, cf. [18, 28, 7, 8,
9, 19, 20, 21, 22, 23, 24, 25, 26, 29, 30, 31].

2.3. Functions of (¢, «)-bounded variation
Definition 2.9. Let ¢ : [0,00) — [0, 00) be a function such that

1. ¢ is continuous;

2. ¢ is strictly increasing;

3. ¢(t) =0 if and only ¢t = 0;
4. limy_y00 ¢(t) = 0.

Then such a function is know as a ¢-function.

Definition 2.10. Let f be a real-valued function on [a,b] and ¢ be a ¢-function. Let
II={a=z0<wz <...<uz,=>b} be a partition of [a,b]. We consider

(vu»ﬂwln

(z5) — alzj-1)

Jj=1

) (a(zy) — a(wj-1))

and
V(Rqs,a)(.f; [a,b]) = V(Rqs,a)(f) = Sll‘llp U&),a)(f% 1),

where the supremum is taken over all partitions II of [a, b]. V(R¢Y o (f) is called the Riesz
(¢, a)-variation of f on [a,b]. If V(Rd)‘a)(f) < o0, we say that f is a function of Riesz
(¢, @)-bounded variation. The set of all this functions is denoted by

BV (s, la.b] = {f : [a,0] = R |V, ) (f) < oo}
Note that if we set ¢(t) = tP(1 < p < o) we get back the concept of (p, a)-bounded
variation defined in [3].
Definition 2.11. Let ¢ be a convex ¢-function. Then
{f:[a,b] = R[3XA > 0 such that \f € BV, ,[a,b]}
={f:]a,b] - R|3A > 0 such that V?(ﬁ’a)()\f) < 400}

is called the vector space of (¢, a)-bounded variation function in the sense of Riesz, and
we denote it by RBV 4 o [a, b].
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Conclusion:

RBV (4,090, 8] = BV, o[a,b]]  Bla, b,
where B[a, b] is the set of bounded functions.

Definition 2.12. Let ¢ be a convex ¢-function . We introduce the norm
Il ||I(?¢,a) :RBV(4,0)[a, ] — R,

with [ (@] +1F = S@ff ) = F @]+ {e > 00V, (£) <1},

In their 1987 paper, L. Maligranda and W. Orlicz gave a lemma which supplies a test
to check that some function spaces are Banach algebras (see [3]), specifically they stated
the following

Lemma 2.13. Let (X, || - ||) be a Banach space whose elements are bounded functions,
which is closed under multiplication of functions. Let us assume that f-g¢g € X and

(gl < 1 lloe - gl + A1 - lglloo

for any f,g € X. Then the space X equipped with the norm

1l = 1flleo + I1£1

is a normed Banach algebra. Also, if X < Bla,b], then the norms || - ||y and || - || are
equivalent. Moreover, if || f|loc < M||f| for f € X, then (X, -||2) is a normed Banach
algebra with | f|l2 = 2M || f]|, f € X and the norms || - ||2 and || - || are equivalent.
We have the following results, proved in [2]:
Theorem 2.14. Let ¢ be a convex ¢-function. Then

1. RBV(4,a)la, b] with the norm || f|¥ = || flloo+ 1 fll(6,0) f € RBV (4,0)[a, ] is a Banach

algebra;

2. RBV (4, o)la, b] with the norm || f||§ = Zmax{l,l\l}ﬂf”&a) f € RBV (4 0)la,b] is a
Banach algebra, where '

= max ! , (a(0) — ala -1 ;
e (a(b) = a(0)é (557477 ) (afb) = ala)¢ (a(b)w(a))

3. The norms || - ||'(?¢ ) |- IR and || - |} are equivalent.

Lemma 2.15. Let ¢ be a convex ¢-function defined on [0,00) with ¢p(0) = 0. Then the
function 1 : (0,00) — R, with z — ¢(z)/x, is increasing.
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2.4. Medved’ev’s theorem

In what follows, we need to justify why we need to introduce another condition on ¢
((001) condition) to avoid the theory became trivial.

Theorem 2.16. Let ¢ be a convex ¢-function. Then RBV 4 4)[a,b] C Bla,b], i.e., all func-
tion of (¢, a)-bounded variation in the sense of Riesz is a function of bounded variation.

Moreover
1 R

V(f,[a,0]) < (a(b) — a(a)) + mv((p,a)

()

Proof. Let Il ={a =20 < z1 <...<x, =b} be a partition of [a, b]. Note that

2 () = flajnl =3 |f)}jﬁjﬁi:%w(m —afa;)).

zj-1)

Let

E{je{m,...,n};wgl}

a(z;) = a(zj-1)
If j € B, then |f(z;) — f(z;-1)| < (a(2;) — alw;—1)). T j ¢ B, then LEJTE-] >
and by Lemma 2.15 we obtain
|f(zj)—f(zj—1)l
o(1) _ o (L=
1 = We)—fl-nl 7
a(zj)—a(z;-1)

and thus
[f)) = fla) _ 1 (If(xj) - f(xj1)|>
alz;) —a(zj-1) ~ 6(1) (z;) — alzj-1)
forj¢ E.
Then

Zlf flzj)l

=S If(ey) - Flay |+Z M(a(am ~afe;1))

jeE a(z;) — a(xj-1)

<3 1) Flay)l o Z 6 <w> (alay) — a(a;—1))

JjEE
<a(b) — afa) + @V@,a) (f) <400
for all partitions II of [a, b]; therefore,
1
V(f.[a,b]) < a(b) — a(a) + %Vﬁs,a) (f)- v
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We will need the following:

Definition 2.17. Let ¢ be a convex ¢-function. If lim M

n—oo I

= +00, then we say that ¢

satisfies the (co1) condition.

‘We might observe that this limit exists since ¢ is convex. If the ¢ convex ¢-function does
not satisfy the (co;) condition, then there exists r > 0 such that lim,, o, @ =r < 400,
that is, there exists M > 0 such that ¢(z) < rz for x > M. Since @ is increasing
(Lemma 2.15), we have
x T
0w _ L o)

lim —= =
rT=eo X z€(0,00) L

Theorem 2.18. Let ¢ be a convex ¢-function which does not satisfy the (0o01) condition,
that is, if there exists r > 0 such that

lim @: sup M

< 400,
z—o00) I z€(0,00) T

then
BV[a, b] - RBV(%Q) [a, b]

Moreover,
VR, o) () <V (£ [a b)) -

Proof. Let f € BV[a,b] and Il = {a = 29 < 1 < ... < z,, = b} be a partition of [a, b].
Let us consider

¢ (L=t
i) =fli—1)|

a(z;)—o(z;j—1)

<7’, j:1727"'7n'

Then

. (f(x]-) — flzjo)]

afz;) — a(rj-1)

) (fz)) —al@j-1)) < rlf(ey) = flz-), F=1,2,...,n,

U(R¢,a) (f7 H) < TZ ‘f(l‘]) - f(xj*1)|
=1

for all partition II of [a, b],
0,0 (F1D) <1V, o) (f)
and
Vo (F) V(£ [a,b]).
Therefore f € RBV (4, )[a, b]. v

From Theorem 2.16 and 2.18 we deduce
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Corollary 2.19. Let ¢ be a conver ¢-function such that lim,_,. Tﬂ”> — < 400, Then
RBV(¢’Q)[(L7 b] = BV[(L b} and

LR

Vo) () V(£ ]a,8]) < a(b) — ala) + Ve ()

L
¢(1)
To avoid this case (Corollary 2.19) we will assume that ¢ satisfy the (co1) condition.

Theorem 2.20. Let ¢ be a convexr ¢-function which satisfy the (co1) condition, and let
f € RBV(g,mla,b]. Then f is absolutely continuous with respect to a on [a,b], that is,

RBV(4,0)[a,b] C a-ACa, b].

Proof. Let f € RBV (4 q)[a,b]. Givene > 0, let us consider (a;,b;),j = 1,2,...,n, afinite
collection of disjoint subintervals contained in [a, b]. Let m > 0 such that VR (6,0) (f) < 5.
Since ¢ satisfy the (co1) condition, there exists xg € (0,00) such that ¢(x) > ma for
x > xg. Next, let us consider the following set:

E={j€{1727...7n}:|£(2]:)7f@>x0},

If j € E, then

and thus
£(b5) = fa) < -0 (
From this last inequality we obtain
D1 (b)) — f(ay)l
j=1
=D 1) = flap)| + Y 1f(by) = flay)]

JEE JeE
1 (LD 501 () — a5 20 S () e
gmjef(a(bj)a(aj))” )~ aleg)) + ;; (a)))
<% Z¢5 (ligj:; : (J;(Zyj))) (a(bj) — alaj)) + zo Z(a(b]) — ala)))

V{0 (F) + 20 Z(a(bj) — a(ay)).
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Now, choose 0 < § < &/(2x¢). Thus, if Y7, (a(b;) — a(a;)) < J, then

Z|f (a]|< S

Finally, collecting all of this information we conclude that, given £ > 0, there exists § > 0
such that for all finite family of disjoint subintervals {(a;,b;) : j = 1,2,...,n} of [a,b]
such that 37, (a(b;) — a(a;)) < 8, then Y77, |f(b;) — f(a;)| < ¢, which means that
f € a-AC]a, b]. v

The coming result is a generalization of the result due to Medved’ev (see [16, 11]) and also
provide us with a characterization to find out the (¢, «)-bounded variation of a function
f in the sense of Riesz.

Theorem 2.21. Let ¢ be a convex ¢-function which satisfy the (0o1) condition, and let
f :la,b] = R. Then:

1. If f is a-absolutely continuous function on [a,b] and f ¢ (| fL(2)]) dpa(z) < oo,
then f € RBV (4,qla,b] and

b
V@ﬂﬂf)é/n¢UﬁM@Ddudx)

2. If f € RBV(4.q)la,b], that is VE/) (f) < o0, then f is a-absolutely continuous on
[a,b] and

b
/wmmme<%mm.

Proof. Since f € a-AC[a,b], by Lemma 2.7 f/ there exists a.e. [ua] on [a,b]. Let
x1, 29 € [a,b] with x1 < z2; then

(Lo matn ) ot ‘1”¢<a@g_a@ﬂ><<w> (@)
Jo2 1 fa(x)| da(z)

L (Ein@ide@Y
—¢< T da) )( (@2) - aa1)

G )I) a(z)
< f.LQ dOé

:/’mmwmmw»

<

) (a(w2) — afz1))

(a(z2) — az1))
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Now, let us consider Il = {a = z¢g < 21 < ... < 2, = b} is a partition of [a,b]. Then

Z¢<W%>M)((Ij) Z/ 8(1f4 @) da(@)

= (z5) — o(@j-1)
- / o(11())) da(z) < oo,

and hence for all partitions II of [a,b] < we have

V(d)a) / ¢ ‘fa ( )

Therefore f € RBV (4 q)la, b].

ii) Let f € RBV(4 q)la, b]; then, by Theorem 2.20 f is absolutely continuous with respect
to v on [a,b] and thus f, there exists a.e. [uq] on [a,b]. Let n € N and II, = {a =
o < T1p < ...< Tpy, =b} be a partition of [a,b] given by

j(b—a)

Tjn =0+ — 7=1...,n.

Next, let us consider the sequence {fy},cy With fn : [a,b] = R given by

f(xk+1,n) - f(xk,n)

fu(@) = ¢ alzriin) — alzkn)
any other reasonable value if = =b.

if 2, <T<Tjfim,

We claim that {f,}, oy converge to f/, on those points where f is a-differentiable and
different of x; ,, @ = 0,1,...,n, that is, on

A= {:L € [a,b] : {fh exists}\{win :n €Ni= 0717,..,n}},

Let x € A; then, for each n € N there exists k € {0,...,n} such that x5, < & < Tpt1.n,
so that

Ful) = f(@rt1,0) — f(Trn)
(Tt1,n) — (Tp,n)
) — f(@) + f(z) — f(@rn)

(zk+1,n) - a(xk,n)

a(Tpiin) —al@)  f@riin) = f(@rn) + a(@) —afzkn)  f(@) = flogn)

s a(@prrn) — (@en) (@riin) —al@)  al@rprn) — a(@en) o) — al@gn)

(-Tk+1 n

Therefore f,(z) is a convex combination of the points

f(@ps1,0) = f(Th,0)

a(@hs10) — alc) a(2) = al@en)’
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Now, when n — oo, then z, r — = and 241, — 2. Since f is differentiable in z, the
expressions

f(mlﬂ»l,n) - f(fE) and f(l') — f(xk,’ll)

a(Tpt1,n) — az) a(z) = a(zrn)

go to the a-derivative of f in z, that is, f/; from this we have

lim f,(z) = fi(z), z€A

n—oQ

a.e [iq] on [a,b]). Since ¢ is continuous, then

i o) = o (fim 17,600 ) = o172, v € A

Using Fatou’s lemma, we obtain
b b
[ #sihdata) = [ tim o1 @) dafe)
Ja Ja b
<timint [ o(/fu(o))) daz)

n=l cxifin
—timint Y [ o(1 o)) datz)
i=0 v Tin

n—1
EERTRN If(@itin) — f(@in
lgzlngj(

.

) — f(@in)]
a(Ziz1n) — (wiy)
) — f(@in)
) — alzign)

) /:HM da(z)

in
n—

~, (1
IR TI i+1,n
~liminf ¢ (

a(mi_H n ) (a(xi+1,n) - (X(a:i’h))
=0 s

SV (f) < 0. %

fa:in

a\T; p

Corollary 2.22. Let ¢ be a conver ¢-function that satisfies the (co01) condition. If f €
RBV (¢, [a,b], then f is a-absolutely continuous on [a,b] and

b
/ o(1£4(@)) da(z) = V&, ) ().

Corollary 2.23. Let ¢ be a convex ¢-function that satisfies the (0o01) condition. Then f €
RBV (¢, [a, b] if ;md only if f is a-absolutely continuous on [a,b] and ff o(|fLD) da(z) <
0o. Moreover, [ ¢(|f.,])da(z) = V?qm) (f)-

Corollary 2.24. Let ¢ be a convex ¢-function that satisfies the (o0o1) condition. Let
f € RBV{; o la,b]; then,

= {0 o (L) aur 1500}
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Proof. From Corollary 2.22 we have

|f|<¢a —1nf{€>0 V(¢a> }

:mf{o@:/a ('fa(x l)d (z) < 1}, fERBVY, ylab. ©

3. Nemytskii operator on RBV 4 ,)[a, ]

We will use the Medved’ev generalized Lemma and the equivalent norms obtained by the
Maligranda-Orlicz Lemma to show the following

Theorem 3.1. Let ¢ be a conver ¢-function which satisfies the (oo1) condition. Let
fia,b] x R — R. The Nemytskii operator associated to f defined by

F :RBV(4 )la,b] = RBV (4 [a,b]
u— F(u)

with F(u) = f(t,u(t)), t € [a,b] act on RBV (4 )[a,b] and is globally Lipschitz, that is,
there exists K > 0 such that

1F (u1) = F(u2) |y, < Kllur = uzllfy 0,
u1,uz € RBV (4, 0y[a,b], if and only if there exist g,h € RBV (4 oy[a, b] such that

f(t7y) = g(t)y + h(t)? te [av b]7 /S R.

Proof. Sufficiency. Let y € R. Define

up : [a, b)) = R
t — ug(t) = y (constant function)

and
F: RBV(@O‘)[(I, b] — RBV(¢7Q)[a, b]

with F(uo)(t) = f(t,uo(t)) = f(t,y). Then f(t,y) € RBV (4 o la,b], for all y € R.
By hypothesis f(-,y) is a~absolutely continuous.
Let t,t' € [a,b], t <t', y1,Y2,¥1,y5 € R. Let us define uq,us by

u; a0 > R

Yi a<s<t

Yi — Yi
St Ul(S) = m(a(s) — O[(t)) + v, t<s< t,;
Yir t'<s<b

Then we may observe that u; € a-AC[a,b], i = 1,2.
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‘We have

up —ug : [a,b] > R

Y1 — Yo, a<s<t
! !
i~y — (va —y2)

s 16@%—&” (a(s) —a(t) +y1 —y2, t<s<t;
Y — v, ' <s<b.

Since u; — ug € a-AC[a, b] its a-derivative exists and is given by

0, a<s<t;
/! /
) yi—y1— (Yo —v2) /
_— - . t<s<t
(ul UQ)Q(S) O((t/) — O((t) s
0, t'<s<b

To calculate V(R¢ @) (“1;“2) we use the theorem of Medved’ev:

/abas ‘(“‘“)() da<s>=/tt'¢<
_¢(

Since u; — uz € a-AC[a, b] we conclude that u; — uz € RBV (4 4y[a,b] and

R Uy — U _
Vmw<5>—¢<

To calculate ||u; — “2”?@0‘)\ we make
R Uy — U2
wa( E )<1

Y=y —yh+ Y2

e(a(t’) — a(t))

e(a(t’) — a(t))

Yi— Y1~ Yht+ Y2
e(a’) — a(t))

) (a() — alt)) < +oo.

e(a(t’) — a(t))

>m@@a®)

if and only if

|

Next, applying ¢~ we have

) (a(t)) — a(t) < 1.

Y1~ Y1 — Yy Ty
e(a(t’) — a(t))

and this is equivalent to

<o (aw—am)

Yi— Y1 — Yty
(alt) — a(t)¢ (zprs )

<e
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and thus

_ r
inf{s>0 V(¢a (u1 u2) gl}: 1 — 11— v> + 1o )
© (a(t’) — a(t))p~! (M)

Then

. Uy — U2
[lug —ugH@,Q) = |(u1 — u2)(a)| + inf {5 >0: V(¢ @) ( ) < 1}

3

YL — Y1 —Yh Ty

(at') — aft))p~t <m) |

= |y1 — yo| +

By hypothesis F(u;) and F(us2) belong to RBV 4 4)[a,b] and thus also F(u1) — F(u2) €
RBV(¢7Q)[G7 b] with

F(u;) : [a,b] = R
s F(ug)(s) = f(s,ui(s))
for i = 1,2, with

1 (5,94)s a<s<t;
Fsui() = § f (5 sm (als) —a) +u:) , t<s <1
JACKTON ' <s<b.
Let us consider the partition Il = {a < t < ¢t <t' < b}; then,
(F(u) = Flup)(t') = (F(w) = Fluz))(®) |} _ & F(u1) — F(ug)
¢ (‘ (aft) - a(t)) D =ofu (F )
F U - F (%)
< VE:W) <%,H)
<L

applying ¢~ we have

(F (1) — Fug)(t) — (F(u1) — F(uz))(t)
(a(t) = at)é™ (s )

Iéinf{s>0:V?a)<F@“)_}Nuﬁ) <1}.
’ 15
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Finally,
F - F
IgFmgFmﬁm)ﬂm{e>mv@®<m”EW”><1}
< F(w1) = F(u2)|(s,0)
< Klluy — uz(y0)
/ !
—y -yt
=K |l =yl 4 | — AR
(a(t’) — a(t)o (m)

Then

f(tlvyll) B f(tlvyé) B f(tvyl) + f(t7 yz)
o1 (sram ) () — ()

VI~ Y1~ Yo+ Y2

<K | Jyr —yo| +
(a(t') — a®)6~ (s7sm )

Multiplying both sides by (a(t') — a(t))p™* <m) we have

|f(tl>y/1) - f(t/7yé) - f(t7 yl) + f(t7y2)|
<K ((a@/) =067 (g gy ) el -+ y2|) .
Since ¢ satisfies the (0o1) condition, we obtain
. ’ — 1 .
o) =)0 (7 Eam )

then,

[f(ty1) = f(tys) = F(tyn) + F(ty2)| < Ely — 1 — ya + val- (2)
Next, putting
Mi=wtz yy=w; y1=2 y2=0

into (2), we have
|[f(t,w+2)— f(t,w)+ f(£,0) = f(t,2)| < K|lw+z—w+0—2z =0,
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and thus
f(t7w+z) _f(t>w) +f(t,0) _f(t>z) =0
then
[t w+z) = f(t,0) = (f(t,w) — f(£,0)) + (f(t,z) — f(£,0)).
Put
Pt() = f(t7 ) - f(t70)§
hence

Pi(w+ z) = Pi(w) + P(2).

Note that P;(-) = f(¢,-) — f(t,0) is continuous, so that the Cauchy functional equation
is satisfied and its unique solution is given by Pi(y) = g(t)y with ¢ : [a,0] = R, y € R.
Let be

h:la,b] = R
t— h(t) = f(t,0).

Then i € RBV 4,4y [a, b], and we can write P;(y) = f(t,y)—f(t,0) as g(t)y = f(t,y)—h(t);
therefore,

J(ty) =g(t)y + h(t).

Since
f(t’ 1) - f(tv 0) = (Pt(l) + f(t’ 0)) - f(t7 0) = g(t)7 le [a7 b]v

we conclude that g € RB\./M),Q)[a, b]. Conversely, let g,h € RBV(4 q)[a,b] such that
f(t.y) = g(t)y + h(t), that is

fila, b xR—R
(t,y) = f(t,9) = g(t)y + h(t).

The Nemytskii operator generated by f is given by

F(u)(t) = f(t,u(t)) = g@)u(t) + h(t), [ € [a,b].
Since RBV (4.q)[a, ] is an algebra, we conclude that

I RBV(@Q) [a, b] — RBV(d),a) [a, b]

Let us show that F satisfy the global Lipschitz condition. Let the functions wuy,us €
RBV(¢,Q) [a, b], then

17 (ur) = F(u2) 5.0y = I1F (5 u1() = £ u2() G0

, (-
= [lg()ur(-) = h(-) = g(Jua(-) + OG0
= [lg()(ur () = w2 ()50
= [lg(ur — u2) 5.0y
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By the Maligranda-Orlicz lemma we have

1 (1) = F(u2)[[§y.0) < lglloollur — u2llfy o) + llur — uzllllglity o)
< lglloollur = w2l q) +max{l, M lur — uz|{y o) l91Is.0)

(Hglloo + max{1, 191, 0 ) e = wzl], -

Hence,
[F (1) = F(u2)[|f,0) < Kllur = ual[{.0)s
with
K = ||glloo + max{1, M}||g][{; o)
and
M = ma ! (a(b) — a(a))g~! ( ! )
= X s —_ -
(a(b) — afa))pt (m) a(b) — a(a)

Acknowledgements

We want to thank the referee for his comments and suggestions. H. Rafeiro was par-
tially supported by Pontificia Universidad Javeriana under the research project “Study

of variable bounded variation spaces”’, ID PRy: 5863.

References

[1] Appell J. and Zabrejko P.P., Nonlinear superposition operators, Cambridge Univer-

sity Press, 1990.
[2

tion”, (2013), submitted.

Castillo R.E., Rafeiro H. and Trousselot E., “On functions of (¢, a)-bounded varia-

[3] Castillo R.E. and Trousselot E., “On Functions of (p, a)-Bounded Variation”, Real

Anal. Exchange 34 (2008), no. 1, 49-60.

[4] Chakvabarty M.C., “Some result on AC-w-functions”, Fundamenta Mathematica

LXIV (1969), 219-230.
[5

Ezxchange 25 (1999-2000), no. 1, 61-64.

Chistyakov V. V., “Generalized variation of mappings and applications”, Real Anal.

[6] Chistyakov V.V., “On mappings o finite generalized variation and nonlinear opera-

tors”, Real Anal. Exchange 24th Summer Symp. Conf. Reports (2000), 39-43.

[7

Chistyakov V.V., “Lipschitzian superposition operators between spaces of functions

of bounded generalized variation with weight”, J. Appl. Anal. 6 (2000), no. 2, 173

186.

[Revista Integracion



B

[9

[10]

[11]

[12]
[13]

[14]

[15]
[16]

[17]

(18]

[19]

20]

21]
22]

23]

24]

[25

Vol.

Nemytskii operator on generalized bounded variation space 89

Chistyakov V.V., “Generalized variation of mappings with applications to composi-
tion operators and multifunctions”, Positivity 5 (2001), no. 4, 323-358.

Chistyakov V.V., “Superposition operators in the algebra of functions of two vari-
ables with finite total variation”, Monatsh. Math. 137 (2002), no. 2, 99-114.

Chistyakov V.V., “Metric semigroups and cones of mappings of inite variation of
several variables and multivalued superposition operators”, (Russian), Dokl. Akad.
Nauk 393 (2003), no. 6, 757-761. English translation: Dokl. Math. Sci. 68, 6/2
(2003).

Cybertowicz Z. and Matuszewska W., “Functions of bounded generalized variations”,
Commentat. Math. 20 (1977), 29-52.

Halmos P., Measure Theory, Springer-Verlag, 1974.

Hudjaev S.I. and Vol'pert A.L., Analysis in classes of discontinuous functions and
equations of mathematical physics, Springer, 1985.

Jeffery R.L., “Generalized integrals with respect to bounded variation”, Canadian
Journal of Mathematics 10 (1958), 617-625.

Jordan C., “Sur la série de Fourier”, C.R. Acad. Sci. Paris 2 (1881), 228-230.

Merentes N. and Rivas S., “El operador de composicién con algtn tipo de variacion
acotada”. IX Escuela Venezolana de Matemaética A:M:V-IVIC, 1996.

Krasnosel’skii M.A. and Rutickii Ya.B., Convex Functions and Orlicz Spaces,
Groningen: P.Noordhoff Ltd, 1961.

Maligranda L. and Orlicz W., “On some properties of Functions of Generalized
Variation”, Monatshift fir Mathematik 104 (1987), 53-65.

Matkowski J., “Functional equations and Nemytskii operators”, Funkc. Ekvacioj Ser.
Int. 25 (1982), 127-132.

Matkowski J., “Form of Lipschitz operators of substitution in Banach spaces of
differentiable functions”, Sci. Bull. Lodz Tech. Univ. 17 (1984), 5-10.

Matkowski J., “On Nemytskii operator”, Math. Japon. 33 (1988), no. 1, 81-86.

Matkowski J., “Lipschitzian composition operators in some function spaces”, Non-
linear Anal. 30 (1997), no. 2, 719-726.

Matkowski J. and Merentes N., “Characterization of globally Lipschitzian composi-
tion operators in the Banach space BVp2 [a,b]”, Archivum Math. 28 (1992), no. 3-4,
181-186.

Matkowski J. and Mis J., “On a characterization of Lipschitzian operators of substi-
tution in the space BV (a,b)”, Math. Nachr. 117 (1984), 155-159.

Merentes N. and Nikodem K., “On Nemytskii operator and set-valued functions of
bounded p-variation”, Rad. Mat. 8 (1992), no. 1, 139-145.

32, No. 1, 2014]



90

[26]

27]

28]

29]

(30]

31]

R.E. CasTiLLo, H. RAFEIRO & E. TROUSSELOT

Merentes N. and Rivas S., “On characterization of the Lipschitzian composition
operator between spaces of functions of bounded p-variation”, Czechoslovak Math.
J. 45 (1995), no. 4, 627-637.

Riesz F., “Untersuchungen iiber systeme integrierbarer funktionen”, Mathematische
Annalen. 69 (1910), 449-497.

Riesz F. and Nagy B., Functional Analysis (translated from the second french edi-
tion), Ungar, New York, 1955.

Smajdor A. and Smajdor W., “Jensen equation and Nemytskii operator for set-valued
functions”, Rad. Mat. 5 (1989), 311-320.

Smajdor W., “Note on Jensen and Pexider functional equations”, Demonstratio
Math. 32 (1999), no. 2, 363-376.

Zawadzka G., “On Lipschitzian operators of substitution in the space of set-valued
functions of bounded variation”, Rad. Mat. 6 (1990), 279-293.

[Revista Integracion



