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Abstract

This paper has two parts. The first part will explore and document discrete time affine
term structure models in a similar setup as seen in the celebrated papers from Backus,
Foresi, Telmer (1998 and 1996) and Backus, Telmer and Wu (1999). However, the paper
will concentrate on the multifactor case under Vasicek (1977) and Cox-Ingersoll-Ross
(1985) and unify some of the notation taking into account some of the developments
seen on Duffie and Kan (1996), Piazzesi (2010) and Cochrane (2005) as well as Singleton
(2006). The second half concentrates in calibrating the models and presents discussion
of results, which are encouraging. When the economy is booming risk free assets’ yields
are expected to flatten and when the economy is under recession risk free assets’ yields
such as German sovereign bonds are expected to steepen. A different picture is observed
for Greek Government bonds, which we show are governed mainly by deficit-to-GDP
ratio, unemployment rate and debt-to-GDP ratio. Greece, in times of financial distress
exhibits a downward sloping yield curve and yields are highly correlated to increases in
unemployment and increases to its sovereign debt-to-GDP ratio. For the case of Greece
it is also observed that a deterioration of the budget deficit-to-GDP ratio results in a fall in
Greek government yields, however, a deterioration of the debt-to-GDP ratio together with
an increase in unemployment more than offset this effect, resulting in an overall rise in
the yields and hence, in a further deterioration of the financial position.
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Modelo afin discreto de
estructura de tipos de interes
aplicado a bonos alemanes

y griegos

Jakas, Vicente

Resumen

Este articulo consta de dos partes. La primera explora y documenta los modelos afin
de estructura de tipos de interés en tiempo discreto siguiendo una metodologfa similar
a la publicada en Backus, Foresiy Telmer (1998 y 1996) y Backus, Telmery Wu (1999).
Sin embargo, este trabajo tiene un enfoque multivariante mediante procesos de Vasicek
(1977) y de Cox-Ingersoll-Ross (1985), y unifica la notacién teniendo en cuenta los
logros publicados en Duffie y Kan (1996), Piazzesi (2010) y Cochrane (2005), asi como
Singleton (2006). La segunda parte de este articulo se concentra en calibrar estos
modelos y presentar una discusién sobre sus resultados, que son alentadores. En este
trabajo demostramos que cuando la economfa se halla en un momento de expansién
la curva de los tipos de interés sin riesgo, como los observados en bonos del gobierno
alemdn, se aplana; y cuando la economia se encuentra en un estado de recesién la
curva de los tipos sin riesgo se vuelve mds pronunciada. Por el contrario, el caso de los
bonos griegos es diferente, demostrandose que estan mas bien gobernados por la ratio
déficit presupuestario/PIB, la tasa de desempleo y la ratio deuda publica/ PIB. En el
caso de Grecia, en tiempos de dificultades financieras, la curva de tipos de interés tiene
pendiente negativa y estd altamente correlacionada con la tasa de desempleo y la ratio
de deuda soberana/PIB. También se observa que un deterioro en la ratio déficit
presupuestario/ PIB tiene como resultado una caida en los rendimientos de los bonos.
Sin embargo, el deterioro del ratio deuda publica/PIB junto con el aumento de la tasa
de desempleo provoca un aumento en el rendimiento de los bonos que sobrepasa
holgadamente la caida de los tipos como consecuencia del deterioro de la ratio déficit
presupuestario/PIB, por lo que al final el resultado es un deterioro general en la

posicién financiera del estado griego.

Palabras clave:
Datos macroeconémicos, estructura temporal de tipos de interés; factores dindmicos;

modelos afin de estructura temporal.
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1. Introduction

This essay will document some algebra and concepts seen in the continuous time
affine term structure literature and plug them into the discrete time approach.
The paper’s starting point is the celebrated papers from Backus, Foresi, Telmer
(1996-98) and incorporates the developments seen on the continuous time approach
as documented in Piazzesi (2010), Cochrane (2005), Singleton (2006). We will then

go and calibrate the models using Interbank as well as German and Greek govies.

This research concentrates on the multifactor cases of affine term structure models,
as the weaknesses seen on the one factor models under Vasicek (1977) and CIR

(1985) are already very well documented in Backus, Foresi and Telmer (1998).

Most of the empirical evidence on affine term structure literature has been mainly
confined to US data. This research fits a discrete time affine term structure model
using European macroeconomic data for the German govies and uses Greek unem-
ployment as well as Greek debt and deficit to GDP ratios for the Greek yield curve.
We also focus discussion of results with special attention to the economic policy, as

well as portfolio management implications.

This paper is organised as follows, section 2 introduces some of the notation with refer-
ence to latest developments seen in Piazzesi (2010) and Ang and Piazzesi (2003),
Cochrane (2001), Singleton (2006) and Duffie and Kan (1996). In section 3, the Vasicek
(1977) model is discussed under the multifactor setup. Section 4 presents the CIR (1985)
which is adapted to fit the affine model. Section 5 presents a generalised version of affine
term structure models a la Duffie and Kan (1996) but on a discrete version. Section 6
calibrates the models and main results are discussed and presented using interbank and
German government yields. In section 7 we calibrate the Greek bonds and discuss some

of the results. Finally, section 8 conclusion and final remarks are summarised.

2. Recalling Some Basic Concepts and Introducing New Ones

It is denoted y™ for the yield of a zero coupon bond with maturity NV in time z. For
the time being and without loss of generality it will be assumed that N =1 and hence,
for convenience, the 1 period yields can be specified as a function of the stochastic
discount factor as follows:

Y = ~In E[m,,]- (1)

The right hand side of (1) refers to the stochastic discount factor. Specifications on

equation (1) are referred to as pricing kernel by the dynamic asset pricing literature.
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The problem is that this is not observed and it can only be inferred via observable
yields. Assumptions made on how (1) looks like are crucial and, depending on the

author, it could lead to results which exhibit somehow different setups.

The present value of a bond is specified as follows:

E[2""] = E[m,.P}]

1+l

For which the natural log notation will be used, thus implying

In[ B} dn [, Jeln [ P3] (2)

+1
For in[P/""] being the natural log present value of a bond in time #with maturity N+1,
which will equate the addition between the log stochastic discount factor and the

redemption value of the bond in #+1.

Seminal research such as Piazzesi (2010), Ang and Piazzesi (2003) and Ang, Dong
and Piazzesi (2004) show there is a link between the discount factor and macroeco-
nomic variables. In the process of specifying this link, they not only intend to link the
short rate to macroeconomic variables but also establish assumptions about how
macroeconomic variables — or so called state variables — are interlinked to the sto-

chastic discount factor.

A notation common seen in Piazzesi (2010) as well as in Singleton (2006) and

Cochrane (2005) is that the short rate is a linear function of state variables, thus,
rtfz Yo +Y1)xz' (3)

Equation (3) is not accounted for in any of the Backus, Foresi and Telmer (1998) and
(1996) and Backus, Telmer and Wu (1999). For those not familiar with the notation
r/ denotes the short rate, ¥, is a scalar constant term, y; is a 1xk vector of coefficients
describing how the short rate responds to shocks on independent state variables x,.

>

Finally x, is a #x 1 vector. Notice that “’ ” is used to denote for the transpose of a

vector or a matrix.

The results obtained from the multifactor version documented in Backus, Foresi and
Telmer (1998) work very well for an average yield curve but require some changes,
should the researcher wish to understand movements in the yield curve, i.e. steepen-
ing, flattening and/or twists as a result of changes in the state variables, simply be-
cause under their settings the state variables are on average zero so that at the end

the yield curve depends on parameter A(NV) only.
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Another aspect which is accounted for in the literature is the behaviour of the state
variables. This has two components: 1) the specification of the mean reversing process
and 2) the specification of the random error term. The novelty of this work also lies
in plugging Piazzesi (2010) and Cochrane (2005) into the Backus-Foresi-Telmer
(1996) and (1998). Results differ mainly because authors have different specifications
and different assumptions about the mean reversing process as well as the specifica-

tion of the random error term and the stochastic discount factor.

Another common aspect seen in the affine term structure literature is that log prices

are linear functions of state variables. A possible specification could be:
-In| Py l= AN)+B(IN)x,,,° (4)

This is only a guess, as the functional form of (4) is not known. However, the literature
appears to agree on this, as seen on Piazzesi (2010), Singleton (2006), Cochrane
(2005), as well as in Backus-Foresi-Telmer (1996) and (1998) and seminal papers of
Duffie and Kan (1996).

From our guess in (4) we wish to find a closed solution and estimate the parameters
A(N) and B(IN)'. Once we have these parameters all we need to do is to plug them
into the following yield curve and taking into account for several maturities (4) would

now boil down to

. LA BVY

T4l N N X" (5)

In the next sections the multi-factor models are dicussed, for different stochastic
processes governing the behaviour of the state variables and the discount factor as
accounted under the Vasicek (1977), Cox-Ingersoll-Ross (1985) and generalized affine

term structure models a la Duffie-Kan (1996) asset classes.
3. Multifactor Affine Term Structure under Vasicek
A good starting point is to use the pricing kernel a la Backus-Foresi-Telmer (1998)
which here is combined with the Vasicek (1977) process a la Piazzesi (2010). A
possible specification would be like:
X1 = xt+(I)(J?—x[)+Gx€H1 (6)

~In [mm] =0+1r/+Ne,, (7)

AESTI (&, MATIO




Equation (6) is the classical mean reversing process whereby x,,; and its mean being
both a £x1 vector of independent state variables and x, being its 1 period lag. o, is a
diagonal £xk matrix of standard deviations of the state variables. ¢,,, is a £x1 vector of

random error terms with classical normal assumptions of mean zero and variance 1.

Equation (7) is the stochastic discount factor as seen in Backus-Foresi-Telmer (1998),
however here with somehow a different setting, as (7) was originally the univariate
Vasicek (1977) case. In this essay we transform this specification and adapt it for the
multifactor case of a &-dimensional vector of state variables. In addition the short rate
r/is replaced by (3) which will bring this closer to the Cochrane (2005) and Piazzesi
(2010) results. Same as in Backus-Foresi-Telmer (1998) 6 is specified as follows:

M-
=2

(8)

N\»—'
W

Specification for (8) is fortuitous, the only aim is to normalise the stochastic discount
factor so that it becomes the inverse of the short rate. Notice that with (8), now (7)

has the following conditional means and variance:
- k
2 > 2
E [‘Ei;%‘"f ‘“ﬂl} -y 2

1
2
1 I3 k
Var [- 5 gxf -r;-xeﬂi YW

And assuming E[/n x]= u(x) +150°(x), which yields

Ellnm,,=-r/
Backus-Foresi-Telmer (1998) multifactor under the Vasicek (1977) case set the x, to
zero and d is replaced by the mean of the short rate. Here it will not be required to do
this because the short rate follows as described in (3). This will make possible to gen-
erate any yield curve at any point in time, whereas Backus-Foresi-Telmer (1998) could
only produce an average yield curve, therefore it will be possible to generate any yield

curve and study the risk premium A, in time series fashion, should we wish to do so.

Here it is shown how to get there. Starting first with equation (2) and substituting
the right hand term for (7) and (4) which boils down to:

P =8~ 1 X, ~AWN) -B(N ) x,., 9)

The intention is to compute the present value recursively using what it is known from
(2) for some guess of coefficients from (4). Since P}, = 1 and A(N=0) = B(N=0)= 0,

+
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which means this can be solve recursively, as for 1 period would imply A(N=1)=v,
and B(N=1)’= y; which means that equals the short rate as described in (3). Now for
any set of state variables the resulting yield curve can be computed. As this author is
trying to compute the coefficients for maturity V, all is needed is to use (2) to com-

pute the present value of an N+1 maturity bond.

As discussed earlier, modifications to the Backus-Foresi-Telmer (1998) version are
added by replacing 6 for (8), 7/ for (3) and replacing x,,, for the Vasicek (1977)

process described in (6).

k
z)‘;_ Yo~ )/I)xt_)\’,gml ~AN)-B(NY [xx+q)(3?_xz)+0xgt+l] (10)

In [I)Z(NH)] =_%
i=1

The constant terms and the terms multiplying x,and ¢,,, are grouped, so that at the

end it would look something like this
k

In[P"] =~ (%Z A+, +A<N>+B<N>’<I>f) ~(y; +BWNY (I-@))x,~(X+B(N) 0, )¢, (1)
i1

The reader should remember what is known from (2), so that the conditional mo-

ments on (11) can satisfy,

k
Ellnm, +InP%] = - (% DA+, +A(N)+B(N)’<I»?> ~(y,+BNY (I-®))x,  (12)

: %
i=1

and

Var|lnm, .+ InP%) = (X+BWN) o,) (13)
Recalling that the implied present value of a fixed income security yields
2 )<l rinr ) Vil o) o

Substituting (12) and (13) into (14) yields

M»

~E[lnP""] A+ Y, +AN)+ BN )Y dx+(y, + BN (I-))x, -é (X+BWNYo,)* (15)

1
2 s

Rearranging the constant terms and the terms multiplying x, and lining up with (4) yields,
k

AWN+1)=y, +AN)+BWN) ®x + %<;A§—(A’+B(N)’ox)2> (16)

B(N+1)’=(y, +B(N) (I-®)) (17)

All is needed is to replace (16) and (17) into (5) and solve numerically by fitting the

curve to the observed yields by adjusting A’s for a given choice of maturities. All other
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parameters are obtained from observations. Backus-Foresi-Telmer (1998) estimated
the A’s for two factor model and fit the mean yields for maturities 60 and 120 months.
For each of the A’s it is possible to adjust the parameters to a desired maturity, the
greater the number of A’s, the better the fit will be, as it would be possible to fit for
more maturities resulting in a better fit of the parameters A(V) and B(NV) to the
observed curvature. This choice is rather arbitrary, as there is no more rule than the
size of the autocorrelation coefficients. Hence, A’s from state variables which show
greater persistence — thus with a greater degree of autocorrelation — are used to fit
longer maturities and A’s linked to variables with a low autocorrelation coefficient

are used for fitting shorter maturities, as they exhibit less persistence.

An important difference is that under the Backus-Foresi-Telmer (1998) setup (17) was
equated to zero, as the means of x, were equal to zero. Intuitively, parameters ¥, and ¥,
under Backus-Foresi-Telmer (1998) are 0 and 1 respectively. Here these parameters are
free and obtained empirically for which it will be shown that parameters y, = 0 and

7,;# 1 and the signs for parameters B(V); from (5) depend on ;.

4. Multifactor Affine Term Structure under
Cox-Ingersoll-Ross

As in previous chapter the starting point is the pricing kernel a la Backus-Foresi-Telmer
(1998) which combined with the CIR (1985) process a la Piazzesi (2010) yields:

X0 = xt+<1>(9'c—xt)+0x \/xtsm (18)
1 £ 2 f bl
~In [mm] = 1+E SA vl +MN[x,€,, (19)
i1

Equation (18) is the CIR mean reversing process whereby x,,; and its mean being
both a kx1 vector of independent state variables and x, being its 1 period lag. o, is
a diagonal kxk matrix of standard deviations of the state variables. ¢,,, is a £x1
vector of random error terms with classical normal assumptions of mean zero and

variance 1.

Equation (19) is the stochastic discount factor as seen in Backus-Foresi-Telmer
(1998), however here with somehow a different setting, as (19) was originally a
univariate CIR (1985) case and here this specification is adapted for the multifactor
case, as similar to the Vasicek (1977) discussed in previous section. Again, the short
rate 7/ is replaced by (3) which will bring this closer to the Duffie and Kan (1996),
Piazzesi (2010), Cochrane (2005) and Singleton (2006) results.
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The selection of the coefficient in (19) obeys the only purpose of normalising the
stochastic discount factor so that it equates the inverse of the short rate, so that

equation (19) results with the following conditional means and variance:

k k
E [- (1%#21/1;)4-%\/2%} -- (1%%&?);«;

k k
Var [- (1%;&?)4 -A’\/E,sm} = (;Af);’tf
And assuming E[/n x]= u(x) + 15 0°(x), which yields

Ellnm,|=-r/

Backus-Foresi-Telmer (1998) documented the discrete multifactor case for the CIR
under a different setup. Their example is mainly limited to a two factor under
Longstaff and Schwartz (1992) setup. Here, the aim is confined to a generalised
version of a multifactor model under the CIR with a A-dimensional vector of state
variables. As in previous Vasicek example, the generalised CIR multifactor case is

specified as follows.

Starting with equation (2) and substituting the right hand term for (19) as well as
(4) which boils down to

k
In[P""]=- <1+% 21 Af) rf ~A\x, €, ~AN)-B(N) x,., (20)

Same as for the Vasicek model the intention is to compute the present value recursively
using what is known from (2) for some guess of coefficients from (4) . Since P = 1
and A(N=0) = B(N=0)’= 0, which means it can be solve recursively, as for 1 period it
will imply A(N=1) = y, and B(N=1)'= ¥, and thus equating the short rate as described
in (3). Unfortunately this does not work because for it to work it would require
%, = 0 and 7, to be a £x1 elements equal to 1, which is not true empirically. So it
necessary to modify the CIR case. To be more precise it will be necessary to sacrifice
normality in order to be able to let a parameter A’s account for the discrepancies and

thus enable the CIR model fit the observed values.
As discussed earlier modifications to the Backus-Foresi-Telmer (1998) version are

added by replacing, 7/ for (3) and replacing x,,, for the CIR (1985) process already
discussed in (18).

k
In [[)t(Nm] =" <1+% ; AZZ) <70 + )/173([) _}“,\/;zSHI_A(N)_B(N)’ [xl+q)(3?_xt)+0x.\/§t€t+l] (21 )
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Rearranging and collecting terms so that the constant terms and the terms multiplying

x,and ¢,,, are grouped, which would look something like this
[P =y, (1% fl Af) ~AN)-B(N) o5
(142 S 2} B ) B o,
Recalling (2), equation (22) has the following conditional moments,
Ellnm, ,+inP%] =-y, (1% i Af)—A(N)—B(N)’d»?— <<1+% i)&) v, +B(N)’(1—c1>)>x, (23)

and

Var[lnm, +InP%] = (X+B(N) 0, ), (24)
Recalling (14), which is reproduced in (25) below,

~E[nP"" ] =-E[lnm, . +InP) —%Var[[n m, ,+InPY)] (25)

1+l r+1

And now substituting (23) and (24) into (25) yields,

k k
E[nP""] =y, (1 % ZA,?) +A(N)+B(N)' 5+ ((1% ZAf) v, +B(1\0’(1-<1>)>x,

i=1 i=1 (26)
L (R+B(NY o),

Rearranging the constant terms and the terms multiplying x, and lining up with (4)

yields, .

AN+1)= y0<1+%2 Af>+A(N)+B(N)’d>9? (27.a)
i1

BIN+1Y = ((1% ﬁx) y +B(N)’([—<I>))—%()&B(N)’Gx)z (28.2)

Same as in previous Vasicek model, all is needed to do now is to replace (27) and
(28) into (5) and solve numerically by fitting the curve to the observed values by

adjusting A’s for a given choice of maturities.

Backus-Foresi-Telmer (1998) do not account for (27.a) and (28.a). However, from their
univariate case it is possible to intuit that %,=0 and y, is a 1x/4 elements equal to
1 which is not realistic. The CIR process described in equation (18) is slightly different
whereby in their version (/-®) would be first order auto-regression coefficient ¢. Under
this paper’s settings the use of the (/-®) brings it closer to the continuous time version
described under the Duffie and Kan (1996), Cochrane (2005) and Piazzesi (2010) class

of affine models.

AESTI (&, MATIO

9
%
o
=]
©
o
©
>
E
]
)
a'
>
3
1%
&
=)
c
a
a
c
3
®
<
[o]
a
R
7
>
o
p=a
=
a
o
o
o
©
=]
3
®
S
»
S
=%
(9]
=
©
[oR
~
(2]
[o]
<
o
S
E]
3
I}
S
a
w
o
S
a
@
[
)
~
S
kg
<

/8-85 :S "710T ‘IONVNIH 40 TYNYNO! TYNOLLYNYILNI 831 IHL‘O|LVIWNILSIV

o
~N



Discrete Affine Term Structure Models Applied to German and Greek Government Bonds. Jakas, V.

AESTIMATIO, THE IEB INTERNATIONAL JOURNAL OF FINANCE, 2012. 5: 58-87

o
(o0]

However, notice that (27.a) and (28.a) only work if, and only if, y,=0 and y, equals
a 1xk elements equal to 1. The problem stems from how (19) has been specified
because ¥, is not zero and elements in y, are not one. So it will be necessary to change
(19) and sacrifice the possibility of making (19) equal the short rate under normality.

Thus, (19) will now look more like:

(% 2 > X AX,E

Now if what was shown in (20) to (28) is re-performed under the above setup, (27.a)

—ln[ x+1]

and (28.a) would look more like

A(N+1)=y,+A(N)+B(N) Ox (27.b)

BN = BN G-+ | -GNy, | (28.6)

Notice that now (27.b) and (28.b) does give the opportunity to solve by applying the
recursion as in (2). Since P;)j=1 and A(N=0)=B(N=0)'= 0, and now A(N=1)=y, and
B(N=1)'=y, which means that under (27.b) and (28.b) the model equals the short rate
as described in (3) for V=1. This paper will use (27.b) and (28.b) when calibrating
the CIR model because the original (27.a) and (28.a) do not work for the reasons

explained above.

5. Generalised Multifactor Affine Term Structure
Duffie and Kan

The Vasicek (1977) and the Cox-Ingersoll-Ross (1985) are special cases of the
generalised multifactor affine term structure models which were first developed by
Duffie and Kan (1996) and translated into discrete time by Backus, Foresi and Telmer
(1996). The intention will, as for the previous models, include some of the developments
documented by Piazzesi (2010), Cochrane (2005) and Singleton (2006).

Under the generalised affine term structure state variables and the stochastic discount

factor are specified as follows.
X=X, +D(X-x,)+O,€,,, (29)
~In [mm]=5 +r/ +Xo.¢€,, (30)

5=l<ﬁ;;>o§ (31)
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rtf =YO+}/17xt ’ (32)
o, =2s(x,) (33)
Soi +51 % (34)

Equation (29) describes the stochastic process of the independent state variables.
This is the usual mean reversing process whereby Ax,,, is likely to be negative if ;, is
above its mean and, is likely to be positive if x, is below its mean. x, and its mean are
both 4-dimensional vectors. @is a kx £ matrix of diagonal elements @, which represent
the speed of adjustment at which each of x;, elements reverse to their means. 0, is a
diagonal £ x k matrix comprising the volatility of the state variables. ¢, is a
k-vector of shocks moving x, away from its mean and with ¢,,,, elements being

normally distributed with mean zero and variance 1.

Equations (30) and (31) describe the stochastic discount factor as seen in Backus-
Foresi-Telmer (1998) which introduces some changes to the already discussed version
shown in the Vasicek case equations (7) and (8), thus here with somehow a different

setting, as (30) now includes a o, term.

Equation (32) which was already discussed in the introduction in (3) will be replaced

by the short rate 7/ so that it would get closer to the Piazzesi (2010) results.

The selection of (31) obeys the only purpose of normalising the stochastic discount

factor so that it equates the inverse of the short rate.

Equation (33) and (34) describe the volatilities of the state variables. s(x) is a diagonal
k x k matrix with elements s5;(x). Notice that by doing so it is possible to generalise for
both Vasicek and the CIR cases. Because the Vasicek is a Gaussian process and CIR is
a square root process. With (34) enabling for both cases, thus s;; = 0 and s; = 1 for the
Vasicek case, whereby the variance parameters in Z are free. Alternatively, if it is wished
to account for the CIR case, then set 5; = 1 and s); = 0. Piazzesi (2010) and the
celebrated paper from Duffie and Kan (1996) as well as Dai and Singleton (2000)
remember us of the conditions required to obtain a unique solution to the stochastic
differential equations, and these comprise the Feller and the Lipschitz conditions, for
which the reader is encouraged to refer to Piazzesi (2010) page 706 for some examples

on how this works. As for our discussion this is not of crucial relevance to this research.

Replacing (31) into (30) and adjusting the signs accordingly yields

k
In [mt+1:| =_%<; Af)ai—r,f—)ﬁax & (35)
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Equation (35) has the following conditional means and variance:
(s 1[5
E [2<z %) ot iAo, €:| (SR )i (35)
k
Vr |- 1(32) 02t 2o, | - (S0 Yo

i=1

And assuming E[/n x]= u(x) +15 0°(x), which yields
Ellnm,)=-1f (36)

Backus-Telmer-Wu (1999) documented an affine case for two variables under a
slightly different setup. Now, similar to the previous Vasicek and CIR examples, the

generalised version follows.

This starts again with equation (2) and substitute the right hand term for (35) and
(4) which boils down to

)= L (£ ) o2 rf -, AN)BOV'x @7)
Same as for the Vasicek and CIR models the intention is to compute the present value
recursively using what is known from (2) for some guess of coefficients from (4). Since
P =1 and A(N=0) = B(N=0)'= 0, which means this can be solved recursively, as for
1 period would imply A(N=1) = y, and B(N=1)’= y,and by doing so it the short rate
is obtained as described in (3).

As discussed earlier, modifications to the Backus-Foresi-Telmer (1998) version will
be added by replacing, 7/ for (3) and replacing x,,, for the general affine version

process described in (29).

AL

k
%( z&z> G;_(Voerfxz)_}"’Gx €z+1_A(N)_B(N)’ [x,+<l)(3'c—xt)+0x gnl] (38)

i=1

Accounting now for (33) and (34), (38) would now look more like

£ £
In [P;N’”] = —%( Z)Lf> Z’Esol»—%< Z)uf> 5%, Y, -V - A Es(x)€ .,
P P
(39)
-AN)-B(N) x,-B(N) ®x +B(N) ®x,-B(N) Zs(x)€,,,

Rearranging and collecting terms so that the constant terms and the terms multiplying

x,and g,,, are grouped, resulting in (39) being
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k
In[P""] = %( Z);) 'S5~ -AWN)-B(N) ®F
i1

k (40)
- (% < > Af> 2’54y, +B(N)’(1—CI))>xt— (V+BINY|Zs(x)e,
P
And has conditional moments,
k
E [ln mt+1+Pt(f{’] = —%( 2)»3) X5~ Yo-AW)-B(N) Ox
. i=1 (4_] )
(LS8 ) e movr o)
i1
and
Var|lnm, .+ InP%) = [N+BINY | £S5+ [V +BINY 2S5, x, (42)
The implied present value of a fixed income security being
~E{n 2" = ~E{lnm, 41 PY] - Varllnm, 1 P (43)
So that substituting (41) and (42) into (43) yields
L[4
~E[lnP""]= 5 (Z1 Af) 350+, HAWN)+B(N) o
(44)

k
+ (% (Z Af> 2354y, +B(N)’([—d)))x,—%[)hB(N)’]zE’ZfOi—%[A’+B(]\/)’]ZZ’Eslix
i=1

Rearranging and collecting terms, with the constant terms and the terms multiplying

x, being grouped. Finally, lining up with (4) results in

k
A(N+1)=y,+A(N)+B(N) dx +% <Z} A- [)J+B(N)’]2> 255, (45)
k
BOV+1) =, +BN) (- 0)+ (2 A [A’+B(N)’]z) DRy (46)

Same as in previous Vasicek and CIR model, all is needed now is to replace (45) and
(46) into (5) and solve numerically by fitting the curve to the observed values by

adjusting A’s for a given choice of maturities.

Backus-Telmer-Wu (1999) and Backus-Foresi-Telmer (1998) and (1996) document
(45) and (46) in a somehow different setup. The pricing kernel described in (30) is
normalised, so that under log normal conditions the stochastic discount factor

equates the short rate, this is not so obvious in their case. A matrix X of free
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parameters is also included in the model similar to Duffie and Kan (1996), Cochrane
(2005) and Piazzesi (2010), which is not included in Backus-Telmer-Wu (1999) and
Backus-Foresi-Telmer (1998) and (1996).

As in the previous cases, Backus-Telmer-Wu (1999) and Backus-Foresi-Telmer
(1998) their versions show that y, = 0 and ¥, is vector of 1xk elements equal to 1.
Finally, also the process described in equation (29) is slightly different whereby in
their version (/~®) would be first order auto-regression coefficient ¢ . Under our
setting the use of the (/-®) brings us closer to the continuous time version described
under the Duffie and Kan (1996), Cochrane (2005) and Piazzesi (2010) class of
affine models. However, Piazzesi (2010) does not account neither for A’s nor the
volatility of the stochastic discount factor in a way that allows fitting the curve to

observed yields.

Ideally, (45) and (46) would allow to identify back (16) and (17) as well as (27)
and (28), but this does not quite match because of the 2’S multiplying both A’ and
B(N)’ terms in (45) and (46). This is because of how the stochastic discount factor
has been specified in (30) and (31). Under this setup we differ to the stochastic
discount factor under Vasicek (1977) and CIR (1985) documented earlier in (7)
and (19) mainly because in these specifications it did not account for the volatility
0, as part of the stochastic discount factor, as depicted in (30) and (31). This has
been mainly for convenience only. Thus, without loss of generality (45) and (46)

are adapted slightly, thus yielding

AN+1)=y,+AN)+B(N ) ®x % (i A- [A’+B(N)’ox]z>:0i (47)

k
B(N+1)'= y1’+B(N)’(I—d>)+%<Z, Af—[k’+B(N)’0x]z>sli (48)

Notice that now when s, is 1 and s,; is zero the model accounts for the Vasicek (1977)
case discussed in Section 3 and when s,; is zero and s;; is 1 the model accounts for
the CIR (1985) as discussed in section 4.

6. Calibrating Under the Discrete Approach

This paper calibrates the Vasicek (1977) and the CIR (1985) using macroeconomic
data. The models discussed in sections 3 and 4, shown in (16) and (17) for the
Vasicek process, and (27.b) and (28.b) under the CIR approach are fitted using
monthly Euro-Zone Unemployment Rate, Euro-Zone M3, Euro-Zone Production Price

Index and European Commission Consumer Confidence Index. Results are compared
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for estimated values of 2(IV) = A(N)/N and 6(N) = BN)/N with those observed via
OLS published in Jakas (2011). This empirical work is based on monthly observations.
EONIA, Euribor and German government yields have been obtained from Bloomberg.
Most of the data series is only available since 1999. The period considered is from
December 1999 until January 2010. This results in 122 observations. The yields are
estimated under the restrictions (16) and (17) as well as (27.b) and (28.b) mentioned

above and compared with the observed data.

Figure 1 below shows the coefficients b(N); for OLS, Vasicek and CIR for different
maturities. Vasicek and CIR show more persistence than OLS. Under OLS,
coefficients fall faster and die away as maturity increases. Notice under OLS only
the unemployment and producer prices show some persistence. In addition, they
also exhibit a “humped” shape which this paper is not capable to reproduce under
Vasicek or CIR and confirm the results seen on Backus, Telmer and Wu (1999). Not
surprisingly, under the Vasicek as well as CIR approach, the coefficients are almost
identical both models estimate virtually the same values. This is possible thanks to
the use of more than one variable and the use of A’s to fit for the same maturities.
The sign of the b(N); coefficients are primarily governed by the estimated
parameters ¥;, which are — in turn — estimated via OLS by regressing the EONIA
with the four factors (Unemployment, PPI, M3 and Consumer Confidence Index).

Discussions on these results are shown in Jakas (2011).

Figure 2 shows that this behaviour is also observed for the coefficients a(N). In
general, it could be said that affine models exhibit coefficients which have a smoother
behaviour across maturities than those seen under the OLS approach. (V) increases
as maturities become longer. Under the OLS approach a(N) is much steeper than
those estimated under the Vasicek and CIR, and becomes negative for the Euribor 3

months, 6 months and the 2 year German government.

Economically, results are interpreted as follows: An increase in unemployment
results in an increase in expected aggregate marginal utility with a the subsequent
decrease in risk free assets’ yields, as these are dear most in times of low
consumption growth. An increase in consumer confidence results in a decrease in
expected aggregate marginal utility growth and therefore, risk free yields are
expected to increase as these assets act as a hedge in times when consumer
confidence is low. An increase production prices has two implications, 1) an
increase in production prices means that aggregate consumption growth is high,
and in times when aggregate consumption growth is high risk free assets are dear
less as these are negatively correlated with consumption growth, and investors are
less risk averse and prefer riskier assets. 2) Taylor rules show that central bank policy

will be to increase interest rates if production prices are expected to drift expected
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inflation away from target levels. Subsequently, an increase in interest rates results
in an increase in yields, as financing becomes more expensive and margins between
interest income and funding expense are tighter. An increase in monetary aggregates
is expected to results in a fall in interest rates, as central banks conduct quantitative
easing, yields fall mainly because the cost of financing generate higher margins and
competition in the capital markets push bond prices up with the subsequent fall in
yields. This behaviour is explained mainly by an increase in margins which in turn

increases demand in the bond markets pushing prices up.

[ | Figure 1. Analysis of the &(IV); coefficients under OLS, Vasicek and CIR models
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[ | Figure 2. Analysis of the b6(N) coefficient under OLS, Vasicek and CIR models
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In order to analyse the models’ ability to fit the curves with various shapes this
research shows in figure 3 how the fitted curves look like at their flattest, mean or

average, and steepest levels. In order to do this first the EONIA’s historical highs,

MATIO

AESTI J&

%




average and lows are identified and, subsequently the corresponding values
observed for the four factors (unemployment, PPl, M3 and Consumer Confidence
index). The model is capable of reproducing the observed sample data. Results have
interesting policy implications which are outlined as follows: 1) the yield curve is at
its flattest level when the overnight rate is at its highest value, unemployment is at
its lowest level, production prices are at their highest levels, money supply (M3) is
tight and consumer confidence levels is at its highs. And 2), when the yield curve is
at its steepest the overnight rate is at its lowest, unemployment rate is at its highest
levels, production prices are low, money supply is lax and consumer confidence level

is the lowest.

Notice that an economy exhibiting the above mention behaviour of the yield curve
would suggest that the government could take advantage by issuing new debt at
low financing costs in times of low consumption growth in order to undertake
countercyclical fiscal policies without increasing distortionary taxation. In times of
low consumption growth risk free assets exhibit low yields and hence low financing
costs. Alternatively, in times of high consumption growth, when risk free assets
exhibit high yields and thus prices are low, governments should reduce debt growth
outstanding via buy-back programmes and thus reduce current refinancing costs.
In fact, governments should under such scenario take advantage of buying back at

a low redemption price.

From a portfolio management perspective, in times when the curve is at its steepest,
a representative investor will have the incentive to undertake a flattening strategy
such as shorting the 2 year maturity bonds and long the 10 to 30 years, as the losses
generated in the 10 to 30 years will be more than offset by the profits on the front
end. In times when the curve is at its flattest, a representative investor will have the
incentive to long the 2 year maturities and short the long end (10 to 30 years). The
front end of the curve is relatively similar across models. The different models show
discrepancies mainly on the long end. Hence, from the 10 year maturities onwards,
OLS fails to describe the movement of the curve when yields are above their average.
The observed, as well as the estimated via Vasicek and CIR describe a rather parallel
shift whereas OLS shows more a flattening movement once yields have reached their

means and are moving towards their flattest level.

In all cases it is shown that when the curve is at its flattest, yields are higher across
the yield curve and when the yield curve is at its steepest the yields are at their lowest
levels. All models agree with the observed yield curves that the front end is clearly
more volatile and has a greater range of values than the long end. When yields are
increasing, the yield curve is expected to become flatter if yields are currently below

their means and, alternatively, when yields are falling, the yield curve is expected to
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become steeper if yields are above their mean values. This is mainly because the
volatility in the yield curve is expected to fall as maturity increases. A possible way
of describing this would be if it is assumed that the volatility and any point of the
yield curve somehow obeys that c™W=0"/N, thus the volatility and macroeconomic

shock effects decrease as maturity increases.

[ | Figure 3. Fitting the yield curve

74 74
6.
" ’\.
5.
4
3k
2- ---- Observed Steepest 2 ---- OLS Steepest
1 4 - - - Observed Average 1 - - - OLS Average
7, ---- Observed Flattest i -=-- OLS Flattest
0 T T T T T 1 0 T T T T T |
0 5 10 15 20 25 30 0 5 10 15 20 25 30
74 74
61 e 6 meimeem e
5.7 s
L e e
R 3T
21 B ---- Vasicek Steepest 2 P ---- CIR Steepest
1 - - - Vasicek Average 1 - - - CIR Average
-~ Vasicek Flattest -+ CIR Flattest
0 T T T T T 1 0 T T T T T 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30

The predictive-ability of the models is of special interest to this research. The
intention is not only to explain economically the behaviour of the yield curve from
a macroeconomic perspective but also understand how macroeconomic variables
contribute to predict changes in the yield curve. Figures 4 and 5 show how the four
factor Vasicek as well as the CIR models are capable of anticipating yield curve
behaviour as a consequence of innovations in macroeconomic variables. The
models are calibrated for the period starting from December 1999 to January 2010
and compared the estimated yields to those observed in the sample data. Results
are encouraging, as fitted values are in line with the observable trends. Yields in the
longer end are less predictable, compared to those seen in the front end however
they still exhibit a high explanatory power and forecast quite well the underlying

trends.

As maturities become longer, forecasts appear to be less convincing towards end
of 2009 and beginning of 2010. However, even though not presented in figures

4-5, current data shows that yields have indeed fallen during 2011 to historic lows,
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Schatz (2 years German tresuries), Bobls (5 years German government) and Bunds
(10 years German government bonds) reached historic lows below 2% for Bunds
and even negative yields on less than 1 year German treasuries, thus showing that

these models predicted in advance lower yield levels.

[ | Figure 4. Vasicek fitted versus observed yields
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[ | Figure 5. CIR fitted versus observed yields
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M 7. Calibrating with Greek Government Bonds

In this section, we calibrate an affine term structure model under CIR with Greek
government bonds. The study was mainly dependent on the availability of yield data for
the period during Greek’s financial collapse as well as previous periods where Greece
enjoyed some stability. The model should be capable of accounting for all states of the
economy. Full statistics were only available for 2, 5, 10, 15 year bonds available in
Bloomberg historical data. The period used varies depending on the maturity, but overall
we considered the period June 2001 to April 2012. The macroeconomic variables have

been picked after surveying 50 market participants from various market leading financial
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institutions. We picked the top three: Greek government budget deficit to GDP ratio, Greek
unemployment rate and Greek government debt to GDP ratio. Regression results show
that all these factors were highly significant and that OLS as well as affine models

perform very well, despite the volatility seen during the last two years.

Figures 6.1 and 6.2 below show the affine-CIR fitted versus the observed Greek Govern-
ment yields, which are quite encouraging despite market conditions. Figure 6.2 shows
that observed values exhibit more volatility than the fitted ones the closer we get to
Greece’s default. Figure 7 shows the OLS-fitted versus observed. The reason for doing
this comparison is mainly to show the results stemming from a purely statistical per-
spective and see how much differ compared to an approach with deeper theoretical un-

derpinnings, as seen in figure 6.1 under an affine-CIR approach.

Figures 6.2 and 7 show that the affine-CIR as well as the OLS models can reproduce
the dramatic rise in yields shortly before Greece’s collapse. Not so lucky appear to be
the results seen for the 2 year yields which exhibits a slower growth rate compared to
the observed data. However, this is not so disappointing, as the model has been able to
account for a yield movement from 4% up to almost 50% levels. Remarkably, the 5, 10
and 15 years exhibit surprisingly good results, mainly because these have had a far lower
impact compared to the 2 year yields. This research show that the macroeconomic vari-

ables used for calibrating the model explain very well yield dynamics.

In times of financial distress and when government bonds become risky assets, markets
focus their attention more to the ability of governments to repay in the future and ratios
such as debt-to-GDP as well as government deficit-to-GDP exhibit high explanatory
power, in contrast to the German bonds, where markets look here more into unemploy-
ment as well as expected future consumption growth and less to debt-to-GDP or deficit-
to-GDP ratios, because here German bonds act as a hedge for times when aggregate

marginal utility growth is high and expected future consumption growth is low.

[ | Figure 6.1. Greek government bond yields CIR-fitted versus observed yields
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[ | Figure 6.2. Greek government bond yields CIR-fitted versus observed yields
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M Figure 7. Greek Government Bonds OLS fitted versus observed
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This paper also focus also some attention to the ability of the model to generate an
average yield curve in times when the short yields are at their lowest and at their highest
levels. Reason for doing this is simply to show the limitations of the model. Figure 8
below shows different coefficients for the parameters A(NV)/N and B(IV);/ N which have
been estimated calibrating a space state vector observed when the 2 year Greek
Government yield was at its lowest level, at its mean and at its highest level. We see that
the model struggles a bit when yields are at their highest levels. This should not surprise
the reader, as these levels of yields are observed shortly before the Greek sovereign
collapse and its subsequent default. Moreover, actually what is really struggling here is

the Broydn function in Matlab rather than the model. In this paper we use this Matlab

AESTI (&, MATIO

e




function to solve numerically equation (5) to adjust to observed yields (and to
restrictions documented in (27.b) and (28.b)) by adjusting the vector A’ explained in
previous sections. Parameters A(N)/N and B(IV);/N exhibit virtually identical patterns
and differ significantly only when yields are at their highest levels. Coefficients for Greek
government budget deficit to GDP are negative which means that an increase in this
ratio, hence a deterioration of its finances with respect to GDP, results in a fall in yields.
A priori this might be seen as odd, but it makes sense if this is analysed together with
the other two coefficients, thus looking into the size and the sign of the coefficients for
unemployment and debt-to-GDP ratio. Unemployment and debt-to-GDP ratio show
that these coefficients would more than offset any positive effect from the fall in yields

as a result of an increase in the government deficit-to-GDP ratio.

[ | Figure 8. Greek Government Bonds Affine-CIR estimated coefficients A(N)/N
and B(V); /N fitting equation (5) to observed yields, restricted to (27.b) and

(28.b) and when state vectors are x,.,,,;,; X;means aNd X0
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Table | shows some regression results. All variables used are very significant. OLS
confirms our observation under the affine-CIR, thus if governments similar to the
Greek case, engage in counter-cyclical fiscal policies that result in a deterioration of
their government deficit with respect to GDP might still observe a fall in yields
however, this is expected to be more than offset by an increase in yields as a
consequence from a deterioration in their debt-to-GDP ratio. This implies that
governments can run deficits to reduce unemployment only if the deterioration of its
deficit does not result in a significant deterioration of their Debt to GDP ratio, as the
deterioration of this ratio will more than offset any positive effect stemming from

their countercyclical fiscal policies.

® Table 1. OLS Regression Results and Selected Diagnostics

State Variables Greek Government Sovereign Yields

State Variables 2 Years 5 Years 10 Years 15 Years

Log Greek Gov. Deficit to GDP Ratio -23.53547 -7.338331 -3.093097 -3.776979
(t-stat: -3.68) (t-stat: -5.30) (t-stat: -6.25)  (t-stat: -4.30)
(P:0.000) (P:0.000) (P:0.000) (P:0.000)

Log Greek Unemployment Rate 18.56715 6.672775 3.40174 4.858906
(t-stat: 3.04) (t-stat: 4.50) (t-stat: 5.99) (t-stat: 4.98)
(P:0.003) (P:0.000) (P: 0.000) (P:0.000)

Log Greek Government Debt to GDP Ratio  100.2863 39.68417 17.13523 24.58802
(t-stat: 4.15) (t-stat: 7.90) (t-stat: 12.02)  (t-stat: 7.59)
(P:0.000) (P:0.000) (P: 0.000) (P:0.000)

Intercept -461.3932 -182.0015 -77.10492 -113.5292
(t-stat: -4.18) (t-stat: -8.11) (t-stat: -13.32)  (t-stat: -7.81)
(P:0.000) (P:0.000) (P:0.000) (P:0.000)

Number of observations 121 121 121 121

R-squared 0.5460 0.8158 0.8712 0.8183

8. Conclusions and Final Remarks

This paper documented some of the algebra and concepts seen in the continuous
time affine term structure literature and plugged them into the discrete time
approach. Starting point for this paper has been the celebrated papers from Backus,
Foresi, Telmer (1996-98). In addition, some of the developments seen on the
continuous approach as documented in Piazzesi (2010), Singleton (2006) and Duffie
and Kan (1996) have been explored and adapted to the discrete time approach.

This research focused mainly on the multifactor cases of affine term structure
models, as the weaknesses seen on the one factor models under Vasicek (1977) and

CIR (1985) have been very well documented already in Backus, Foresi and Telmer
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(1998). Novelty of this research is that the multifactor affine term structure models
under the Vasicek (1977) and the CIR (1985) process were calibrated using observed
Interbank and German sovereign yields and European macroeconomic data as well
as Greek sovereign yields. For the European and German yield curve, we calibrate
macroeconomic data such as Euro-Zone Unemployment rate, Euro-Zone Production
Price Index, Euro-Zone monetary aggregates M3 and Euro-Zone Consumer
Confidence Index. For the Greek yields curve we use Greece’s sovereign budget
deficit-to-GDP ratio, Greek unemployment rate and Greek sovereign debt-to-GDP
ratio. The results are encouraging and the models fit the observed yields as well as

give evidence of a reasonable predictive-ability.

Main findings can be summarised as follows: In the case of the interbank rates and
German sovereigns, an increase in unemployment results in a fall in yields on risk
free assets and the curve is expected to steepen with front end yields falling faster
than the long end. An increase in production prices are expected to result in yield
curve flattening, with yields in the front end increasing at a faster pace than the long
end. An increase in monetary aggregate M3 is expected to result in yield curve
steepening, with yields in the front end falling faster than the long end. Finally, an
increase in the consumer confidence index is expected to result in yields flattening,
with front end yields increasing faster than the long end. This means that when the
economy is booming risk free assets’ yields are expected to flatten and when the
economy is under recession risk free assets’ yields are expected to steepen. From a
portfolio management perspective, a representative investor would have incentives
to short risk free assets in times when yields are at their steepest levels and set a curve
flattening strategy shorting the front end allocating greater weight than to the long
end. A more conservative strategy would be to short 2 years versus long the 10 and
20 years onwards, as the profits from the front end are expected to outweigh the

losses on the long end.

For the case of Greek government bonds the model shows that if governments engage
in counter cyclical fiscal policies when unemployment is high, this will only be possible
if these policies do not result in a significant deterioration of the debt-to-GDP ratio.
Governments that exhibit a positive correlation of their yields to aggregate
consumption growth need to ensure low deficits and debt burdens during booming

periods so that they can still have capacity to issue new debt for the rainy days.

From the Greek case this paper shows that a deterioration of government’s deficit-to-
GDP ratio results in a fall in yields. This is mainly because the increase in spending helps
to boom the economy. However, this is more than offset by the deterioration of its
debt-to-GDP ratio, thus a deterioration of the latter ratio will more than offset any

positive effects stemming from any budget-deficit-induced counter-cyclical policies.
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We have learned that debt and deficit ratios can play a role in times of financial
distress. However, more research is needed in order to understand what can be done
once it’s already too late, thus once governments have not done their homework and
run unprecedented and unsustainable deficits, thus the question we should try to
answer is: what can be done in order to avoid distortionary taxation and aggressive
fiscal discipline that lead to more social unrest and further financial markets
nervousness?. If economists do no find a solution to this, then we can just rather

hand over the job to an accountant.

Acknowledgement

Very special thanks to Prof. Dr. Kaul from Saarland University for his guidance and

suggestions.

References

M Ait-Sahalia, Y. (1996). Testing continuous-time models of the spot interest rate, Review of Financial
Studies, 9, pp. 385-426.

M Ait-Sahalia, Y. (2001). Maximum likelihood estimation of discretely sampled diffusions: a closed form

approximation approach, Econometrica, 70, pp. 223-262.

| Ait-Sahalia, Y. (2002). Closed-form likelihood expansions for multivariate diffusions, WP[8956],
Princeton University.

W Ait-Sahalia, Y. and Kimmel, R. (2002). Estimating affine multifactor term structure models using
closed-form likelihood expansions, NBER Technical Working Papers 0286, National Bureau of
Economic Research, Inc.

M Ait-Sahalia, Y., Hansen, L. P. and Scheinkman, J. A. (2002). Discretely sampled diffusions, forthcoming
in Handbook of Financial Econometrics.

B Ang, A. and Piazzesi, M. (2003). A no-arbitrage vector auto-regression of the term structure dynamics
with macroeconomic and latent variables, Journal of Monetary Economics, 50, pp. 745-787.

M Ang, A, Dong, S. and Piazzesi, M. (2004). A no-arbitrage Taylor Rules, Working Paper, University of
Chicago.

B Ang, A., Piazzesi, M. and Wei, M. (2002). What does the yield curve tell us about GDP growth?, Working
Paper, UCLA.

M Backus, D. and Zin, S. E. (1994). Reverse engineering the yield curve, NBER WP[4676].

AESTI (&, MATIO




W Backus, D., Gregory, A. W. and Zin, S. E (1989). Risk premiums in the term structure: Evidence from
artificial economies, Journal of Monetary Economics, 24, pp. 371-399.

B Backus, D., Foresi, S. Mozumdar, A. and Wu, L. (1998). Predictable changes in yields and forward
rates, NBER WP[6379].

H Backus, D., Telmer, C. and Wu, L. (1999). Design and Estimation of Affine Yield Models. Unpublished

paper. Carnegie Mellon University.
M Backus, D., Foresi, S. and Telmer, C. (1998). Discrete-time models of bond pricing, NBER WP[6736].
m Backus, D., Foresi, S. and Telmer, C. (1996). Affine models of currency pricing, NBER WP[5623].
H Cochrane, J. H. (2005). Financial Markets and the Real Economy, Now Publishers Inc., Hanover, MA, US.
H Cochrane, J. H. (2001). Asset Pricing, Princeton University Press, Princeton, New Jersey.

m Cochrane, J. H. (2001). Long term debt and optimal policy in the fiscal theory of the price level,
Econometrica, 69, pp. 69-116.

m Cochrane, J. H. and Piazzesi, M. (2002). Bond risk premia, Working Paper, Chicago GSB and UCLA.

H Cochrane, J. H. and Piazzesi, M. (2002). The Fed and Interest Rates: A High-frequency Identification,
American Economic Review, 92, pp. 90-95.

m Cox, J., Ingersoll J. and Ross, S. (1985a). An Inter-temporal General Equilibrium Model of Asset
Prices, Econometrica, 53(2), pp. 363-384.

m Cox, J,, Ingersoll J. and Ross, S. (1985b). A Theory of the Term Structure of Interest Rates,
Econometrica, 53(2), pp. 385-408.

m Cox, J., Ingersoll J. and Ross, S. (1981). A re-examination of traditional hypotheses about the term

structure of interest rates, Journal of Finance, 36, pp. 321-346.
m Dai, Q. (2001). Asset pricing in a neoclassical model with limited participation, Working Paper, NYU Stern.

m Dai, Q. and Singleton, K. (2000). Specification analysis of affine term structure models, Journal of
Finance, 55, pp. 1943-1978.

m Dai, Q. and Singleton, K. (2002). Expectation puzzles, time-varying risk premia, and affine models of

the term structure, Journal of Financial Economics, 63, pp. 415-441.

m Dai, Q. and Singleton, K. (2003). Term structure modelling in theory and reality. Forthcoming, Review
of Financial Studies.

H Diebold, F.X. and Li, C. (2008). Forecasting the Term Structure of Government Bond Yields, Journal
of Econometrics, 130, pp. 337-364.

m Diebold, F.X., Li, C. and Yue, V. (2005a). Modelling Term Structures of Global Bond Yields. Working

Paper, University of Pennsylvania.

m Diebold, F.X., Rudebush, G.D. and Aruoba, S. B. (2005b). The Macroeconomy and the Yield Curve:
A Dynamic Latent Factor Approach, Journal of Econometrics, 131, pp. 309-338.

AESTI (&, MATIO

/8-85 :S "710T ‘IONVNIH 40 TYNYNO! TYNOLLYNYILNI 831 IHL‘O|LVIWNILSIV

9
%
o
=]
©
o
©
>
E
]
)
a'
>
3
1%
&
=)
c
a
a
c
3
®
<
[o]
a
R
7
>
o
p=a
=
a
o
o
o
©
=]
3
®
S
»
S
=%
(9]
&
©
o
jeB
(2]
[o]
<
o
S
E]
3
I}
S
a
w
o
S
a
@
[
)
~
S
kg
<

Qo
(2]



Discrete Affine Term Structure Models Applied to German and Greek Government Bonds. Jakas, V.

AESTIMATIO, THE IEB INTERNATIONAL JOURNAL OF FINANCE, 2012. 5: 58-87

(o]
o

m Duffee, G. (1996). Idiosyncratic variation of Treasury bill yields, Journal of Finance, 51,
pp. 527-552.

m Duffee, G. (2002). Term premia and interest rate forecasts in affine models, Journal of Finance, 57,
pp. 405-443.

m Duffie, D. (2001). Dynamic asset pricing theory (3rd Edition). Princeton University Press, Princeton.

m Duffie, D. and Singleton, K. (1997). An econometric model of the term structure of interest rate swap
yields, Journal of Finance, 52, pp. 1287-1323.

m Duffie, D. and Huang, M. (1996). Swap rates and credit quality, Journal of Finance, 51,
pp. 921-949.

m Duffie, D. and Kan, R. (1996). A yield-factor model of interest rates, Mathematical Finance, 6,
pp. 379-406.

m Duffie, D., Filipovic, D. and Schachermayer, W. (2001). Affine processes and applications in finance.
Working Paper, Stanford GSB.

m Duffie, D., Pan, J. and Singleton, K. (2000). Transform analysis and asset pricing for affine jump-
diffusions, Econometrica, 68, pp. 1343-1376.

m Duffie, D., Pedersen, L. and Singleton, K. (2002). Modelling sovereign yield spreads: A case study of
Russian debt, forthcoming, Journal of Finance.

W Heath, D., Jarrow, R. and Morton, A. (1992). Bond Pricing and the Term Structure of Interest Rates:
A New Methodology for Contingent Claim Valuation, Econometrica, 60, pp. 77-105.

M Jakas, V. (2011). Theory and Empirics of an Affine Term Structure Model Applied to European Data,
AESTIMATIO, The IEB International Journal of Finance, 2, pp. 116-135.

m Jakas, V. (2011). Affine Term Structure Models and Short Selling. The Liberal Case against
Prohibitions. In Gregoriou, G.N. (Ed.), Handbook of Short Selling. Elsevier LtD. Oxford, UK.

m Longstaff, F. (2000a). Arbitrage and the expectations hypothesis, Journal of Finance, 55, pp. 989-894.

M Longstaff, F. (2000b). The term structure of very short term rates: New evidence for the expectations
hypothesis, Journal of Financial Economics, 58, pp. 397-406.

B Longstaff, F. and Schwartz, E. (1992). Interest rate volatility and the term structure: A two-factor
general equilibrium model, Journal of Finance, 47, pp. 1259-1282.

B Longstaff, F. and Piazzesi, M. (2002). Corporate earnings and the equity premium. Working Paper,
UCLA.

m Longstaff, F., Santa-Clara, P. and Schwartz, E. (2001). The relative valuation of caps and swaptions:
Theory and empirical evidence, Journal of Finance, 56, pp. 2067-2109.

M Lucas, R. and Stokey, N.L. (1983). Optimal Fiscal and Monetary Policy in an Economy without Capital,
Journal of Monetary Economics, 12, pp. 55-93.

M Lucas, R. (1978). Asset Prices in an Exchange Economy, Econometrica, 46(6), pp. 1429-1445.

AESTI (&, MATIO




W Piazzesi, M. (2010). Affine Term Structure Models. In Handbook of Financial Econometrics (Ait-
Sahalia, Y. and Hansen, L.P. Eds. ) Chapter 12, 691-766. Elsevier B.V. Oxford, UK.

B Piazzesi, M. (2005). Bond Yields and the Federal Reserve, Journal of Political Economy, 113(2),
pp. 311-344.

M Piazzesi, M. and Schneider, M. (2006). Equilibrium Yield Curves. WP 12609. National Bureau of
Economic Research. Cambridge, MA. Available at http://www.nber.org\papers\w12609.

B Piazzesi, M., Schneider, M. and Tuzel, S. (2006). Housing, Consumption, and Asset Pricing, Journal
of Financial Economics, 83, pp. 531-569.

M Piazzesi, M. (2001). Macroeconomic jump effects and the yield curve. Working Paper, UCLA.
B Piazzesi, M. (2002). Bond yields and the Bundesbank. Working Paper, UCLA.

B Rubinstein, M. (1976). The valuation of uncertain income streams and the pricing of options,
Bell Journal of Economics, 7, pp. 407-425.

m Singleton, K. (2001). Estimation of affine asset pricing models using the empirical characteristic
function, Journal of Econometrics, 102, pp. 111-141.

m Singleton, K. (2006). Empirical Dynamic Asset Pricing. Princeton University Press, Princeton, New Jersey.

M Taylor, J. B. (1993). Discretion versus policy rules in practice, Carnegie-Rochester Conference Series
on Public Policy, 39, pp. 195-214.

m Telmer C. and Zin, S.E. (1996). The yield curve: The terms of endearment or terms of endowment.
Working Paper, Carnegie-Mellon University.

W Vasicek, 0. (1977). An Equilibrium Characterisation of the Term Structure, Journal of Financial
Economics, 5(2), pp. 177-188.

AESTI {#, MATIO

/8-85 :S "710T ‘IONVNIH 40 TYNYNO! TYNOLLYNYILNI 831 IHL‘O|LVIWNILSIV

9
%
o
=]
©
o
©
>
E
]
)
a'
>
3
1%
&
=)
c
a
a
c
3
®
<
[o]
a
R
7
>
o
=
=
a
o
o
o
©
=]
3
®
S
»
S
=%
(9]
=
©
o
jeB
(2]
[o]
<
o
S
E]
3
I}
S
a
w
o
S
a
@
[
)
~
S
kg
<

Qo
~N



