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Abstract

In this paper we show that given a utility threshdluenberger's benefit function

correctly represents individual preferences as laagspecific reference commodity
bundles are considered. We further show a conditibith is sufficient for reaching

Pareto optimality that generalizes the zero-maxinpuimciple proposed by Luenberger.
Under our hypothesis, the social benefit could bsitive, negative or zero, and not
necessarily always zero.
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1. Introduction

Twenty years ago, Luenberger (1992a, 1992b) intteduthe benefit function. The
benefit function, denoted ats(g; x,_u), measures the amount of a reference bumgdle
that a generic consumer would be willing to tradethe opportunity to move from a
given utility level u to a consumption bundle®. The benefit function can be seen as a
generalization of the usual willingness-to-pay @ptc(Luenberger, 1995) and has a
number of outstanding properties as we will shaerlan.

An especially attractive property of the benefmdtion is that it can be summed up
across consumers of an economy to provide a meahinggasure of total benefit,
expressed in units of (Luenberger, 1992b). The importance of this featigs in the
fact that welfare comparisons are usually mad&ataggregate level. Along this line,

"Corresponding author. E-mail: j.aparicio@umbh.es.
Citation: Aparicio, J. and Pastor, J. (2012) Benefinction and individual preferences. A generalaa
of the Zero-Maximum principle, Economics and Busmeetters, 1(1), 12-20.

Y In order to avoid the possible confusion betwee utility level and the utility function, considet
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Luenberger (1992b) showed that, under suitableitond, a Pareto efficient allocation,

X" =(X,...,X"), maximizes the total benefity_b (g; )é,_Lg), relative to the utility
i=1

levels y =y (X) i=1,...,n, where ui(%*) is the value of the utility function of

consumei at the consumption bundbe’. In this case the total benefit is equal to zero.
Luenberger also showed the converse relation: ifallacation X =(X",...,X")

maximizes the total benefit relative 19 =y (X) i=1,...,n, then the total benefit is

zero and X" =(x",...,X") is Pareto efficient. In this way the concept ofrefa

efficiency is transformed into an optimality pripk2, called “the zero-maximum
principle”.

In addition, the benefit function satisfies anotiv@eresting property. In particular,
Luenberger (1992a) states that the benefit funci®rna new representation of
individual preferencésand that it is & new function describing individual preferentes
(Luenberger, 1992b). Consequently, the benefit tfancis a priori particularly well
suited for analysing welfare problems.

In this paper, we show that given a utility thrdshthe benefit function does not
always represent individual preferences unlesstiaddi conditions are imposed. We
have also been able to generalize the relationdsetviPareto efficiency and optimality
of the total benefit function in the following sensve do not need to assume that the
utility levels are determined by the Pareto effitipoint and we allow the total benefit
to be different from zero. As far as we know thisrenly one precedent in the literature
which attempts to generalize the zero-maximum jplac but assuming core
allocations (Courtault et al., 2007).

2. The benefit function and the individual prefererces

We use the framework of an economy described &swsl There aren commodities
and n consumers. Each consumiehas a consumption possibility sgt =R and a
preference ordering described by a continuous &modgly monotonic utility function
u () Consumers are presumed to be rational and tomizxiutility subject to a fixed

budget constraint or, equivalently, to minimize exgiture required to achieve a given
utility level. We denote the range of values of fhaction u (.) asU,. Furthermore,

b,(g; )d',_u) denotes the consumeés benefit function given a reference bundie a

consumption bundled and a utility levelu, . Additionally, when dealing with a unique
consumer, we will not use any subscript, i.e., vilewtilize y, u(.), U andb(g; x u).
The precise definition of the benefit function igsen below.

Definition 1.
For anyg, x,u with gOR", g#0,, X0y, uJ U let

max{ B :x-Bg0x,u(x-89)z 4 ,
b(g;x_u): if x—=£gl y,and u(x— £ g)= u forsomes

-0, otherwise.
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Geometrically, the benefit function represents fdmehest one can move from the
consumption bundle in the direction ofg and still achieve the indifference curve
associated ta (see Figure 1).

Figure 1. The benefit function
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Luenberger (1992a, 1992b) states that the benefittion is a new function
describing individual preferences. Next we showuanerical example where, given a
utility threshold, the benefit function does nopmesent the preferences as given by the
utility function of an individual. Nevertheless, asreferee points out, it could be
understood to mean that the benefit function wasabte to describe preferences, and
this is not the case. The benefit function is aoledescribe any indifference curve
associated to any utility level and therefore i ab be used to describe preferences.
However, the description of the preferences is $mwepeculiar in the sense that it is

not a monotonic description because Iarg(ag; X, _u) does not necessarily correspond
to larger utility.

Example 1.Considerm=2, g:(l, 0), u=1 and that the preference relation of an
individual can be represented by means of the Qdlglas utility function

u(xl,x2)=><vz>§V2. Now, according to Example 1 of Luenberger (1992tje

individual's benefit functiorb(g; x,l) is equal toxl—i. Let us assume that we want
X

to evaluate the value of the bundlgs(1,9) and X =(4,1). We geth (g; X 1) :g <

bl(g;7<,1) = 3. Therefore, according to the value of the berafittion, it seems thax

is clearly preferred t&x. However, using the utility function we get exgdthe inverse
inequalityu(X)=3>u(X)=2.m
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As a consequence of the above example, we canuttnthat the benefit function
does not always represent a given individual pegfee relation. In the next section, we
introduce a sufficient condition that guaranteed the preference ordering given by the
benefit function is the same as the preferencerimglgiven by the utility function.

3. The utility translation bundles

In this section we introduce a new type of bundlest allows us to establish a nice
relationship between the utility function and treméfit function.

Definition 2. The non-zero vectog 0 R" is said to be a utility translation bundle if for
any x, X 0 y such thatu(x) = u( X) it holds thatu(x+a g)= u( X+a g forall a OR.

In other words, if two bundles are indifferent fan individual, the new bundles
obtained by adding times g are indifferent as well, beiagany real constant. It is
worth to note that a similar definition has alredagen deployed in the production
theory literature (see the concept of translatiombtheticity by Chambers and Fare,
1998).

In what follows, let us assume that for any comrhyodundle and for each utility
level we can always modify the given commodity Hendy taking away a certain
multiple of the reference bundle, so as to asduae the modified bundle reaches the
considered utility level (see Figure 1). Mathemalt; for each x[J y and for each

ubU there exist akOR such that x-kgOy and u(x-kg)=_u. Under this
assumption, it can be proved tl'ua(tx— b(g x%.u g) = L

Proposition 1.Let xU y, gOR", g#0,,, andul0U such that’ k[ R with x—kgO
andu(x-kg) =_u. Thenu(x— b(g x4 g)=_L.

Proof.
Let us consideb(g; x,_u) and denote it as. By Definition 1, it is clear thab> k and

that x—bgO y,and u(x- bg)> L. Moreover, sincex—kg= x— bg, it follows, due to
the strong monotonicity ofu(.), that u(x-kg)= u x bg, or, equivalently,
u=u(x- bg). Consequentlyy = u( x- bg) .

In order to reach the desired relationship betwiberutility function and the benefit
function we need to introduce the next two lemmas.

Lemma 1. Given ullU and g a utility translation bundle. Lek x[1x such that

u(x)=u( . Thenb(g;xu)=H g xy.

Proof. Let us suppose thatb(g; 5(,_u)¢ t( g x_L). Without loss of generality, let us
further assume that b(g;%u)>H g xyJ. Consequently, %-b(g %1 g
2>~(—b( g X_u) g with at least a strict inequality. Moreover, byosiy monotonicity,
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u(5<— b(g x4 g)> L(Nx b g xh )_:;:_. Being g a utility translation bundle, we
know thatu(X— b(g %.U g): L( x b gxh )g:_,which is a contradiction

Lemma 2. The benefit function satisfies:

(a) Sign preservationu(x) = u implies I g x ¥=0.
(b) If the utility function is monotonic ony, then b(g; X U) is monotonic with
respect tox.

Proof.

(a) is proved in Luenberger (1992a, p. 464), propasid(c).
(b) is proved in Luenberger (1992a, p. 466), propasi€(a).=

Proposition 2. Let us consider a utility translation bundieand GOU . Let X,x[ x.
Thenu(X)=u(X = H gxy= g x

Proof.
Assume thatu(X)=u( X). It is clear thatu(>~<— b( g%y ))) Qz { . By Lemma

2(a), b(g; %, uf >§)2 0. By Lemma 2(b), b(g;%u)= b(g; X— b( gx Y >}) g_9|.

Finally, applying Lemma 1b(g; X- b( gx Y ))) g_l)|: b g x ). This concludes this
part of the proof.

To prove theonly if part, we know thatu(>~<— b( g %.u g):_u: Lﬁ x b ogxl };
This implies, being g a utility translation bundle, that

u(X)=u(x+[ B gx)- 1§ gx Y] b= ([ (b:6.X)e (b;g A ). Now, since

x+[b(gxuW-Hgxy] @ = we have, by strong monotonicity, that
u(x+[b( gxu-H g x| §12 (1 ) Or, equivalentlyu(X) = u( ¥ .

Proposition 2 states that the preference orderingngby the benefit function
matches with the preference ordering given by thl@éyufunction, assuming that the
reference bundley is a utility translation bundle. In this mannerpposition 2 defines
the bundles that allow a monotonic representatioth® preferences using the benefit
function. However, from the proposition it couldese that utility translation bundles
exist for any utility function verifying the usuptoperties, and this is not the case. The
existence of utility translation bundles implieatttsome additional restrictions on the
utility function (the translation homotheticity grerty by Chambers and Fare, 1998),
apart from the standard ones, must be verifiedréfbee, we want to make clear that
this restriction is a “sufficient” condition for ¢hexistence of the utility translation
bundles.

‘e EBL "



J. Aparicio and J. Pastor Benefit function andiuidual preferences...

4. The maximum principle

In this section we study an application to socialfare theory of the benefit function.
As already mentioned in the introduction, we armgado generalize the zero-maximum
principle proposed by Luenberger (1992b, 1995).

We define an allocation as a collection rofbundles X :(xl,...,X“) where each

X O, Oi. As usual, not all allocations are available inegonomy. We say that an

allocation is feasible ifz x' O, whereT represents all available aggregate bundles,
i=1

and we denote the set of all feasible allocatien¥ a

The notion of Pareto efficiency is closely relatedoptimization. Despite that other
authors have shown this relation previously, sushAlais (1943) and Dierker and
Lenningaus (1986), Luenberger (1992b) providedwa livék between Pareto efficiency
and optimality which has a strong economic integiren. This is a consequence of the
introduction of the benefit function which can bemsned up across individuals to
obtain a total benefit function of social welfade. particular, Luenberger (1992b)

showed that if an allocatioX maximizes the sum of the individual benefits ligkato
their utility levels ul(xl*),...,LL( X“*), then the sum is zero and” is Pareto efficient,

and conversely.
In our own case, getting rid of the condition thdtte utility levels are

ul(%*),...,%( X‘*), the total benefit function may be non-zeroXat. Intuitively, it is
reasonable that each consumestablishes a certain “global” utility threshald, valid
for any pointx O ;. In fact, u represents the minimum utility level that consurner

expects to reach at any optimal allocation. Anotilegrnative interpretation foy, is

based on its relation with a fixed budget. Eachtytihreshold can be seen as the level
of utility associated to the maximal utility whithe consumer can obtain from a fixed
budget constraint and fixed prices of commodities.

Next, we show, assuming that is a utility translation bundle and considering th

vector of utility thresholds, that we can also abfdareto efficient allocations by means
of the same maximum principle but without requirthgt the total benefit is zero.
First we establish a lemma, similar to Lemma 3.Rudnberger (1992b).

Lemma 3. Let U =(u,,....4,)0U,x..xU_ and letg be a utility translation bundle.
Suppose thaX™ is a maximal solution oB(g; X,U)=>_ b( g )i(,_p) over Y. Then,
i=1

X" is Pareto efficient with respect to the interibrfd = x, x...x x,.

Proof. Suppose that there is a feasible in int(M) with ui(%)z q(%) for all

i=1..h and ut(xt)>q(>{*) for somet. Now, by Proposition 2, we have that
h(g;)&,_u)z p( g %,_y) and q(g;%,_q)> b( g >t<_p) As a consequence,
Zn:q (g; X,_L,I) >Zn: p( g if,_y) , which contradicts thaX™ is maximal.m

i=1 i=1
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We now state a similar result to Theorem 3.4 inrlhexger (1992b).

Theorem 1. Let U :(gl,...,g])Dulx .XxU_ and letg be a utility translation bundle.
Let us assume thaf is convex and that, for each consumery is strongly

quasiconcave. X" Oint(M) maximizesB(g; X,U) =" tp( g )‘(,_p) over Y, then
i=1
X" is Pareto efficient.

Proof. Just rewrite the proof of Theorem 3.4 in Luenber@®92b, p. 232) using
Lemma 3=

We would like to emphasize that in our case, thiénggd value of the total benefit
can be positive, negative or zero and therefoigs,nbt necessarily zero.

Example 2. The relation established in Theorem 1 between malxynand Pareto
efficiency can be illustrated through an Edgewdntix (Edgeworth, 1932) for the case
of distributing a fixed endowment. Suppose that #mnomy contains only two
commodities in amount 10 for both cases. Also tlaeestwo individuals, labelled A and
B. Then the width and the height of the box, asged to each commaodity, is equal to
10. A point inside the box represents a distributad the two commodities in the

following manner. The allocation to A(xle,j\) is fixed using the lower left-hand
corner as the origin while the allocation to indival B(xfxf) is determined in a
complementary way, by measuring from the upper tdgind corner, i.e.,
(xf‘,x,f):(lo— x*,10- xﬁ) We also suppose that A and B have the same ledonti
utility function u(x, %) =min{ x, %} . Moreover, let us takg =(1,1). Then it is easy

to verify that g is a good reference bundle and, on the other hgnis, also a utility
translation bundfe

Under these hypothesilq,(g; x',_u) = min{ X-u, g—_g = min{ % ig} - Li=A, B

(see Luenberger, 1992a, p. 470). Now, we can trgarimize the total benefit (the sum
of the A’s benefit and B’s benefit). The optimizatiproblem is as follows.

B(g; X,u= Max {min{ £, )ﬁ}—_g+min{10— £,10- 2}—3}
st 0<x'<10
0<x'<10

If we assume thax” < x' then it is very easy to prove (graphically) tHe solution
points (xlA*, xf) satisfy x* = xJ' , with 0< x* <10. We achieve the same result if we
assumex; > x'. Therefore, any poin(xlA*, xf) with x* =x' and0<x" <10 is a

solution of the above optimization problem. Thi$ gk points has been illustrated in
Figure 2a. Thanks to Theorem 1, we are sure thatadlocation which lies on that

2u(x+ag)=min{ x+a, x +a} = min{ x, x} +a. This implies that the vectog is a utility translation
bundle for all the individuals (A and B).
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segment is Pareto efficient. In additioB(g; X,L_J) =10- y, — 4. This result allow us

to show different scenarios where the social bémeftrictly negative (Figure 2b), zero
(Figure 2c) and strictly positive (Figure 2d). Otwsly, it depends on the value of the
individuals’ utility thresholds.

10

Figure 2. An example of Theorem 1 resorting to a
Leontief utility function for each consumer
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We now turn to the converse of the result statechbgins of Theorem 1. In the case
where each consumeknows that its commodity bundle corresponds tergatn Pareto

efficient allocationX", it is reasonable to assume that each consumiefixnids utility
threshold asu =y (x) Consequently, the converse of our Theorem 1 spomds

exactly with Luenberger’s Theorem 3.3 (Luenber@e82b).
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5. Conclusions

In this paper we show, by means of a numerical @anthat given a utility threshold

Luenberger’s benefit function does not always dbsarorrectly individual preferences,
as given by the utility function. This has motivé@tée introduction of a specific type of
reference bundles, termed “utility translation blesti which allows us to assure that
the benefit function represents the considerecepeate ordering.

The same condition allows us to transform the measimum principle of
Luenberger into a simple maximum principle in wedf@conomic theory. It means that
the maximum benefit of a whole economy for a giveator of utility thresholds can be
positive, negative or zero, and not necessarilyagbxzero.
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