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The Nikol'skii-Besov spaces By, (R"), 1 < p, ¢ < 00, a > 0, are defined
in terms of modulus of continuity and they are characterized using the
partial derivatives of the Poisson integrals. In this work we show a charac-
terization of the functions of By (R™) using the Caputo noninteger order
derivative of the Poisson integral.
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Los espacios de Nikol’skil-Besov By (R"), 1 < p, ¢ < oo, a > 0, estén
definidos en términos de mdédulos de continuidad y se caracterizan us-
ando las derivadas parciales de las integrales de Poisson. En este trabajo
mostramos una caracterizacién de las funciones de By, (R") usando la
derivada de orden no—entero de Caputo de la integral de Poisson.
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1 Introduction

The idea of generalizing the notion of differentiation %(f) to noninteger

orders of p appeared at the birth of the differential calculus itself. The
first attempt to discuss such an idea recorded in history was contained in
the correspondence of Leibniz. In one of his letters to Leibniz concerning
the theorem on the differentiation of a product of functions, Bernoulli
asked about the meaning of this theorem in the case of noninteger order
of differentiation. Leibniz in his letters to L'Hopital (1695) made some
remarks on the possibility of considering differentials and derivatives of
order 1/2. In 1820 Lacroix showed an exact formula for the evaluation of
the derivative %. At the present the fractional calculus is developing
intensively because the study of derivatives and integrals of arbitrary or-
der have to many applications to several fields of science and engineering
such as fluid mechanics, probability and statistics, visco—elasticity and
chemical—-physics.

There exist different non equivalent definitions of noninteger deriva-
tives, but in this work we are concerned in the Caputo noninteger deriva-
tives because it preserves certain properties of the usuual derivatives for
the convolution. Using the Caputo noninteger derivative we show a char-
acterization of the Nikol’skii—-Besov spaces Bf,‘q(R") =Bp,, 1 <p,q < oo,
a > 0.

We remark that the Nikol’skil-Besov spaces BZq(R”), introduced by
O. V. Besov, coincide for ¢ = oo with the Nikol’skil spaces Hg (R™)
which possess continuous and anisotropical characteristics of smoothness.
The Bp,(R™) spaces were important in order to find the solution of the
trace problem in the Sobolev spaces, which were studied in the works
by Aranzajin, Bavich, Besov, Gagliardo, Lizorkin, Stein, Uspensky and
others. The scale of Besov spaces arises also in a natural way in the
approximation theory and the Fourier series study.

For the case 0 < a < 1 the Nikol’skii-Besov spaces are defined in
terms of the modulus of continuity.

Definition 1.1. Let 1 < p,q < o0, 0 < a < 1. We say that f € By, if
feLyR") and || f||ga < 00, where
rq
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|f|Bg,

q 1/q
mﬁ[ /Rn<!!f(-+|tt‘%:af(')\lp> dt] -

g = Ul sup (L0200 ®

[t|>0 |t|a

The spaces Bj, are Banach spaces and has been described in terms
of the partial derivatives of the Poisson integral of the function f:

u(w, y) = (Py x f)(x) = / Py(x—t) f(t)dt, (3)

n

where

Py(x) := /n exp [—27‘1’ (z Z g tg —|—y|t|>] dt,
k=1

for y > o, is the Poisson kernel whose explicit form is

—(n+1)/2
Py(z) = coy (2> +¢2) "/

I

for y > 0, with ¢, = 7~ (*t1/21 ("TH)7 I'(r) = fooo sTle73ds, T > 0.
Specifically, in [5][Chapter V, section 5] the following is proved.

Theorem 1.1. Let 0 < o« < 1, 1 < p,q < oo, f € L,(R"™). Then
f € By, (R") if and only if

1—a—1

[ g wl || < oo 4)

taking the g—norm with respect to y € Ry.

In this work we establish a generalization of (4) for the case of frac-
tional derivatives.

Let 0 <a<B<1,1<p,qg=<o0o, feLy(R"). Then f € By, if and
only if

1
o=y < o00.

q

Dt v

|



80 Enriquez, Montes and Pérez, A characterization

Here D5 denotes the fractional derivative of order § with respect to y.
According to theorem 1.1, if o > 1 the space By, (R") is defined by

<oo},
q

where k be is the smallest integer greater than «. An equivalent definition
can be obtained by replacing k for any other integer [ > «. In this case
(see [5][Chapter V, section 5] the following result holds.

k—a—1
q

By (R") = {f € Lp(R") : ‘y

ot ],

Theorem 1.2. Suppose f € Ly(R"), 1 < p,q < 00 and o« > 0. Let k
and | be two integers, both greater than «. Then the two conditions

and

< 00,

are equivalent.

So that, if @« > 1, f € L,(R") and k is any integer greater than «,
then f € By, (R") if and only if

In this work we also show a similar characterization for the noninteger
case.

Ifa>1, feLy,(R") and § is any real number greater than «, then
f € By, (R") if and only if

k—a—1
q

Y

st

< 0.
q

< 0.

=
q

it ),

Similar results were obtained for the Lipschitz spaces in the works [1, 2,
3.
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2 Preliminaries

In this section we recall the Caputo fractional derivative definition, some
properties of the Hardy operator, of the Poisson kernel and the Poisson
integral. We will use the same notation as in [4] and [5].

2.1 The Hardy inequality

Let f : Ry — R be a measurable function. We define the Hardy operators

by
| s,
/:O fy)dy.

Then we have the following theorem (see [5]).

(Hif) (x) =

Sl 8|F

(Ha2f) (z) =

Theorem 2.1. Suppose 1 < p < oo and p’ such that % + ]% =1.

1. Ifa< ]% then

1
waﬂfmwp<(;—wQ la® f@)]], 5)

2. If a> ]% then

~1
Wﬂmﬂwhé<a—;> la* 7)), (©)

2.2 The Poisson kernel and the Poisson integral

The Poisson kernel and the Poisson integral have the following properties
(see [5]):

1. f]R" Py(z)dr =1, fR" a%’éz) dr = 0.

2. Py(x) € Lp(R"), 1 < p < oo (considering the L,—norm with respect
to the xz—variable).
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() is a harmonic function on R := {(z, y)/z € R", y > 0}.

. Semigroup property:

Vy1 > 0, Vya > 0, Pyl (x) * Pyz (x) = Py1+y2 (x) .

i Py(z) € L,(R™), for 1 <p < oo and k € N.

* Oxk

8k+m k

. W.Py(x) = é)a?Py/2($) * %Py/2($)7 k,m (S NO = {07 1727 ce }

.Fory >0,1<¢g<o00,j=1,---,n and k € Ny the following

inequalities are satisfied:

k k e
a. | S| < ynh | S| < o)

k k —n—
b 15) af;qjk(:l?) << yinik, 0 é;yk(:r) << ‘.T}| n k’

J J

9 Py () o 2570 “mk (1,1 _

||, <Y T T | <y gty =)
q

We use the notation A < B if there exists a constant ¢ > 0 such
that A <e¢B.

If f e L,(R"), 1< p < oo, then for u(z,y) the following statements
holds:

u(z,y) € Ly(R™).

. u(z,y) is a harmonic function on R”.

lim u(z,y) = f(x) almost everywhere on R".

) y—+0

ak

- Zrulw,y) = ZrPy() « f().

8k+m ak y om

. WU(%Z/) = WU(% 3) * gLy ().
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2.3 Fractional derivatives

If 8 is a real number we will denote the integer part of 8 by [5] and the
fractional part of 8 by {5}, so that 0 < {8} < 1 and 8 = [B] + {5}

Definition 2.1. Let 8 > 0 and f be a function defined on R. Then the
Liowville integral of order B of the function f is defined by

Epve) e —— [ (= 2
e =g [ =

whenever the expression is well defined.
Definition 2.2. Let f be a function defined on R, 8 be a noninteger pos-

itive real number and m =[]+ 1. Then the Caputo fractional derivative

of order B of the function f is defined by

1)@= o [ =0 g a,

whenever the expression is well defined.
For 8 € Ny, the fractional derivative is defined by

B
(D)) = (1) s f(a), (D7 =),

Example 2.1.

1. Let f(z) =€, a>0,0< < 1. Since

(Dﬁf) (x) = _F(ll—ﬁ) /000 s f'(x +s)ds,

and

f/(fL') — _aefax’

then
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B (,—az\ _ a * B _—a(s+s)
D (e ) F(l—ﬁ)/o s e ds

= 7F(1(]; 5 (e‘“"”) aP1 /0 v eV dv
B
= 7F(1a— 5 (e7™)Ir(1-p)= a’ e

Therefore

DF (e*“m) =aPe ,

for a > 0, and 0 < 8 < 1. In the special case a = 1 we have
D (e7%) = e ",

2. Let f(x) =27#,0< B < 1. Since f/(z) = —px~ "1, then

DA (M) = M/Oos_ﬁ z+4s) " ds
) = g ), e
Y . B TR A B = -B —p—1
= T T v 14w dv
riop )T )
~ pI(p+B) P
I(p+1) '
Therefore
C(utB)  — e
DB (pH) — “F((Ll))x PP > =B
(+7) = ruies) s 0
T © 5 0 K2~

In the special case = 0 we have D (¢) =0, c € R.
More examples can be found in [4].

Definition 2.3. Let 8 > 0 and f be a function defined on R™. Then the

partial integral of order [ of f with respect to xy—variable (k =1,--- ,n)
is defined by

1 o0 _ .
uiﬁmwsz)Aka—mW1fm+u—xw%ww

where €, = (0,---,0,1,0,---,0).



Bol. Mat. 17(1), 77-98 (2010) 85

Definition 2.4. Let f be a function defined on R, 8 be a noninteger real
number and m = [8] + 1. Then the Caputo partial fractional derivative
of order B of f with respect to xi—variable is defined by

(DEf) () = % aa;:? [ =00 e -

For B € Ny give, the partial fractional derivative is defined by

5 0

(D5 ) (@) = (1)’ —
31:'2

().

In [1], [2] and [3] the authors proved that DgPy(x) exists for any
B > 0 and established the following results:

1. Let 8 > 0 and f be a function such that Dgf(y) exists. If ¢ is a
constant and y = z + ¢ then fo(y) = Dyﬁf(y).

2. Forall B,A >0

DytPy(x) = D,Py(z)*DyPy(x),
DIAP,(z) = DLD)P(x),
DIFR(x) = DL DR,

forj=1,---,n.

3. If 0 < 8 <1 then

D2 Py(@)| < Ja 7

forj=1,---,n.
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We use theses estimates to obtain estimates for L, norms.

Lemma 2.1. Let 0< < 1,1<g<o0,y>0andj=1,---,n. Then
we have

Hpgpy(')Hq < y—;—b’ )
o], < v

Proof. We will prove the first inequality. For the second one can proceed
similarly. If 1 < ¢ < o0

dx

q
‘Dgpy(x)‘

Ipir,o) = /;clgy D Py(a)| dm+/

q |z|>y

< / y 1) g +/ |xrq(n+6) dr .
|z|<y |z[>y

By using spherical coordinates in R™ we obtain

q Y Foo
prﬁpy()H < y i th) / 1 dr+/ pma(n+p) pn=1 g,
< y_Q(”H-ﬁ) y” + y_Q(n+ﬁ) y” < yn_Q(n‘Fﬁ) ,
thus
HDgPy(JHQ <y D = yi P

For ¢ = 0o we proceed in similar way.

Remark 2.1.

1. Forany 8 >0

Dy P,(x) = DYIPy (w) » DI Py (),

then using the property 7 of the Poisson kernel and the lemma 2.1
we obtain

e, <77 "



Bol. Mat. 17(1), 77-98 (2010) 87

2. Let us observe that these results (of the Poisson kernel) were ob-
tained for the Liouville fractional derivative, but in [2] is proved
that this derivative coincides with the Caputo derivative of the
Poisson kernel. Moreover, if f € L,(R"), 1 < p < oo, a direct
application of the Fubini’s theorem implies that for § > 0 and
j=1,--,n

Diu(e,y) = DEP(x)* f(a).
Dﬁ_u(x, y) = ngPy(x)*f(az).

3 Characterization of Bj (R"), 0 < a <1,

in terms of Df

We will use the following lemma in order to obtain our main result.

Lemma 3.1. Let f € L,(R"), 0 <a<f<1,1<p,q<oo. Then

< 00,
q

Dl )|

|

if and only if

—a-l
f—a—y

B
Du(-,v)|

v <o,
q

foerEng,jzl,-w ,n.
Proof. We have that

D)D) u(x, y) = D] Py ja(x) * Diu(x, y/2),
Vv > 0. By using lemma 2.1 with ¢ = 1 we conclude that

[Pipiuc v, < [PRs0], [P 2],

< v [Dfut v/2)| - ®)

p

Therefore
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2 AR S AR

Vv > 0. So, for all v > 0,

H P14 ||y S H [Pt
In particular, for v = 8 we have that
‘ 2B—a—g ‘DBDB H < o0,
Pllq
for j = 1,--- ,n. Furthermore, the lemma 2.1 implies that Dfu(',y) —

40, as y — oo; for this reason

Then, using (8),

(oo}
Hy’g " - / D, DyDju(-, i) dy’
y Pliq
S FNmr=B18m8, (. /
< |Dy#DiD U, )| dy
Yy p q
B oz—f o 18-1 B8 / /
< Y D D; u(-, ¥l dy
y p q
I aH2< 61 HD,BDﬁ H >

1
Due to the fact that 1 + 5 —a — = > , the Hardy inequality implies
q’

B— af— 2570477

DBDB

< 00.

Pliq

|

For the converse we use that for all v > 0,
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|7t )| <||PiRe0)|, ||Put v <v |[Dfut v
p 1 p p

thus

g DY y)Hp <y’

Du(-, y)Hp

Then for all v > 0

6—&—%+7 HD?+VUC

; y)Hp ‘DfU(w y)Hp

—a-—1
! < o] <~
q q

In particular. if v =2 — 8 we have

82“(3 y)

2
8xj

1
2mamg < 0.

Pllq
Using the fact that « is a harmonic function, we will prove that

2—a—1
q

Y < 00.

a2u(3 y)
0y?

Pllq

Indeed, since Dgu(-,y) = Iﬁf’g%u(-,y), then

oo, = [y [0t i

<

IN

This implies

—a-t
f-a—3

gut

|

INA
N
b
7
Q=
S~
8
\]»A
|
=
Q
=
-

q

IN
<
—
+
T
Q
|
Q=
F
N
<
T
@
=
<
~—
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Because 1 + 8 — a — % > %, applying the Hardy inequality, we get

pay <

q

y < 0.

T

By u(-, y)

I i),

Pllq

Now we show a characterization of B¢

by 0 < a < 11, using fractional
derivative.

Theorem 3.1. Let f € L,(R"), 0 <a < <1,1<p,q<oo. Then
I € By, if and only if

p-a—g < 0.

q

e

I i),

Proof. If 8 = 1, this case coincides with the theorem 1.1. If 0 < 8 < 1
we will show that

< 00,

H 1FC+6) = FOl

|t|*+a

q

implies

p-a—3g < 0.

q

[P,

I i),

Since Dju(x,y) = Dy P,(x)* f(z) = [ DiP,(t)f(x—t)dt and, according
R

to the property 1 of the Poisson kernel, fRn Dg Py(t)dt =0, then

Dyu(e, y) = | DyP(0)[f(e—1) — f@)dr,

therefore
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[P w] < /R |per@] =0 = Ol at
< A@ [DER, 0| 1F¢— 1)~ FO, dt
+ /| y DIRO] 15~ 1) = FOl, dt
< /| =0 = 1O,

[T = 10,
[t]>y
Hence, using the notation W (t) := [|f(- —¢) — f(*)[l,, we obtain

W (t)dt + / [t~ P W (t) dt .

HDyﬂu(-, y)H <y "
P [t>y

[t|I<y

Now, using spherical coordinates in R™ we get

y 0o
[Djute )] <v? [Trtamyars [P0,
p 0 y

where Q(r) := fS"71 W(p1, - s on-1,7)dp1 -+ dpp—1, and

sr-l.— {(azl, ey Tp) Zm?—rQ} i

i=1
Therefore

yﬁ*a*% HD/BU(" y)H < y " /y "L Q(r) dr

So that
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Using the Hardy inequality we have

=

Dl )|,

1
< Hyl_"_"‘_E Hy (y* ' Q(y)) Hq
q
1
et )|
1

< Hy_a_% Q(y)Hq + Hy_a_q Q(y)H

< |rsl,

+o0 1
= (/ ’Q(r) r %
0
for 1 < ¢ < oo.

Since Q(r) = [gu-1 W(p,7)dp, then

q

q

q 1/q
d7"> ,

q
ol < ([ W i)
q
< (IW@, Dl 1M, nn)
< [ W nede.
Snfl
Therefore
) S 1/q
Hy'gaq Dyu(, y)H < U Taq1< Wi(p, T‘)dsf)) d?‘]
P q 0 Sn—l
1/q
_ < / |t|aq”Wq(t)dt>
1
/ W) q /a
_ - a| .
Rr \ [t]a T
Then
yﬁ_a_% ‘Dﬁu(-, y)H < ||f(‘+t)n—f(‘)”p < 50
Y Pllq ’t|g+a
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Now, we will show that

- o <
Pllg
implies
ch+q—ﬂwp .
e,
Since
fla+t) = flx) = uw@+t y)—ulz, y)+ flz+1)
—u(m + ta y) + u(m, y) - f(l‘) ) (9)

and

1

u(x +t, y) —ulz, y) = / Veu(z +st, y)-tds,

0

then

1
(e + ¢, y) — ulz, y)| s'/erm+suwwm3
0

< )’ds,
therefore
Ju(-+t, y) —ul, Yl <
P

Since

9 1-8.8
g G| = Pl v < [P Re) ] [[PTuc, v

J P

< Yt “DfU(-, y)‘

p

then
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o+t 9) s )l < Y [ 0
j=1

Now, by using the property 3 of the Poisson integral we obtain

v 0
f() - u('> y) = - aiu(a T) dr,
0 T
then
0 1B
PO =ut )l < [ |sut || dr= [ |[DEPDRuC, 7| dr
0 87' p 0 P
< / A1 HDfu( , T)H dr
0 P
Hence
-1 a—1 Y B-1 8
o0 -, < oo [T otuc | ar
< Hy @ Hy <yﬁ U pguc v >
Since 1 — a — % < %, and using the Hardy inequality,
=510 = el < " <oo. (1)

By using (9) y (10) one can easily deduce that

”f(.+‘tt‘):;:af(~)Hp < e A Z HDB H

T Hf(‘) —u(s Y)llp -

Let us choose y = |t],
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HHf( +1) = FO)lp

|7f| ta

< Z HMB a-
HW‘"E 1£C) = (-, 14) Hqu

If we show that the left hand side of the last estimate is finite then the
proof is complete. In order to do this we use spherical coordinates in R”
and calculate the respective L, norm, 1 < g < oo,

o=+ ot [} = [, (¥ otucia],)" o
< /OO <7ﬁ_a_z Dfu(-, r)’)p)qr”_ldr
0
- /OO <y5_0‘_}z Dfu(,y)” >qdy<oo
0 p
Also
Jeiire —ut | = (07O —ut pel) de
RZO
< [T e —uenl,)” ot ar
= [ (e~ l,)” d <o
Therefore
Huf +‘tt /Ol <o

The case ¢ = oo is proven similarly.



96 Enriquez, Montes and Pérez, A characterization

4 Characterization of B (R"), a > 1
We show the following theorem.

Theorem 4.1. Let « > 1, 1 < p,q < oo, f € Ly(R™). If B is any real
number greater than «, then f € By, (R") if and only if

)Dyﬂu(-, y)Hp < 0.

=
q

Proof. The theorem proof is a straightforward consequence from theorem
1.2 and the following lemma.
O

Lemma 4.1. Suppose f € Ly(R"), 1 <p,q < oo and o> 0. If B is any
real number greater than o and k =[] + 1, then the conditions

=t gt | <o
Pllq
and
‘yk_a_q HD’;u(n y)H < 00.
Pllq
are equivalent.
Proof. Let v = {g}. If
ot o] <
Pllq
then
kamg |k = ||y 7 [|[DPu(, y/2) « DI
Yy yu('a y) v - Y yu('a y/ )* y y/Q(') »
q q

< | | Dl y/Q)Hp 1Dy Pyya ),

< 00.
q

)

< |y D%(»y)H
p

q
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For the converse, we first assume that [3] > [a]. If m € ZT then

M u(z, y) H H "By (x) H H "By (x)
7 = == f ()] < |12
R S s
< 4 £y,
therefore 8;(1;:1/) — 0 if y — oo. Hence
Yy

o u(x, y) _ _/OO 0"u(z, z) ds
y

Aym—1 0zm
So that
ol ool _
Il O N I el LA O] R R
Pllq p q
oo
< |y ’/ DFu(-, 7/2) dr
y pll
o0
< iyt [ [Phut | ar
Yy p
ot
P7llq
< (ka0 [Dhuto] | <o
Pllq
Now, we assume that [5] = [a]. If
amat ‘D'JU(-, y)H < o0.
Pllq
Then, using the theorem 1.2,
ka_a_% HDI;H“(" y)H < 00.
Pllq

Hence, using the previous case,

1
fl-a=g < .

q

D uy)||

|
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Therefore
p—a=1 || pp _ et || [T pe
Yy 1 Dyu('a y) - Y K DT u('v T) dr
?llq y oll,
< Btl—a—t 1 [ pB+1
=~ Yy 7Y T u('> 7-) dr
v p
_|lyfried Hz(HDg+1U(" y)H )
P/ llq
1
< |lyPTea ‘D5+1u(-, y)H < 00.
Pllg
O
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