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Abstract 
The general solutions of the Schrödinger equation with a generalized Hulthén plus Manning-Rosen potential are 
obtained in terms of the Jacobi polynomials by using the Nikiforov-Uvarov method. 
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Resumen 
Las soluciones generales de la ecuación de Schrödinger bajo un potencial generalizado de Hulthén combinado con uno 
de Manning-Rosen son obtenidas en términos de los polinomios de Jacobi mediante el uso del método de Nikiforov-
Uvarov. 
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I. INTRODUCTION  
 
Recently, there has been a growing interest in the study of 
the Schrödinger equation for complex potentials. The 
increasing interest in central potential models aims at an 
extension of their physical and mathematical background. 
Recently, considerable efforts have been paid to obtain the 
exact solution of central problems. Different techniques have 
been used in solving the above mentioned potentials such as 
variational methods [1], numerical approaches [2], Fourier 
analysis [3], semi-classical estimates [4] and Lie group 
theoretical approaches [5, 6, 7, 8]. Recently, an alternative 
method which is known as the Nikiforov-Uvarov method has 
been introduced in solving the Schrödinger equation. 

In this present paper we solve the Schrödinger equation 
for a generalized Hulthén plus Manning-Rosen potential via 
the Nikiforov-Uvarov method. We discuss the PT-symmetric 
and non PT-symmetric solutions. Mathematically, the 
combination of these two potentials is highly significant, 
because one can easily deduce the energy eigenvalues of the 
Hulthén potential [9, 10] and the Manning-Rosen potential 
[11] from combined energy separately. 

The plan of the paper is as follows. To make it self-
contained we give a brief review of the Nikiforov-Uvarov 
method in Sec. II. In Sec. III, we discuss the Schrödinger 
equation for Hulthén plus Manning-Rosen potential and 
obtain its eigenvalue and eigenfunctions for the 
corresponding Hamiltonian by the Nikiforov-Uvarov 

method. In Secs. IV and V, we discuss respectively the 
solution of PT-symmetric [12, 13, 14, 15, 16, 17, 18, 19, 20, 
21] and non PT–symmetric Hulthén potential plus Manning-
Rosen potential. In Secs. VI and VII, we discuss the 
eigenvalues and eigenfunctions of the Hulthén potential and 
the Manning-Rosen potential respectively. Sec. VIII, is kept 
for conclusions and discussions. 
 
 
II. NIKIFOROV-UVAROV METHOD 
 
According to a brief description of Nikiforov-Uvarov 
method [22], the Schrödinger equation 

0)())(()( =−+′′ xxVEx ψψ can be transformed to the 
following generalized equation of hypergeometric type with 
appropriate coordinate transformation, )(xss = , 
 

0)(
)(
)(~

)(
)(
)(~

)( 2 =+′+′′ s
s
ss

s
ss ψ

σ
σψ

σ
τψ ,                (1) 

 
where )(sσ  and )(~ sσ are polynomials, at most of second 
degree, and )(~ sτ is a polynomial, at most of first degree. For 
find the particular solution to Eq. (1), we set the following 
wave function as a multiple of two independent parts 
 

)()()( syss ϕψ = .                              (2) 
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With this substitution Eq. (1) reduces to an equation of 
hypergeometric type 
 

0)()()()()( =+′+′′ sysyssys λτψσ ,           (3) 
 
provided the following conditions be satisfied: 
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s
s

s
s

σ
π

ϕ
ϕ

=
′ ,                                 (4) 

 
)(2)(~)( sss πττ += ,  0)( <′ sτ ,                 (5) 

 
λ  satisfies the following second-order differential equation 
 

)(
2

)1()( snnsnn στλλ ′′−
−′−== .              (6) 

 
The polynomial )(sτ with the parameter s and prime factors 
show the differentials at first degree be negative. It is 
worthwhile to note that λ or nλ  are obtained from a 
particular solution of the form )()( sysy n= which is a 
polynomial of degree n. The other part )(syn  of the 
wavefunction (2) is the hypergeometric-type function whose 
polynomial solutions are given by the Rodrigues relation 
[22, 23] 
 

[ ])()(
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)( ss
ds
d

s
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n

n ρσ
ρ

= ,                      (7) 

 
where Cn being the normalization constant and the weight 
function )(sρ  satisfies the relation as 
 

[ ])()()()( ssss
ds
d ρτρσ = .                      (8) 

 
On the other hand, in order to find the eigenfunctions, 

)(snϕ and )(syn
 in Eqs. (4) and (7) and eigenvalues nλ  in 

Eq. (6), we need to calculate the functions: 
 

=)(sπ )()(~
2

)(~)(
2

)(~)( 2

sksssss σστστσ
+−⎟

⎠
⎞

⎜
⎝
⎛ −′

±⎟
⎠
⎞

⎜
⎝
⎛ −′ ,   (9) 

 
)(sk πλ ′−= .                              (10)  

 
In principle, since )(sπ has to be a polynomial of degree at 
most one, the expression under the square root sign in (9) 
can be arranged to be the square of a polynomial of first 
degree [22]. This is possible only if its discriminant is zero. 
Thus, the value of k  obtained from the equation (9) can 
substituted in equation (10). The energy eigenvalues are 
obtained from equations (6) and (10). 
 
 
 

III. HULTHÉN PLUS MANNING-ROSEN 
POTENTIAL  
 
The generalized Hulthén potential plus Manning-Rosen 
potential is given by 
 

2
2

1 2 32( ) cos ( ) coth ( ).
1

ax

q qax

eV x V V ech ax V ax
qe

−

−= − + +
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    (11) 

 
Where the deformed hyperbolic functions is defined as: 
 

2
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The Schrödinger equation becomes 
 

    [ −
−

++ −
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ax

ax

qe
eVE

dx
d

2

2
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2

1
ψ  

] 0)(coth)(cos 3
2

2 =− ψaxVaxechV qq
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where 12 == m . Setting the following notations 
 

24a
E

−=ε , )0(
4 2 >=

a
Vi

iβ ,  1, 2, 3i = ,   2 ,axs e−=     (13) 

 
with )0(0 <> Eε for bound states, Eq. (12) becomes 
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After the comparison of Eq. (14) with Eq. (1), we have 
 

qss −= 1)(~τ , 2)( qsss −=σ  and  

{ ++−= )()(~
3

2 βεσ qs  

} { +++− )(2)2( 3
2

31 βεββ qsqq  
} )()42( 3231 βεβββ +−−− sq .           (15) 

 
Substituting these polynomials into Eq. (9), we have 
 

[ ]33 2)2(
2
1

2
)( βεμβεπ +−−+±−= qsPqss  

 
If Pqqk 3231 )42( βεμβββ ++−−= .     (16) 

 
Where 1,1 −+=μ  and 
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For bound state solutions, it is necessary to choose 

[ ]33 2)2(
2
1

2
)( βεμβεπ +−−+−−= qsPqss  

 
If Pqqk 3231 )42( βεμβββ ++−−= .       (17) 

 
The following track in this selection is to achieve the 
condition .0)( <′ sτ Therefore )(sτ becomes 
 

qsPs ]22[21)( 33 μβεβετ −++−++= ,     (18) 
 
and then its negative derivatives become 
 

qsPs ]22[)( 3 μβετ −++−=′ . 
 
Therefore from Eqs. (6) and (10) we have 
 

qnnqPn )1(]22[ 3 ++−++== μβελλ ,      (19) 
 
and 
 
       Pqq 3231 )42( βεμβββλ ++−−=   

)2(
22 3 Pqq μβε −+−− .      (20) 

 
Comparing Eqs. (19) and (20) we have 
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                                              )2(
22 3 Pqq μβε −+−− , 

 

−++++−+⇒
2
1)1()12( 3 nnPn βεμ  

                                
q

q
Pn 231 42

2
1 βββ
μ

−−
=⎟

⎠
⎞

⎜
⎝
⎛ + , 

 
  =−+++−+⇒ 2

3 )12()12(4 PnPn μβεμ   

                                 2231 1
)42(4

P
q

q
+−

−− βββ . 

 
Substituting the values of β1, β2, β3, ε and P we obtain the 
energy eigenvalues: 
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1,0 ≥≥ qn . From the Eqs. (5), (8), and (15) we obtain the 

weight function 
 

Pqsss μβερ −+ −= )1()( 32 ,                     (22) 
 
and from Eqs. (4), (15), and (17) we have 
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2
1
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P
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Now using the properties of Jacobi Polynomial [22, 23] 
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The wave functions are obtain from Eqs. (2), (7), (22-24) 
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where Nn is normalization constant. 
 
 
IV. PT-SYMMETRIC POTENTIAL 
 
In this case, we set the potential parameters in Eq. (11) as V1, 
V2, V3, ∈q R and ∈a IR )( iaa → then Eq. (11) becomes 
 

+
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Then V (x) satisfies the relation )())(()( 1 xVPTxVPT =−  
where ,1 xPxP −=−  ,11 −− =−= TpTpPpP ,1 iATAT −=−  
 
The energy eigenvalues of the potential (26) are 
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2
14

1
2

2
2
1

2
2

2
3

2
1 −−+−<

qa
V

a
V

qa
V

n μ . 

 
Eq. (27) is not similar to Eq. (21). Hence eigenvalues are 

always real for 
4

2

2
qaV ≤ and complex for 

4

2

2
qaV > . The 

corresponding eigenfunctions are 
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where nA  is normalization constant. 
 
 
V. NON PT-SYMMETRIC POTENTIAL 
 
Now let us take the potential parameters as consider the case, 
V2, ∈q R, and V1, V3, ∈a IR ),,( 3311 iaaiVViVV →→→   
Then potential (11) takes the form 
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Then )(xV  is non PT -symmetric. The energy eigenvalues 
are  
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But it has real and imaginary parts. However, the energy 
spectrum is not seen at the imaginary part of the energy 
eigenvalues, since it is independent of n . The corresponding 
eigenfunctions are 
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where Bn is normalization constant. 
 
 
VI. HULTHÉN  POTENTIAL 
 
Setting 032 ==VV , the potential (11) becomes the Hulthén 
potential [9, 10] 

ax

ax

qe
eVxV 2

2

1 1
)( −

−

−
−= .                    (32) 

The energy eigenvalues and wave functions of this potential 
are obtained from Eqs. (21), (25) setting 1−=μ  
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where 

nC  is normalization constant. Eqs. (33) and (34) are 

consistent with [16]. For a2=δ and δeZV 2
1 =  Eq. (33) is 

consistent with [24]. 
We are now going to consider different forms of 

generalized Hulthén potential, viz at 
least one of the parameters is purely imaginary. When 

iaa → and ∈qV ,1 R  then Eq. (32) 
becomes 
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Then )())(()( 1 xVPTxVPT =− . The real positive energy 
eigenvalues are given by 
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Next we set 11 iVV → , iaa → and ∈q R, then Eq.  (32) 
takes the form 
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Such a potential is non-PT -symmetric potential. The 
complex energy eigenvalues are given by 
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But it has real plus imaginary energy spectra. We consider 
the real part of energy eigenvalues an acceptable result is 

obtained when 1
2
1

2
1 −<

qa
Vn . However, the energy 

spectrum is not seen at the imaginary part of energy 
eigenvalues, since it is independent of n . 
 
 
VII. MANNING-ROSEN POTENTIAL 
 
Setting 01 =V , the potential (11) becomes the Manning-
Rosen potential 
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The energy eigenvalues and wave functions of this potential 
by setting 1=μ  
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where 

nD  is normalization constant. When iaa →  and 
∈qVV ,, 32 R, then )(xV  satisfies the relation 

)())(()( 1 xVPTxVPT =− . The positive energy eigenvalues 
are then  given by 
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Which is consistent with [25]. Also for 33 iVV → , 

∈qaV ,,2 R, the potential (40) is PT -symmetric under the 

spatial reflection x
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)ln( , and in that case 

eigenvalues are 
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Again for ∈qaVV ,,, 32 IR, the potential (40) is non-PT -
symmetric potential. The energy eigenvalues are given by 
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Setting 032 ==VV , then Eq. (11) is known as Scarf 
potential [25]. 
 
 
VIII. CONCLUSION 
 
In this paper, the Schrödinger equation with Hulthén plus 
Manning-Rosen potential has been solved by using the 
Nikiforov-Uvarov method. Some interesting results 
including complex PT-symmetric and non-PT-symmetric 
versions of the Hulthén potential and the Manning-Rosen 
potential have also been discussed. Energy eigenvalues for 
the Hulthén potential and the Manning-Rosen potential have 
been presented separately. It is shown that the results are in 
good agreement with the ones obtained by others. We have 
plotted the Hulthén plus Manning-Rosen potential, the 
Hulthén potentials, real and imaginary part of PT-symmetric 
Hulthén potentials and the Manning-Rosen potential for 
different parameter Values. Figure 3 and 4 show that  there is 
a periodic behavior of the PT-symmetric Hulthén potential 
and there is a real energy spectrum due to unbroken PT- 
symmetry. In figure 5, the Manning-Rosen potential is 
presented. 
 
  
 



Solution of the Schrödinger equation with Hulthén plus Manning-Rosen potential 

Lat. Am. J. Phys. Educ. Vol. 3, No. 2, May 2009 305 http://www.journal.lapen.org.mx 
 

 
FIGURE 1. Hulthén plus Manning-Rosen potential for 

4,1,40,64.0,64 321 ===== qaVVV . 

               

 
FIGURE 2. Hulthén potential for 4,1,641 === qaV . 

 
FIGURE 3. Real part of PT-symmetric Hulthén potential for 

4,1,641 === qaV . 

 
FIGURE 4. Imaginary part of PT-symmetric Hulthén potential for 

4,1,641 === qaV . 

 
FIGURE 5. Manning-Rosen potential for 

4,1,40,64.0 32 ==== qaVV . 
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