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A Lt(F ) Lt(A)
k[Lt(S)] = k[Lt(G)] Lt(F ) = {lt(f) : f ∈ F} lt(f)
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k[x1, . . . , xn] k
Deglex

Degrevlex lt(f) lm(f) lc(f)

n ≥ 1.

k[x1, . . . , xn]
f = xα = xα1

1 · · ·xαn
n α = (α1, . . . , αn) ∈ Nn Nn = {α =

(α1, . . . , αn)|αi ∈ N, 1 ≤ i ≤ n} k[x1, . . . , xn]
T(x1, . . . , xn)
f ∈ k[x1, . . . , xn] f =

∑
α∈Nn

cαtα

cα {α ∈ Nn | cα �= 0}
f Supp(f)

f Ter(f) = {tα | α ∈ Supp(f)}
t = xα1

1 · · ·xαn
n ∈ T(x1, . . . , xn) Deg(t) =

α1 + · · ·+ αn t
f �= 0 { (tα) | α ∈ Supp(f)} f

Deg(f)

t = xα1
1 · · ·xαn

n (α1, . . . , αn) ∈ Nn

X
−→α −→α = (α1, . . . , αn) S k

k[x1, . . . , xn] S = k[f1, . . . , fs] f1, . . . , fs ∈
k[x1, . . . , xn]

T(x1, . . . , xn) <
T(x1, . . . , xn)

1 < X
−→
β X

−→
β ∈ T(x1, . . . , xn) X

−→
β �= 1

X
−→α < X

−→
β X

−→αX
−→γ < X

−→
β X

−→γ X
−→γ ∈ T(x1, . . . , xn)

T(x1, . . . , xn) x1 > x2 > · · · >
xn

−→α = (α1, . . . , αn),
−→
β = (β1, . . . , βn) ∈ Nn
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X
−→α < X

−→
β ⇔

{
αi βi

−→α −→
β

αi �= βi αi < βi.

T(x1, . . . , xn)
x1 > x2 > · · · > xn

−→α = (α1, . . . , αn),
−→
β = (β1, . . . , βn) ∈ Nn

X
−→α < X

−→
β ⇔

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑n
i=1 αi <

∑n
i=1 βi

∑n
i=1 αi =

∑n
i=1 βi X

−→α < X
−→
β

x1 > x2 > · · · > xn.

T(x1, . . . , xn)
x1 > x2 > · · · > xn

−→α = (α1, . . . , αn),
−→
β = (β1, . . . , βn) ∈ Nn

X
−→α < X

−→
β ⇔

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∑n
i=1 αi <

∑n
i=1 βi

∑n
i=1 αi =

∑n
i=1 βi αi

βi
−→α −→

β

αi > βi.

k[x1, . . . , xn]
0 �= f ∈ k[x1, . . . , xn] S ⊆ k[x1, . . . , xn],

lt(f) = f.
lc(f) = f.
lm(f) = lc(f)lt(f) = f.
Lm(S) = {lm(s) | s ∈ S}

Lc(S) Lt(S) lm(0) = lc(0) =
lt(0) = 0
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G ⊆ k[x1, . . . , xn]\{0} f1, f2 ∈ k[x1, . . . , xn]

f1 f2 G f1
G−→ f2

c ∈ k g1, . . . , gs ∈ G t ∈ k[y1, . . . , ys]

f2 = f1 − ct(g1, . . . , gs)

t(lt(g1), . . . , lt(gs)) /∈ Ter(f2)
f1 f2 G

f1
G−→+ f2,

h1, . . . , ht ∈ k[x1, . . . , xn]

f1
G−→ h1

G−→ h2
G−→ · · · G−→ ht−1

G−→ f2.

f1 f2 �= f1 f1
G−→ f2

S k[x1, . . . , xn] G
S

k[Lt(S)] = k[Lt(G)].

aposteriori

G ⊆ k[x1, . . . , xn]\{0} S = k[G]

f ∈ S\{0} g1, . . . , gs ∈ G h ∈ k[y1, . . . , ys] f =
h(g1, . . . , gs) Deg(lt(f)) ≥ Deg(lt(t(g1, . . . , gs))) t ∈ Ter(h)

f ∈ S\{0} g1, . . . , gs ∈ G h ∈ k[y1, . . . , ys] f =
h(g1, . . . , gs) Deg(lt(f)) = {Deg(lt(t(g1, . . . , gs)))|
t ∈ Ter(h)}

G S k[Lt(S)] = k[Lt(G)]
{lt(f) | f ∈ S\{0}} {lt(g) | g ∈ G}

f ∈ k[x1, . . . , xn] f
G−→+ 0 f ∈ S

f f = 0
f1 ∈ k[x1, . . . , xn] f2 ∈ k[x1, . . . , xn]

f1
G−→+ f2 f2

g1, . . . , gs G
I(lm(g1), . . . , lm(gs))
I(g1, . . . , gs)
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g1, . . . , gs G
I(lm(g1), . . . , lm(gs))

I(g1, . . . , gs)
g1, . . . , gs G

I(lm(g1), . . . , lm(gs))
I(g1, . . . , gs)

S S
k[x1, . . . , xn]

S ⊆ k[x1, . . . , xn] G
k S

S
G

S

S

S k k[x1, . . . , xn]
S

f ∈ k[x1, . . . , xn] fG ∈
k[x1, . . . , xn] f − fG ∈ S Ter(fG) ∩ k[Lt(G)] = ∅

fG ∈ k[x1, . . . , xn] f −→+ fG g1, . . . , gs ∈ G
t1, . . . , tr ∈ k[y1, . . . , ys] c1, . . . , cr ∈ k

fG = f −
r∑

i=1
citi(g1, . . . , gs)

f − fG =
r∑

i=1
citi(g1, . . . , gs) ∈ S ti(lt(g1), . . . , lt(gs)) /∈

Ter(fG) i = 1, . . . , r fG
k[Lt(G)]

fG fH fG−fH ∈ S
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k[Lt(G)]
fG − fH = 0. �

S = k[G] G = {g1, . . . gs} ⊆ k[x1, . . . , xn]\{0}
fG

f S RFS(f)

f, f1, f2 ∈ k[x1, . . . , xn]

RFS(RFS(f)) = RFS(f)
RFS(f1 − f2) = RFS(f1)−RFS(f2)
RFS(f1f2) = RFS(RFS(f1)RFS(f2))

RFS(f)−RFS(f) = 0 ∈ S RFS(f)
RFS(RFS(f)) = RFS(f)

f1 − f2 − (RFS(f1) − RFS(f2)) = (f1 − RFS(f1)) − (f2 −
RFS(f2)) ∈ S RFS(f1) − RFS(f2) RFS(f1)
RFS(f2)
RFS(f1 − f2) = RFS(f1)−RFS(f2)
RFS(f1f2) = RFS(RFS(f1f2))

RFS(f1f2)−RFS(RFS(f1)RFS(f2)) =
RFS(f1f2 −RFS(f1)RFS(f2)) = 0

f1f2 −RFS(f1)RFS(f2) ∈ S

f1
G−→ RFS(f1) f2

G−→ RFS(f2)

RFS(f1) = f1 −
∑
δ

tδ RFS(f2) = f2 −
∑
ε
tε

(
∑
δ

tδ)(
∑
ε

tε) = f1f2 − f2RFS(f1)− f1RFS(f2)

+RFS(f1)RFS(f2).

f1f2
G−→ f2RFS(f1) f1f2

G−→ f1RFS(f2)

f2RFS(f1) = f1f2 −
∑
α
tα f1RFS(f2) = f1f2 −

∑
β

tβ

(
∑
δ

tδ)(
∑
ε
tε) = f1f2 − f1f2 +

∑
α
tα − f1f2 +

∑
β

tβ +RFS(f1)RFS(f2)
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∑
α
tα +

∑
β

tβ − (
∑
δ

tδ)(
∑
ε
tε) = f1f2 −RFS(f1)RFS(f2)

�

Deglex

f = x41x
2
2 + x21x

4
2 G = {g1 = x21 − 1, g2 = x22 − 1} ⊆ Q[x1, x2]

f = x31 + x21x2 G = {g1 = x1 + x2, g2 = x1x2} ⊆ Q[x1, x2]

f G

f
G−→ f1

t1(y1, y2) = y21y2 t1(g1, g2) = x41x
2
2 − x41 − 2x21x

2
2 + 2x21 + x22 − 1 c1 = 1

f1 = f − c1t1(g1, g2)

f1 = x41x
2
2 + x21x

4
2 − x41x

2
2 + x41 + 2x21x

2
2 − 2x21 − x22 + 1

f1 = x21x
4
2 + x41 + 2x21x

2
2 − 2x21 − x22 + 1

f1
G−→ f2

t2(y1, y2) = y1y
2
2 t2(g1, g2) = x21x

4
2 − 2x21x

2
2 − x42 + x21 + 2x22 − 1

c2 = 1

f2 = f1 − c2t2(g1, g2)

f2 = x21x
4
2 + x41 + 2x21x

2
2 − 2x21 − x22 + 1− x21x

4
2 + 2x21x

2
2 + x42 − x21−

− 2x22 + 1

f2 = x41 + 4x21x
2
2 + x42 − 3x21 − 3x22 + 2

f2
G−→ f3

t3(y1, y2) = y21 t3(g1, g2) = x41 − 2x21 + 1 c3 = 1

f3 = f2 − c3t3(g1, g2)

f3 = x41 + 4x21x
2
2 + x42 − 3x21 − 3x22 + 2− x41 + 2x21 − 1

f3 = 4x21x
2
2 + x42 − x21 − 3x22 + 1

f3
G−→ f4

t4(y1, y2) = y1y2 t4(g1, g2) = x21x
2
2 − x21 − x22 + 1 c4 = 4

f4 = f3 − c4t4(g1, g2)

f4 = 4x21x
2
2 + x42 − x21 − 3x22 + 1− 4x21x

2
2 + 4x21 + 4x22 − 4

f4 = x42 + 3x21 + x22 − 3
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f4
G−→ f5

t5(y1, y2) = y22 t5(g1, g2) = x42 − 2x22 + 1 c5 = 1

f5 = f4 − c5t5(g1, g2)

f5 = x42 + 3x21 + x22 − 3− x42 + 2x22 − 1

f5 = 3x21 + 3x22 − 4

f5
G−→ f6

t6(y1, y2) = y1 t6(g1, g2) = x21 − 1 c6 = 3

f6 = f5 − c6t6(g1, g2)

f6 = 3x21 + 3x22 − 4− 3x21 + 3

f6 = 3x22 − 1

f6
G−→ f7

t7(y1, y2) = y2 t7(g1, g2) = x22 − 1 c7 = 3

f7 = f6 − c7t7(g1, g2)

f7 = 3x22 − 1− 3x22 + 3

f7 = 2

f7
G−→ f8

t8(y1, y2) = 1 t8(g1, g2) = 1 c8 = 2

f8 = f7 − c8t8(g1, g2)

f8 = 2− 2

f8 = 0

f = x41x
2
2+x21x

4
2 0 RFS(f) = 0

f
G−→ f1

t1(y1, y2) = y31 t1(g1, g2) = x31 + 3x21x2 + 3x1x
2
2 + x32 c1 = 1

f1 = f − c1t1(g1, g2)

f1 = x31 + x21x2 − x31 − 3x21x2 − 3x1x
2
2 − x32

f1 = −2x21x2 − 3x1x
2
2 − x32

f1
G−→ f2
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t2(y1, y2) = y1y2 t1(g1, g2) = x21x2 + x32 c2 = 1

f2 = f1 − c2t2(g1, g2)

f2 = −2x21x2 − 3x1x
2
2 − x32 + 2x21x2 + 2x32

f2 = −x1x22 − x32.

f = x31 + x21x2 −x1x22 − x32
RFS(f) = −x1x22 − x32

S k[x1, . . . , xn] G ⊆ S \ {0}
S G S

{lt(g1), . . . , lt(gs)}
k[Lt(G)]

i = 1, . . . , s Ter(gi − lt(gi)) ∩ k[Lt(G)] = ∅
S = k[G] k k[x1, . . . , xn]

G S

G = {g1, . . . , gs} S
k[Lt(S)] = k[Lt(G)]

k[Lt(G)]
M = {lt(m1), . . . , lt(mt)}

t ≤ s k[Lt(M)] = k[Lt(G)] = k[Lt(S)]
G′ = {m1, . . . ,mt} S

mi = lt(mi)+hi m′i = lt(mi)+RFS(hi) i = 1, . . . , t
G′′ = {m′1, . . . ,m′t} G′′

S m′i = mi−(hi−RFS(hi)) m′i ∈ S
i = 1, . . . , t k[Lt(M)] = k[Lt(S)] G′′

S i ∈ {1, . . . , t} Ter(RFS(hi))
k[Lt(G)] RFS(hi)

G = {g1, . . . gt} H = {h1, . . . , hs}
S

s = t H lt(gi) = lt(hi)
i = 1, . . . , s i = 1, . . . , s gi − hi ∈ S gi − hi

gi − hi = 0 i = 1, . . . , s �

Deglex

G = {x2x3 − x23, x
4
1 − x22x

2
3} S = Q[G]
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RFS [x2x3 − x23] = RFS [x3(x2 − x3)] = RFS [RFS(x3)RFS(x2 − x3)]

= RFS [x3(x2 − x3)] = RFS(x2x3)−RFS(x
2
3)

= x2x3 − x23

RFS [x
4
1 − x22x

2
3] = RFS [(x

2
1 − x2x3)(x

2
1 + x2x3)]

= RFS [RFS(x
2
1 − x2x3)RFS(x

2
1 + x2x3)]

= RFS{[RFS(x
2
1)−RFS(x2x3)][RFS(x

2
1)+

+RFS(x2x3)]}
= RFS [(x

2
1 − x23)(x

2
1 + x23)] = RFS [x

4
1 − x43]

= RFS(x
4
1)−RFS(x

4
3) = x41 − x43.

S {x2x3 − x23, x
4
1 − x43}

S T S T

G1 =
{x2x3 − x23, x

4
1 − x22x

2
3} Q S1 = Q[G1] G2 =

{x21− 1, x22− 1, x23− 1} Q S2 = Q[G2]
Degrevlex

Q S1 {x2x3 − x23, x
4
1 − x43}

Q S2 {x21 − 1, x22 − 1, x23 − 1}
S1 S2

S1 S2

GRAFÍA



41

MATEMÁTICAS Y ESTADÍSTICA

Referencia Recepción Aprobación

Lezama, O. y Marín, V. Una aplicación de las bases SAGBI - Igualdad 
de Subálgebras (caso cuerpo).

Revista Tumbaga (2009).
01/06/2009 03/09/2009


