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Abstract

The inverted hypergeometric function type I distribution has the probability
density function proportional to

m”fl(l + x)7<y+7)2F1(a,ﬁ; ~; (1 + x)fl), x>0,

where 2 F} is the Gauss hypergeometric function. In this article, we derive the
probability density function of the product of two independent random vari-
ables having inverted hypergeometric function type I distribution. We also
consider several other products involving inverted hypergeometric function
type I, beta type I, beta type II, beta type III, Kummer—beta and hypergeo-
metric function type I variables.
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Product of independent random variables involving inverted hypergeometric function type

I variables

Key words: Appell’s first hypergeometric function, beta distribution, Gauss
hypergeometric function, Humbert’s confluent hypergeometric function, prod-

uct, transformation.

Resumo
A distribuicao fungao hipergeométrica invertida tipo I tem a fungao densidade
de probabilidade proporcional a

A G x)_(”+7)2F1(a,ﬁ; vi(l+2)™Y, x>0,

em que 2 F é a fungao hipergeométrica de Gauss. Neste artigo, vamos derivar a
fungéo densidade de probabilidade do produto de duas varidveis aleatérias in-
dependentes tendo distribuicdo funcéo hipergeométrica invertida tipo I. Tam-
bém consideramos varios outros produtos envolvendo varidveis com fungao hi-
pergeométrica invertida tipo I, beta tipo I, beta tipo II, beta tipo I1I, Kummer—
beta e hipergeométrica tipo I.

Palavras chaves: primeira funcdo hipergeométrica de Appell, distribucao
beta, funcdo hipergeométrica de Gauss, fungao hipergeométrica confluente de
Humbert, producto, transformacao.

Resumen
La distribucién de funcién hipergeométrica invertida tipo I tiene la funcién de
densidad de probabilidad proporcional a

m”fl(l + x)f(VJW)gFl(a,ﬂ; ~; (1 + x)fl), x>0,

donde 2 I es la funcién hipergeométrica de Gauss. En este articulo se deriva la
funcién de densidad de probabilidad del producto de dos variables aleatorias
independientes que se distribuyen segin la funcién hipergeométrica inversa
tipo I. También se consideran otros productos entre variables aleatorias con
distribucién beta tipo I, beta tipo 1I, beta tipo III, funcién hipergeométrica
tipo I, funcién hipergeométrica inversa tipo I y Kummer—beta.

Palabras claves: primera funcién hipergeométrica de Appell, distribucién
beta, funcién hipergeométrica confluente de Humbert, funcién hipergeométrica
de Gauss, producto, transformacion.

1 Introduction

The random variable X is said to have an inverted hypergeometric function
type I distribution, denoted by X ~ IH (v, a, 3,7), if its probability density
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function(p.d.f.) is given by (Gupta and Nagar [[l], Nagar and Alvarez B

Fy+v—a)l(y+v—p) o ! .
TN + v —a—3) A2 20 (O" B T) RS

where z > 0, v > 0,y > 0, v+v > o+, and 2 F] is the Gauss hypergeometric
function. For a =, () reduces to a beta type II density given by

Py +v—p) a7t
Ly (v = B) (1 + )0+

x>0,

and for § =+, the inverted hypergeometric function type I density slides to

F(y+v—a) avol
F(YL(v —a) (1 +z)r—ot

z>0.

Further, for « = 0 or § = 0, the inverted hypergeometric function type I
density simplifies to a beta type Il density with parameters v and ~.

Recently, Nagar and Alvarez [f] studied several properties and stochastic
representations of the inverted hypergeometric function type I distribution.

In this article, we derive the density function of the product of two in-
dependent random variables having inverted hypergeometric function type
I distribution. We also derive densities of several other products involving
hypergeometric function type I, beta type I, beta type II, beta type III,
Kummer—beta and hypergeometric function type I variables. For further re-
sults on product of independent random variables, see: Mathai and Saxena [J],
Nagar and Zarrazola [, and Sanchez and Nagar [f].

In section ], we give definitions of several univariate distributions. Sec-
tions ] and ] deal with derivations of a number of densities of products of
independent random variables. Finally, in pppendiy, we give definitions and
results on Gauss hypergeometric function, Appell’s first hypergeometric func-
tion F; and Humbert’s confluent hypergeometric function ®;.

2 Some Univariate Distributions

In this section, we define the beta type I, beta type II, beta type III, hyper-
geometric function type I and Kummer—beta distributions. These definitions

Volumen 5, niimero 10 95|



Product of independent random variables involving inverted hypergeometric function type

I variables

can be found in Gordy [fi], Johnson, Kotz and Balakrishnan [, Nagar and
Zarrazola [[l], and Sénchez and Nagar [f].

Definition 2.1. The random variable X is said to have a beta type I distri-
bution with parameters (a,b), a > 0, b > 0, denoted as X ~ Bl(a,b), if its
p.d.f. is given by
{B(a,b)} 1z¢7 1 —2)"1, 0<z<1,
where B(a,b) is the beta function given by
B(a,b) = T(a)T(b){T'(a +b)}*.

Definition 2.2. The random variable X is said to have a beta type Il distri-
bution with parameters (a,b), a > 0, b > 0, denoted as X ~ B!(a,b), if its
p.d.f. is given by

{B(a,b)} 2% (1 +2)~@) 2> 0.

Definition 2.3. The random variable X is said to have a beta type III dis-
tribution with parameters (a,b), a > 0, b > 0, denoted as X ~ B'!(a,b), if
its p.d.f. is given by

2¢{B(a,b)} 121 —2)" 11 +2)"@H) ) o<z <1,

Definition 2.4. The random wariable X is said to have a Kummer-beta
distribution, denoted by X ~ KB(«, 3, ), if its p.d.f. is given by
2711 —2) Lexp A1 — z)]
B(a, B)1Fi(B00+ B50)
where a > 0, >0 and —oo < \ < o0.

O<x<1,

Note that for A = 0 the above density simplifies to a beta type I density
with parameters a and f.

Definition 2.5. The random variable X is said to have a hypergeometric
function type I distribution, denoted by X ~ H!(v,a,(,7), if its p.d.f. is
given by
Fy+v—a)l(y+v-—0) -1
NIy +v—a—p)
where y+v—a—0>0,7>0 and v > 0.

(1_$)7712F1(Oé,/8;’)/;1—x), 0<$<1,
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The following result (Gupta and Nagar [f[], Nagar and Alvarez [J]) states

that the hypergeometric function type I distribution can be obtained as the
distribution of the product of two independent beta type I variables.

Theorem 2.1. Let X; and Xy be independent, X; ~ Bl(a;,b;), i = 1,2.
Then, X1 X9 ~ Hl(al,bg,al + by —as,by + bg)

The matrix variate generalizations of beta type I, beta type II, beta type
II1, hypergeometric function type I and Kummer—beta distributions have been
defined and studied extensively. For example, see Gupta and Nagar , ], and
Nagar and Gupta [f].

3 Products of Two Independent Random Variables

In this section we derive distributions of the product of two independent
random variables when at least one of them has inverted hypergeometric
function type I distribution.

Theorem 3.1. Let X{ and Xy be independent random wariables,
X; ~ TH (vi, 0, B1,7i), i = 1,2. Then, the p.d.f. of Z = X1 X5 is given by

2
F(Vl + 72 V2 + 'Yl H ’Yz + Vz - )F(’Yz + v — ﬂz)
1“(1/1+V2+71+72 vi)U'(vs + v — a; — [3;)

=1

- 122 (a1)r(2)s 1) (52)5(7/2 +71)r (V1 +72)s

== Js(v1 +v2 4+ 71+ 72)rgs 1! s!
><2F1(V1+’Y2+8,V1+V1+T;V1+V2+V1+V2+T+S;1—Z), (2)

where z > 0.

Proof. Using independence, the joint p.d.f. of X; and X5 is given by

Kyt~ ! x5~ ! 1 1
| o SV F 1 Y2 ———
A+ a7l x2)y2+722 1 1,51771,1 T 241 062,52772,1 70 )

where 1 > 0, o > 0 and

2
P(vi +vi — )Ty +vi — Bi)
K1 = H ING?

W)y +vi — o — Bi)

=1
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Transforming Z = X1 Xs, U = 1/(1 + X3) with the Jacobian J(z1,z2 —
z,u) = 1/u(l — ) in the joint density of X; and X5 and integrating u, we
obtain the p.d.f. of Z as
1 l/1+72—1(1_ )V2+'Yl_1 1—
U n n
K v1—1 I A
Xo Yy (v, B2 v25 1) du . (3)

Now, expanding Gauss hypergeometric functions in the integral () in terms
of power series we arrive at

1 uV1+W2+s—1(1 _ U)V2+’Y1+r—1

i (a1)r(a2)s(B1)r(B2)s
122 1 2 1745'2/0 M= (1= 2y 2

r=0 s=0
Finally, using (A.J) and substituting for K| we obtain the desired result. [

Corollary 3.1.1. Let X and X5 be independent random wvariables, Xi ~
ITH!(vy,a1,B81,71), and Xo ~ B (vy,79). Then, the p.d.f. of Z = X1Xo is
given by
L(vi +92)C(ve +71) Dy +v1 —aq)D(y +v1 = Br) T2 + 12)
L(n+ ve + 71 + 72) F(Vl)r(yl)F(’Yl +v1— a1 = ) T(92)(ve)
-l Z )r(v2 +71)r

V1+V2+71+72)

><2F1(V1+’YQ,V1+’}’1+’I”;I/1+I/2+’Y1+’YQ+’F;1—Z), z>0. (4)

Corollary 3.1.2. Let X1 and X be independent, X; ~ B! (v;,y;), i = 1,2.
Then, the p.d.f. of Z = X1 X5 is given by

D1 +72)T(va+7) (v +v1) Ty + 10)

F(Vl +uvo+ 71+ ’YQ) 1“(71)1“(1/1) F(’YQ)F(VQ)

2T R+ e+ 21 —2), 2>0. (5)

Note that the Gauss hypergeometric functions in the densities (f), ()
and (fJ) can be expanded in series form if 0 < z < 1. However, if z > 1, then
1—1/z < 1 and we use ([A.4) to rewrite the densities (B), () and (B) in series
involving Gauss hypergeometric functions having 1 — 1/z as argument.

The next theorem gives the density of the product of Kummer—beta and
inverted hypergeometric function type I variables.
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Theorem 3.2. Let X; and X» be independent, X1 ~ TH' (v1, a1, B1,71) and
Xo ~ KB(v2,v2,A). Then, the p.d.f. of Z = X1X5 is

I'(vi +v1 —a)l(y +v1 = B1)T (2 + v2)T'(1 + 12)
L (v (12)T(v)T (71 +vi—a1—=B1)0 (71 + 72 + 1)

17t > (01)r(B1)r (71 + v2)r
x{1F(y2; 00 +72; M) L
{1Fi(v2;v2+ 725 M)} (14 z)1tm ; (V1 4 72 + v2)r (1)r 711+ 2)7
1
XPy |y, V1 +71 + 1371 +’yz+1/2+r;1—+z,)\] , z>0.

Proof. The joint p.d.f. of X7 and X5 is given by

x'fl_lscg2_1(1 — mg)r2 71

K
2 (1 —I—xl)”l""ﬂ

2 Fy (041,51;71; %) exp[A(1 —z2)], (6)

l1+z
where 1 > 0, 0 < 29 < 1 and

F(vi+vi —a)l(y +v1 = Br)

o= F(y)L ()T (y1 +v1 — a1 — Br)

{B(va,y2)1F1 (72502 + 925 )} 1.

Transforming Z = X; X, Xo = Xy with the Jacobian J(z1,x0 — z,22) =
1/z5 in (f) and integrating x5 we obtain the marginal p.d.f. of Z as

Lr1—1 1 uﬂz—l(l _w)71+V2—1
Ko
0

(14 z)ntm [1—w/(1+ )]

2)7 M1 —w
x exp(Aw )9 Fy (m,ﬁl;’h; (11+_ u))/(il—i- B )) dw . (7)

Now, expanding Gauss hypergeometric functions in the integral (ﬂ) in terms
of power series we arrive at

ngl’l*l i(al)r(ﬁl)r(l + Z)r/l w'yzfl(l _ w)'le”’QJ”"*l exp()\w) dw
(1+ Z)V1+W1 —~ (’Yl)r 7! 0 [1 _ w/(l + Z)]V1+’Y1+r :

Finally, applying (A.§) and substituting for K5 we obtain the desired result. [J
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Corollary 3.2.1. Let X; and Xs be independent, X, ~ B! (v1,v1), and
Xo ~ KB(v9,v2,A). Then, the p.d.f. of Z = X1 X5 is given by

Ly +v1)l(ye +v2)0(y1 +1v2)
(v ()L (v)L (1 + 72 + v2)

1/11

A1 2y @

{(1F1 (o500 + 923 M)} !

1
[’72,1/1-1-’71;71-1-72-1-1/2;—1 ,)\]7 z2>0.
+ 2z

Corollary 3.2.2. Let X; and X, be independent, X1 ~ B (v, v1) and Xy ~
Bl(vy,72). Then, the p.d.f. of Z = X1 X is given by

I'(v1 4+ v)l(ye + v2)l(y1 + 1)
L) (v2)(y1)D (1 + 72 + v2)

vi—1

z

1
XWQFI <’Y271/1+')/1§’)/1+’)/2+1/2;m>7 z2>0.

Nagar and Zarrazola [[l], while studying the distribution of the product of
two independent Kummer—beta variables, have also derived the above result.

Corollary 3.2.3. Let X1 and Xo be independent random variables, X1 ~
IHI(Vl,Oél,ﬁl,’)/l) and X2 ~ BI(Z/Q,’)/Q). Then, the pdf OfZ = XlXQ 18
given by
Py +v1—a)l(y +v1 = B)l (92 +v2)T (1 + 12)
LC(v)T(v2)T(v1)T (1 +v1 — a1 — B1)D (v + 72 + 1)
11 i (041)7’(51)7‘(71 + 1/2)7’
(

X
(1+z)tm et vo)r(1)r (1 + 2)"

1
X9l <V2,V1+V1+7“ Y1+ Y2 + 2+ T2 ) z>0.

Theorem 3.3. Let the random variables X and Xo be independent, X ~
TH!(vy,a1,B81,71) and Xo ~ B (vy,v5). Then, the p.d.f. of Z = X1Xo is
given by

L(v1 +v1 —a)l(y1 + vy = B)T(ve +72)I(v2 +71)
2720 ()T ()L (y)C(y1 +v1 — a1 = BT (71 + 72 + 12)

2§ o) (B ) (4 2)
(I+z)ntm = (y)r(n +y2 4 1) !

‘100 Ingenieria y Ciencia, ISSN 1794-9165



Edwin Zarrazola and Daya K. Nagar

1 1
XFi{v,r1+m+rvetyymnt+tytrvt+ry—, |, 2>0
1+22

Proof. The joint p.d.f. of X7 and X5 is given by

:L’”l_lx”rl(l — xg)27 1 1
K L 2 F ) 5 s ) 8
Ao f a2 (& Biim T o (8)

where 1 > 0, 0 < 29 < 1 and

T+ —a)l(n +v1 = B1) 4, B
m_FWWMWW+m—m—@f{MWWH.

Now, transforming Z = X;X,, Xo = X, with the Jacobian J(x1,z2 —
z,29) = 1/z5 in (§) and integrating z2, the marginal p.d.f. of Z is derived as

ngzqfl 1 w'ygfl(l _ w)ung'ylfl
2v2 2 (1 4 z)vi+ /0 [ —w/(1+2)]" T (1 —w/2)=

(1+2)71(1 - w)> dw (©)

X2 Fh <051751;'Yl; T w/0 +2)

Expanding Gauss hypergeometric functions in the integral (f]) in series form
we arrive at

2RSS (o)) /1 w2l (1 — )Ly
(I+2)250 )l (T+2)7 o [L—w/(1+ ) T (1—w/2)2 T2
Finally, the desired result follows by using ([A.7) and substituting for K3. [

Corollary 3.3.1. Let the random variables X1 and Xo be independent, X1 ~
B (v1,v1) and Xo ~ B (vy, ). Then, the p.d.f. of Z = X1Xo is given by

I'(yi +v1)(v2 + v2)T(v2 + M) z11
2721 (1)L (v2)L (7)) D (1 + 72 + o) (1 4 2)1 1

1 1
XFy | yvo,v1 +y1,v2 + 2571 2 H oy ——, =), 2>0.
1+2z 2

The above result has also been obtained by Sdnchez and Nagar [f].
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Theorem 3.4. Let the random variables X1 and X5 be independent. Further,
X1 ~ ITH (vy,a1,p1,m) and Xo ~ H!(v9,a9,82,7). Then, the p.d.f. of
Z = X1 X5 is given by

2
{H T(vi +vi — a)l(vi +vi — Bi) } B(y2,v2 4+ 1)

F(%’)F(Vz')r(% + v —ay — /Bz)

1—|—z (14 z)m+tn ZZ 12 o) (1+2)7"

Il
== V2+71+V2)s+r87”

1
X9l <V2+87V1 +V1+T;V2+’Y2+’Yl+8+7”;1—+z>, z2>0.

Proof. The joint p.d.f. of X7 and X5 is given by

Ky a2 (1 — ap) 2!
(1 + x1)V1+’Y1

1
F o~ F cmvoe ] —
2 1(041,51,71,1_1_961)2 1(a2, B2;72; T2),

(10)
where 0 < 21 < 00, 0 < 29 < 1 and

Crr ity — )l (v +vi = Bi)
Ki=1]] :
S T (i + vi — i — Bi)
Now, transforming Z = X;X,, Xo = Xy with the Jacobian J(x1,z2 —
x1,2) = 1/x5 in (1) and integrating s, we obtain the p.d.f. of Z as
Ky /1 w2711 — w)r2tnl ( 3 (1+2)71(1- w)>
A+ Jo w2 A\ T u3)
X2 F1 (a2, Ba; s w) dw, 2> 0.

Now, expanding the Gauss hypergeometric functions in series form, integrat-
ing the resulting expression using ([A.J), substituting for K4 and simplifying,
we obtain the desired result. O

4 Products of Three Independent Random Variables
In this section we derive distributions of products of three independent ran-

dom variables involving inverted hypergeometric function type I, beta type I
and beta type II variables.
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Theorem 4.1. Let X1, X and X3 be independent random variables, X; ~
Bl(a;,b;),i=1,2 and X3 ~ TH (v, , 3,7). Then, the p.d.f. of Z = X1 X2 X3
s given by

[(a; + b)) (a2 +b2)l'(a1 +7) T(v + v = a)l'(y + v = B)
F(al)l_‘( o) (a1 + b1 +bo+7v) Ty +v—a—p)

(b2)s 01 + b1 — a2)s(@)r (B)r (a1 + 7)r _
1 T
I/+’Y;§ a1+b1+b2+7)s+rslrl ( +Z)

1
><2F1(b1+b2+51/+’y+ra1+b1+b2+’y+s+r1+ ) z>0.

Proof. Using Theorem R.1|, X1 Xy ~ H'(ay,by,a; + by — as, by + by). Now,
using independence of X7, Xo and X3 and Theorem @, we obtain the desired
result. O

Corollary 4.1.1. Let X1, Xo, and X3 be independent, X; ~ BY(a;, b;), i =
1,2 and X3 ~ B'(a3,b3). Then, the p.d.f. of Z = X1X2X3 is given by

I'(a1 + b1) (a2 4 b2)I'(ag + b3)I'(a1 + bs)
F(al)F(ag)F(ag)F(al + b1 + b2 + bg)r(bg)
P L (b)s(ar + by — as)s
2 (

X
(1 + Z)a3+b3 = a1 + b1 + by + bg)s s!

1
XoF7 (b1+b2+8,a3+b3;a1 —|—b1+b2+b3—|—8;1—+z>, z>0.

Appendix: Additional Definitions and Results

Here we give some definitions and additional results which are used through-
out this work. We use the Pochammer symbol (a), defined by (a), =
ala+1)---(a+n—-1) = (a)p—1(a+n—1) forn =1,2,..., and (a)y = 1.
The generalized hypergeometric function of scalar argument is defined by

o (a1)y, - (ap)y 2
F,(ar,...,ap;b1,...,by;2) = - r Al
p (1( 1 ps Y1 q ) kzo(bl)k(bq)k k! ( )
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where a;, ¢ = 1,...,p; bj, j = 1,...,q are complex numbers with suitable
restrictions and z is a complex variable. Conditions for the convergence of
the series in ([A.1]) are available in the literature, see Luke [[J. From (A1) it
is easy to see that

z > (a)k
oFo(z) = Z i exp(z), 1Fi(a;c;2) Z ic—
k=0 k=0
and i
o (@)k(b)r 2
QFl(a’b;c;Z):ZWH’ |z| < 1.
k=0

The integral representations of the confluent hypergeometric function and the
Gauss hypergeometric function are given as

‘ 1
1Fi(a;c2) = %/{) t2 11 — 1) L exp(2t) dt (A.2)
and
SFi(a, b c; ) = % /01 =11 = )e=a1(1 — 2p)b dt,

larg(l —2)| <, (A.3)

respectively, where Re(a) > 0 and Re(c —a) > 0.
It is easy to check by using (A.3) that

oF1(a,b;c;2) = (1 — 2)"%F; (a, c—b;c; _—Z> ) (A.4)

The Appell’s first hypergeometric function £} is defined by

- (a)r+s(b1)r(b2)s 2125

Fl(a7 blabQ;C; ZlazQ) -

520 (€)rts rls!
o0
b T
= (@b 1)TZ—12F1(G+T,52;C+T;22)
~ ()

(e 9] s b o S
_ZM%QFl(a—i—s,bl;c—i-s;Zl), (A.5)
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where |z1] < 1 and |22] < 1. The Humbert’s confluent hypergeometric func-
tion ®1 is defined by

3 (@)rts(b1)r 2125

(€)pys 18!’

®i[a,bi;c 21, 2] =

a)r(b1)y 27
@)y )(C() ) T_1|1F1(Q+T§C+T§ZQ)
r=0 r ’

M

= (a s 25
= Z EC; 8—2'2F1(a+8,bl;c+s;zl), (A.6)
s=0 s

where |z1| < 1, |z2| < co. The integral representations of F} and ®; are given
by

o B I'(c) byt (1 —w)e =ty
Fi(a,b1,ba;5¢; 21, 20) = T(@)T(c —a) /o (1= vz )b (1= vma)? (A.7)

where |z1| < 1, |22] < 1, Re(a) > 0 and Re(c —a) > 0, and

I'(c) Lya=1(1 — v)e=2 L exp(vzy) dv
['(a)(c —a) /0 (1—wvz)h  (A.8)

Dla,bi;¢21, 2] =
where |z1] < 1, Re(a) > 0 and Re(c — a) > 0. Note that for by = 0, F; and
@, reduce to o F and 1 F; functions, respectively. For properties and further

results on these functions the reader is referred to Luke [[[(]], Srivastava and
Karlsson [[L1], Mathai and Saxena [[2], and Mathai [[L3].
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