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ABSTRACT

Serious gaps exist in the present critical value tables for the Student t and Fisher F or ANOVA 
signifi cance tests. Statistically correct applications of these tests to the experimental data therefore become 
diffi cult. A total of 18 different regression models were evaluated for the Student t and 24 for the Fisher 
F critical values. These models varied from simple polynomial (quadratic to 7th order) to the combined 
single (ln), double (lnln), or triple (lnlnln) natural-logarithm- (ln-) transformed polynomial models. The 
advantage of ln-, lnln- or lnlnln-transformations of the degrees of freedom for interpolating the Student 
t and Fisher F critical values has been documented for the fi rst time in the published literature. The use 
of critical value equations applicable in the range of 1–1000 degrees of freedom for ln-transformation, 
2–1000 for lnln-transformation, or 3–1000 for lnlnln-transformation, instead of the tables, is proposed 
as a 21st century innovation for the computer programming of these signifi cance tests. A number of 
application examples are pointed out to illustrate the usefulness of this work.

Key words: F-ratio, ANOVA, critical value, degrees of freedom, reference material, signifi cance tests.

RESUMEN

Las tablas de valores críticos para las pruebas de signifi cado de t de Student y F de Fisher o ANOVA, 
se caracterizan por serias defi ciencias. Aplicaciones estadísticamente correctas de estas pruebas a los 
datos experimentales, por lo tanto, se hacen difíciles. Se evaluaron un total de 18 modelos de regresión para 
los valores críticos de t de Student y 24 modelos para los de F de Fisher. Estos modelos varían de modelos 
polinomiales (de tipo cuadrático hasta la 7ª. potencia) sencillos hasta los polinomiales combinados con 
la transformación logarítmica natural (ln) de tipo sencillo (ln), doble (lnln), o triple (lnlnln). Las ventajas 
de la transformaciones ln, lnln o lnlnln de los grados de libertad para la interpolación de los valores 
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INTRODUCTION

Quality control in all branches of science and engi-
neering demands the application of signifi cance tests, such 
as the Student t, Fisher F or F-ratio, and ANOVA or analysis 
of variance (e.g., Anderson, 1987; Ebdon, 1988; Otto, 1999; 
Jensen et al., 2000; Miller and Miller, 2000; Bevington 
and Robinson, 2003; Verma, 2005; Walker and Maddan, 
2005). It is customary to apply these tests at a given pre-
determined confi dence level (CL) such as 95% (e.g., Miller 
and Miller, 2000) or 99% (e.g., Verma, 1998, 2005; Verma 
and Quiroz-Ruiz, 2008). Such critical values or percentage 
points should thus be available for all degrees of freedom 
(dF or v) required for their statistically correct application. 
An examination of the published literature readily reveals 
that this is not the case. 

The critical values for the Student t test are available 
in most literature sources (e.g., Verma, 2005) as a total of 
42 critical values corresponding to v = 1(1)30(5)50(10)100 
(100)200(300)500(500)1000 (each set being for seven 
two-sided CL of 60% to 99.8%, or equivalently one-sided 
CL of 80% to 99.9%), and for the Fisher F test as 20 val-
ues of horizontal dF (HdF) v1=1(1)12(3)15(5)30(10)50 
(50)100(900)1000 and 39 values of vertical dF (VdF) v2= 
1(1)30(5)40(10)60(20)100(100)200(300)500(500)1000 (the 
Fisher F values are generally available for 95% and 99% 
CL). This shows that serious gaps exist in the critical value 
tables for these very frequently used signifi cance tests, e.g., 
within the dF range of 1-1000 and for any given CL, 958 
values out of 1000 are missing for the Student t and a total of 
980×961 values for the Fisher F. Note that the critical value 
corresponding to the dF of ∞ is not considered here because 
the ∞ is an undefi ned number in mathematical terms and 
refers to the population (and not to a statistical sample).

I present a new methodology for the interpolation of 
the existing critical values, evaluate 18 and 24 different 
regression models for the Student t and Fisher F, respec-
tively, and propose the new best-fi tted polynomial double 
or triple natural logarithm-transformed equations (defi ned 
as lnln and lnlnln functions, respectively) that allow us to 
extend the availability of critical values for all dF (v for 
the Student t; v1 and v2 for the Fisher F) from 1 up to 1000, 
i.e., 1(1)1000.

REGRESSION PROCEDURE AND THE 
INTERPOLATION OF CRITICAL VALUES

For the manipulation of critical values, linear to cubic 
regressions have been used in the literature (e.g., Bugner 
and Rutledge, 1990; Rorabacher, 1991; Verma et al., 1998). 
In fact, I tried several polynomial fi ts (from quadratic up 
to 7th order) to obtain new equations for the Student t and 
Fisher F critical values, but to my surprise none of them per-
formed satisfactorily for interpolation purposes (see Figure 
1 and the explanation below in this section). The failure 
of the polynomial fi ts motivated me to perform some kind 
of data transformation before undertaking the polynomial 
regressions. Single natural-logarithm (ln) transformation 
for statistically correct handling of compositional data was 
proposed long ago by Aitchison (1986) and was used a 
couple of years ago by Verma et al. (2006) for proposing 
new discriminant function diagrams. To my pleasant sur-
prise, this methodology has also recently provided excellent 
interpolations of critical values of discordancy tests (Verma 
and Quiroz-Ruiz, 2008).

Although representing an incomplete treatment of 
compositional data, log-transformation has been tradition-
ally used for fi tting a linear function to a log-transformed 
compositional ratio variable (Na/K) in geothermal fl uid 
geothermometry (Fournier, 1979; Verma and Santoyo, 
1997; Díaz-González et al., 2008). For this example of 
geothermics to be comparable to my present work, quadratic 
and higher-order regression fi ts should have been evaluated. 
Furthermore, a correct log-ratio transformation would be to 
use more than two compositional variables and a common 
denominator for log-ratios as suggested by Aitchison (1986, 
1989), Verma et al. (2006), and Agrawal et al. (2008); 
dealing with just one such ratio (Na/K) is not suffi cient to 
recognize the multivariate nature of the compositional data 
(Aitchison, 1989; Agrawal and Verma, 2007).

Prior to the polynomial regressions, three types of 
natural-logarithm transformations of the dF (v, v1, and v2) 
–called here as the ln, lnln, and lnlnln functions– were car-
ried out and evaluated for the fi rst time in the published 
literature. These three ln-transformations mean that one uses 
the ln(v), ln(ln(v)), and ln(ln(ln(v))) variables, respectively, 
instead of the raw v for the Student t, or the raw v1 or v2 

críticos de t de Student y F de Fisher se demuestran por primera vez en la literatura publicada. Para 
la programación computacional de dichas pruebas de signifi cado se propone, en lugar de las tablas, 
como la innovación del siglo XXI, el uso de las ecuaciones de valores críticos aplicables en el intervalo 
de 1–1000 grados de libertad para la transformación ln, de 2–1000 para la transformación lnln, o de 
3–1000 para la transformación lnlnln. Se presentan una serie de ejemplos de aplicación con el fi n de 
ilustrar la utilidad de este trabajo.

Palabras clave: Relación F, ANOVA, valor crítico, grados de libertad, materiales de referencia, pruebas 
de signifi cado o signifi cancia.
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for the Fisher F, in the theoretical regression function. The 
results of the evaluation of the quadratic to 7th order fi ts are 
graphically presented in Figure 1. 

First, the quality parameter R2 called the multiple-
correlation coeffi cient (Bevington and Robinson, 2003) 
was used (Figures 1a, 1c, 1e). R2 is simply an extrapolation 
of the well-known concept of the linear-correlation coef-
fi cient r, which characterizes the correlation between two 
variables at a time, to include multiple correlations, such as 
polynomial correlations, between groups of variables taken 
simultaneously. The parameter r is useful for testing whether 
one particular variable should be included in the theoretical 
function that is fi tted to the data, whereas the parameter 
R2 characterizes the fi t of the data to the entire function 
(Bevington and Robinson, 2003; Verma and Quiroz-Ruiz, 
2008; Verma et al., 2009). Thus, a comparison of the R2 
for different functions is useful in optimizing the theoreti-
cal functional forms such as those evaluated in the present 
work (Figures 1a, 1c, 1e).

Secondly, the sum of the squared residuals SSR = 
{∑(cvtable-cvcalc)2}int was investigated as the other quality 
parameter (Figures 1b, 1d, 1f), where cvtable is the value listed 
in a table for the Student t or Fisher F test for any given 
CL, and cvcalc is the value calculated from the correspond-
ing regression equation; the subscript int emphasizes that 
the regression equations are for the interpolation purposes 
only, and should not be generally used for the extrapolation 
of the data, although Verma and Quiroz-Ruiz (2008) have 
shown that such ln-transformed equations may as well be 
useful for the extrapolation purpose. No attempt was made 
to normalize this quality parameter (SSR) with respect to 
the number of tabulated critical values for a given case, 
nor with respect to some other variable such as the mean 
critical value, because the main interest was to use it for 
the visual comparison of the different (18 for the Student 
t and 24 for the Fisher F) regression models (Figures 1b, 
1d, 1f). Nevertheless, the use of normalized SSR values 
will only change the vertical scale in Figure 1, without any 
modifi cation in the observed trend. 

It is readily seen that in all cases for 99% CL (Figure 
1), the R2 parameter for purely polynomial fi ts from the 
quadratic (q) to the 7th order (p7) is consistently small 
(0.08044–0.44374 in Figure 1a; 0.36301–0.55106 in Figure 
1c; and 0.37629–0.59237 in Figure 1e) and the correspond-
ing SSR parameter is unduly large (60–34 in Figure 1b; 
10,500–8,600 in Figure 1d; and 5.7–4.0 in Figure 1f) to be 
of any use in such interpolations. The improvement from 
any of the ln-, lnln-, and lnlnln-transformations preceding 
the polynomial fi ts of the q to 7th order is highly signifi cant 
because the fi tting quality parameter R2 varied, respec-
tively, from 0.71096 to 0.99845, 0.97063 to 1.00000, and 
not reported (because lnln-transformation already reaches 
the theoretical maximum value of 1) in Figure 1a; from 
0.94694 to 0.99761, 0.97097 to 0.99424, and 0.93975 to 
0.98627 in Figure 1c, and from 0.95395 to 1.00000, 0.9380 
to 0.99999, and 0.99365 to 0.99999 in Figure 1e. When 

for a polynomial model involving ln-transformation the R2 
practically approaches the theoretical maximum value of 1, 
any further improvement in the fi tting-quality is impossible 
to attain even if one uses a higher-order polynomial or a 
more complex ln-transformation. The SSR parameter for 
the ln-transformed models correspondingly is extremely 
small (17.7–0.1, 1.8–(2.8×10-6), and not reported in Figure 
1a; 2,100–150, 700–150, and 880–200 in Figure 1d; and 
0.9–9×10-5, 0.07–8×10-5, and 0.05–8×10-5 in Figure 1f) as 
compared to the respective simpler polynomial models (see 
above). The relatively large squared residuals in Figure 1d 
as compared to those in Figure 1f are due to the fact that 
the 99% CL critical values for the Fisher F corresponding 
to VdF=1 and HdF=1–1,000 are much greater (405–637) 
than those for VdF=1,000 and HdF=1–1,000 (6.66–1.16; 
for critical values see any standard textbook on the subject; 
e.g., Anderson, 1987; Urbina-Medal and Valencia-Ramírez, 
1987; Verma, 2005).

Similarly, also for purely polynomial fits for the 
Student t and Fisher F tests corresponding to 95% CL critical 
values (plots not shown) the R2 parameter was consistently 
very small (0.1070–0.5272 and 0.0180–0.5053, respec-
tively) and the SSR parameter was consistently unreasonably 
large (about 840–6 and 19,900–1,000, respectively). At this 
CL (95%) the ln-, lnln-, and lnlnln-transformations prior 
to the polynomial fi ts provided much greater R2 values, 
respectively, from 0.4937–1.0000, 0.9659–1.0000, and 
0.9768–1.0000 (for HdF=1 and VdF=1–1000, or VdF=1 
and HdF=1–1000). The SSR parameter correspondingly was 
extremely small for the ln-, lnln-, and lnlnln- transformed 
models (as low as 0.024, 0.008, and 0.021, respectively). 

These kinds of results and trends were shown by 
all other critical value sets as well, i.e., the superiority of 
the ln-transformed polynomial models as compared to the 
simpler polynomial models (without ln-transformation) has 
been demonstrated beyond any doubt.

BEST-FIT EQUATIONS

I decided to call the best-fi t equation as the one that: 
(i) provided R2 close to 1 (in fact, practically equal to 1); (ii) 
showed small sum of absolute (SAR=∑Abs(cvcalc-cvtable), or 
squared (SSR defi ned above) residuals; and (iii) was based 
on the smallest number of regression terms and the less com-
plex ln-transformation, i.e., under similar circumstances, the 
ln function was preferred as compared to the lnln function 
and the latter as compared to the lnlnln function. 

For the Student t critical values, the lnln-transformed 
5th order best-fi t equation for v=2–1000 is:

cvcalc = I + F1·(ln(ln(v)) + F2·(ln(ln(v))2+F3·(ln(ln(v))3

 + F4·(ln(ln(v))4 + F5·(ln(ln(v))5 (1)

In equation (1) of the 5th order polynomial regression 
involving lnln-transformation, I is the intercept term and F1, 
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F2, F3, F4, and F5 are the coeffi cients of the linear, quadratic, 
3rd, 4th, and 5th order terms, respectively. All these coeffi -
cients of the best-fi t equation (1) have been summarized in 
Table 1. This equation can be used to compute any critical 
value for v=2–1000 and for any desired CL (see Table 1).

For the Fisher F tables, two different sets of best-fi t 
equations had to be proposed for any given CL, one for 
the interpolation of the vertical dF (VdF v2) for a given 
horizontal dF (HdF v1), and the other for the HdF (v1) for a 
given VdF (v2) and CL. For example, the following double 
ln-transformed 6th order best-fi t equation applicable for v2= 
2–1000 for a given v1 is:

cvcalc = I+ F1·(ln(ln(v2))) + F2·(ln(ln(v2)))2 + F3·(ln(ln(v2)))3

 + F4·(ln(ln(v2)))4 + F5·(ln(ln(v2)))5 (2)

Similarly, the following double ln-transformed 5th 
order best-fit equation applicable for v1= 2–1000 for a 
given v2 is:

cvcalc= I + F1·(ln(ln(v1))) + F2·(ln(ln(v1)))2 + F3·(ln(ln(v1)))3

 + F4·(ln(ln(v1)))4 + F5·(ln(ln(v1)))5 (3)

The values of the coeffi cients for the 99% CL are 
listed in Tables 2 and 3, respectively. 

Finally, not all combinations of HdF and VdF are 
covered by equations 2 and 3. For example, critical values 
will be missing for the combination of v1=13 and v2=31–34, 
36–39, 41–49, 51–59, 61–79, 81–99, 101–199, 201–499, 
and 501–999. First, I tried to evaluate more complex polyno-
mial models involving different kinds of ln-transformations 
of simultaneously both v1 and v2 in a single equation, but 
failed to obtain any acceptable solution. 

Therefore, a “second-round” of equations had to be 
proposed to complete the missing Fisher F values. As an 
example, the following triple ln-transformed 6th order best-
fi t “second-round” equation applicable for v2= 3–1000 for 
a given v1 is:

cvcalc =I + F1·(ln(ln(ln(v2)))) + F2·(ln(ln(ln(v2))))2

 + F3·(ln(ln(ln(v2))))3 + F4·(ln(ln(ln(v2))))4

 + F5·(ln(ln(ln(v2))))5 + F6·(ln(ln(ln(v2))))6 (4)

The values of the coeffi cients for the 99% CL are 

listed in Table 4 for v1=13–29, thus, completing the Fisher 
F critical values for v1=1(1)30. Because for the F-ratio and 
ANOVA tests, v1 (HdF) refers to the dF that correspond 
to the number of classes or groups, the above equations 
and Tables 2-4 cover most, if not all, applications of these 
signifi cance tests. However, if there were still needs for 
greater values of v1, the present method of the triple ln-
transformed 6th order fi t can be easily extended to include 
any missing cases. 

Another example includes the following double ln-
transformed 5th order best-fit “second-round” equation 
applicable for v1= 2–1000 for a given v2 (note equation 5 is 
identical to equation 3):

cvcalc= I + F1·(ln(ln(v1))) + F2·(ln(ln(v1)))2 + F3·(ln(ln(v1)))3

 + F4·(ln(ln(v1)))4 + F5·(ln(ln(v1)))5 (5)

The values of the coeffi cients for the 99% CL (Table 
5) are for v2=31–49. They complete the Fisher F critical 
values for v2=1(1)50. 

As stated earlier, this new methodology involving 
lnln- or lnlnln-transformations can be easily extended to 
calculate any other critical value for the F-ratio or ANOVA 
test. Similar equations and Tables were also generated for 
the Fisher F 95% CL, but are not included here; these are 
available by email request to the author. 

This methodology of ln-, lnln-, or lnlnln-transforma-
tion should be useful to handle all other types of critical 
value tables if one is interested in precisely estimating inter-
polated values for their application in signifi cance tests (this 
work), discordancy tests (Verma and Quiroz-Ruiz, 2008), or 
any other type of statistical tests. On the other hand, because 
the best interpolation equations based on these innovative 
natural logarithm-transformations along with polynomial 
fi ts provide ideal solutions with R2 values of practically 1 
(maximum theoretical value attainable) and extremely small 
SSR values, I consider no need to try any other conventional 
fi tting methods such as numerical computational methods 
or artifi cial neural network (ANN) methodology (Verma et 
al., 2008; Díaz-González et al., 2008).

It will be a good idea to abandon the use of the critical 
value tables; instead, the new critical value equations can 
be easily programmed in spreadsheets as well as in new 
computer software. Thus, the use of critical value equa-

Figure 1. Evaluation of the quality of 18 different polynomial regression models for the interpolation of critical values for the Student t test and of 
24 models for the Fisher F test, through two parameters R2 and SSR. The terms q, c, p4, p5, p6, and p7 are for the simple (without ln-transformation) 
polynomial regressions using quadratic, cubic, 4th order, 5th order, 6th order, and 7th order, respectively; the prefi xes “l”, “ll”, and “lll” before these terms 
signify, respectively, the ln-, lnln-, and lnlnln-transformation models, respectively, of the dF. The lnlnln-transformations were also tried for the Student t 
test, but are not shown here because they did not represent any signifi cant improvement over the lnln-transformations, which were already excellent. The 
symbols used for the simple (without any ln-transformation) and ln-, lnln- and lnlnln-transformed polynomial models are diamonds, triangles, circles, 
and squares, respectively (the fi lled symbols are used for a model for which most, if not all, terms in a model were signifi cant at the 99% confi dence level 
(CL) whereas the open symbols are when two or more terms were not signifi cant, or the fi nal highest order term was zeroed). Fitted models are shown 
as: (a) R2  for the Student t test for two-tailed 99% CL; (b) SSR for the Student t test for two-tailed 99% CL; (c) R2  for the Fisher F test for 99% CL with 
VdF=1 and HdF=1-1,000; (d) SSR for the Fisher F test for 99% CL with the same set as in (c); (e) R2 for the Fisher F test for 99% CL with VdF=1,000 
and HdF=1-1,000; and (f) SSR for the Fisher F test for 99% CL with the same set as in (e).
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tions applicable in the range of 1–1000 degrees of freedom 
for ln-transformation, 2–1000 for lnln-transformation, or 
3–1000 for lnlnln-transformation, instead of the tables, can 
be advantageously proposed as a 21st century innovation for 
the computer programming of these signifi cance tests. This 
computer programming work is currently under progress.

APPLICATIONS IN SCIENCE AND 
ENGINEERING

I fi rst suggest a number of literature references from 
different areas of science and engineering, which deal 
with the kind of research for which the new critical value 
equations will be useful. Then I provide a few actual ap-
plication examples from a reference material (RM) in 
geochemistry.

The new equations presented in this work will be 
useful for the statistical analysis of data in several different 
fi elds. A few of them are: agricultural and food science and 
technology (Pellegrini et al., 2003; Sauvage et al., 2007); 
biotechnology (Gonzalez et al., 2002); clay mineralogy of 
sediment cores (Pandarinath, in press); energy and fuels 
(Bansal et al., 2008); environmental science and technology 
(Wang et al., 2006); fl uid geothermometry (Palabiyik and 
Serpen, 2008; Díaz-González et al., 2008); instrumenta-
tion (Goodman, 1998); medical science and technology 
(Zacheis et al., 1999; Cooper et al., 2006); proteomic 
research (Maurer et al., 2005; Verhoeckx et al., 2005; Xia 
et al., 2006; Verma and Quiroz-Ruiz, 2008); water-rock 
interaction (Verma et al., 2005); and zoology (Harcourt et 
al., 2005).

The quality control (assurance and assessment pro-
grams) using inter-laboratory data on RM is another impor-
tant research area where these new critical value equations 
will be of much use. To name a few of these research areas 
on the study of RMs, they are: biology and biomedicine 
(Ihnat, 2000; Patriarca et al., 2005), cement industry 
(Sieber et al., 2002), environmental and pollution Research 
(Dybczyński et al., 1998; Gill et al., 2004), food science and 
technology (Langton et al., 2002; Morabito et al., 2004), 
organochlorinated compounds and petroleum hydrocarbons 
in sediments (Villeneuve et al., 2002, 2004); rock chemistry 
(Verma, 1998; Marroquín-Guerra et al., in press), and water 
research (Holcombe et al., 2004; Verma, 2004). 

The example cases were chosen from the RM data-
base recently used to evaluate the performance of single 
discordant-outlier tests (Verma et al., 2009). It is important 
to remind that the Student t and Fisher F-ratio tests are sen-
sitive to the presence of discordant outliers (Jensen et al., 
2000). For the ANOVA test also, the data to be examined 
should ideally be free from discordant outliers. Therefore, 
in order to correctly apply these tests, the individual datasets 
should fi rst be processed for the possible presence of such 
outliers using appropriate discordancy tests (Barnett and 
Lewis, 1994) along with the new, precise, and accurate criti-
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Verma88

Element/ 
Oxide

Method
Group *

Initial Statistics Ot Final Statistics Signifi cance test applied
(all group-combination recommended)nin x

_
 in sin nout x

_
s

SiO2 Gr1 79 52.363 0.312 8 71 52.446 0.184 ANOVA: TSsample = 4.8177; cvcalc=[v1=6, v2=184]= 2.902   (no)
Gr2 14 52.31 1.22 5 9 52.663 0.080
Gr3 27 52.16 1.46 4 23 52.664 0.558
Gr4 15 52.99 1.95 5 10 52.326 0.358
Gr5 11 52.51 0.75 3 8 52.665 0.214

     Gr6 ** 4 51.88 1.23 0 4 51.88 1.23
Gr8 34 52.538 0.240 4 30 52.474 0.153

Gr1, Gr4, Gr8 (all) 128 52.48 0.73 ANOVA: TSsample= 2.1310; cvcalc=[v1=2, v2=108]= 4.812   (yes)
111 52.443 0.199 5 106 52.458 0.162

Gr2, Gr3, Gr5 (all) 52 52.28 1.26 ANOVA: TSsample= 0.00004; cvcalc=[v1=2, v2=37]= 5.229   (yes)
40 52.664 0.430 5 35 52.585 0.281

TiO2 Gr1 12 1.073 0.052 2 10 1.072 0.092 ANOVA: TSsample= 0.9768; cvcalc=[v1=6, v2=185]= 2.901   (yes)
Gr2 34 1.062 0.052 5 29 1.0922 0.0220
Gr3 43 1.091 0.167 5 38 1.0744 0.0227
Gr4 14 1.031 0.089 0 14 1.059 0.097
Gr5 7 1.058 0.209 0 7 1.031 0.089
Gr6 66 1.072 0.160 12 54 1.058 0.209
Gr8 45 1.026 0.212 5 40 1.0774 0.0294

Gr1-Gr8(all) 221 1.062 0.157
Gr1-Gr8 192 1.069 0.077 17 175 1.0736 0.0444

Al2O3 Gr1 83 15.10 0.57 11 72 15.018 0.212 ANOVA: TSsample= 0.4048; cvcalc=[v1=5, v2=169]= 3.130   (yes)
Gr2 23 14.985 0.337 4 19 14.919 0.181
Gr3 26 15.057 0.327 4 22 15.029 0.165
Gr4 20 15.23 0.84 5 15 14.990 0.230
Gr5 15 14.991 0.76 0 15 14.99 0.76
Gr8 32 14.989 0.197 0 32 14.989 0.197

Gr1-Gr8(all) 199 15.07 0.53   
Gr1-Gr8 175 15.001 0.291 8 167 15.003 0.201

Fe2O3
t Gr1 53 11.19 0.50 7 46 11.196 0.206 ANOVA: TSsample= 20.922; cvcalc=[v1=6, v2=194]= 2.896   (no)

Gr2 30 10.991 0.286 4 26 11.085 0.138
Gr3 31 11.113 0.271 0 31 11.113 0.271

     Gr6 ** 3 13.00 1.54 0 3 13.00 1.54
Gr8 59 11.27 0.66 9 50 11.122 0.122

Gr1-Gr4, Gr8 168 11.134 0.204 6 162 11.114 0.161 ANOVA: TSsample= 2.5601; cvcalc=[v1=4, v2=163]= 3.437   (yes)

cal values (Verma and Quiroz-Ruiz, 2006a, 2006b, 2008; 
Verma et al., 2008).

A large number of examples exist in this extensive RM 
database that fall in the category of actual gaps in the critical 
value tables, for example, for the Student t the dF or v as 
30<v<1000, but distinct from v = 30(5)50(10)100(100)200 
(300)500(500)1000, i.e., different from the tabulated v of 35, 
40, 45, 50, 60, 70, 80, 90, 100, 200, 500, or 1,000. Similarly, 
for the Fisher F tables, such gaps exist for horizontal dF 
(HdF) v1>12, i.e., v1 different from 12(3)15(5)30(10)50(50)1
00(900)1000 and for vertical dF (VdF) v2>30, i.e., v2 different 
from 30(5)40(10)60(20)100(100)200(300)500(500)1000.

The examples (Table 6) include the major element data 
in the RM diabase W-1 from the United States Geological 
Survey (U.S.A.) compiled by Verma et al. (2009) that 
require the use of newly interpolated critical values. The 
extensive footnote of Table 6 provides more information on 
the application of the ANOVA, F-ratio and Student t tests.

For TiO2, Al2O3, MgO, CaO, K2O, and P2O5, the 
ANOVA test and for H2O+, and H2O-, the F-ratio and Student 
t tests showed that the data from the different analytical 
method groups can be combined into a single group and an 
overall mean and standard deviation as well as confi dence 
limits of the mean can be calculated. For the remaining 

Table 6. Synthesis of the major element data in diabase W-1 (RM issued by the U. S. Geological Survey, U.S.A.) from different analytical method 
groups.
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Element/ 
Oxide

Method
Group *

Initial Statistics Ot Final Statistics Signifi cance test applied
(all group-combination recommended)nin x

_
 in sin nout x

_
s

MnO Gr1 38 0.181 0.067 5 33 0.1676 0.0261 ANOVA: TSsample= 3.2224; cvcalc=[v1=6, v2=207]= 2.888    (no)
Gr2 27 0.1660 0.0142 4 23 0.1705 0.0071
Gr3 32 0.1713 0.0125 2 30 0.1692 0.0095
Gr4 50 0.1768 0.0250 4 46 0.1716 0.0179
Gr5 24 0.1682 0.0127 0 24 0.1682 0.0127

     Gr6 ** 6 0.1844 0.0285 0 6 0.1844 0.0285
Gr8 58 0.1647 0.0296 6 52 0.1606 0.0132

Gr1-Gr5, Gr8 208 0.1670 0.0171 5 203 0.1677 0.0148 ANOVA: TSsample = 2.7588; cvcalc=[v1=5, v2=202]= 3.108  (yes)

MgO Gr1 81 6.52 0.54 11 70 6.615 0.131 ANOVA: TSsample= 12.072; cvcalc=[v1=6, v2=168]= 2.914    (no)
Gr2 34 6.662 0.172 4 30 6.617 0.115
Gr3 24 6.570 0.249 4 20 6.655 0.138
Gr4 22 6.81 0.77 6 16 6.6134 0.0442

     Gr5 ** 8 6.20 0.53 0 8 6.20 0.53
     Gr6 ** 3 7.89 2.26 0 3 7.89 2.26

Gr8 28 6.631 0.131 0 28 6.631 0.131

Gr1-Gr4, Gr8 164 6.621 0.117 0 164 6.621 0.117 ANOVA: TSsample= 0.4861; cvcalc=[v1=4, v2=159]= 3.440   (yes)

CaO Gr1 83 10.962 0.194 5 78 10.943 0.140 ANOVA: TSsample = 2.8114; cvcalc=[v1=6, v2=193]= 2.896  (yes)
Gr2 33 10.899 0.196 4 29 10.845 0.128
Gr3 34 10.963 0.342 5 29 10.892 0.198
Gr4 21 11.11 0.49 0 21 11.11 0.49
Gr5 11 10.93 0.45 0 11 10.93 0.45
Gr6 4 11.005 0.347 0 4 11.005 0.347
Gr8 28 10.901 0.184 0 28 10.901 0.184

Gr1-Gr8(all) 214 10.958 0.283   
Gr1-Gr8 200 10.933 0.248 10 190 10.916 0.171

Na2O      Gr1 ** 70 2.071 0.201 0 70 2.071 0.201 ANOVA: TSsample= 4.2475; cvcalc=[v1=6, v2=188]= 2.899    (no)
Gr2 67 2.235 0.497 5 62 2.168 0.058
Gr3 16 2.210 0.143 0 16 2.210 0.143
Gr4 12 2.115 0.100 0 12 2.115 0.100
Gr5 27 2.162 0.124 0 27 2.162 0.124

     Gr6 ** 3 2.260 0.131 0 3 2.260 0.131
Gr8 5 2.173 0.071 0 5 2.173 0.071

Gr2-Gr5, Gr8 122 2.167 0.095 0 122 2.167 0.095 ANOVA: TSsample= 1.7602; cvcalc=[v1=4, v2=117]= 3.489. (yes)

Table 6 (Continued). Synthesis of the major element data in diabase W-1 (RM issued by the U. S. Geological Survey, U.S.A.) from different analytical 
method groups.

major elements or oxides (SiO2, Fe2O3
t, MnO and Na2O), 

statistically signifi cant differences were observed among the 
method groups, and the combination of all methods into a 
single group was therefore not recommended. For the lat-
ter cases, the overall statistical parameters were calculated 
for only those method groups that showed no signifi cant 
differences among them. 

For these signifi cance tests (ANOVA, F-ratio, and 
Student t), the new equations provided precise interpolated 
critical values as documented in the earlier section. If we 
were to calculate the 95% or 99% confi dence limits of the 
mean (not included in Table 6), we would also need precise 

critical values for the Student t test corresponding to the 
appropriate degrees of freedom (v). 

CONCLUSIONS 

The criteria of the multiple-correlation coeffi cient (R2) 
and the interpolation residuals (SAR and SSR) clearly sug-
gest that simple polynomial regressions are not appropriate 
for the interpolation of the Student t and Fisher F critical val-
ues. The ln-transformation is a required operation to achieve 
better regression models. The ln-, lnln-, and lnlnln-transfor-
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Element/ 
Oxide

Method
Group *

Initial Statistics Ot Final Statistics Signifi cance test applied
(all group-combination recommended)nin x

_
 in sin nout x

_
s

K2O Gr1 70 0.686 0.227 8 62 0.647 0.054 ANOVA: TSsample= 2.4690; cvcalc=[v1=6, v2=186]= 2.901   (yes)
Gr2 64 0.6432 0.0387 2 62 0.6465 0.0346
Gr3 35 0.654 0.050 4 31 0.6406 0.0288
Gr4 15 0.629 0.187 4 11 0.6398 0.0257
Gr5 18 0.658 0.066 4 14 0.6298 0.0266
Gr6 8 0.575 0.165 0 8 0.575 0.165
Gr8 5 0.624 0.106 0 5 0.624 0.106

Gr1-Gr8(all) 215 0.656 0.147
Gr1-Gr8 193 0.641 0.054 9 184 0.6413 0.0348

P2O5 Gr1 39 0.1424 0.0403 0 39 0.1424 0.0403 ANOVA: TSsample=0.8809; cvcalc=[v1=5, v2=126]= 3.173    (yes)
Gr3 20 0.1423 0.0360 0 20 0.1423 0.0360
Gr4 8 0.1223 0.0125 0 8 0.1223 0.0125
Gr5 9 0.1321 0.0097 0 9 0.1321 0.0097
Gr6 4 0.1340 0.0343 0 4 0.1340 0.0343
Gr8 63 0.158 0.085 11 52 0.1383 0.0111

Gr1-Gr8(all) 143 0.147 0.063
Gr1-Gr8 132 0.1387 0.0278 8 124 0.1363 0.0205

H2O+ Gr1 45 0.586 0.200 5 40 0.574 0.124 F-ratio:      TSsample= 1.5250;  cvcalc (v=68) = 6.9988           (yes)
Gr8 30 0.486 0.154 0 30 0.486 0.154 Student t:   TSsample= 2.5443;  cvcalc (v=68) = 2.6498           (yes)

Gr1, Gr8 70 0.536 0.143 0 70 0.536 0.143

H2O- Gr1 69 0.148 0.060 4 65 0.140 0.048 F-ratio:      TSsample= 1.1380;  cvcalc (v=69) = 6.9988           (yes)  
Gr8 6 0.1283 0.0454 0 6 0.1283 0.0454 Student t:   TSsample= 0.55548;  cvcalc (v=69) = 2.6487         (yes)  

Gr1, Gr8 71 0.139 0.048 0 71 0.139 0.048

Table 6 (Continued). Synthesis of the major element data in diabase W-1 (RM issued by the U. S. Geological Survey, U.S.A.) from different analytical 
method groups.

* Method Group refers to the analytical methods as follows (Velasco-Tapia et al., 2001):  Gr1: classical methods;  Gr2: atomic absorption methods;  Gr3: 
x-ray fl uorescence methods;  Gr4: emission spectrometry methods;  Gr5: nuclear methods;  Gr6: mass spectrometry methods;  Gr7: chromatography 
methods;  and Gr8: miscellaneous methods.
** The method group for an element identifi ed by these two asterisks gave signifi cantly different results than all other groups for the determination of 
this particular element. 
The initial and fi nal statistics, respectively, refer to the data before and after the application of discordancy tests using new critical values (Verma and 
Quiroz-Ruiz, 2006a, 2006b, 2008; Verma et al., 2008). nin: initial number of observations or analytical data by a given method group; x

_
  in: mean of all 

initial observations or analytical data by a given method group; sin: standard deviation of all initial observations or analytical data by a given method 
group; Ot: number of discordant outliers mean of all initial observations or analytical data by a given method group; nout: fi nal number of observations 
or analytical data by a given method group after the detection and elimination of discordant outliers; x

_
 : mean of fi nal observations or analytical data by 

a given method group after the detection and elimination of discordant outliers; s: standard deviation of fi nal observations or analytical data by a given 
method group after the detection and elimination of discordant outliers. The fi nal statistics for the combined groups is given in bold face.
The signifi cance tests are: ANOVA: analysis of variance for three or more samples, i.e., analytical data for at least three method groups; Student t: t test 
for two means, i.e., analytical data for two method groups; Fisher F: F-ratio test for two variances; TSsample– test statistic for the samples under analysis of 
signifi cance test; cvcalc: critical value for the degrees of freedom of the samples under analysis of signifi cance test as obtained from the best interpolation 
equations proposed in this work. All tests were applied at the strict CL of 99%.
The null hypothesis (H0) is that all samples were drawn from the same or equivalent normal population; the alternate hypothesis (H1) is that they were 
not drawn from the same normal population, i.e., at least one of them came from a different normal population. H0 is said to be valid when TSsample<cvcalc; 
else, when TSsample≥cvcalc, H1 is valid. 
In terms of interpretation of the analytical data from different groups, this hypothesis test refers to the result for the group-combination recommended: 
as yes if TSsample<cvcalc , or no if TSsample≥cvcalc .
For the ANOVA or Fisher F-ratio test, the degrees of freedom were: the Horizontal degrees of freedom v1=k-1 where k is the number of analytical groups 
(statistical samples) being evaluated; the Vertical degrees of freedom v2=N-k where N is the total number of observations in the entire dataset, i.e., in all 
statistical samples.
In this report, one extra digit was maintained as suggested by Bevington and Robinson (2003) and Verma (2005).
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mations combined with the polynomial regression models, 
were shown to perform better than the simple polynomial 
models. The best interpolation models involved lnln- and 
lnlnln-transformations prior to the polynomial fi ts. The use 
of these new best interpolation equations in spreadsheet 
calculations or computer programs is recommended for 
all applications in science and engineering involving these 
signifi cance tests. Finally, the new interpolated critical val-
ues for the Student t test would be useful to calculate more 
precisely the 95% or 99% confi dence limits of the mean. 
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