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RESUMEN. Se demuestra que en un espacio de Banach real la con-
vergencia de la iteracion de Mann con errores es equivalente la
convergencia de la iteracion de Ishikawa con errores cuando se
trabaja con aplicaciones lipschitzianas fuertemente seudocontrac-
tivas, fuertemente acretivas y acretivas.

1. Preliminaries

Let X be a real Banach space and B be a nonempty, convex subset
of X. Let T: B— X be a map and uj,z; € B. Let us denote by F(T)
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tne fixed points of T. We consider the iteration (see [10]):

Unt+1 = (1 — ap)un + anTu, + €. (M)

o0
The sequence (o), C (0,1), is such that lim a, = 0 and Zan =
n—oo —

oo. A prototype is o, = 1/n,n > 1. The errors (e,) C X satisfy

o

Z llen|l < oco. This iteration is known as Mann iteration with errors.
n=1

We consider the following iteration (see [10]):

Tntl = (1 - an)xn + anTyn + pn, (I)
Yn = (1 - 6n)xn + 6nTrn +qn, n=1,2,....

The sequences (o), (6,) C (0,1), are such that lim «, =0, lim 8, =
n—oo n—oo
[o.¢]
0, and Zan = o00. Furthermore, the sequence (o) is the same (M)

n=1

and (I). For 3, = 0, n € N we get Mann iteration with errors. The

o oo

errors (pn) and (g,) C X satisfy Z lpnll < o0, Z llgn|| < co. When
n=1 n=1

Pn = qn =0, n € N, we deal with Ishikawa iteration (see [7]).

Mann and Ishikawa iterations with errors (M) and (I) were criticized
in [17]. The main argument was that the errors should be bounded
sequences without being necessary convergent to zero. New iteration
types were introduced in [17]. According to [5], these new iterations are
redundant (i.e. lead us to (M) and (I)), when the operator 7" has a
bounded range.

In [12] an example can be found in which iteration (I) but not (M)
converges. The map T is a Lipschitz pseudocontraction, without being
strongly pseudocontractive. In this note we prove that the convergence
of Mann iteration is actually equivalent to the convergence of Ishikawa
iteration when dealing with Lipschitz strong pseudocontractions.

The following definition is in [9].



CONVERGENCE OF MANN ITERATION WITH ERRORS 7

Definition 1. Let X be a real Banach space and let B be a nonempty
subset of X. A map T : B — B is called strongly pseudocontractive if
there exists k € (0,1) such that, denoting with I the identity map of X,
we have

le =yl <llz—y+r[I-T—-klz—(I-T—=kDyll, (1)
for all x,y € B, and all v > 0.

The following lemma is in [10].

Lemma 2. Let (a,) be a nonnegative sequence satisfying
Ant1 < (1 _)\n)an+0n+cna (2)
where A, € (0,1), 0, = e\, and €, > 0, for alln € N, lim ¢, = 0,
n—oo

D [oe)
Z)\n:ooand ch<oo. Then lim a, = 0.

n—oo
n=1 n=1

2. The convergence of Mann iteration with errors is
equivalent to the convergence of Ishikawa iteration with
errors

We are now able to establish our the main result:

Theorem 3. Let X be a Banach space, B be a nonempty, bounded,
convex and closed subset of X, and T : B — X be a Lipschitzian,
with L > 1 strongly pseudocontractive map with T(B) bounded and
F(T) # 0. If uy = x1 € B, then the following assertions are equivalent:

(i) Mann iteration with errors (M) converges to z* € F(T).
(ii) Ishikawa iteration with errors (I) converges to x* € F(T).
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Proof. The proof is similar to the proof of Theorem 4 from [15]. From
(M) it follows that

Uy = Upt1 + Qpuy — ayTu, — ey
= (14 an)tns1 +an(I =T — kD upt
— (2= k)antunt1 + antn + an(Tupyr — Tuy) —ep
=1+ ap)tpt1 + (I =T — kIupiq
—(2=K)ap[(1 — an)up + anTun] + anun + an(Tupt1 — Tuy) — en
= (14 an)tni1 +an(I =T — kD upt1
— (1 = k)anty, + (2 = k)a2 (up — Tup) + an(Tuni1 — Tup) — €.
Therefore
=1+ an)tnt1 + (I =T — kup41 (3)
— (1 = k)anun, + (2 = k)aZ (up — Tuy) + an(Tun i1 — Tup) — ep.
Similarly, from (/) we obtain
Ty = Tpy1 + @y — Ty, — P
=1+ an)Tps1 + (I =T — kI)xpi
—2-kanzni1 + anzn + an(Txne1 — Tyn) — pn
=1+ an)xpnt1 +an(I =T —klxp41
= (2= K)an[(1 = an)zn + anTyn] + onzn + an(Tons1 — Tyn) — pn
=1+ an)Tps1 + (I =T — kI)xpi
— (1 =E)anz, + (2= k)2 (z, — Tyn) + an(Txns1 — Tyn) — pn
and therefore
T =1+ an)pi1 + (I =T — kI)zpia (4)
— (1 = K)apz, + (2= k)2 (z, — Tyn) + an(Tzpi1 — Tyn) — Pu.
From (3) and (4) we finally get
Tn —Up = (14 ap)(Tpt1 — Unt1)
+an(I—T—kDzp1 — T =T —kDuyyr)
— (1 = E)an (2 — un) + (2 = k) (xn — up — Tyn + Tuy)
+ an(Trpe1 — Tupyer — Tyn + Tuy) + € — D (5)
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Now,

(14 an)(@ns1 = tng1) +an (I =T = kDanpr — (L =T = kIun )|

=1+ an)||(Tnt1 — Unt1)+

o
1+,

((I T - ]{iI)l‘n+1 - (I T - kl)un+1)

)

and using (1) with x = 2,41 and y = u,41 produces

(1 + an) (@1 = tnp1) +an (I =T = kDzpr — (I =T — kDupg1)||
> (1+an) |z — tnga | (6)

Taking norms in (5) and then using (6) yields

|z = unll = [[(1 4+ an)(Tn+1 — tn1)
+an, (I =T =kDxpir — (I =T — kDupt1)||
— (1= E)ay, |z, — un|| — (2 = k)2 |20 — wn — Tyn + Tup ||
—an [[T2p41 — Tupg1 — Tyn + Tun|| — [len — pall
> (14 an) [Tns1 = uny1|l = (1 = k) |2, — uy||
—(2—=k)a? ||z, — up — Typ + Tuy||
—an [[T2p41 — Tupgr — Tyn + Tun|| — [len — pall
> (14 an) [Tns1 = ungill = (1 = K)oy |2, — unll — (2 - k)ai 4D
— o [[Tzpt1 — Tuntr — Tyn + Tunll = llen = pull

where D = diam (B,T(B)) < oo (recall that the sets B and T'(B) are
bounded). Thus the following inequality holds

(1 + an) [Tn41 — tnga]] < (T + (1= K)an) |2, — unll +4D(2 - k)arQL +
+an [Tznt1 — Tunt1 — Ty + Tunll + [len — pal| -



10 STEFAN M. SOLTUZ

Finally, noting that (1 +a;,)™t < 1—a, +a2 and (1 +a,)7t <1
leads to
Jons = ] € (14 (1= K)an)(1+ )~ [z —
+4D(2 — k)2 (14 )t
+an(14 an) | T2pir — Tungtr — Tyn + Tuy|
+ (14 an) " len — pall
< (14 (1 —k)an)(1 — ap + a2) |z, — un|| +4D(2 — k)a?
+ o [[T2pi1 — Ttns1 — Ty + Tunl| + llen — pall
< (1= ko) ||zn — un|| +4D(2 — k)o?
+ an [[T%p41 — Tunt1 — Tyn + Tunl| + |len — pall.-

For short,
241 = Ungall < (1= kan) lzn = unll +4D(2 — K)ok, +
+ an [[T2pt1 — Tunt1 — Tyn + Tunl| + llen — pull . (7)

We now estimate ||Tzp41 — Tuns1 — Tyn + Tuy||. Using (M) and
(I), we get for some Lipschitzian constant L that

[T2p41 — Tuns1 — Ty + Tuy||
S Tzni1 = Tynll + | Tuns1 — Tun|
< Ll@nt1 — Ynll + L luns1 — unll
<L = an)(@n = yn) + @n(TYn — yn) + pull + Loy, |Tuy — u|
< L(1 = an) |l2n = ynll + Lan [ Tyn = ynll + L{Ipall + Lo [ Tun — uy|
S L||Bn(Ton — @n) + qnll + Lan [ Tyn — ynll + L lIpnll + Lan | Tun — ua||
< LBn||Tzn — znll + Llgnll + Lan | Tyn — yull + L [[pall + Lag, | Tus — unl|
< 2DLB, + L||qn|| + 2DLay, + L ||pn|| + 2D Loy,
< L2D(Bn + 2a) + llgul + [I2nl]-
Using (7) yields
[Znt1 = Untall < (1= kaw) 2 — unll +4D(2 - k’)ozi
+ o L[2D (B + 20m) + [lgnll + llpnll] + llen — pall
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or the same,

[Zns1 — uny1ll < (1 = kan) [|[2n — us|
+ Qnp {4D(2 - IC)Oén + L[QD(ﬂn + 20(n) + ||Qn|| + Hpn“]}

+llen —pnll -
Let
an 1= |lzn — unll,
An = kay,
on = o {4D(2 = k)an + L2D(Bn + 2an) + llgnll + [Ipall]}
cn = [len — pal| -

[ee] [ee]
The conditions Z |pn|| < oo and Z llgn|| < oo imply that lim |[|p,|| =
n—oo
n=1 n=1

0 and lim ||gn| = 0, so that o, = o(\,;). Also

0o 00 o0 e
S = lew—pall < leall + 3 lpall < oo
n=1 n=1 n=1 n=1

So, from relation (2) in Lemma 2 we get lim a,, = 0. Hence, t
n—oo
lim ||z, — uy,|| = 0. 9)
n—oo

Now assume that lim u, = z*. Then
n—oo

[0 = 2| < flzn = unll + lun =27, =0, (n — o0) .

Thus, we get lim z, = x*. For the converse we suppose that lim z, =
n—oo n—oo

x*. Relation (9) and the following inequality
[un — 27| < flzn = un|| + [0 = 2*[| = 0,(n — o0),
lead us to lim w, = 2*. &
n—oo
A map S is (strongly) accretive if and only if I — S) is (strongly)
pseudocontractive. Using the same argumentation asi in [15] one can
see that the above equivalence holds when we deal with a Lipschitz,

strongly accretive and accretive map S. Cases in which we take the
operators Tx = f + (zr — Sz) and Tx = f — Sz in (M) and (I). A
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fixed point for the above T' are solutions for Sz = f and x + Sz = f,
with f given. The assumption that T'(B) is bounded will change into
(I — S)(B) bounded for the strongly accretive case and S(B) bounded
for the accretive case. All our results will hold in the set-valued case, if
the operators admit a selection.

(1]

2]

References

S. S. CHANG, Y. J. CHO, B. S. LEE, J.S. JuNG, S. M. KaANG, [terative Ap-
prozimations of Fized Points and Solutions for Strongly Accretive and Strongly
Pseudo-contractive Mappings in Banach Spaces, J. Math. Anal. Appl. 224
(1998), 149-165.

S. S. CHANG, J. Y. Park, Y. J. CHO, Iterative Approzimations of Fized Points
for Asymtotically Nonexpansive Mappings in Banach Spaces, Bull. Korean Math.
Soc. 37 (2000), 109-119.

C. E. CHIDUME, Iterative Approximation of Fized Points of Lipschitzian Strictly
Pseudo-Contractive Mappings, Proc. Amer. Math. Soc. 99 (1987), 283-287.

C. E. CHIDUME, Approzimation of Fired Points of Strongly Pseudocontractive
Mappings, Proc. Amer. Math. Soc. 120 (1994), 546-551.

C. E. CHIDUME, C. MOORE, Steepest Descent Method for Equilibrium Points of
Nonlinear Systems with Accretive Operators, J. Math. Anal. Appl. 245 (2000),
142-160.

K. DEIMLING, Zeroes of Accretive Operators, Manuscripta Math. 13 (1974), 365—
374.

S. ISHIKAWA, Fized Points by a New Iteration Method, Proc. Amer. Math. Soc.
44 (1974), 147-150.

T. H. Kim, H. K. Xu, Some Hilbert Space Characterizations and Banach Space
Inequalities, Mathematical Inequalities and Applications 1 (1998), 113-121.
Liwer Liu, Approzimation of Fized Points of a Strictly Pseudocontractive Map-
ping, Proc. Amer. Math. Soc. 125 (1997), 1363-1366.

L.-S. Liwu, Ishikawa and Mann Iterative Process with FErrors for Nonlinear
Strongly Accretive Mappings in Banach Spaces, J. Math. Anal. Appl. 194 (1995),
114-125.

W. R. MANN, Mean Value in Iteration, Proc. Amer. Math. Soc. 4 (1953), 506
510.

S. A. MUTANGADURA, C. E. CHIDUME, An Ezample on the Mann Iteration
Method for Lipschitz Pseudocontractions, Proc. Amer. Math. Soc. 129 (2000),
2359-2363.

J. A. PARK, Mann-iteration for Strictly Pseudocontractive Maps, J. Korean
Math. Soc. 31 (1994), 333-337.



[14]

CONVERGENCE OF MANN ITERATION WITH ERRORS 13

J. Y. Park, J. UG JEONG, [teration Processes of Asymptotically Pseudo-
contractive Mappings in Banach Spaces, Bull. Korean Math. Soc. 38 (2001):3,
611-622.

B. E. RHOADES & STEFAN M. SorTtuz, On the Equivalence of Mann and
Ishikawa Iteration Methods, International Journal of Mathematics and Math-
ematical Science 33: 7 (2003), 451-459.

X. WENG, Fized Point Iteration for Local Strictly Pseudocontractive Mapping,
Proc. Amer. Math. Soc. 113 (1991), 727-731.

Y. Xu, Ishikawa and Mann Iterative Process with Errors for Nonlinear Strongly
Accretive Operator Equations, J. Math. Anal. Appl. 224 (1998), 91-101.
HATYUN ZHOU, YUTING J1A, Approximation of Fized Points of Strongly Pseudo-
contractive Maps without Lipschitz Assumption, Proc. Amer. Math. Soc. 125
(1997), 1705-1709.

(Recibido en julio de 2001; versién revisada en mayo de 2003)

STEFAN M. SOLTUZ, STR. AVRAM IANCU 13

3400 CLuJ-NAPOCA, ROMANIA

KURT SCHUMACHER 48, Ap. 38, 67663 KAISERSLAUTERN, GERMANY
e-mail: soltuz@itwm.fhg.de  soltuzul@yahoo.com



