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INTRODUCTION

Norms and bump functions on a Banach space X that locally depend on
finitely many elements of the dual space X* (sometimes called coordinates)
are useful in renorming theory (cf. e.g. [3, Ch. V], [16]) or in the area of poly-
hedral spaces (cf. e.g. [11] and references therein). Such norms share some
properties of norms on finite dimensional spaces and can be used in situa-
tions, where there are difficulties even with Hilbertian norms (cf. the results
of Torunczyk and others on smooth partitions of unity in nonseparable Ba-
nach spaces, (cf. e.g. [3, Ch. VIII]). Norms that locally depend on countably
many coordinates are in turn closely related to countable tightness of the
weak® topology of dual balls and can often substitute for Gateaux differen-
tiable norms. We show here that they can be used in questions on projectional
resolutions of the identity, Valdivia compacts and biorthogonal systems, es-
pecially in spaces of continuous functions on scattered compacts.

We will work in real Banach spaces and keep the standard notation ([21],
(3], [12], [6], [8]). In particular, By = {z € X : ||z|| < 1} is the unit ball
of a Banach space X and Sx = {x € X : |[z|| = 1} is the unit sphere of X.
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The symbol xr denotes the characteristic function of a set T. If A C X*,
then A] ={z € X : f(z) =0forall f € A}. A norm closed subspace Y of
X* is a l-norming subspace of X* if ||| = sup{f(z) : f € By} for every
x € X. If W is a subspace of a Banach space X and x € X, then Z denotes the
coset of z in X/W and the norm ||Z| is the canonical norm of & in X/W, i.e.
|Z|| = infges ||| If A C X*, then the weak™® closed linear hull of A in X* is
denoted by span " A. The ordinal wg (w1) is the least infinite (uncountable)
ordinal and Ry (X;) is the least infinite (uncountable) cardinal. The symbol
U (respectively cp) denotes the space (o (N) (respectively co(N)) and ¢1(c)
denotes the space ¢1(I'), where I' is a set of cardinality of the continuum ec.
The space (7 is the space R" with the usual maximum norm. The density
character or density of a Banach space X (dens X) is the minimal cardinality
of a norm dense set in X. The dual space X* is called weak® sequentially
separable if there is a countable set D C X* such that for each f € X*
there is a sequence {f,} in D such that f, — f in the weak® topology. By
a subspace in a Banach space we mean a norm closed subspace and by a
norm on a Banach space X we mean an equivalent norm on X. We say that
f € X* attains its norm if there is © € Sx such that f(z) = || f||. The
Bishop-Phelps theorem asserts that for every Banach space X, the set of all
norm attaining functionals is norm dense in X* (cf. e.g. [3, p. 13]). The
Cech-Stone compactification of the positive integers is denoted by S(N). A
Corson compact is a compact space K that is homeomorphic to a set .S in
some [—1,1]" in its pointwise topology such that each point of S is countably
supported, i.e. {y €' : xz(v) # 0} is countable for every x € S. A compact
space K is called a Valdivia compact if K is homeomorphic to a set .S in some
[~1,1]" in its pointwise topology such that the set of all elements of S that
are countably supported is dense in S. A topological space T has countable
tightness if whenever S C T and a € S, then there is a countable set C' C S
such that a € C. A Banach space X is weakly Lindelof determined (WLD) if
Bx~ in its weak™® topology is a Corson compact (cf. e.g. [6, p. 131], [8, Ch. II]).
A bump function on a Banach space X is a real valued function on X with
bounded nonempty support.

DEFINITION 1. Let X be a Banach space and G be a subspace of X*.
We say that a continuous real valued function ¢ on X locally depends on
countably many (finitely many) elements of G if for every x € X, there are
a neighborhood U of z in X, countably many elements {f;} C B¢ (finitely
many elements {f1,...,fn} C Bg), and a continuous function ¢ on £, (on

%)) such that ¢(z) = ¥(fi(2), fa(2),...) for each z € U. If G = X*, we
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say that ¢ locally depends on countably many coordinates. If we speak of
standard coordinate functionals in some spaces we say that ¢ locally depends
on countably many standard coordinates.

If G = X* and, moreover, for every point € X, the functionals {f;} C
Bx~ above can be chosen so that X/{f;}. is separable, we say that ¢ locally
factors through separable quotients or that ¢ is an LFS function.

We say that the norm || - || is an LF'S norm on X if the function ¢ = || - ||
is an LFS function on X \ {0}.

If a function ¢ on a Banach space X locally depends on finitely many
coordinates, then ¢ locally factors through finite dimensional quotients as
X/({fi}?-).L has finite dimensional dual, isomorphic to span{f;}/~,. If || - ||
is an LFS norm on a Banach space X, then by a composition of || - || with a
suitable real valued function on the real line we can construct an LFS bump
function on X

We will frequently use the following proposition.

PROPOSITION 2. The norm || - || of a Banach space X is an LFS norm if
and only if for every x € Sx, there are a neighborhood U of z in X and a
subspace W C X such that X/W is separable and ||z|| = ||Z|| for all z € U,
where % is the coset of z in X/W. This happens if for each x € Sx there are
a neighborhood U of x in X and a norm 1 linear projection P : X — X, with
PX separable and containing x, and such that ||u|| = ||Pul| for every u € U.

The norm ||-|| of X locally depends on finitely many coordinates if and only
if given x € Sx, there are a neighborhood U of x and a finite codimensional
subspace W of X such that ||z|| = ||Z|| for every z € U.

Proof. Assume that || - || is an LFS norm. Given x € Sx, let U, C* = {f;}
and 1 be from Definition 1 for the point z. Put S* = span®” C*. Since X/C%
is separable, Bg= is weak® metrizable and separable (cf. e.g. [12, p. 45]). Let
z € U and let f € Bx- be such that f(z) = ||2||. Then for h € C{ with
||| sufficiently small, f(z £ h) < |z =+ h| = |/2]| = f(2) and hence f(h) = 0.
Therefore f € Bgz and we can put W = ST = (7. Indeed, if z € U and
s e X/W, then |12]] = £(2) < supgep,, 9(2) = 2] < |11

If the condition holds, given = € Sx, choose a weak® dense sequence { f;}
in Byyi. Then for z € U, ||z|| = ||2|| = sup{fi(2)}.

In order to observe the second part of the statement, put W = P~1(0)
and note that || Py|| = ||g|| for every y € X.

The third part can be proved as the first part. 1
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Note that if || - || is an LFS norm on X and Y is a subspace of X, then
the restriction of || - || to Y is an LFS norm on Y. Indeed, if y € Y, U and W
are from Proposition 2 for y, and for z € Y, the coset of z in Y/(Y N W) is
denoted by Z, then for z € Y N U we have ||z| = ||2]| < ||Z]| < ||2]I-

PRrROPOSITION 3. If a real valued function ¢ on a WLD Banach space
locally depends on countably many coordinates, then ¢ is an LFS function.

Proof. If {f;} C X*, then there is a norm one projection P of X such that
P(X) is separable and {f;} C P*(X™) (cf. e.g. [6, Ch. 6, 8]). Then X/{f;},
is separable as X/P~1(0) is separable, being isometric to P(X). |

We will first discuss some examples.

EXAMPLES

First of all, any equivalent norm on a separable Banach space X depends
(globally) on countably many coordinates. Indeed, if {f;} is a countable dense
set in Bx+ in its weak® topology (cf. e.g. [12, p. 61]), then ||z| = sup, fi(x)
for any x € X. On the other hand, if X* is not weak® separable and the
norm || - || of X depended globally on countably many f; € X*, then choosing
z € Nif;1(0), 2 # 0, we would have | z|| = 2| z||, a contradiction.

The situation with local dependence of the norm on countably many
coordinates is more involved. Before we start on it, we should note that if T’
is uncountable, then the Hilbertian norm of ¢3(I") does not locally depend on
countably many coordinates. Indeed, if x € Sy, () and, on a neighborhood of
x, the norm of ¢3(I") depends on some countable collection C* C £o(I")* and
0 # y € Ngec=f1(0), then a small line segment centered at z in the direction
y would lie in Sy, ), a contradiction. The existence of such a nonzero y is
guaranteed by the fact that ¢2(T") is not weakly separable (cf. e.g. [12, p. 61]).

1. The space ¢ is an obvious example of the space whose norm is LSF.
However, ¢5 does not admit any continuous bump function that would locally
depend on finitely many coordinates as any such space necessarily contains an
isomorphic copy of ¢y (cf. e.g. [3, p. 198]). An example of a space that does
not admit any continuous bump function that locally depends on countably
many coordinates is {2(I"), where I' is uncountable. Indeed, ¢3(I") does not
contain any isomorphic copy of ¢y since it is reflexive and it is not isomorphic
to any subspace of /o, as its dual is not (weak*) separable. The statement
thus follows from Theorem 4 below.
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2. It is a basic fact that ¢;(c) is isometric to a subspace of C[0,1]*
(cf. e.g. [12, p. 35]). The dual of any separable space is isometric to a subspace
of b (cf. e.g. [12, p. 71]). Thus ¢1(c) is isometric to a subspace of £,. The dual
ball of ¢} is weak* separable by the Goldstine theorem (cf. e.g. [12, p. 46]).
Hence the dual ball of ¢;(c)* is weak® separable (use the restriction map).
Therefore the canonical norm of ¢1(c) locally depends on countably many
coordinates. Indeed, if {f;} is weak® dense in By, (.-, then ||z[| = sup,{fi(x)}
for © € £1(c). The space £1(c) is not WLD as its dual ball does not have
countable tightness in its weak* topology (use the fact that all elements of ¢o(c)
have countable support, Goldstine’s theorem and the fact that any Corson
compact has countable tightness, cf. e.g. [12, p. 252]).

It follows from Theorem 11 below that ¢1(c) does not admit any contin-
uous bump function that would locally depend on countably many standard
coordinates.

By Theorem 9 below, the space ¢1(c) does not admit any LFS norm as
dens ;1 (c)* = densl(c) = 2¢ > ¢ = cardli(c) (the elements of ¢;(c) have
countable support). Also, the space {s does not admit any LFS norm as it
contains a copy of ¢(c) and thus dens £} > dens/;(c)* > 2° > ¢ = card fo.
On the other hand, by its definition, the supremum norm on {,, depends on
countably many standard coordinates.

3. For any infinite set I', the supremum norm ||- || on ¢o(T") depends locally
on finitely many coordinates. Indeed, let x € S, (). Find a finite set F' C T’

such that sup,cp\p |z(7)| < 2. If 2 € ¢o(T') is such that ||z — z| < 1, then

sup |=(7)] = max{ sup ()], sup rzw} — sup (7)) = || P2,
~el vyeT\F YyEF ~yeF

where P is the projection in ¢y(I") defined for x € ¢o(I") by Pz = (xr)z.

Hijek showed in [14] that every C2-smooth function on cy(T) Iocally de-
pends on countably many coordinates, and hence, by Proposition 3, it is an
LF'S function.

It is proved in [3, p. 189] that for every infinite set T', ¢o(I") admits an
equivalent locally uniformly rotund norm that is a limit, uniform on bounded
sets, of norms that locally depend on finitely many coordinates. We recall
that a norm || - || of X is locally uniformly rotund if ||x,, — z|| — 0 whenever
Tp,x € X and 2|z, |? + 2||z]|? — ||x + z4]|> — 0. We do not know if every
norm on ¢o(I') can be approximated by norms that locally depend on finitely
many coordinates. If T' is countable, then the answer is in the positive ([15]).
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If T' is uncountable, then equivalent norms on cy(I') that locally depend
on countably many coordinates do not form a residual set in the metric space
of all equivalent norms on ¢o(I') endowed with the metric of uniform conver-
gence on the ball of ¢y(I"). Indeed, otherwise, by the Baire category theorem,
there would be a strictly convex norm on ¢y(I') that would locally depend on
countably many coordinates (cf. e.g. [3, p. 52]), which is obviously not true
(cf. e.g. the argument above in /5(T")).

4. Let C[0,w;] denote the Banach space of all continuous functions on the
ordinal segment [0,w;] in its supremum norm, where [0,w;] is considered in
its usual order topology (cf. e.g. [5, p. 59]). The symbol Cy[0,w;] denotes the
hyperplane in C[0,w;] formed by all elements in C[0,w;] that vanish at w;.
Note that Cp[0,w] is isomorphic to C[0,w;]. Indeed, consider an operator
T : Cl0,w1] — Cy[0,w;] defined by Tx = (z(w1),z(0) — x(w1),...,z(t) —
x(w1),...,z(w;)—x(wi)). The space cy[0,w1]* is not weak* separable as every
element of ¢y[0,w1]* has countable support on the standard unit vectors of
[0, w1]. Indeed, assuming that c[0, w;]* is weak* separable, the total support
of all the elements of ¢o[0,w;]* would be countable. This is a contradiction
as [0,w1] is uncountable. The space ¢y[0,w;] is isomorphic to a subspace of
Co[0,w1]. Indeed, define a mapping T' from ¢y[0,w;] into Cp[0, w1] by

x(f) if there is 3 such that 5+ 1 = «,
Tz(a) =
0 if there is no such 3;

this is an isometry into. If Cy[0,w;]* were weak® separable, so would be
o]0, w1]* (via the restriction map), which is not the case.

The supremum norm || - || of Cy[0,w;] is an LFS norm. Indeed, given
x € Sx, let @ € [0,w1) be such that z(8) = 0 for all 3 > a. Let U = {u €
X : |lu— 2| < %} and let the projection P on Co[0,w1] be defined by
Pz = (x[0,q)% for x € Cp[0,w;]. Then for u € U,

+< bl =max{ sup (@), s Ju() }
0<

<BLa a+1<B<w;

<max{ s (@) = swp ()] = [Pl
0<f<a 0<B<a
Moreover, P(Cp[0,w1]) is isometric to C[0, ] and is thus separable. Hence
Proposition 2 applies.
Bey[ow )+ In its weak™ topology is not a Valdivia compact ([19]). Indeed,
otherwise, Cy[0,w;] would be WLD by Corollary 8 below. And this is not the
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case, as [0,w;] is a subspace of B¢+ and this weak® compact is homeo-
morphic with the weak™ compact Bgyjo ) (since Cpl0,wr] is isomorphic to
C10,w1]). Any Corson compact has countable tightness (cf. e.g. [12, p. 252])
and the segment [0, w;] does not have countable tightness as w; is not in the
closure of any countable set of ordinals strictly less than wi.

Recall that a projectional resolution of the identity (PRI) on a Banach
space X with dens X = N; is a transfinite sequence of linear projections
Py, 0 < o < wy, on X such that Py = 0, B,, = Identity , ||P,|| = 1 for
a >0, PyPg = PgPo = Pyinfa,py, Pa(X) is separable for all @ < w; and the
map a — P,x is continuous from the ordinals into the norm topology of X for
each x € X. Since Bgjow,)+ 1s not a Valdivia compact in its weak™ topology,
the space Cy[0,w;] does not admit any projectional resolution of the identity
with respect to its supremum norm (cf. e.g. [3, p. 251] or [7]). On the other
hand, Bgow,)+ is a Valdivia compact in its weak™ topology (in order to see
this, check the Dirac measures d,, o < wq, against the characteristic functions
of [+ 1,wi], @ < wi). Hence the weak* to weak® continuous restriction map
of C[0,w1]* to Cp[0,w1]* maps a Valdivia compact onto a compact set that is
not a Valdivia compact. The first example of a non Valdivia compact that is
a continuous image of a Valdivia compact was found in [26].

The projections P, of Co[0,w1] defined by Po(x) = Xjo,q)r have all the
properties of projectional resolution of identity but that one concerning the
continuity of the map o — P,x on ordinals for all z. In fact, if 8 is a limit
ordinal less than wy, then the closure of Uy<3Ps(Cp[0,w]) is a hyperplane in
P3(Cp[0,w1]) formed by all the functions in Pg(Cp[0, w1]) that vanish at 3. For
(B = w1, this union itself is the whole space Cy[0, w1] as any function in Cy|0, w;]
has a countable support. Moreover, Uy<w, P (Co[0,w1]*) = Cp[0,w1]*. Indeed,
assume that f € Sgyjow,)» and © € Sgyjow,) are such that f(z) = 1. Find
a < wy such that z(8) = 0 for all B > «. If the projection P, is defined for
a <wandy € Col0,w1] by Pay = X[0,0)¥; then f(z£w) < [lztw| =1 = f(z)
for all w € P;'(0). Hence f(w) = 0 for all w € P;1(0) and thus f(y) =
f(Pay+ (I — Py)(y)) = f(Pyy) = Pif(y) for all y € Cy[0,w;]. Therefore
[ € PCol0,w1]*. If f € Scyjow)+» by the Bishop-Phelps theorem, there are
fn € Scyjow )+ that attain their norms and || f, — f|| — 0. If f,, € P5 Col0, wr]*

for some «, < wq, then f € Ps*up{an}C'o[O,wl]*.

For a < wp and z € C[0,w;], put

{w(ﬁ) if 0<B<a,

z(a) it a<pB<wr,
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for 8 € [0,w1]. Then P,, 0 < a < wq, form a PRI for C[0,w;] endowed with
the supremum norm.

Speaking about the space C[0,w1], let us note in passing that Semadeni
proved in [24] that the codimension of C[0,w1] in the Banach space of all
weak* sequentially continuous linear funtionals on C[0,w;|* is one and thus
C[0,w1] x C[0,w1] is not isomorphic to C[0,w1].

Although the standard norm of Cy[0,w;] is an LFS norm, by considering
T = X[owo]» We can see that the supremum norm of Cy[0,w1] does not locally
depend on finitely many coordinates. Indeed, otherwise, let {f;} be a finite
number of elements of Cp[0,w1]* that comes from the definition of the local
dependence on finitely many coordinates for the supremum norm and x. Con-
sider the infinite dimensional subspace Z of Cy[0, w;]| formed by all functions
in Cp[0,w1] with supports in [0,wp] and take a nonzero point A in the inter-
section of Z with {f;}1. It is not true that ||z + th|| = 1 for all small |¢|,
which should be so by Definition 1. As C[0,w1]* is not weak™ separable, it
can similarly be shown that the supremum norm of C|[0,w;] does not locally
depend on countably many coordinates (consider x = X[waﬂ).

This is in contrast with the following fact that comes from the work of
Talagrand [25] (cf. e.g. [16], [8, Ch. II]). Let the operator T" from Cj[0, w;] into
o]0, w1] be defined by

Ta(a) = {x(a +1) — z(a) if a<wy,

0 if a=uwy.
Then the norm || - || defined on Cy[0,w1] by

el = sup {[a(t)] + [Tz ()]}

t€[0,w1]

is an equivalent norm on Cy[0,w;| that locally depends on finitely many co-
ordinates.

In order to see this, assuming that ||z||c = 1, let & < w; be the supre-
mum of v < wy such that |z(y)] = 1. Observe that ¢ := %|Tz(a)| > 0
as |z(a + 1)] < |z(a)]. Let F C [0,w;i] be the (finite) set of all ordinals
B € [0,wi] such that |Txz(5)| > 6. Then sup;cp{|z(t)| + |Tx(t)|} > (Jz(a)] +
[Tz(a)|) = 1+ 36 and supyepo o, \pilz@)| +[T2()[} < 1+435. As the functions
y > supcp{ly(O)] + ITy(t)]} and g - sup,eiou {50 + [Ty(b)]} are both
Lipschitz, there is a neighborhood U of z such that sup,cp{|y(¢)| +|Ty(t)|} >
1+ 20 > supyepow\rily(t)] + [Ty(t)[} for every y € U. Hence the norm || - ||
depends on U only on coordinates in F'. As C[0,w] is isomorphic to Cy|[0, w1],
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the space C[0,w1] admits an equivalent norm that locally depends on finitely
many coordinates.

5. Assuming the Continuum Hypothesis, Kunen constructed a nonsepa-
rable Asplund C(K) space such that C(K)* is hereditarily weak® separable
([18], [17]). This C(K) space does not admit any equivalent norm that would
locally depend on finitely many coordinates. Indeed, by Theorem 7(iii), on the
dual ball B of such a norm, the weak™ and norm topologies coincide at each
point that attains its norm. Let all points of such sphere S that attain their
norm be denoted by P and let C' be a countable weak* dense set in P (which
is thus norm dense in P). As P is norm dense in S by the Bishop-Phelps
theorem, C' is norm dense in S. Thus S, and hence C(K)*, would be norm
separable, a contradiction. We do not know if Kunen’s C'(K) admits an LF'S
norm.

RESULTS

If an infinite dimensional Banach space X admits a bump fuction that
locally depends on finitely many coordinates of X*, then X contains an iso-
morphic copy of ¢y and it is an Asplund space, i.e., each separable subspace
of X has separable dual ([3, p. 198] and [10]). The following statement is
related to this result.

THEOREM 4. Assume that a Banach space X admits a continuous bump
function ¢ that locally depends on countably many coordinates and that X is
not isomorphic to any subspace of {~,. Then X contains an isomorphic copy
of co.

Proof. Assume that X does not contain any isomorphic copy of ¢g, admits
a continuous bump function that locally depends on countably many coordi-
nates and that X is not isomorphic to any subspace of /. We will derive
a contradiction. Let f be a continuous function on X such that f locally
depends on a countably many coordinates, f(0) = 0 and f(x) = 1 when-
ever ||z|| > 1. Assume, without loss of generality, that f is an even function
(otherwise consider z — Z(f(z) + f(—2))). Put U ={z € X : f(z) # 1}.

Applying a compact variational principle [3, Theorem V.2.6], we find a
compact symmetric set K C U and &y > 0 such that for every 6 € (0, dp) there
is Ag > 0 such that

fr(x) > As whenever z € X and |z|| =94,
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where fx = max{f(k+-) : ke K}.

Claim. The function fg is continuous on X and locally depends on count-
ably many coordinates.

In order to verify the claim, we first check that z,, — x € X implies that
f(zp+k) — f(z+k) uniformly for k € K. Thus fx is continuous. Now fix any
x € X. We will show that fx locally depends on countably many coordinates.
Without loss of generality, we may assume that = 0. (Actually, 0 is the only
point that will be used later.) Given y € X and § > 0 we say that § is good
for y if there are a continuous function ¥ : {oc — R and f7, fJ,... € Bx-
such that

F(z) =¢Y(f1(2), fI(2),...) whenever z € X and |z —vy| <§.

Now, for every k € K let d; > 0 be good. From compactness we find
ki,... km € K sothat K C " (ki+30k,Bx). Put § = § min{6y,,..., 0, }.
We will show that § is good for every point of K. So fix any £ € K. Find
i€ {1,...,m} so that k € k; + 36, Bx. Then, if z € X and ||z|| < §, we have

1
k+z € ki+§5kiBX+5BX C ki—i-(skin,
and so,
Flk+2) =R (fFi(k+ 2), fhi(k +2),...).
Put
F={yh, . fm},
g:{( {Cl’ 517"')?"'7(f{<:7n7f2m7"')}'

Let {h; : j € N} be a countable dense subset in K. From the above we can
see that for every j € N there are ¢); € F and (g7, 43, ...) € G such that

F(hj+2) = (gl (hj + 2), gh(hj + 2),...)

whenever z € X and ||z]| < J. Thus

K (2) = sup ¢ (g1 (hy) + g](2), g (hy) + Gi(2),...)
je

whenever z € X and |z|| < §. Note that the family {gf : j,i € N} is
countable. So it remains to prove that the function ¢ : foo(N x N) — R
defined by

w(u] : jieN)= sulgwj(g{wj) +ui, gh(hy) + b, ... )
je
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is continuous. To check this, we observe that {¢; : j € N} C F, and that,
from compactness, for every j € N the functions

(u]l,u%, c) wj(g{(k) —l—u{,g%(k) + ug, ) )

are equicontinuous with respect to k € K. Therefore 1) is continuous, and the
local dependence of fx on a neighbourhood on countably many coordinates
is proved.

By the claim find § € (0, dp), a continuous function ¢ on ¢, and f1, fo, ...
€ By~ such that fx(z) = ¥(f1(2), fo(2)...) whenever z € X and |[|z| < J.
Note that

0= fx(0) =¥(f1(0), f2(0),...) = ¥(0,0,...).

Find v > 0 so that ¢ (u1,us, ...) < 3As whenever sup{|u1|, [ua|,...} < 7. As
X is not isomorphic to any subspace of £, there is z € X such that ||z| = 0

and sup{|f1(z)],| fo(w)], ...} < . Then

A5 < fiele) = Y(fi(@), fo@), ) < A,
a contradiction. |

COROLLARY 5. Let X be a Banach space. Assume that X* admits an
equivalent (not necessarily dual) LF'S norm. Then X* is isomorphic to a
subspace of £.

Proof. If not, then X* would contain an isomorphic copy of ¢y by Theorem
4. Thus X* would then contain an isomorphic copy of £ (cf. e.g. [21, p. 103]).
The space fo, does not admit any LFS norm (see Example 2). 1

ProproSITION 6. Let X be a separable Banach space such that X* admits
an equivalent (not necessarily dual) LFS norm. Then X does not contain any
isomorphic copy of 1.

Proof. Assume that X contains an isomorphic copy of ;. Then X™* con-
tains an isomorphic copy of ¢1(c), by the result of Pelczynski (cf. e.g. [12,
p. 213]). As a subspace of X*, ¢1(c) would then admit an LFS norm. This is
not the case (see Example 2). |

A variant of the following result for Gateaux differentiable norms was
proved in [7].
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THEOREM 7. (i) Assume that the norm of a Banach space X is an LFS
norm. Let M C Bx+ be such that MY = Bx~. Then given f € Bx«, there

is a countable set C' C M such that f € o

(ii) Assume that the norm of a Banach space X is an LF'S norm and
that Bx+ in its weak® topology is separable. Then X* is weak® sequentially
separable.

(iii) Assume that the norm of X locally depends on finitely many coordi-
nates. Let f € Sx« attain its norm. Then the norm and weak® topologies on
Bx+ coincide at f.

Proof. (i) According to Josefson-Niezesweig theorem (cf. e.g. [4, Ch. XII,
Exercise 2 (i)]), any element of Bx- is the weak® limit of a sequence from
Sx«. Using this result and the Bishop-Phelps theorem, we can see that it
suffices to show that if M C Bx- is such that Mw* = Bx+ and g € Sx= is
such that g(x) = 1 for some x € Sx, then there is a countable set C C M

such that g € C"". Let B be a countable set in B x containing x and such
that the set B of corresponding cosets is dense in X/W, where W = {f;},
is chosen for x as in Definition 1. Now, if h € W is such that x + h € U,
where U is as in Definition 1, then ||z +h|| = ||z||. Let {g,} C M be so chosen
that g(x) = lim g, (x) and g = lim g,, in the topology of pointwise convergence
on B. From the proof of Smulyan’s lemma on the differentiability of norms
(cf. e.g. [3, p. 3] or [12, p. 92]), we get supg,, (9n —g) — 0 as n — oo. In
particular, g,(w) — g(w) as n — oo for all w € W. Thus g,, — g in the weak*
topology.

(ii) Let C be a countable set in Bx+ that is weak™ dense in Bx«. Let
D be the set of all finite linear combinations of elements of C, with rational
coefficients. We note that D will still be countable. Let A denote the set of
all norm attaing elements of X*. By the first part of the proof of (i) we know
that for every f € A there is a sequence d,, € D, n € N, such that ||d,| < || f]|
and d, — f weak®.

Now fix any f € X*. We will show that this f can also be reached as
the weak® limit of a sequence from D. Find f; € A such that ||f — fi]| < 3.

Assume that for some i € N we have already found elements fi,...,f; € A
such that || fof < %,...,[Ifsl| < 2%1 and ||f—fi—--— fill < % Find then
fir1 € A such that || fis1]] < 57 and [|[f = fi =~ = fi = fis1| < 5r. Then
If=fi—-=fil = 0asi— oo

Further we will immitate a standard method from working with Baire
one functions, cf. e.g. [22, Ch. XV.1, Theorem 4]. For every i € N find
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din € D, n € N, such that ||d;,|| < |fill and di, — fi weak®. Put then
Gn = dip + -+ + dnn, n € N. We note that every g, belongs to the countable
set D. So it remains to prove that g, — f weak*. Fix any ¢ > 0 and any

0#z e X. FindeNsothatQ_k+1<ﬁand ||f—f1_"'_fk||<ﬁ:cu'
Find then m > k so that
[din, — fi,x)| < i whenever i€ {1,...,k} and n>m.
Then, if n > m, we have
k [%S) k
(g = £,2)] < D" Kdin = fis)| + D Ndanllllel + |3 i = fr2)|
i=1 i=k+1 =1
€ > 1 b
<kogt Y seglell+ || D fi— |lel
i=k+1 =1
<5+ g el + g - el
—+ —— x|+ = - ||z]| = €,
3 32| 3|l

and the proof of (ii) is finished.

(iii) Let x € Sx be such that f(z) = 1. Let U, fi,...,fn € Bx+- and ¢
be chosen as in Definition 1 for the point x. Let W = {f;}.. If h € W is
such that x + h € U, then ||z = h|| = ||z||. Similarly as above in this proof, we
find that whenever f, — f in the weak* topology, then supg, (f, — f) — 0.
Therefore f, — f in the norm as X/W is finite dimensional. 1

Theorem 7 (i) has the following consequence.

COROLLARY 8. Assume that the dual ball of an LFS norm in its weak*
topology is a Valdivia compact. Then X is a WLD space.

Note that the space ¢1(c) shows that the LF'S norm here cannot be replaced
by a norm that locally depends on countably many coordinates. Indeed, the
dual ball of the standard norm of ¢;(c) is a Valdivia compact in its weak™
topology (use Goldstine’s theorem) and the canonical norm of ¢1(c) depends
on countably many coordinates (see Example 2 above). However, ¢i(c) is
not WLD. Also, it is not true that in the statement of Theorem 7 (iii), the
norm and weak™ topology coincide at each point of the sphere, see Example
4. Indeed, it is known that C[0,w1]* does not admit any dual norm with the
latter property. (Otherwise, C[0,w1]* would then admit a dual locally uni-
formly rotund norm ([23]) which is impossible by Talagrand’s result (cf. e.g. [3,

p. 313))).
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For Gateaux differentiable norms, a variant of the following result can be
found in [3, p. 58].

THEOREM 9. Assume that the norm of a Banach space is an LFS norm.
Then dens X* < card X.

Proof. Given x € Sy, the cardinality of the set of supporting functionals
to Bx at x is less than or equal to c¢. Indeed, let {z,,} C X be a sequence such
that {Z,} is dense in X/W, where W is from Definition 1. As in the proof
of Theorem 7 (i), we can show that if f and g are two supporting functionals
to Bx at x, then f(w) = g(w) for every w € W. Thus for any two different
supporting functionals f,g to Bx at x, there must be n available such that
f(xn) # g(x,). By the Bishop-Phelps theorem, the density of X* is then less
than or equal to ¢ - card X which is less than or equal to card X. |

Assuming the Continuum Hypothesis, one can give a short proof of the
following result, which for the case of Gateaux differentiable norms is usually
proved by the smooth variational principle (cf. eg. [8, Ch. II], for the smooth
variational principle cf. e.g. [3, p. 9]). Note that this principle cannot hold
true in ¢(I") for LFS norms if T' is uncountable (otherwise, one could apply
it to a strictly convex norm on ¢o(I") and get a contradiction).

COROLLARY 10. Assume the Continuum Hypothesis. Let the norm of
a Banach space X be an LFS norm. Then Bx- in its weak® topology is
sequentially compact.

Proof. We follow [13]. Assume that a sequence {f,} C Bx+ has no weak*
convergent subsequences. For every subsequence { f,, } of {f,}, choose a point
x in By such that {f,, ()} is not convergent. We thus get a subspace ¥ of X
of density character ¢ such that By is not sequentially compact in its weak*
topology. Moreover, the norm of Y is an LFS norm. Hence in order to finish
the proof, we can assume that the density character of X is ¢ and that Bx+ in
its weak* topology is not sequentially compact. Cech and Pospisil showed in
[2] that if a compact space K is not sequentially compact, then card K > 281,
By using Theorem 9 and this result, under the Continuum Hypothesis, we
have

card X* < (dens X*)M < (card X)®0 < ((dens X)No)Ro
— (cNo)No — cNo =c=N; < 2&1 < card By« = cardX*,

a contradiction. |1
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Note that the statement of Corollary 10 does not hold true in general for
norms that locally depend on countably many coordinates. This is can be
seen on the space £1(c) (Example 2), as By_ () is not sequentially compact in
its weak® topology (cf. e.g. [12, p. 65]).

Note that Corollary 10 implies that under the Continuum Hypothesis,
ls = C(PN) is not a quotient space of any Banach space with an LFS norm.
Indeed, otherwise SN would be sequentially compact. It is well known that this
is not the case: SN contains no convergent sequence as otherwise, by Tietze
extension theorem, ¢y would be isomorphic to a quotient of £~,, which is not
the case, cf. e.g. [12, p. 254]. Similarly, under the Continuum Hypothesis,
lx/co = C(ON\ N) admits no LFS norm for otherwise SN \ N would be
sequentially compact by Corollary 10.

The following theorem relates to some results in [27].

THEOREM 11. Let X be a Banach space and let M C Bx be such that
span M = X. Let G C X* be the set of all points of X* that are countably
supported on M. Assume that X admits a continuous bump function that
locally depends on countably many elements of G. Then X is WLD.

Proof. Let ¢ be a continuous bump function on X that locally depends on
countably many elements of G. We will prove that each element of X* has a
countable support on M. This will show that By« in its weak* topology is a
Corson compact. Thus it suffices to show the following

Claim: Given f € X* and € > 0, there is an f. € X* such that its support
on M is countable and ||f: — f]| <e.

In order to prove the claim, let f € X* and € > 0 be given. Define the
function ® on X by

2(z if p(x ,
@(x):{@ (2) . p(a) # 0
+00 if p(z)=0.

It follows that ® is a bounded below lower semicontinuous function on X
such that {x € X : ®(z) < 400} is open and on its domain, ® locally de-
pends on countably many elements in G. By the Ekeland variational principle
(cf. e.g. [3, Theorem 1.2.4.]), there is zg € X such that

(© = f)(x) = (® = f)(xo) — el — o (1)

for all z € X. Let U, {fi} C G and 9 be as in the definition of the local
dependence for ® at xg. Let W = (] f;'(0). Finally let § > 0 be such that
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xo+ h € U whenever h € X is such that ||h|| < d. If h € W and ||h]| < 4, we
have

D (g + h) — ®(20) = ¥ (filzo+ k), ..., fa(zo+h),...)
— ¥ (fi(x0),- -, falwo),...) =0.

Hence from (1), for h € W and ||h|| < 6 we have
f(h) = f(zo+h) — f(zo) < ®(xo + h) — P(z0) +el|h]| =clln]l.  (2)

Let f be the restriction of f to W. By (2), for f as an element of W*, we
have || f | <e. Let fo be a norm preserving Hahn-Banach extension of f to
X. Put f. = f — fo. Then f. € W+ =span ¥ {fiyand ||f - f| = ||f0|] <e.
As the total support of all {f;} on M is countable, so is the support of f..
This finishes the proof. 1

Alster showed in [1] that a compact space K is homeomorphic to a weakly
compact set in ¢o(I") for some I' considered in its weak topology (i.e. K is an
Eberlein compact) if K is a Corson compact and K is scattered, i.e. each sub-
set of K has a relative isolated point. If K is a compact space such that C'(K)
admits a continuous bump function that locally depends on finitely many co-
ordinates, then C'(K) is an Asplund space ([10]). Thus K is then scattered
(cf. e.g. [3, p. 258] or [12, p. 231]). Hence K is an Eberlein compact if it is
a Corson compact and C(K) admits a continuous bump function that locally
depends on finitely many coordinates. The following statement is related to
these results.

THEOREM 12. Let K be a Corson compact such that C(K) has density
character N;. Then

(i) C(K) is WLD if C(K) admits a continuous bump function that locally
depends on countably many elements of spanl 'l K.

(ii) C(K) is WLD if C(K) admits an equivalent LFS norm | - || that is
pointwise lower semicontinuous.

Proof. Since K is a Corson compact, C(K) in its supremum norm has a
projectional resolution of the identity P,, a < wi, such that K C
Ua<w, Pi(C(K)) (cf. e.g. [3, p. 254]).

(i) For o < wy, let M, be a countable dense set in the unit ball of (Py41 —
P,)(C(K)). Then it is enough to put M = Uy<y, M, and G = spanl | K in
Theorem 11.
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(ii) As the norm || - || is pointwise lower semicontinuous, the space
span Il K is 1-norming for the norm | - || (use the bipolar theorem, cf. e.g. [12,
p. 163]). Since K C Ug<w, PXC(K)*, by Proposition 13 below, C'(K) has a
PRI in the norm | - ||, and, by [7, Lemma 2|, the corresponding dual ball is
Valdivia compact in the weak* topology. Thus the norm | - || satisfies the
assumptions of Corollary 8 and so C'(K) is WLD. 1

PROPOSITION 13. Let (X, || - ||) be a Banach space, having density ¥;, and
admitting a projectional resolution of the identity P,, « < wj in the norm
|-|I. Let || be an equivalent norm on X such that |, PxX™ is a 1-norming
subspace for | - |. Then there exists an increasing ”long sequence” (o, o < wq
of ordinals from [0, w;] such that Pg,, o <wy is a PRI on (X,]|-|).

Proof. We shall first show the claim: For every « € [0,w;) there is § €
(cv,wy) such that |Pg| =1, i.e.,

|Psx| < || for every z € X. (3)

Fix one such a. By induction, we shall construct a; = a < ay < az <
-++ < wq as follows. Let n € N and assume that «,, was already chosen. Let
{zI : m € N} be a (norm) dense set in P,, X (note that o, < wy). For every

m
m € N we find a countable set Y, C | P;X* N B(x .- such that

a<wi
| = sup (Y2, 27

Since each Y, is at most countable, there is ap4+1 € (o, wi) such that
Yy C Py X" for every m € N. This finishes the induction step. Put
0 = lim,_, ay; then still § < w;.

Let us show (3). Fix any x € X. Let € > 0 be arbitrary. Since |P,, x| —
| Pgx|, from the construction of 3, there are n,m € N and 1 € Y, such that

|Pgx| — € < (n, Psx). But

(n, Pgx) = (Pgn, x) = (n,x) .
Therefore
[Px| — e < (n,z) < |n| || < |af,
and finally, |Pgx| < |z|. This proves our claim.
Next let By be the 8 found in our claim for o := 0. Let 0 < o < wy and
assume that we found already 3, for 0 < v < a. If « is a limit ordinal, put
Ba = limy1q 3. If a is not a limit ordinal, put 3, = § where § was found by

our claim for a := (B,_1. Now it is elementary to verify that the (3, satisfy
the conclusion of our Proposition. [
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We will now summarize some facts on C[0,w;]. Some of them were dis-
cussed in Example 4.

THEOREM 14. (i) The supremum norm of Cy[0,w;] is an LFS norm.
However, it does not locally depend on finitely many coordinates.

(ii) The standard supremum norm of C[0,w:] does not locally depend on
countably many coordinates.

(iii) There is a norm on C[0,w;] that locally depends on finitely many
coordinates in [0, w1].

(iv) There is no continuous bump function on C[0,w1] that would depend
locally on countably many elements of [0, w1 ).

(v) There is no LFS norm on C[0,w1] that would be lower semicontinuous
in the topology of pointwise convergence on [0, w1).

(vi) The dual ball Bgy g, ]+ in its weak® topology is not a Valdivia com-
pact.

Proof. (i)—(iii) were proven in Example 4.

(iv) Put M = {X(a+1,u1]}a<w, and G = [0,w;) in Theorem 11.

(v) Assume that C[0,w;) admits an LFS norm | - | that is Y-lower semi-
continuous where Y is the norm closed linear hull of [0,w;) in C[0,wq]*. From
the bipolar theorem it then follows that Y is a 1-norming subspace for | - |
(cf. e.g. [8, Ch. 13]). The closed linear hull Y of [0, w;) in C[0,w;]* is 1-norming
subspace for the LFS norm and each element of By is countably supported
on the set M defined above. Since By is weak® dense in Bx+, by Theorem 7
(i), there is a countable set C' C Y such that the Dirac measure d,, belongs
to C". Hence 0y, would have a countable support on M, which is impossible.

(vi) This was discussed in Example 4. |}

A result similar to that in Theorem 14 (v) for Gateaux differentiable norms
was shown in [9].
We will finish this paper with presenting a few open problems.

OPEN PROBLEMS

1. Assume that the norm of a Banach space X is an LFS norm. Does X
admit an equivalent Gateaux differentiable norm?

2. Assume that a Banach space X admits a norm that locally depends on
finitely many coordinates. Does X admit a C"*°-smooth norm? This problem
has a solution in the positive in the case of separable spaces ([15]).
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3. Does C[0,w] admit an equivalent locally uniformly rotund norm that

is a limit, uniform on bounded sets, of norms depending locally on finitely
many coordinates (or LFS1 norms)?
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