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1. INTRODUCTION

Let 77 = {w € C : Im(w) > 0}, where Im(w) stands for the imaginary
part of w. For 1 < p < oo, HP(r") denotes the Hardy space of functions f
analytic in the upper half-plane 7 for which

00 1/p
1£]l, = sup ( / @+ iy dx) oo
y>0 —00

Then HP(n") becomes a Banach space and for p = 2, it is a Hilbert space
with the following definition of inner product:

(f.g) = / Y P )7 @ de, for every f,g € HX(rH).

Here the boundary function f*, defined as f*(z) = limy_,o f(z + iy) exists
almost every where and f* € L?(m), where m is the Lebesgue measure on the
real line. In this case [3, p. 190]

113 = / (@) de

Also, Lemma 2.1 of [9] makes H%(7 ") a functional Hilbert space and for every
a € 7, the reproducing kernel k, is given by

ko(w) = m, for every w € 7.
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Furthermore [11, p. 381],

1

kol = ———.

If ¢ is an analytic self map of the upper half-plane such that fo¢p € H?(nt)
for every f € H?(n™T), then by an application of the closed graph theorem
one can show that Cy : H?(r") — H?*(n"), defined by Cpf = f o ¢, is
a bounded operator, called composition operator induced by ¢. Singh [10]
initiated the study of these operators on H?(nt) by establishing a relation
between composition operators on Hardy spaces of the unit disc and the upper
half-plane. The bridge obtained between these two classes of composition
operators was exploited by Singh and Sharma [11], [12] and Sharma [9], which
further strengthened this theory. In [11], Singh and Sharma characterized the
boundedness of these operators in terms of the behaviour of the inducing
maps in the vicinity of the point at co. The problem of compact composition
operators on H?(n") was discussed in Sharma [9] and Singh and Sharma [12].

In the Rocky Mountain Mathematics Consortium Summer Conference
“Composition Operators on Spaces of Analytic Functions” organized by the
University of Wyoming in July 1996, the first author raised some problems
on composition operators acting on H?(rT), one of them was the existence of
compact composition operators on H?(n"). Sharma conjectured that there
do not exist compact composition operators on H?(n+). Though we have not
been able to solve this conjecture, we are making an attempt to provide a clue
to the researchers working in this direction by supplying Carleson measure
criterion for the compactness of composition operators on H?(r™).

2. CARLESON MEASURE AND COMPACT COMPOSITION OPERATORS

A linear operator A on a Hilbert space H is called compact if A takes
bounded subsets of H into sets with compact closures. This definition is
equivalent to the statement that if f, — f weekly in H, then Af, — Af
strongly in H. We shall use this definition to give a necessary condition for
the compactness of Cy on H?(n ") in terms of Carleson measure. As per our
information Arazy et al. [1], were first to use Carleson measure in dealing with
composition operators and later on Cowen and MacCluer [2], MacCluer [5] and
MacCluer and Shaprio [6] made extensive use of Carleson measure in studying
boundedness and compactness of composition operators on various function
spaces. Matache [7] characterized boundedness of composition operators on

H?(r") using Carleson measure in 7.
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For h,t € R, h > 0 the set Sy 5, = (t,t4h) x (0, h) will be called a Carleson
set. Let ¢ : 77 — 7" be holomorphic. For y > 0, define ¢, : R — 7" as
¢y(z) = ¢(z +iy) for any z € R and the pullback measure y, by p,(B) =
(m(ﬁ;l)(B) = m(¢;1(B)) for any Borel set B C w+. Consequently, for any
y > 0, we obtain a Borel measure p, on 7. Matache [7] proved that Cy is
bounded on HP(n) if and only if (S, ) < Kh, for some K > 0, i.e., py, is
a Carleson measure for any y > 0 [4, p. 63]. We present a stronger condition
which is necessary for compactness of Cj, on H?(n") but not a sufficient one.
At this stage we need the following result of Nordgren [8].

LEMMA 2.1. A sequence in a functional Hilbert space is a weak null se-
quence if and only if it is norm bounded and pointwise null.

We now proceed towards the main result.

THEOREM 2.2. Let ¢ be an analytic self map of the upper half-plane such
that C, is a bounded operator on H?(n"). Then Cy is compact on H?(r™)
only if for any y > 0

(%) py(Sen) =o(h) ash—0.

Proof. We assume that the condition () is false, which means that
ty(Se.n) # o(h) as h — 0 for some y > 0. This implies that we can find
t, in R, the numbers h,, — 0 and 8 > 0 such that

(1) /Ly(Stn,hn) Z /Bhn

Let ap = t, +ihy, and f, : 77 — C be given by f, = h2k,, , where k,, is the
reproducing kernel defined by a,. Then

hn  _ hy

2 _ - L o - _
fnll2 = drIm(a,) 47’

forn=1,2,3,....

Let gn = fu/llfall2- Then {g,} is a norm bounded sequence in H?(r") and
form=1,2,3...

gn(w) = hL? 27k, (w)

L 1/2

=—" 50 asnm— oo pointwisein 7.

Vr(w —an)



178 S.D. SHARMA, R. KUMAR

Hence, by Lemma 2.1, g, — 0 weakly in H2(7"). But for this y, by change
of variables formula,

- o z 4+ iy)|2dx = 2dx
/_oo|(gn P+ i) d Hfl\z/ Fnl(y(@))2d

1

- / ()2 ity ().

or,

> [e] €T 1 2 ,T 1 w 2 w
(2) /_Oo|<gn D)+ iy) dr > ||anQ/SM 1) iy )

However, if w = x + iy € S, p,, then t, <z <t, +hy,, 0 <y < h, and

fulw) ihy
n\W) = ~ .
21 ((z — tn) + (y + hy)i)
Therefore,
h4
|fn(w)| 471_2(0_1 (1 +02) )h2
>

for 0 < 01,00 < 1 and all w € Sy, p,. Hence from the inequality (2), we have

1Cpgnl2 > / (gn 0 $) (@ + iy)|? de

— 00

41 h2
Z h3 20 QMy(Stn,hn)

Using inequality (1), we obtain

Cogll3 > £

which shows that {||Cygpn|]2} remains bounded away from zero. Hence {Cyg, }
does not converge to the zero function strongly. This implies that Cy is not
compact. Thus the condition (x) is a necessary condition for the compactness
of Cyp on H*(7T). 1
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The following example shows that the condition (x) is not a sufficient one
for the compactness of Cy, on H?(n).

EXAMPLE 2.3. Let ¢ : 77 — 7" be defined as ¢(w) = w + wg, wy =
zo+iyy € m. Then by Theorem 2.1 of Singh and Sharma [11] C is a bounded
operator on H?(nT). Since ¢ is invertible, by Theorem 3.1 of [11], C, is also
invertible and so it can not be a compact operator. Nevertheless we shall show
that ¢ satisfies the condition (x). For y > 0, ¢y(z) = = + zo + i(y + yo) for
any x € R. Since for t € R, h > 0 and any y > 0,

¢;1({(m‘,y+yo) i<z <t—|—h}) = (—z0+t, —zg +t+h),
we have

xo+t, —xo+t+h) if h>y+yo,

(_
6,1 (Sun) =
v (S =1 it B <yt o

This further implies that for any y > 0

h if h>y+yo,
ty(Stp) = )
0 if h<y+yo.

Thus, if & is sufficiently small, then

lim Po5tn) _
h—0  h

i.e., y(Sy,n) = o(h) as h — 0 for any y > 0. Hence ¢ satisfies the condition (x).
ADDED IN PROOF

After this paper was accepted by the editor, a paper of V. Matache [Com-
position operators on Hardy spaces of a half-plane, Proc. Amer. Math. Soc.
127 (5) (1999), 1483-1491] in which it has been exhibited that no composition
operator is compact on HP ("), was brought to the attention of the authors.
However, our statements of results, ideas and methods of proofs are different
from those used in the above paper.
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