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1. INTRODUCTION

The prolongations of higher-order (semispray) connections on a fibered
manifold over one-dimensional base are described. Within the framework of
the adopted formalism, the order-reduction method of fields of paths for the
corresponding ordinary differential equations is presented, generalizing the
Hamilton-Jacobi integration method from the calculus of variations to the
nonvariational situation.

As time goes on, the description of the geometry of time-dependent ordi-
nary differential equations being motivated by the non-autonomous mechanics
more or less hesitantly turns from that influenced by the tangent bundles ge-
ometry methods to that dealing with the theory of connections on fibered
manifolds. In this respect, the main goal of the paper is to present a part
of a recently developed formalism which allows a transparent discussion on
certain phenomena related to the higher-order systems ‘in normal form’, i.e.
solved with respect to the highest derivatives. For ordinary differential equa-
tions, such a system is represented by the so-called higher-order (semispray)
connection T'**1) on a fibered manifold 7: Y — X over one-dimensional base
X, which is a section of the affine bundle my;: J*'m — J*7. Reaping
the benefit of its compatibility with the underlying structures, such a system
can be very naturally prolonged, composed with suitable morphisms within
the appropriate 2-fibered manifolds and, last but not least, considered as the
solution of some other associated connections. This leads to the presented in-
direct method of fields of paths, transferring the integration problem for ['*+1)
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230 A. VONDRA

to that of looking for its integrals as the generators of (local) semispray con-
nections representing the order-reduction of T*+1). In fact, the method stands
for a generalization of the Hamilton-Jacobi method from variational analysis,
studied in this situation by Krupkova [7], [8], to the nonvariational case — the
situation of k = 1 was established in [9].

As regards the underlying structures and the notation, 7: ¥ — X is an
arbitrary fibered manifold over one-dimensional base X, m: Jfr — X its
canonical k-th prolongation (my = =), mp,: J*1 — J'm (mpx = idye,) the
induced projections. If the fibered coordinates on J*r are t,q7,... 1 q(x), the
additional induced coordinates on J' are denoted by ¢7,. .. »q(x);- All map-
pings are supposed to be smooth, F(M) denotes the set of functions on a
manifold M, Sy(w) means the set of sections vy of m defined on an open
U C X, while Sioc(m) means that the domains are not specified. In this
respect, (t,¢°) oy = (t,77). By D**1F we denote the total derivative along
Tht1.ky Va,J*m means the subbundle of m-vertical vector fields on J*r, the
canonical embedding ¢; : J¥'7w — Jm, is defined by ¢y £ (5571)5L (%), and
J7(®,id,) denotes the r-th prolongation of a fibered morphism ® over X. As
usually, the summation convention is used far as possible.

2. HIGHER-ORDER (SEMISPRAY) CONNECTIONS

Let £ > 1. As a special type of connections on m, the so-called (k + 1)-
holonomic connections on m; or more briefly (k + 1)-connections on 7 are in-
trinsically related to the theory of higher-order equations. Due to the canonical
embedding ¢; 5 : J¥* m — J'my, a (k + 1)-connection on  is a section (both
global and local versions will appear) D¢+ . Jkg — Jk+17 of the affine bundle
Trr1k- The horizontal form of T*+Y is a m,-projectable vector-valued 1-form
hp(k+1)2 Jkﬂ" — TJka ® WZ(T*X), which locally reads hp(k+1) = Dl"(k+1) ® dt,

where the (local) absolute derivative D41y = DFFLE o [+
k-1
a 0
(2.1) Dro+y = — + Z (JE’m) i F((7k+1) -
ot " = dq7;, 94y,

is the so-called semispray on J*m (here is the alternative name for I'(A+V
from). In other words, the horizontal form Apw+1) defines the one-dimensional
m-horizontal semispray distribution Hpxsi on JE7 realizing the direct sum
decomposition

TJhr = Hrginy @ V,,ka’iT .

The (k+1)-th order equation represented by a (k+1)-connection I'**+1) on
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7 is the ((k + 1)m + 1)-dimensional submanifold T'*+1) (J*x) C J**17 defining
a (generally nonlinear) system of ordinary differential equations (O.D.E.) in
normal form, i.e. explicitly solved with respect to the highest derivatives:

(2.2) QE'k+1) = F((Tk+1)(t7qoa--'>Q?k)) .

A section v € Sj,c(7) is called an integral section (path) of [**+1) if it is the
solution of ET" = T+ (Jkr), ie. if j#+1y = T+ o jEy. The point is that
(2.2) can be represented by the Pfaffian system

(2.3) dqzri) = q?m) dt, dqé’k) = I“(Tk-i-l) dt,

fori =0,...,k—1, expressing the fact that Hpw+1 is a subdistribution of the

canonical Cartan distribution Cy, ,_, on J*r (contact forms). In accordance

with (2.3), v € Sy(n) is an integral section of T**V) if, and only if, j¥y(U) is
an integral manifold of Hrx+y).

3. PROLONGATIONS AND FIELDS OF PATHS

For a given (k 4 1)-connection on 7, the compatibility of the correspond-
ing equations with the underlying structures allows us to present a suitable
description of the prolongation of the equation EL"*”  J¥1x. Notice that
the case of k = 0 for a (first-order) connection I': Y — J'm on 7 is included,
as well.

DEFINITION 3.1. Let & > 0 and T'**D: Jbr — J¥lgx be a (k + 1)-
connection on w. The r-th prolongation of the equation EM™ is defined
to be the submanifold ET*" ) = [mTk+D() ¢ Jh+r+lr where DE+DM) g
the last term of the sequence of sections

(F(k+1)(0)7f(k+1)(1)7 o 7F(k+1)(r))

recurrently defined for each £ =1,...,r by
(3.1)  T®HEO — JLrEEDED G4 Y o4y, o DEFD . Jhgp —y Jhtttis
with D+D0) .= PO+1)
Note first that T*+1(?) defined by (3.1) can be rewritten to (s are omitted
for the brevity sake)
TEDE = JH D dy) o PEFD idy) o DEFD
= JYJH T dy),idx) o JHT®HY idy) o THFD
= JHTEY idy) o JHIHHY idy) o DEFD
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where we have used the properties of prolongations and the fact that
F(k+1)(l) — Jl (F(k+1),idx) o F(k+1) c Jk+27'(' .

Now it is clear that the target space of I'*+1)(2) must be J**37, and repeating
the procedure one gets another sequence defining ['*+1)(");

rk+1) JH ¢+ g JT(r*+D d
Jhp Z20 ghetiy OO, gerr o phebrg TGO, phirt

Evidently, the equation EX"""®) consists of (k+1 + 1)-jets of integral sections
of T+ in fact

(32) My =T y) = (0 0 hy) = I, id,) 0 4Ty
— J’“(I‘(k“),idx) o Jr——l(F(k-H),idX) ojk+r—1 . — F(k—i—l)(r) Ojk’}’ ]

It carries all the information on the initial equation together with ‘higher-order
consequences’ of it. In fact, [*+1(") represents the family of O.D.E. obtained
by differentiating the original equations 0,1,...,r times with respect to the
independent variable, which in coordinates means the system

(3.3) Q&H) = IV(Tlc+1)a qzrk+2) = D( l(rk+1))a e ,Q?k+r+1) = D(r)( ((7k+1)) )

where D(") = pDktrktr—1 D41k (: %)

DEFINITION 3.2. Let k > 0,7 > 1. A (k-+1)-connection T** € Sy (74414
will be called a field of paths of a (k + r + 1)-connection T'k+7+1). jhtrp _y
JH+r+r if on V holds

(3.4) [k+r+1) o Pkt (r=1) _ ple+1)(r)

Evidently, if v is an integral section of [**1) then by (3.2)

k41 k741

F(k+r+1) ° ~k+r,y — I\(k+r+1) o F(k—i—l)(r—l )(r) Ojk’)’ = v,

j Vo jfy =TI

which means that if y is an integral section of a field of paths I'(k+1) of T'(k+r+1)
then it is the integral section (a path) of I**"*1_ In other words, Hpe+y
defines a foliation of V' such that each leaf of this foliation is an integral
section of [**7*+1) Tt can be shown that (3.4) is equivalent to

(3.5) Drpesriny o DEFDI=1 — pp+Dr=1 o 4y
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and the local expression of (3.4), (3.5) reads

Tliriny © rk+Dr=1) — D(r)(l"t(fk+1)) o Tk+D(r=1)

Globally speaking, each field of paths represents a (local) order-reduction
of the given equation. In this respect, the problem of finding the integral
sections of a given integrable higher-order connection can be transferred to
the problem of looking for and then solving of its fields of paths.

4. THE METHOD OF FIELDS OF PATHS

The description of the method goes within the framework of the 2-fibered
manifold
Jk+7‘ Th+r,k Jk Tk X

where r > 1.

The map k: Jimy, X 0, J Tpyrr — J ' Thyr, defined for ¢ € Sjoc(my) and
S Sloc('nk+r,k)7 IH“/J C Dom 12 by k(J;d))J}p(z)(tD) = ];(‘P ° 1/))’ IOCEi,Hy does
not effect the coordinates t¢,q°,... Q) 4o -0 Dkyso and its action on the
rest of the coordinates reads

_ o(1) _ (%)
Gty = 20ty T D Zesan Qi - Qery; = o) + Zz&imq(z
=0
with 2’s being the induced coordinates on J' 7, ;. Clearly, there is a natural
candidate for a morphism between 7y, and (m;); o over J*m; namely, denote
by
Dy = 11,k O Mpgr g JHTr = Tty

the composition, whose coordinate expression is

(4.1) @ =4y - 90); = Lt -

Then the affine morphism kg,: J'mp 1,5 — J 7y, defined by the composition

P x id

(Tk4ri)10xid o p Kk
(et D0 X, i S0 i P 5 Ty,

1
J Tk+r,k

determines the affine subbundle A
satisfying

mesns CODsisting of the points z € J'myy,

(4.2) L1k © Thprtt © (Thpr)1,0(2) = I (Tpgrp, idx ) (2)
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Following the terminology of the well-known situation of dim X = nandr =1,
such elements will be called 7y, ;-semiholonomic jets; the local expression of
(4.2) is just (4.1). In fact,

;

(i)
c_ o Uer1); = 20ty T Zz k41 Aq(l+1)

iy; = 9r+1)
Ry = @
Urry; = Z(kery T+ Z ngir /\q (i+1) >

\

hence there is a canonical inclusion J**"*'7w C A, . ., which corresponds to
the associated vector bundle
Arpin = VeV m @ (T°X) C Vi, T @ i, (T7X) 5

Tk4r

in particular, A,,,, , = J*r (due to dim X =1).

Notice first some properties of the sections of 7., s, called jet fields; again,
we work with global sections for the simplicity only, the same applies (under
appropriate restrictions) for the local ones. :

A section v € Sy () will be called an integral section (or a path) of a jet
field ¢ € S(mpyrp) if it is the solution of the equation £¥ = p(J*m) C JE+7m,
ie. if poj*y = j¥*"y on U. In this respect, ¢ will be called integrable if
there is an integral section of ¢ through each point of Y. In coordinates, the
equations of ¢ are

(4.4) i1y = Plot1)s- -2 Uhrry = Pltr)

with the components of ¢ being functions on J*r.
For an arbitrary jet field ¢ € S(mg4,1), there is a distinguished associated
projection; namely, by

(4.5) Ffpkﬂ) = Thtrk+1 © P

we get a (k + 1)-connection T¥*Y on 7. In coordinates, I'f,, ;) = ¢fy,)- The
following assertion is evident from (4.4) and (3.3).

PROPOSITION 4.1. A jet field ¢ € S(7y4r1) Is Integrable if, and only if, it
is the prolongation of its projection T ie. ¢ = TY¥+I=1),
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As for higher-order connections, there is a one-dimensional 7y ,_;-hori-
zontal distribution H, on J*"~!7 naturally associated with ¢. In fact, H, =
span{D, }, where the generator D, is defined by

_ k+r,k+r—1
Dcp =D cpo Thtr—1,k >

i.e. locally
a k—1 8 k+r—1 8
(46) D¢ at + Z q (i+1) a (7 + Z 80(14_1) 8q(
=0 9

As to be expected, it can be proved by direct calculations in coordinates that
a section v € Sy(w) is an integral section of ¢ if, and only if, ¥t "1y(U) is
an integral manifold of H,.

Remark 4.1. It should be stressed that for » > 2, the integrability of H,
is not equivalent with the integrability of ¢ in the above presented sense.
Nevertheless, the integral section of ¢ could be defined to be ¥ € Sjoc(Tptr—1)
such that (U) is an integral manifold of H,. Of course, now the equations
must be considered on J'my,,._;.

Let ¥ be a connection on 7, .. Then it can be called 7y, ,-semiholonomic,
if
S JMTr A

Thgrk I

which by (4.1) means just

(4.7) X7 =qhy - B{ky; = Q) -
Then the corresponding m-horizontal distribution is spanned by

k+r

8
4. Dy,
(4.8) +Zq(z+1)3 - + ) =, 3%

i=k+1

which can be then called the 7, ;-semispray on J**"r. In this respect, if ¢ €
S(T4ri) 1Is a jet field, then H, is nothing but a (special type of) mp1r_1 4-1-
semispray distribution on J**"~!xr ie. ¢ can be identified with a (special
type of) my4,—1 k—1-semiholonomic connection on 7,4 ,_1, which completes the
ideas of Remark 4.1.

Our particular concern is with connections on m,, . Let Z: J7r —
J' 74 be such a connection. The corresponding local equations are

_= = (k) _ —o(k)
(4.9) 20y = Bl 2ox = Efoar- -1 2ma =
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fori=k+1,...,k+r, with 2’s from F(J**"r). The horizontal form

hz = D= ®@dt + Z DY ®dgly: J* - TIH n @ mhy, (T )

=0
is defined by
k+r
Dzo = + > =
i=k+1 ' aq(t
k+r

DE = + Z l)/\
(4.10) et ‘9‘1

a k+r

+ K3
aq(k) z—zk;rl B )A ‘9‘1 ‘
The 7y, ,-horizontal distribution Hz spanned by (4.10) generates the decom-
position
TJ""n=Hz0V, JE+r o

Thdrk

The point is that the integral sections (if any) of a connection = on Ty,
are (local) jet fields from S(myy, 1) satisfying j'¢ = Eo ¢, the local expression
of which can be easily derived by (4.9).

DEFINITION 4.1. A connection E on 7y, will be called characterizable,

(k+r+1
if the connection kg, o = is holonomic. The connection I‘ ) — g

be called characteristic to =.

3 0 2 will

By (4.3) and (4.7), kg, © E is 7, g-semiholonomic for an arbitrary = and
it is holonomic if, and only if,

k
=0 (i)
k+1) T H((Tki1),\q(z+1)
i=0

—_
—
—

9(k+2)
(4.11)

k
Urtr) = E(otr—1) T ZE ktr— 1),\‘I(z+1) J
=0

and the components of the characteristic connection are

(4.12) (k1) = Ehar) T Z Cif k+r)Aq (i+1) -
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PROPOSITION 4.2. A (k+7+1)-connection T**™+1) on 1 is the character-
istic connection of a connection E on w4, if, and only if, the components of
[k+7+1) and = are related by (4.12), which equivalently means Hp+r+1 C Hz
or

k
Dr(lc+r+l) = DEO + Z Dg/)\qz\i+l) .
i=0
Here is the motivation of the above constructions.

PROPOSITION 4.3. Let E be a characterizable connection on my, ), and
I‘(EHTH) its characteristic connection. Let ¢ € Sjoc(mryrr) be an integral
section of & and I'!*1) the (k + 1)-connection on m, defined by (4.5). Then

LU+ s a field of paths of L&+ and
— k+1)(r—1)
Proof. 1t is easy to see that for an arbitrary jet field ¢ we have
ko, 050 = K,, ,opgn 030 =" (pridx) 0 11 0 TYF
Then J&++g 5 F(5k+r+1)ocp =ke,0Z0p =kg,05 0 = J (¢, idx)OLl,kOFfo’““).
Since by definition
k+r41

J! (Wk+r,k+1 ) idX)(Jz v)

.1 -k+7 1 -k+4-2 -k+r+1
=Jz (7"k+r,k+1 0 J ) = g, (

F) = 8Py = m e (G Y)

we have

Ffpk+1)(1) _ Jl(Ffpk+1)7 idx) oo Ffpk+1)

= JY (Thprpt1,idx) 0 J' (p,idx) 0ty g o T
o F(:k+r+1)

(k+1)
@

_ 71 : _
= J (Thqrhr1,1dx) OY = Thtrk+2°¥ -

Then by (3.1),
prk+l)(2) —J! (7rk+r,k+‘2a ldy() ° Jl((/?, ldx) 0Ly 0 Fgak+1) = Mhir k300,
and the procedure stops with

P&k+1)(r—1) = J (Tptpprr1,idy)

o F(Ek+r+1) ° F(Ek+r+l

_ ) _
OY = Mhyr41,k+r ocpY =,
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which proves (4.13). Finally,

FLk-{—T-‘rl) o I‘\(k+1)(r—1) — ]_—\’(_k+'l‘+1 k+1) _
= 14

o= J(p,idx) 010
_ J1( TEDE=D idy) oLy OF(L—H) - F(k+1)(r) r

In this arrangement, any connection = on 7, whose characteristic con-
nection is a given I'*+7+1) will be called associated to it. If, moreover, Z is
integrable, then it will be called the ., -integral of T*+r+1).

PROPOSITION 4.4. Let T*+™*1) be a (k + r + 1)-connection on 7 and
{a',...,a"}, where K = rm, be a set of independent first integrals of [(*+7+1)
defined on some open W C J*+"x. If the matrix

L
(4.14) A= <an ) ,
94ty

where { =k +1,...,k +r, is regular on W, then
(4.15) H= = anih{da’, ..., da"}

defines an ., -integral of T*+7+1) on W,

Proof. First it should be stressed that we suppose W C WE_&TYO(V), where
(V,4) is a fibered chart on Y.

By definition, the distribution (4.15) is completely integrable. Let us de-
note by (Af,,) the inverse matrix to A, where o and (¢) label the rows and L
the columns. Then the annihilators of Hz are

dagy) + A?@ dt + ZA(Z)L o0, dq(,)

and it remains to show that = is characterizable and its characteristic connec-
tion is just I'**7+1_ Since it holds

k
2 ZE Z)/\q(z—i-l) (e ( Z /\ q(z+1)>
=0

k+r—1 8 L 8 L
A
Aoz ( Z @ o Yy T g, F(k+r+1)>

z—lc+1
— qgf+1)7 f01£=k+1,,k:+7—1
Plesrry, forl=k+r,

the proof is completed (see (4.11) and (4.12)). 1
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5. REGULAR VARIATIONAL EQUATIONS
Let E € Q*(J°m), s > 2, be a 7, o-horizontal form such that in coordinates

(5.1) E = E,dq° Adt,
(5.2) E, = Ay + Boudly,

where A,, B,, € F(J*"'m). Any such a form E generates naturally the s-th
order differential equation

(5.3) £ = {j;v, E(Gyy) =0} C J°m
with the solutions (called the eztremals of F) being v € Sioc(7) satisfying
(5.4) Eoj°y=0.

The form E and accordingly the equation (5.3) are called regular if det(B,,) #
0, and in such a case, the equation (5.3) can be represented by the s-connection
I‘S) on 7, defined by

(5.5) Eol'® =0,

called characteristic to E. In coordinates, (5.5) means equivalently E, oI‘SES) =
0or B, = B,,(q(, —I'(,) or I'l;y = =B A,, where (B°") is the inverse matrix
to (Byy)-

A form F is called variational if there is an integer r and a lagrangian
A on J'm, such that E is just the Euler-Lagrange form of X\ (up to the pro-
jection). The point is that (5.2) is just a necessary condition for E to be
locally variational, which by definition means that there is an open covering
{W,} of J*w such that for each «, E|w, is variational. In this respect, the
s-connection I'®) on 7 (and accordingly the corresponding horizontal distribu-
tion Hpe) or the equation I'®)(J*~17)) is called variational if there is a regular
locally variational form E related to I'® by (5.5).

In what follows, we suppose FS) to be the characteristic connection of a
given regular locally variational form E and s = 2¢. In such a case, HF(ES) is the
so-called Fuler-Lagrange distribution associated to E, which is the characteris-
tic distribution of the distinguished 2-form ag, called the Lepagean equivalent
of E; this means

H

F(Es) = anih{ic(,_naE; C(s_l) € X;(Js_lﬂ)} .
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Consequently, there is another important characterization of the solutions of
(5.3) (= integral sections of I'3)): a section v € Sioe(7) satisfies (5.4) if, and
only if,

(56) (j5_17)*i<(s—1)aE =0

for an arbitrary (¢~ € X% (J* ).
A jet field p € Sy (m,_1 1) is called a field of extremals of Eon'V C J ',
if it is the integral section of ag, which by definition means

(5.7) wap=0;

this relation is called the Hamilton-Jacobi equation. For an arbitrary field of
extremals ¢ of E, the projection

Ffpc) =TMs—1, 0P

is called the Hamilton-Jacobi field of E. Clearly, it is a local c-connection on
7, and the corresponding m,._;-horizontal distribution HFSf) onV C J i is
called the Hamilton-Jacobi distribution of E.

If v € Sioe(m) is an integral section of ¢, i.e.

(5.8) Iy =Ty,

then v is an integral section of I'(). Conversely, it can be shown that if 7 is
an integral section of I'Y), then for each (=1 € X% (J*~'x) it holds

(5.9) (G ) price-vap = (7°71) ie-np ag

where ¢~V € X3 (J° ) is defined by

(5.10) ¢V (GeY) = Trgmr, e €70 (05 71)) -

Consequently, by (5.9) together with (5.7), (¢ o 57 '¥)*i¢e-nap = 0, which
means that @ o j¢71y = j571% where 7 is an extremal of E. Since

s—1

j07 = TMs—1,c Oj v = Ts—1,e © PO jC_I’Y = FL(PC) Ojc_lfy - ]cry ’

we get (5.8).

On the whole, ¢(V) is foliated by the (s —1)-jets of the integral sections of
I‘fpc), in other words, a field of extremals ¢ is just the (s —c—1)-th prolongation
of the corresponding Hamilton-Jacobi field Ffo‘:), ie. = Ffpc)(s“c“l).
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Let ¢ € Hpo, (D € Xy (J*"'n) and z € V. Evidently, we can suppose
z = j¢ 'y with v being an integral section of Ffpc). Then again by (5.9),

i p (T (2)) (L TOCD(0)) = icimnap(p(2) (Tp(0))
= go*ig(,_naE(Z)(g) = (p*ig(s—l)aE(j;_17)(ijc_l7(£))
= () Price-nap(z)(E) = (F71) ige-n @ ap(z)(§) = 0

with £ € T, X and ¢~V related to ¢~ by (5.10). Consequently, Tp(¢) €
H.+», which is by (3.5) equivalent to the fact that the Hamilton-Jacobi field I‘g)

is a field of paths of Fg), Le. I‘g)ogo = I‘E;)(s_"). In fact, the conditions for each
Hamilton-Jacobi field are stronger, expressing its relation to E; nevertheless,
from our point of view, Hamilton-Jacobi fields represent a (local) reduction
of the order of (5.3) from s = 2¢ to ¢. On the other hand, the variational
character of the equations studied results in the existence of a special kind
of (local) integrals of 1‘55), called the Jacobi complete integrals. These are
constructed (in sense of Prop. 4.4) through the existence (ensured by the
Jacobi theorem) of the corresponding system of independent first integrals of
HF(ES) (Jacobi charts of E) — we refer to [8] for more details.

Notice finally that the most classical situation is that of FE being the Euler-
Lagrange form of a global regular lagrangian X on J°r. In such a case, (5.3)
or (5.4) are nothing but the Fuler-Lagrange equations of X,

< - OL
_ § : _1)\i @
Ea ( 1) D (8qa ) )

=0 (4)
and
0*L
Ba'l/ =(-1)° a0 av |
= (aq?c>‘9q<c>)
with A = Ld¢t.
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