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In this paper we deal with the question wether there is a positive constant
K, such that for every X,Y, Z normed spaces, given two elements T' € L(X,Y)
(the set of all bounded and linear operators from X to Y) and S € L(X, Z),
the inequality

(%) TSI < K sup{||Tz[|[|Sz]| : z € X, [l«]| <1}

is satisfied.

In case the answer is affirmative, what is the best choice for the universal
constant K7

The first question arised in a recent paper on Jordan-Banach algebras [3],
where the authors give an argument to show that there is such a K satisfying
(%), by using ultraproducts. Even so, they proved the same result by elemen-
tary methods, obtaining not only the existence of the constant, but also an
admissible value. In the present note, we will prove that the value K = 4
works and this is the best choice for any X,Y,Z and any pair of operators
TeL(X,)Y), SeL(X,2Z2).

To begin with, we will reduce the question to functionals, instead of oper-
ators:

LEMMA. Let X be a normed space and assume there is K > 0 such that
for any pair of elements u*,v* € X* (the space of all bounded and linear
functionals on X) it is satisfied

lw{llv*]l < K sup{|u”(2)o™(2)] : 2 € X, [Jz]| <1},

then K also verifies () for any Y, Z normed spaces and any T € L(X,Y),
SeLX, Z).
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Proof. Let us fix normed spaces Y,Z and operators T € L(X,Y),
S € L(X,Z); now we choose functionals y* and z* in the unit balls of Y*
and Z*, respectively, and apply the hypothesis to the functionals u* = T*(y*)
and v* = 5*(z*) to get

1Ty [[I1572"|| < K sup{|(T"y")(@)[|(572")(z)| : = € X, |lz]| <1}
< Ksup{|[Tz||[Sz| : z € X, [|=]| <1}

Now, since we can argue as above for any functionals y*, z* in the unit ball of
Y™, Z*, respectively, the Hahn-Banach Theorem gives us the desired formula.

Now we are in conditions to state the announced result:

THEOREM. Let X,Y and Z be normed spaces, T € L(X,Y) and S €
L(X,Z). Then

[IT|IS] < 4sup{[[Tz|||| Szl : = € X, ||=l| < 1}
and 4 is the best possible constant in the above inequality.

Proof. First note that we can clearly assume the normed spaces to be real.
In view of the Lemma, it is enough to deal with the case Y = Z = R. So,
let us choose two elements u*,v* € X* and assuming that there are u,v € X
such that |Jul,|[v]] <1 and 1 = u*(u) = v*(v), we will prove that

7 <sup {fu () (&) € co {u, =0}

Actually, for arbitrary nonzero functionals u*, v* our requirement will be sat-
*

|| II II |l
lu*[[llv”]| < 4p” sup{|u” (z)[[v"(2)] : 7 € X, [|=]| < 1}

isfied by the functionals —- with p > 1, so we will get

and the desired inequality will follow letting p — 1.
Let us write « = u*(v) and B = v*(u). If |a| > % or |B| > 1, the desired
inequality holds, since

max{|u"(v)v" (v)], [u" (w)v" (u)[} = max{|al, 6]} 2

.-Iklb—l

So let us assume |a| < 1,]6| < ; and note that 24 < |a + 3.
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In case that 2a8 < a + 3, then we write
N

S 2—a-p
Since |al, |B] < %, then ¢ belongs to the interval [0, 1] and the element z, which
is in the unit ball of X satisfies

(1-a+@-fa)(1-a)p+1-5)
G—a-pp

_ _(-ap)?

C2-a-p)*
We are assuming 23 < o+ 3, so (1 —af)/(2 —a — ) > %, which implies
u*(z)v*(z) > 1.

On the other hand, if we assume 2af < —a — (3, then we take
‘o I+a
24 a+p

again z is in the unit ball of X, since it is in the convex hull of v and —v and
satisfies

t and z =tu+ (1—t)v.

u*(z)v*(z) =

and z=tu— (1 —1t)v;

|(1+a—(1+ﬂ)a)((1+a)ﬁ—1—ﬁ)]

lu*(z)v*(z)| = 2+ a+ B)?

_ (1-ap)?
T2+ a+p)?

The inequality 2a8 < —(a + ) gives (1 — af)/(2 +a+ ) > 3, so it also
happens in this case |u*(z)v*(z)| > 1.

Finally, to show that 4 is the best possible constant in our inequality it is
enough to take X = R? with norm given by

l(a,0)l =lal +[6] ~ (a,b€R)
and the coordinate functionals
u*(a,b) =a, v*(a,b)=0 (a,b € R).
Then |[u*|| = ||v*|| = 1 and
sup{|u”(z)[[v"(z)| : 2 € X, ||z]| <1} =

sup{lab] : a,b € R |a| +|b] < 1} =

N
||
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To finish with, let us note that, according to a result due to C. Benitez
and Y. Sarantopoulos [2], if the inequality appearing in the Lemma is satisfied
for a normed space X with constant K = 2, then X is prehilbertian. For
other results in the same line, we refer the interested reader to [1], where the
authors show that a real normed space is prehilbertian if, and only if, the
norm of every bounded and symmetric m-linear form on it is equal to the
norm of its associated polynomial. Also C. Benitez kindly informed us that
the corresponding version of the inequality appearing in (*) for m functionals
(and so for m operators because of the appropriate and inmediate version of
the Lemma) on a complex space was shown in [2] with constant m™.
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