EXTRACTA MATHEMATICAE Vol. 10, Nium. 2, 179-182 (1995)

A Note on the Dunford-Pettis Property
for Quotients of C'(K) Spaces, K Dispersed

RICARDO GARCiA

Dpto. de Matemdticas, Univ. de Erztremadura, 06071-Badajoz, Spain

(Presented by Jesis F.M. Castillo)

AMS Subject Class. (1991): 46B25 Received November 15, 1995

This note is about the Dunford-Pettis property in quotients of C'(K) spaces;
here, K is a compact dispersed space. A Banach space X is said to have the
Dunford-Pettis property (DPP in short) if weakly compact operators defined
on X are completely continuous; equivalently: given weakly null sequences
(z,) and (z}) in X and X*, respectively, lim (z},z,) = 0. We say that a
compact Hausdorff space K is dispersed or scattered if it does not contain
any perfect set. Classical examples are ordinal compacts and the Alexandroff

compactification of a discrete set.

1. QUOTIENTS OF C(K) SPACES

Since all C(K) spaces have DPP, the same occurs for K dispersed. How-
ever, not all quotients of a C(K) spaces have DPP. In fact, when X is a
Banach space not containing ¢, then every continuous map 7': C(K) — X 1is
weakly compact. This means that:

LEMMA. A necessary condition for a quotient of a C(K) space to have
DPP is to contain cy.

When coming to dispersed spaces, more can be said. Recall from [10] that:

PROPOSITION. A necessary and sufficient condition for a compact Haus-
dorff space Kto be dispersed is that C(K) is cy-saturated. Equivalenty, not
containing ¢;.

With this, we arrive to the main result of this part:
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THEOREM 1. Let K be a compact Haussdorff space. K is dispersed if and
only if every quotient of C(K) has DPP.

Proof. Let E be a subspace of a C(K) space with K dispersed. Since C(K)
does not contain ¢;, then E does not contain ¢; and Lohman’s lifting applies
to the short exact sequence 0 — E — C(K) — C(K)/E — 0 to lift weakly
convergent sequences in C(K)/E, to weakly convergent sequences in C'(K).
The DPP of C(K) is enough to finish.

Conversely, if every quotient of C'(K) has DPP then C(K) cannot contain
¢, (otherwise it would have £, as quotient). This is enough to yield that K is
dispersed. 1

The preceding argument shows that if F C {0, 1}" denotes a compact space
formed by finite subsets of N and S is the Schreier-like space in the sense of
[4] (defined as the closure of the finite sequences with respect to the norm

]l ilégj; |3]).
Then C(F)/Sr always has the DPP independently of whether Sy has it or
not. Examples of spaces in this class are Schreier space, which has not DPP
([2]); Schachermayer’s space, which has DPP ([3]); and many others (see [4]).

An even stronger property is the hereditary DPP (DPPh, in short): every
subspace has DPP. Typical examples of spaces with this property are ¢, and
£;. One has:

LEMMA. ([7]) C(K) has DPPFh if and only if K is dispersed and K) = {)
(where K“) = N, cnK™; K© = K and K™ is the set of all accumulation
points of K1) for n € N).

One moreover has :

THEOREM 2. Every quotient of C(K) has DPPh if and only if C(K) has
DPPh.

Proof. Given Z a subspace of C(K)/E there is M a subspace of C(K)
containing E such that M/E = Z. Then M is co-saturated and the schema
of proof of Theorem 1 applies.

Remark. It is an open question to know when every quotient of a C(K)
space, K dispersed, is cy-saturated. Recall that cp-saturated is not enough
to guarantee DPPh (examples: C(a), o compact ordinal greater than w*;
Schreier space, etc ... ).
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2. DUNFORD-PETTIS PROPERTY AND DUALITY

It is an open problem to know which conditions for a Banach space X
ensures that if X has DPP then X* also has DPP. Two results are available:
if X* has DPP then X has DPP (obvious); and if X does not contain a copy
of ¢; then X has DPP implies that X* is Schur (via Rosenthal’s lemma).

If the club of spaces such that every subspace has D PP has few members,
the club of spaces such that all their duals have DPP is still less crowded.
Since Lo,- and L, -spaces have DPP, and the dual of an L, (resp. L;)-space
is an L; (resp. L )-space, those are the first spaces such that every dual has
DPP. A second group of spaces such that all duals have DPP was provided
by Bourgain ([1]); C(K, L), L;(p, C(K)) and further iterations. From this,
and the fact that L.-spaces (resp. L;-spaces) have bidual complemented in
some C(K) (resp. L;(u)-space) it follows (see [6] for details) that if E is an
L.-space then L;(u, F) and all its duals have DPP.

Here we simply remark that given a C(K) space then either K is dispersed,
in which case the quotient C(K)/E has DPP for all subspaces E; or K is not
dispersed in which case C'(K) contains ¢; and then C(K) has ¢, as quotient.
If E is a subspace of C(K) such that C(K)/E is reflexive (equivalently, the
dual does not contain ¢; (Kadec-Pelczynski [8])). Then the exact sequence

0—-E—>CK)—->R—0
induce the exact sequence
0+ FE*«+ L+ R «+0

and since R* does not contain ¢, and L; has DPP then E* has DPP. The
bidual sequence
0+ E" <L+ R +0

is again exact, and thus E*** has DPP. For the same reason, all duals of E
have DPP. The basic idea for this “method” was inspired by Kislyakov ([9]).
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