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It is well known that the curvature properties of a compact orientable
Riemannian manifold affect its topological structure ([7]). If the Riemannian
manifold is endowed with an extra geometrical structure (Kahler or cosymplectic)
we can define a special type of sectional curvature and derive new topological
properties.

Let V be an almost Hermitian manifold with a metric A and almost
complex structure J. Denote by X(V) the Lie algebra of vector fields on V. The
Kahler 2—form  is defined by Q(X,Y)=h(X,JY) for X,YeX(V). An almost
Hermitian manifold (V,J,h) is said to be Kéhler if [J,J]=0 and dQ=0.

The sectional curvature of the J—invariant planes is called holomorphic
sectional curvature (see [9]). For any positive number k, the complex projective
space P,(C™') carries a complete Kiahler metric of constant holomorphic
sectional curvature k [9]. We denote by P,(€™1)(k) the Kahler manifold with
this structure.

A map F between the almost Hermitian manifolds (V,J,h) and (V’,J",h")
is said to be a holomorphic isometry if F' is an isometry which verifies FioJ =
J'oFx.

For compact Kéhler manifolds we have the two following results (see
(4,5,8]):

THEOREM A. A compact Kihler manifold with positive definite Ricci tensor
15 simply connected.
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THEOREM B. A compact Kdhler manifold with positive constant
holomorphic sectional curvature is holomorphically isometric to a complez

projective space of positive constant holomorphic sectional curvature.

The odd—dimensional counterpart of Kihler manifolds are cosymplectic
manifolds. Let (M,¢,£,7,9) be an almost contact metric manifold. Then, we have

(1) pr==I+nef, 7(£)=1, g(pX,pY)=g(X,Y)-n(X)n(Y),

for all X,YeX(M), I being the identity transformation. The fundamental
2—form ¢ of M is defined by ¢(X,Y)=g(X,pY), for X,YeX(M). An almost
contact metric manifold (M,y,£,m,9) is said to be cosymplectic if [p,¢]=0 and
dn=0, d¥=0 [1].

On an almost contact metric manifold (M,p,&,m,9) we denote by § the
foliation defined by the vector field ¢ and by §* the distribution determined by
the normal bundle of 3, i.e., " is the distribution given by n =0.

A mapping F between the almost contact metric manifolds (M,,&,7,9)
and (M’,¢’,€’,n’,9") is said to be an almost contact isometry if F is an isometry
which verifies Fiop=g’oF« and F'n’=7 The above conditions imply that
Fob=¢

Let (M,p,£,m,9) be an almost contact metric manifold and z a point of M.
A plane section 7 in the tangent space to M at z, T, M, is called a p—section if
there exists a unit vector u in T, M orthogonal to &, such that {u,¢,u} is an
orthonormal basis of 7. Then the sectional curvature K,u = R (u,¢;u,u,@,u) is
called a ¢—sectional curvature.

Denote by 73" the vector subbundle of the tangent bundle of A which
consists of the tangent vectors to the distribution 3 and, by 7,8" the fiber of
T3 over z, for a point z of M. Let S be the Ricci curvature tensor of M. Then
S is said to be transversally positive definite if S, is positive definite on the
subspace T,&" for all z¢€ M.

On a cosymplectic manifold (M,¢,£,m,9) the vector £ is parallel [1]. Thus, if
S is the Ricci tensor of M then S(¢,£)=0, which implies that S cannot be
positive definite. On the other hand, from the results of [6], we deduce that a
cosymplectic manifold of positive constant ¢—sectional curvature has transversa-
lly positive definite Ricci tensor.

The canonical example of simply connected cosymplectic manifold is given

by the product of a simply connected Kahler manifold with ®. In fact, a complete
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simply connected cosymplectic manifold is almost contact isometric to the
product of a complete simply connected Kéihler manifold with R [2].

The natural example of compact cosymplectic manifold is given by the
product of a compact Kéahler manifold (V,J,h) with the circle S!. The
cosympletic structure (¢,£,7,9) on the product manifold M= V' xS! is defined by

(@) e=Jo(pry)s, €=, n=c(pry)"(0), 9=(pr1)"(h)+c¥(pry)*(0®0),

c
where pry: M— V and pry: M —— S! are the projections of Vx5! onto the
first and second factor respectively, 0 is the length element of S!, E is its dual
vector field and ¢ is a real number, ¢ +0 [2]. If the Kahler manifold (V,J,h) is of
constant holomorphic sectional curvature & then (M,p,&,7,9) is a cosymplectic
manifold of constant ¢ —sectional curvature k. Thus, for all positive real &, the
manifold P, (C™1)(k) xS! is a compact cosymplectic manifold of constant
@p—sectional curvature .

We remark that if b4(M) is the first Betti number of a compact
cosymplectic manifold M then, since b;(M)>1 ([2,3]), we have that the
fundamental group of M is infinite. Therefore, we conclude that a compact
simply connected manifold cannot admit a cosymplectic structure. Moreover,
there exists compact cosymplectic\ manifolds which are not topologically a global
product of a Kahler manifold with the circle S! (3].

We need a modification of the notion of almost contact isometry. Let F': M
— M’ be a diffeomorphism between two cosymplectic manifolds (M,p,¢,n,9)
and (M’,¢’,¢',n',g’), and let §° (respectively, (§)*) be the foliation on M
(respectively, M’) given by 7 =0 (respectively, n'=0). F is said to be
transversally holomorphic isometric if F*'n’ =7 and for all z€ M the mapping
FIE; .32 — (¥)F () is a holomorphic isometry between the Kihler manifolds §;

and (§)p(, being 3J; (respectively, (§)r() the leaf of the foliation F*
(respectively, (F)*) over z (respectively, F(z)). It is clear that an almost
contact isometry is transversally holomorphic isometric.

The following two results are the cosymplectic version of Theorems A
and B:

THEOREM A’. The fundamental group of a compact cosymplectic manifold

with transversally positive definite Ricci tensor is isomorphic to Z.
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THEOREM B’ Let (M,p,¢,n,9) be a (2m+1)- dimensional compact

cosymplectic manifold with positive constant p—sectional curvature k. Then there
ezists a diffeomorphism F:M— P, (C™1)(k)xS! of M onto the product
manifold P,(C™*1)(k)xS1 which is transversally holomorphic isometric.
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