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A NON-CONVEX EQUILIBRIUM MODEL WHEN
PRODUCERS HAVE MANY PRODUCTION ALTERNATIVES

JORGE RIVERA CAYUPI

Abstract

This paper is on general equilibrium theory, in finite dimensional spaces, where
is considered explicitly the existence of exogenous parameters that may affect
productivity of firms. Those parameters could be associated with external
restriction or possibilities to produce as, for instance, size of the firm or techni-
cal options to adopt. In the model will be assumed that for each firm these
parameters that defines technology of production are a decision variable for
firms, which generalizes the standard model where technology is fixed a priory.
The main result of the paper is the existence of equilibrium theorem under
general assumptions over the economy, in particular the presence of non-con-
vexities in production.

Resumen

Este trabajo es sobre teoría del equilibrio general en espacios de dimensión
finita, donde se considera explícitamente la existencia de un parámetro exógeno
que puede afectar la productividad de las firmas. Este parámetro podría ser
asociado con restricciones externas o posibilidades de producción como, por
ejemplo, el tamaño de la firma u opciones técnicas a adoptar por su parte. En
el modelo se asumirá que para cada firma estos parámetros que definen la
tecnología son una variable de decisión para la firma, lo que generaliza el
modelo estándar donde la tecnología es fija y dada a priori. El principal
resultado de este trabajo es un teorema de existencia de equilibrio bajo hipótesis
generales sobre  la economía, en particular, bajo supuestos de no-convexidad
en la producción.
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1. INTRODUCTION

In the standard Arrow-Debreu model on general equilibrium theory (Arrow
and Debreu, 1964; Debreu, 1959) and in subsequent generalizations (Bonnis-
seau and Cornet, 1988b.; Quinzii, 1992, see references therein.), each
firm {1 }j J n� := ,..,  is characterized by a set jY � !" , where !  denotes the
number of goods in economy. This set represent all of the feasible input-out-
put combinations of goods, that is, the technology of production for them.

In the convex case1, given a vector price p� !" , the economical prob-
lem for every firm j J�  consists in to find an optimal production plan j jy Y� �
that maximizes jp y�  over jY . In aforementioned models, the only decision
variable for each firm is the optimal production plan and thus technology it-
self is not a part of the decision for firms. Previous fact can be considered as
an economical short-run restriction of the model. However, in spite of all fore-
going, there are many cases in economy where some firms, before participate
in the market, decide on the technology they will use to produce. In such case,
once technology is adopted among certain possibilities, could be reasonable
to assume it as permanent, which would correspond to framework of the stan-
dard model. As an example of previous situation, the election of the spatial
location for production plants could be a very relevant decision problem for
firms, which in several cases must be solved previously to any other decision
of production or commercial strategies. Another example are firms that previ-
ous to produce must decide over several alternatives to set up the process
itself, considering the existence of a wide variety of alternatives to do it. This
is the case, for instance, in telecommunication sector, where firm must decide
on the type and the size of telephone plants, type and size of transmission lines
(optical fiber, cooper, air, etc.).

From previous examples, a more realistic production model in general equi-
librium theory would have to consider this two stage reality, where the first
stage consists on a technological decision and secondly on optimal production
using it.

In the model developed in this paper will be assumed explicitly that firms
must decide on production technology among certain set of possibilities. If
this set consist in just one point, this new model corresponds to the standard
one. The rest of the assumption are similar to the standard non-convex model
of general equilibrium theory (see Brown, 1991 for more details on non-con-
vexities in general equilibrium models).

2. THE MODEL AND MAIN DEFINITIONS

In what follows we denote by {0}m n, , �! #!  the finite number of
goods, consumers and producers respectively. The consumption set for

1 That is, when jY  is a convex set. For more general models (non-convex) the max profit
condition is replaced by a more general one that, roughly speaking, consist in to find a
production plan which satisfies certain optimality condition according to a pricing rule
properly defined in the model (see more details in Bonnisseau and Cornet, 1988b.).
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individual {1 }i I m� � ,...,  will be iX += !"  whereas tastes of them will be de-
scribed by an utility function i iu X: � " . Let iw � !"  be the initial endow-
ment for each consumer i I�  and ii I

w w
�

= �  be the total initial endowment
for the economy.

From the producer point of view, as we mentioned previously, in the stan-
dard Arrow-Debreu’s model and subsequent generalizations, each
firm {1 2 }j J n� � , , ...,  it is described by a set jY � !" , which summarizes its
production technology. As we mentioned, this technology is assumed fixed
and given a priory for every firm in the economy.

As we mentioned, in the model developed in this paper will be considered
explicitly the existence of external parameters in the economy that may affect
the production of goods, which finally define a set of attainable technologies
for every firm. These parameters, among optimal production plans, will be
assumed as decision variables for firms. As an example of this situation we
may suppose that these parameters could define different exogenous variable
that may affect productivity or capability of the firms.

To formalize the idea, let E � #  be the number of parameters we are taking
into account as external variables and let EV � "  be a non-empty set of the
possible values of these parameters.

Definition 2.1.

The set of admissible technologies for a firm j J�  will be described by
the images of a set valued mapping2

jY V: � !"

which, by abuse of language, will be called the production set for a firm j J� .

Example 2.1.

Let us suppose that for some firm the set of feasible technologies is de-
fined by a Cobb-Douglas type of production function, let say 1 2 1 2( )f y y y y� �, = �
(two inputs, one output), where ]0 1]� �, � , . In such case we have that 2E =
and ]0 1] ]0 1]V = , � , . In this case, given 0 0( ) V� �, � , the set valued map jY
evaluated at that point is the following set:

0 0
0 0 1 2 3 3 1 2( ) {( ) }jY y y y y y y� �� �, = , , | � � .

2 We recall that a set valued mapping�  from A  to B  is a map such that for every a A� ,
( )a B� � . As a particular case, an usual function corresponds to the case when ( )a�  is a

singleton, that is a set with only one element.
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Remark 2.1.

From the producer point of view, one argue that this model is just a par-
ticular case of the standard one because variable v V�  could be assumed as
another good (input) in the economy. Thus, production set would be

( ) ( ( )) E
j j

v V

Y V v Y v +

�

= , � .!"∪
However this argumentation is not valid because, as we shall see later,

this new good v V�  will not have associated prices, and then will not partic-
ipate in the equilibrium (exchange) as an standard good. Certainly at the
equilibrium these exogenous variables must be closely related with prices.

Previous fact does not means that technologies are free: in fact, wherever a
firm adopts a production set among feasible points given by the set valued
mapping jY , then are implicitly defined cost and revenues mappings for each
of them.

Finally, note that the model where technology is given a priori is a
particular case of this model and corresponds to consider ( )jY �  constant.

Finally, given the simplex in !"

{( ) 1}j j
j J

S p p+
�

:= � | =�!"

the wealth of i th consumer will be defined as the map

n
ir S �: � �!" "

which will associate prices and productions plans with income for each indi-
vidual3.

3. EQUILIBRIUM IN THIS MODEL

In what follows we are going to define an equilibrium notion for the
model. The main idea of this paper, as has been mentioned, is to incorporate
explicitly the election of the external technological parameters as another de-
cision variable for each firm.

In order to illustrate the concept that will defined, given j J�  let us sup-
pose that for any v V� , the set ( )jY v  is convex and let us suppose it is given
a vector price p� . In order to obtain the optimal technology and the optimal
production plan, each firm j J�  must solve the following optimization
problem:

3 A particular case of this map is ( ( ))i j i ij j
j J

r p y p w p y�
�

, = � + ��  where 0ij i I j J� � , � , � ,  and 1ij
i I

�
�

=� :
shares of the individual i  in firm j . This model represent a private ownership economy. See
Bonnisseau and Cornet (1988b.), and Debreu (1959) for more details.
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max

( )
j

j
y v

j j

p y

y Y v

v V

�

,
� �
�� ��
� � .��

that is, choose a technology among the admissible ones and an optimal produc-
tion plan given this technology. Note that the in the problem the production-
technology election is simultaneous.

Following Bonnisseau and Cornet (1988b.), let ( )j jY V S V� : � � and
( ) ( )n

jj J
Y V S V�

�
: � ��  be the following set valued mappings

( ) {( ) ( ) ( ) }j j jy p v p y p y y Y v y Y v v V� � � � �:= , | � � � , � , � , �

(( )) ( )j j j
j J

y y� �
�

= .�

Therefore, if we denote by jv�  and jy� , j J� , the solution of previous opti-
mization problem, it must be valid that

( ) (( ))jp v y�� � �, �

and
( )j j jy Y v j J� �� , � .

Note that under suitable condition over sets one may argue that the optimal
production plan of the last optimization problem must lie on the boundary of
the production sets. This is the case, for instance, if we assume that for every
v V� , set ( )jY v  satisfies free disposal hypothesis, that is,

( ) ( )j jY v Y v v V+� � ,� � .!"

The proof is immediate and assumptions that ensure this property will be
made in this paper and thus pricing rules will be defined considering that take
it values on the boundary of the sets instead of whole set.

Finally, previous approach can be readily extended to consider more gen-
eral cases than convex production sets.

Definition 3.1.

A pricing rule will be any set valued map

[ ( )] ( )n
j

j

Gr bd Y S V� : �� %

where [ ( )] {( ) [ ( )]}j j j j j j jGr bd Y v y v V y bd Y v:= , | � , �  is the graph of the bound-
ary of the production set valued map.
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Remark 3.1.

There are several ways to define pricing rules in economy. In particular we
can consider extensions of the average pricing rule, the free loss pricing rule,
the marginal cost pricing rule, and so on. See Bonnisseau and Cornet (1988a.),
and Brown (1991) for more details.

Definition 3.2.

An economy with several alternatives in the production sector is defined
as

(( ) ( ) ( ) ( ) ( ) )V i i i i jE X u r w Y V�= , , , , , , .

Definition 3.3.

A point ( ( ) ( )) n m n
i jv p x y V S� � � �, , , � � � �! !" "  is an equilibrium point for the

economy VE  if

a.– For all i , i ix X� �  maximize ( )iu �  on the budget set

{ ( ( ))}i i i i jx X p x r p y� � �� | � � , .

b.– For all 1j n= ,..., , ( )j j jy bdY v� ��  and

1 2(( )) ( ) (( ))j n j jv p v p v p v p v y�� � � � � � � � � �, := , , , , ..., , � , .

c.– i ji j
x y w� �� =� � .

Remark 3.2.

In the particular case of a separable pricing rule, that is when exist n  set
valued mappings j jGr bd Y S V� � �

� �� �
: �% , j J� , such that

j
j J

� �
�

= �

condition )b  can be replaced by: )b�  ( ) ( )j j j jv p v y�� � � �, � , , for all j J� .

Definition 3.4.

Given a pricing rule � , we define the set of production equilibrium as

{( ( )) [ ] (( )) (( ))}j j j j j jj
PE p v y S Gr bd Y v p v y�= , , � � | , � , .�
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3.1. Some hypotheses and a theorem

In what follows, we will give some conditions over the economy in order
to ensure the existence of equilibrium. These conditions will be assumed on
the consumption and production sectors and, of course, over the set  V . To do
that, we follow the model developed in Bonnisseau and Cornet (1988b.) but
considering the existence of this new parameter that affects the behavior of
the firms.

Hypotheses we are going to impose can by divided into four groups as
follows.

(i) Hypotheses on the consumption sector.

(C) For each {1 }i m� ,..., , we assume that

• iX += !"
• iu  is continuous, quasiconcave, locally nonsatiated

• 0iw &
• ir  is continuous and homogeneous of degree 1 and

1 1

( ( ))
m n

i j j
i j

r p y p y w
= =

� �
, = � + .� �

� �
� �

(ii) Hypotheses on the production sector.

(P) For each {1 }j n� ,...,  we shall assume that

• jY  is l.s.c with closed graph

•  for each jv V� , ( ) {0}j jY v + =!"∩ .

•  for each jv V� , ( ) ( )j j j jY v Y v+� = .!"
(PR) We shall assume that�  is u.s.c. with nonempty convex compact

values.
(NL) For all (( )) [ ]j j jj

v y Gr bd Y, � �  and for all (( )) (( ))j j j jv p v y�, � ,  we
have that 0k kp y� � , {1 }k n� ,..., .

(iii) Hypotheses on the global economy.

(B) For every ( ) n
jv v V= � , the set

( ) {( ) ( ) 0 }j j j j
jj

A v y Y v y w= � | � +��

is uniformly bounded with respect to v V� , which means that ( )A v
is contained in a fixed compact set.

(R) For all ( ( )) [ ]j j jj
p v y S Gr bd Y, , � � � , if 0jp y� � , {1 }j n� ,...,  then

( ( )) 0i jr p y, > , for all {1 }i m� ,..., .
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(iv) Hypotheses on the parameters.

(V) V  is convex and compact.

Remark 3.3. Brief discussion on the hypotheses

i.– To consider iX += !"  is not restrictive for the model. A more general as-
sumption could be consider iX  as a non-empty, convex, closed and bounded
below subset of !"  as we can see in Bonnisseau and Cornet (1988b.). We
assume this hypothesis because of simplicity. Hypotheses on utility func-
tion and wealth are common in the literature.

ii.– For production set (mapping) we are assuming free-disposal assumption
and impossibility of free production (Debreu, 1959). Finally, ( )PR  and ( )NL
are standard in the literature.

iii.– This hypothesis is very standard in the literature. The only comment is that
it is required for all the images of the production set valued map.

iv.– This is the strongest condition we required for the existence result: all of
other conditions are very standard in the literature. The main criticism
could come from the convexity of V  and not from compactness of it. In
particular, under convexity we are enforced to assume a continuum of
technological alternatives for every firm which could valid just for special
industries and not for the generality. To consider discreet decision vari-
ables is out of the model and it is a more complicated problem that has no
chance in the presented schedule. In order to incorporate discrete decision
variables in the model (more generally, existence of indivisibilities in the
economy), economical theory has given a partial answer to the problem of
existence of equilibrium. In fact, perfect divisibility of commodities is one
of the crucial assumptions in the model and corresponds to an idealized
representation of a commodity space. See Bobzin (1998) for a survey in
this field.

The main result of this paper is the following theorem, whose demonstra-
tion is directly inspired in the proof of existence of equilibrium given in Bon-
nisseau and Cornet (1988b.)4.

Theorem 3.1. Under assumptions V, C, B, P, SA, R, PR and NL the econo-
my VE  has an equilibrium point.

Proof. To prove this result, we will take some ideas from Bonnisseau and
Cornet (1988a.), and Bonnisseau and Cornet (1988b.). Thus, let (1 1)e = ,..., � !"

4 Author want to thanks specially Jean-Marc Bonnisseau for helpful comments in this part.
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and e�  the orthogonal space to it. Given {1 }j n� ,..., , jv V�  and s e�� ,
from hypothesis P and Lemma 5.1 of Bonnisseau and Cornet (1988b.) we
already know that there exists a unique real number ( )j jv s� ,  such that

( ) [ ( )]j j j js v s e bd Y v�� , � .
From the same result we also know that the mapping

[ ( )]jv

j j je bd Y v�� : � ,

( ) ( )jv

j j js s v s e�� = � ,  is an homeomorphism. Moreover, from the hypotheses
and, it can shown that this map is continuous with respect to jv V� .

From hypothesis B we have that there exists a compact set 1K  (indepen-
dent of V ) such that for each jv V�  the set of attainable production plans
( ( )jj vY  is contained in 1K .

Thus, from a similar argument used in Bonnisseau and Cornet (1988b.) we
have that there exist a closed ball ( )

n
B e��  such that for all ( ) n

jv V� , given
)( ) ( )j j jj

y Y v� � ,

( )
(( ))n je

proj y intB
�

� .

Let k � #  and let [{ } ]k
i iX X ke +:= � !"∩ . In fact, from iX  definition,

[{ } ]k
iX ke+ += �! !" "∩ . Clearly k

iX  is a compact set.

On other hand, from the definition of iX  and hypothesis B we have that

there exists a constant 0� >  such that for every (
i ix X�  (the attainable con-

sumption set for individual i ), 0 ix e�� * .

Given {1 }i m� ,..., , let ( ) { }i i i ip x X p x� �� � �, = � | � � , where p� !"  and

� � " . With this, we define

( ) { ( ) ( ) ( ) ( )}i i i i i i ip x p u x u x x p� � �� � � � � �, := � , | � ,� � , ,

and the set valued map if
�  such that

( ) 0,
( )

{x 0}

i
i

i i i

p if
f p

X p x if not

�
�

�

� � �
�

� , >�, = �
� | � =��

which will be called the demand of individual i . From hypotheses C and B,
we can readily deduce that if

�  is u.s.c., compact and convex valued.

Given 0� > , we set 
1

{ 1 }j j
j

S p p p� �
=

:= � | = , � ��
!

!" . If�  represents the

projection mapping from !"  to S , let us define the following set valued

map 
4

1
t

t

F F
=

= �  from n
ii

X B S S V
�

�� � � ��  to itself, where
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• 1 ( ( ) ( )) ( ( ( ) ( ( ))))j j i i j j ji
F x s p p v f p r p y s v� �, , , , = , , ,�

• 2 ( ( ) ( )) {( ) ( ) ( ) 0 ( ) }j jj j j j jj
F x s p p v B p p B� � � �, , , , = � | � � � � ,� �� ��

• ( )3( ( ) ( )) { ( ) ( ) 0 }j j j j jj
F x s p p v q S q q x y s v w q S� �� �, , , , = � | � � � , � � ,� ��

• 4 ( ( ) ( )) (( ( )))j j j j j jF x s p p v v y s v�, , , , = , , .

Then, from hypotheses PR we deduce that F  is u.s.c., with nonempty,
convex, compact values. Because of hypothesis V we actually have that the
domain of this set valued mapping is convex and then, from Kakutani’s The-
orem, there exists a fixed point for this map. Let us denote this fixed point by

(( ) ( ) ( )) ( )n
i j j j ii

x s s p p v X B S S V�
�

� � � � � �, = , , , � � � � �� .

Thus, we have that:

(a) ( ( ( ) ( )))i i i jx f p r p y� �� � � �� , , , for all i .

(b) ( ) ( )j j j jj j
p p s p p s� � � � �� � � � �� � , for all j  and ( )js B� .

(c) i j i ji j i j
p x y w p x y w� � � � �� � � �� � � � � � �� � � �� � � � , for all p S�� .

(d) (( )) (( ))j j j jv p v y�� � � �, � , .

Now, if we define ( ) )j j j j jy s v s e�� � � �= � , , we will show that
(( ) ( ) ( )) n m n

j i jv p x y V S� � � �
+, , , � � � �! !" "  is an equilibrium point for the economy

VE .
In fact, from the definition of 2F  and hypothesis NL, we deduce that for all

j , 0jp y� �� �  which, from R, implies that for every i , ( ( )) 0i jr p y� �, > . In con-
sequence, from the definition of if

� ,

1 1

m n

i j
i j

p x p y w� � � �

= =

� �
� � � +� �

� �
� �

By  other  hand,  from  the  definition  of  3F ,  we  have  that

{0}i ji j
x y w R� �

++� � � ��� � ! .  This  implies  that (( ) ( ))i jx y� �,   is  an  attainable
allocation.

Now, from the fact that i ix X �� � , the demand set valued map definition and

the properties of the utility function, we have that ( ( ))i i jp x r p y� � � �� = ,  which

implies 
1 1

( ) 0
m n

i j
i j

p x y w� � �

= =

� � � =� � .
Finally, from the fact that ( ) ( )jy A v� ��  one has ( )js intB� �  and then, from

the definition of 2F  we conclude that jp p S� �= � , for all j . Hence, using the
definition of the set valued map 4F , one may conclude that
(( )) (( ))j j j jv p v y�� � � �, � , .

Since {0}i ji j
x y w R� �

++� � � ��� � ! ,
1 1

( ) 0
m n

i j
i j

p x y w� � �

= =

� � � =� �  and p S� � , we
may conclude that
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i j
i j

x y w� �= + .� �
Usual arguments in this field show that ix�  maximize utility on the whole

budget set.
With this last result we end the demonstration of the existence of an equi-

librium point for this economy.
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