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A NON-CONVEX EQUILIBRIUM MODEL WHEN
PRODUCERS HAVE MANY PRODUCTION ALTERNATIVES

JorGE RIVERA CAYUPI

Abstract

Thispaper ison general equilibriumtheory, infinite dimensional spaces, where
is considered explicitly the existence of exogenous parameters that may affect
productivity of firms. Those parameters could be associated with external
restriction or possibilitiesto produce as, for instance, size of thefirmor techni-
cal options to adopt. In the model will be assumed that for each firm these
parameters that defines technology of production are a decision variable for
firms, which generalizesthe standard model wheretechnology isfixed apriory.
The main result of the paper is the existence of equilibrium theorem under
general assumptions over the economy, in particular the presence of non-con-
vexities in production.

Resumen

Este trabajo es sobre teoria del equilibrio general en espacios de dimension
finita, donde se considera explicitamentela existencia de un parametro exdgeno
gue puede afectar la productividad de las firmas. Este parametro podria ser
asociado con restricciones externas o posibilidades de produccién como, por
ejemplo, el tamafio de la firma u opciones técnicas a adoptar por su parte. En
el modelo se asumira que para cada firma estos parametros que definen la
tecnologia son una variable de decision para la firma, lo que generaliza el
modelo estandar donde la tecnologia es fija y dada a priori. El principal
resultado de este trabajo esun teorema de existencia de equilibrio bajo hipétesis
generales sobre la economia, en particular, bajo supuestos de no-convexidad
en la produccion.
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1. INTRODUCTION

In the standard Arrow-Debreu model on general equilibrium theory (Arrow
and Debreu, 1964; Debreu, 1959) and in subsequent generalizations (Bonnis-
seau and Cornet, 1988b.; Quinzii, 1992, see references therein.), each
firmjOJ:={1., n} is characterized by aset Y, OR’, where/ denotes the
number of goods in economy. This set represent all of the feasible input-out-
put combinations of goods, that is, the technology of production for them.

In the convex casel, given a vector price pOR‘, the economical prob-
lemfor every firm jJJ consistsinto find an optimal production plan yjD ay,
that maximizes pLy; over Y,. In aforementioned models, the only decision
variable for each firm is the optimal production plan and thus technology it-
self is not a part of the decision for firms. Previous fact can be considered as
an economical short-run restriction of the model. However, in spite of all fore-
going, there are many cases in economy where some firms, before participate
in the market, decide on the technology they will use to produce. In such case,
once technology is adopted among certain possibilities, could be reasonable
to assume it as permanent, which would correspond to framework of the stan-
dard model. As an example of previous situation, the election of the spatial
location for production plants could be a very relevant decision problem for
firms, which in several cases must be solved previously to any other decision
of production or commercial strategies. Another example are firmsthat previ-
ous to produce must decide over several aternatives to set up the process
itself, considering the existence of awide variety of alternativesto do it. This
isthe case, for instance, in telecommunication sector, where firm must decide
on the type and the si ze of telephone plants, type and size of transmission lines
(optical fiber, cooper, air, etc.).

From previous examples, amorerealistic production model in general equi-
librium theory would have to consider this two stage reality, where the first
stage consists on atechnol ogical decision and secondly on optimal production
using it.

In the model developed in this paper will be assumed explicitly that firms
must decide on production technology among certain set of possibilities. If
this set consist in just one point, this new model corresponds to the standard
one. Therest of the assumption are similar to the standard non-convex model
of general equilibrium theory (see Brown, 1991 for more details on non-con-
vexities in general equilibrium models).

2. THE MopEL AND MAIN DEFINITIONS

In what follows we denote by /,mnON\ {0} the finite number of
goods, consumers and producers respectively. The consumption set for

1 Thatis, whenY, is aconvex set. For more general models (non-convex) the max profit
condition is replaced by a more general one that, roughly speaking, consist in to find a
production plan which satisfies certain optimality condition according to a pricing rule
properly defined in the model (see more details in Bonnisseau and Cornet, 1988b.).
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individual i O10{1..., m} will beX, = R, whereastastes of them will be de-
scribed by an utility function u,: X, O R . Letw OR" betheinitial endow-
ment for each consumeriJl andw=[] _ w be the total initial endowment
for the economy.

From the producer point of view, as we mentioned previoudly, in the stan-
dard Arrow-Debreu’s model and subsequent generalizations, each
firmjOJO{12..., n} itisdescribed by aset Y; OR’, which summarizes its
production technology. As we mentioned, this technology is assumed fixed
and given a priory for every firm in the economy.

Aswe mentioned, in the model developed in this paper will be considered
explicitly the existence of external parametersin the economy that may affect
the production of goods, which finally define a set of attainable technologies
for every firm. These parameters, among optimal production plans, will be
assumed as decision variables for firms. As an example of this situation we
may suppose that these parameters could define different exogenous variable
that may affect productivity or capability of the firms.

Toformalizetheidea, let EON bethe number of parameterswe aretaking
into account as external variables and letV O R® be a non-empty set of the
possible values of these parameters.

Definition 2.1.

The set of admissible technologies for afirm j[0J will be described by
the images of a set valued mapping?

Y :VOR'
which, by abuse of language, will be called the production set for afirm j0J.

Example 2.1.

Let us suppose that for some firm the set of feasible technologies is de-
fined by aCobb-Douglastype of production function, let say f (v, y,) =y ¥
(two inputs, one output), where [7,[707Q 1] . In such case we have that E =2
and V =]0,1]000,1] . In this case, given ([,,[],) OV, the set valued mapY;
evaluated at that point is the following set:

Y, (G 05) ={ (Yar Yoo ¥5) 1 Y5 Oy1° 0°}

2 We recall that a set valued mapping[] from A toB is a map such that for every alJ A,
0@ 0 B. As aparticular case, an usua function corresponds to the case when [J(a) isa
singleton, that is a set with only one element.
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Remark 2.1.

From the producer point of view, one argue that this model isjust a par-
ticular case of the standard one because variablevV could be assumed as
another good (input) in the economy. Thus, production set would be

YV), = Y, () DR

However this argumentation is not valid because, as we shall see later,
thisnew good vV will not have associated prices, and then will not partic-
ipate in the equilibrium (exchange) as an standard good. Certainly at the
equilibrium these exogenous variables must be closely related with prices.

Previousfact does not meansthat technol ogies are free; in fact, wherever a
firm adopts a production set among feasible points given by the set valued
mapping Y, , then are implicitly defined cost and revenues mappings for each
of them.

Finally, note that the model where technology is given a priori is a
particular case of this model and corresponds to consider Y, () constant.

Finally, given the simplex inRR’

S:={(p,)IR: [1p,=

juh]
the wealth of | th consumer will be defined as the map
r (SOR™ O R

which will associate prices and productions plans with income for each indi-
vidual3.

3. EQUILIBRIUM IN THIS MODEL

In what follows we are going to define an equilibrium notion for the
model. The main idea of this paper, as has been mentioned, is to incorporate
explicitly the election of the external technological parametersas another de-
cision variable for each firm.

In order to illustrate the concept that will defined, given j0J let us sup-
pose that for any vV , theset Y, (v) isconvex and let us supposeit is given
avector price p”. In order to obtain the optimal technology and the optimal
production plan, each firm jOJ must solve the following optimization
problem:

3 A particular case of thismap is r(p.(¥,)) = pi +Dq1p 5 where [j 000 jO J and D%
sharesof theindividual i infirm j . Thismodel representaprlvateownersmp economy See
Bonnisseau and Cornet (1988b.), and Debreu (1959) for more details.
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Cmax p"' [y,
yj v
ay; OY; (v)
ébmv.

that i's, choose atechnology among the admissible ones and an optimal produc-
tion plan given this technology. Note that the in the problem the production-
technology election is simultaneous.

Following Bonnisseau and Cornet (1988b.), let []:Y;(V)O & V and
o] ,mYJ(V) O (SV)" be the following set valued mappings

Oy) ={(p.V) | py Op Illy L[Y;(v)y MY, (v)iv OV}
Iy, =1L Oy

jog

Therefore, if we denoteby v, and y;, j0J, the solution of previous opti-
mization problem, it must be valid that

(p V) OH(Y))

and
y;0Y,(v)) jOJ

Note that under suitable condition over setsone may argue that the optimal
production plan of the last optimization problem must lie on the boundary of
the production sets. Thisisthe case, for instance, if we assume that for every
vOV , set Y (v) satisfies free disposal hypothesis, that is,

Y,V OR:OY,WMOW V
The proof isimmediate and assumptions that ensure this property will be
made in this paper and thus pricing rules will be defined considering that take
it values on the boundary of the setsinstead of whole set.
Finally, previous approach can be readily extended to consider more gen-
eral cases than convex production sets.

Definition 3.1.
A pricing rule will be any set valued map

07:[J Gr[bd(Y, )] - (STV)"

where Grbd(Y))]:={(v;,y,) v, OV, y,0 bd[Y, (v,)]} isthe graph of the bound-
ary of the production set valued map.
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Remark 3.1.

There are several waysto define pricing rulesin economy. In particular we
can consider extensions of the average pricing rule, the free loss pricing rule,

themarginal cost pricing rule, and so on. See Bonnisseau and Cornet (1988a.),
and Brown (1991) for more details.

Definition 3.2.

An economy with several alternatives in the production sector is defined
as

E, = ((X), (), (r), (W), (Y;), V).
Definition 3.3.

A point (v, p*,(x),(y;)) OV"OSIR™ R isan equilibrium point for the
economy E, if

a—Foral i,x 00X, maximize u, () on the budget set
{x OXi| p'Ex Or(p" (v}
b.—Forall j=1,..,n,y; 0bdY,(v)) and
(v P = () PV, PV PO O, Y)))
c—-[I x'0] , y/=w.
Remark 3.2.

In the particular case of a separable pricing rule, that is when exist n set
valued mappings [] : Gr thd Y, i— SOV, jOJ, such that

o=004
j0d

condition b) can be replaced by: bl (v;, p) 0L (v, y;),foral jOJ.
Definition 3.4.

Given apricing rule 7, we define the set of production equilibrium as

PE ={(p.(v;,y;)OSI[], Grlbd Y]l ((v, p))J (v ¥}
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3.1. Some hypotheses and a theorem

In what follows, we will give some conditions over the economy in order
to ensure the existence of equilibrium. These conditions will be assumed on
the consumption and production sectors and, of course, over theset V. To do
that, we follow the model developed in Bonnisseau and Cornet (1988b.) but
considering the existence of this new parameter that affects the behavior of
the firms.

Hypotheses we are going to impose can by divided into four groups as
follows.

(i) Hypotheses on the consumption sector.

(C) For each i O{1..., m} , we assume that
« Xi =R
- U, is continuous, quasiconcave, locally nonsatiated
e W >0
- 1. is continuous and homogeneous of degree 1 and

m n D

Dn(p,(yj))=pﬁ] y, twQ

i=1 (=2 O
(if) Hypotheses on the production sector.

(P) For each jO{1..., n} we shall assume that

- Y, isl.s.c with closed graph
- foreach v, OV, Y, (v,)[ 1R. ={0} .
. foreach v, 0V, Y,(v,) OR. =Y, (V).

(PR) We shall assume that /7 is u.s.c. with honempty convex compact
values.

(NL) For all ((v;,y,))O L[], Grlbd Y] and for all ((v;, p))) DLA(v, y,)) we
havethat p, 3/, 0O, kO{1..., n}.

(iii) Hypotheses on the global economy.

(B) For every v=(v,)0V", the set
AWV) ={(y)) B0 Y;(v)l 00 [] y;+ w

isuniformly bounded with respect to v []\/ , which meansthat A(V)
is contained in afixed compact set.

(R) For all (p.(v;,y))OSI[] GrlbdY], if py, [0, jO{l.,n} then
rl(pl(yj)) >01 for a” I D{l"'l m} :
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(iv) Hypotheses on the parameters.

(V) Vv isconvex and compact.
Remark 3.3. Brief discussion on the hypotheses

i.— Toconsider X; =R isnot restrictive for the model. A more general as-
sumption could be consider X, asanon-empty, convex, closed and bounded
below subset of R’ aswe can seein Bonnisseau and Cornet (1988b.). We
assume this hypothesis because of simplicity. Hypotheses on utility func-
tion and wealth are common in the literature.

ii.— For production set (mapping) we are assuming free-disposal assumption
and impossibility of free production (Debreu, 1959). Finaly, (PR) and (NL)
are standard in the literature.

iii.— Thishypothesisisvery standard in theliterature. The only comment isthat
itisrequired for al the images of the production set valued map.

iv.— Thisisthe strongest condition we required for the existence result: all of
other conditions are very standard in the literature. The main criticism
could come from the convexity of v and not from compactness of it. In
particular, under convexity we are enforced to assume a continuum of
technological aternativesfor every firmwhich could valid just for special
industries and not for the generality. To consider discreet decision vari-
ablesisout of themodel and it is amore complicated problem that has no
chance in the presented schedule. In order to incorporate discrete decision
variablesin the model (more generally, existence of indivisibilitiesin the
economy), economical theory has given apartial answer to the problem of
existence of equilibrium. In fact, perfect divisibility of commoditiesisone
of the crucial assumptions in the model and corresponds to an idealized
representation of a commodity space. See Bobzin (1998) for a survey in
thisfield.

The main result of this paper is the following theorem, whose demonstra-
tion isdirectly inspired in the proof of existence of equilibrium givenin Bon-
nisseau and Cornet (1988b.)4.

Theorem 3.1. Under assumptions V, C, B, P, SA, R, PR and NL the econo-
my E, has an equilibrium point.

Proof. To prove this result, we will take some ideas from Bonnisseau and
Cornet (1988a.), and Bonnisseau and Cornet (1988b.). Thus, let e=(1,...,) OR’

4 Author want to thanks specially Jean-Marc Bonnisseau for helpful commentsin this part.
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andg” the orthogonal space to it. Given jO{1..,n},v,0V and sCe’,
from hypothesis P and Lemma 5.1 of Bonnisseau and Cornet (1988b.) we
already know that there exists a unique real number [J(v;,s) such that
sO0(v;, s)edbd[Y, (v))].

From the same result we also know that the mapping

O07:e’0 bd[Y,(v,)]

DYJ (s)= s (v, s)e is an homeomorphism. Moreover, from the hypotheses
and, it can shown that this map is continuous with respect to v; LV .

From hypothesis B we have that there exists a compact setK, (indepen-
dent of v ) such that for eachv, LV the set of attainable production plans
¥,(v)) iscontained in K,.

Thus, from asimilar argument used in Bonnisseau and Cornet (1988b.) we
have that there exist aclosed ball B 0 (¢”)" such that for all (v,)0V", given

(yJ)D D JYAj(Vj) )
proj, .. ((y,)) Cint8

Let kKON and let X/ := X, [ |[{ke} OR!]. In fact, from X, definition,
x*=gr.[\[{ke} OR.]. Clearly X isacompact set.

On other hand, from the definition of X, and hypothesis B we have that
there exists a constant 7> 0 such that for every x 0¥, (the attainable con-
sumption set for individual i), 00x < [e.

Given iO{1..., m}, let [(p,0) ={x OX/| pix O}, wherepOR’ and
OOR . With this, we define

(p, D) :={x 04 (p O uy,(x0u(x)DX L (p O)}

and the set valued map f,"” such that

B (p, 0) if 0>0,

f(p, 0= )
gxi OX/| pox =0 if not

which will be called the demand of individual i . From hypotheses C and B,
we can readily deduce that f,” is u.s.c., compact and convex valued.

Given [J>0, we set S,:={p0R‘| []p,=1p, 007 . IfJ represents the
proj ection4 mapping fromp’ to s, let"us define the followi ng set valued
map F =[] F from [, X/ OBOS OSV" toitself, where

t=1
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* R(xsp.(p)(v) =, £7(p,r(O(p), (y,(s;,))))

« F(xs p(p).(v)={(0)0B| [, (p0 p))T,; Oo6) D00 P B}

* R(xsp(p)(v)={a0S] (g0 qDlD(xDDj Y, (S,,V,)DW)DODqDﬂ S
* R(xsp(p) (V) =Xy, y(s,v)) -

Then, from hypotheses PR we deduce that F is u.s.c., with nonempty,
convex, compact values. Because of hypothesis V we actually have that the
domain of this set valued mapping is convex and then, from Kakutani’s The-
orem, there exists afixed point for this map. L et us denote this fixed point by

((x),s'=(s)), p".(p V) O, X 'O BI SO (SIV)".
Thus, we have that:

@ x'0f7(p" r(@(p) (v), forall i.

() LI, (p"Op)) s [ (" Op)) 8, for el j and (s,)0B.

(© P x" @y, CwHop @ XTI |y Ov |, forall pOS,.
(d) (v, P IV, )

Now, if we define y/'=s'00(v)s)e), we will show that
((v)), P (). (y)) OV"O SIRTT R™ isan equilibrium point for the economy

In fact, from the definition of F, and hypothesis NL, we deduce that for al
j . p’y) [0 which, from R, impliesthat for every i , r (p",(y}))>0. In con-
sequence, from the definition of f.”,

m n |:|
[] p"0x” Op” f@] y, W[
i=1 =1 O

By other hand, from the definition of F,, we have that
00X, y;Ow{0rD R.. This implies that ((x),(y))) is an atainable
allocation.

Now, fromthefact that x'(J X", the demand set val ued map definition and
the propertiems of thne utility function, we have that p"x” =r,(p” (y;)) which
implies P I x @] y; tw) =0,

Finally, from the fact that (y) 0 A(") one has(s’) ClintB and then, from
the definition of F, we conclude that p”=p;0S, for al j.Hence, using the
definition of the set valued map F,, one may conclude that
(v}, P OV, Y))). . )

Since [, %'t y/owo{go0 R, P IUCIx @y, W) =0 and p°OS, we
may conclude that o



A non-convex equilibrium model when producers... / Jorge Rivera Cayupi 175

|_:| )QD :D ij+W.
[ j

Usual arguments in this field show that )gD maximize utility on the whole
budget set.

With thislast result we end the demonstration of the existence of an equi-
librium point for this economy.
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