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Qn Sijee Knots in the Comp/ex
Projective Plane

AKIRA YASUIIARA

ABSTRACT. Wc investigate the knots in ihe boundary of the punctured complex
projective plane. Our result gives an affirmative answer to a question raused by
Suzukm. As an applieation, we answer to a question hy Mathieu.

1. INTRODUCTION

Throughout ihis paper, we work jo the smooth category, aH nianifoicis are
oriented and al! ihe homoiogy groups are with uníegral coefficieots.

Let M be a closed 4-nianifold, B4 an embecided 4-bali in M, and Ka knot
in O (M— ini R4). if K bounds a properly enibecided 2-disk in M— mtB4 then
we calI ihe knot K a s/ice knor itt M. Leí Slice (M) be the set of sluce knots in
M. It is well-known that Slice (54) is proper subset of the set of knots (Fox
aod Miloor [3]) aod Slice (S4) isa subset of Slice(M). lo [17], Suzuki proved
that 5/ice (Sk< S2) is equal to ihe set of knots, and asked the following
quest~on.

Question 1. Is titere a 4-man¿fo/d M sucit titar 5//ce(S4) is a proper
subsel of Mice (M) and Mice (M) is a proper subsel of rite set of knors?

In [20], the author has proved that 5/ice (CF2) does not contaun a (—2,15)-
torus knot. This assertioo gives an alfirmative answer to Questuon 1 sunce
Slice(54) is a proper subset of Slíce (CF2) (Kervaire and Milnor [6]). In [20],
ihe author could not find a koot thai belongs to neilber Slice (CF2) nor
Mice (CF2). In Section 2, we sbow that there exisí ihe knots that belongs to
neither Slice (CF2) nor Slice (CP2).
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Leí 1< be a knot mo. d(ní CF2 #n
2CF— mt B4). The knot K usan evenlys/íce

knot iii n1CP
2#n

2Cr mf K bouods a property embecided 2-disk in
n,CP’#n2 CF

2— lot fi4 that represents an elemeot zfr, ‘yí+•• +e,,, ‘y,,, +
~í -9í+...+é.,

2-9,,)io ff2(níCF
2#n

2CP
2—lníB4,d), where ‘y ~ ,~., ‘y.,,

are standard geoerators of H
2 (ní CP

2#n
2CP

2—Int fi4, O), &1 = ±1 = ±1aoci
z 15 an integer. Let e-Slice(n,CF2#n

2CP
2) be ihe set of eveoly slice koots in

irí CP2#n
2CP

2. (Note that e-S/ice (CF2) = 5/ice (CF2) aod e-S/íce (CF2) =

5/ice (CF2).) lo Section 3, we deal with in the case n
1=n2=1 or n¡=0.

Let K~ be a knot and D
2 a 2-disk intersectiog transversely 1<o with the

lunkiog number lk(dD2, K
0)=L Let p be a positive inieger aod u=±¡. By

performing -~- —Deho surgery along 0D
2, we have a new knot. The new koot

is said to be the koot obtauoed from K
0 by an (ep, /)-lwísuíng. Let J*, be ihe

set of koots obtauned from a trivial koot by ao (ep, ~-twistiogfor sonie integer
1 and e = ±1. Section 4 is devoted to two applications. Qur first application
is to find infinitely maoy knots thai give a negative answer to the followuog
question given by Mathieu [¡2].

Question 2. For any knot 1<, is ¡itere a posiríve inreger p sucit titat Ke
1<’?4,.

Our second one us to find mnfunitely many counterexaniples to the
followiog conjecture made by Akbu¡ut and Kirby.

Conjecture. If K is a knot wirit Arf invaríant zero, riten 1< is obtained
from aslíce knor by a (±l,±l)-íwísring.(Problem 1.46 (B) of[9].)

It is shown that a (2, 7)-torus knot cannot be obtained from a ribbon koot
by a ([I)-twusting by using Donaldsoo’s outstanding theorem [1, Theorem 1]
(see [10]). Since then Donaldsoo improved this result to drop “siniply
conoectedness assuniption” [2, Theorem 1], a (2, 7)-torus knot cannot be
obtauoed from a slice knot by a (l,J)-twisting. Here we give iofinitely niany
counterexamples in different knot cobordism classes.

Similar results for Question 2 were obtained uodependently by Katura
Muyazaki[13].

1. PRELIMINARIES

In this section we introduce sorne useful lemmas to us. lo particular,
Lenimas 1.8 aoci 1.1! are key lemnias un this paper.
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Let a, /3 be the standard generators of H2(S
2xS2) with a2=z132=O,

a. /3 = 1 and let y or y~ (resp. -9 or -93 be the standard generator of H2 (CF2)
(resp. U

2 (GP)) with y
2 = 4 = 1 (resp. 2 = 9~z—1). From new on a homology

class ~ H~ (M— mt fi4, 8) is identified with its image by the homomorphism

Let ¡ and m be nonnegative integers and e = ±1.An (el, m)-torus link is
the link that wraps around the standardly embedded solid torus in S3 in the
longitudinal direction ¡times and in the meridional direction m times, where
the intersection number of the meridian and longitude is e. When 1 and m are
relatively prime, it is a knot and called an (el, m)-torus knot. An (st m)-torus
knot is denoted by T(et, m).

Let Lbe ag-component link in S3. Letf» lxJ—S3, 1= ¡ ,..., m—l (m<p)
be mutually disjoint embeddings such that

(i) f(Jxl)ÑL=fJlx al) for eacb ¡(¡=1 m— 1) and

(u) the link L’=Cl(LUUJ(8!xl)—Uf(Jxdfl) has the orientation
compatible with that of L—UJ(lx8l)and UJ,4hlxl).

The link L’ is said te be the link obtained from L by m-fusion if dxc
number of the components of E is g — m. In particular if the number of the
components of E is one, then E is said Lo be the knot obtained from L by
complete fusion. Wc cal! the images f, (Ix 1) ,~., fm (!x 1) dic str¡ps connect¡ng
L. Let $~(e=±1,x=O) be the set of knots obtained from a (2c, 4x)-torus
Iink by 1-fusion. Note that a knot 1< be¡ongs to 3’~ if and only if dic reflected
inverse ~K! belongs to Y

1.1. Lemma. For any knotKei7 ¡hereexisís an embedded 2-disk A
¡ti S2x S2 — mt B4 such thai A represenis an elemení 2a + 2sx¡3 iii
H

2(S
2xS2—Int. B4, 8) anddAC8(S2xS2—lnt.M) ¡s~K!.

Proof. Wc first deal with the case that KE 3. It is easily seen that there
exist mutually disjoint 2x+2 properlyembeddcd 2-disks A

1 A2~±2~
S

2xS2—lntr such that UA
1 represents an element 2a±2x/3and 8(UA,)C

8(5V 52~ mt R
4) is a Figure 1. Since a (—2,4x)-torus link is obtained from

a(UAD by 2x-fusion, there exist 2x+1 strips b
1 ,..., b2~±1connectingthc link

8(UA1) such that A=AiU...UAu+2Ubi U...Uh,~+1 is an embeddcd 2-disk
in S

2XS2—IntB4 and 8AG (S2xS2—IntB4) is~~~K!.

The aboye argument remains valid in case Ke Y O
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aA3 dA4 9A2~+2

Figure 1

1.2. Lemma. For any knoí Ke 5%, diere exísís an embedded 2-disk A
¡ti CP2#CF2— mt R4 such thai A represenís an element (2x+e) y+(2x—c)’$
¡ti H

2(CP
2#CP2—Int. fi4, 8) andOACO(CP2#CP2—lntB4) ¡s—K’.

Proof. Wc f¡rst deal with the case that KE 3;. LeL Q~ U O, be a
2-component trivial link in OB4 such that O~ is framed by 1 (j=±1). By
considering dxc “Kirby’s calculus” [8] as Figure 2, we notc that thcre cxist
mutually disjoint 2x+l properly embcdded 2-disks A, A

2~÷, in
CP# CF

2 — mt Jfl such that U A
1 represents an element (2x + 1) y+(2x — 1) ‘

in H2(CP
2#CP2—IntB4, 8) and 6(UA

1)GO(CP
2#CP2—IntB4) is as Figure

3. Since a(—2,4x)-torus link is obtained from6(UA
1) by(2x—I)-fusion, thcrc

exist 2x strips b1 b2~ connecí¡ng ihe link 8(UA1) such that
A=A,U...UA2~±,Ub,U...Ub2~is ancmbeddcd 2-diskin CP

2#CP2— lntB4
and 8AGO(CP2/tCP2—TntB4) is—K’.

By considcring the Kirby’s calculus as in Figure 4, the aboye argument
remains valid in case KeY O

1.3. Lemma. (Roblin [16]) Leí M be a connecíed, s¡mply connected,
closed 4-man Wold? Ift E H2 (M) is represené~ed by an embedded 2-sphere ¡ti M,
ihen
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+1

O+i
s.JcaicuiusKl rby o

o

—

Figure 2

(a) ~=j~—u(kO~ < rank H2(M) ~f¿ Ls divisible by 2,

(b) ~ —u(M)~ =rank H,(M) ~ is divisible by an odd prime

integer q. where u (Al) Ls 11w signature of M.

1.4. Lemma. (Weintraub [18], Yamamoto [19]) Let K be a knoi. Ifihe
unknoííing number eLE is less tizan or equal lo u ihen diere exisis ernbedded
2-disk A in u(CP

2# CF2)— IntS4 suciz thai A Tepresenis tize zero element ¡ti
H

2(u(CP
2#CP2) — mt R4, 6) and OACO (u (CP2# CF2) — mnt B4) Ls— K1.

1.5. Lemma. (Lawson [II]) Leí t6H
2(CF

2#2CP2) be acharacteristic
elemení. Tize element e Ls represented by a 2-sphere ¡ti CP2#2CP2 tiand only

1.6. Lemma. (Lawson [II]) Leí CEH
2(CP#nCP

2) (n=3) be a charac-
teristic elemení. lft is represented by a 2-sphere in CP#n CF2 ihen C2=—2.
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¿13 9/14-.-- 9A2x+1

Figure 3

+1 -1

0+1 -cia
isotopy

Figure 4
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1.7. Lemma. (Kikuchi [7]) Leí tEI-I~ÁCP2#3CP’) be a characterisiic
elemení. Tize elemení e Ls represeníed ¿‘y a 2-sphere in CP2#3CP2 (latid only

1.8. [emma. Leí p be a positive integer and x a nonnegal ¡ve integer.
Leí Kc 3; be a knot such thai ihe unknou¡ng number of K Ls less tizan or
equal lo u. If Kc e-Slice(p CF2) ihen diere exisís an integer z such thai z
satisfies a condition

Sx—4 4u(a) <z2< —+4 and Z 15 even, or
p p

z2=Sx+I (fp=l,
z2=4x+1 (fp=2,

(b) 8x+2 9(u\
=z2=-fl~—+l)and z Ls odd ¿fp=3.

Proof. Suppose that Kc 3; fl e-Slice (pCP2) and thc_unknotting number
of K is Iess than or equal to u. Since Kc 3; fl e-Slice (p GP2), therc exists an
¡ntcger z such tbat

(1) 2a+2x/3+z(é
1 t,+...+t~-9~)EH2(S

2xS2#pCJ’2) is represented by
a 2-sphere in S2xS2#pCP2 and

(2) (2x+ 1)y+(2x—1)t+z(~, -9,+...±~~’%,jcH
2(CP

2#(p+1)CP2)is
represented by a 2-sphcre in CP’#(p+ 1) CF2,

by Lcmmas 1.1, 1.2 and dxc definition of evenly slice knots. Since the
unknotting number of K is less than or equal Lo u, by Lcmma ¡.4,

(3) z (é, ~ + ... + ~ ir,) is represented by a 2-sphere in
p CP2#u(CP2# CF2).

In case that z is even. By Lemma ¡.3, (1) and (3),

8x—pz2 -ij =~±2,

PZ +j=p+2u.
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It follows that

8x—4 ~
p

In case that z is odd and IzI =3.By Lemma ¡.3 and (3), there exists an
odd prime integer q such diaL

—pz2(q2—-l) _ +2u.
2q2

This implies

(1-1)

We note that

(1-2)

The inequations (¡-1) and (¡-2) imply that any odd integer z satisfies

M¿reover if z is odd then (2x+l)y+(2x~I)~9+z(~Yi+...+épYp) isa
characteristie elcmcnt in H

2(CP
2#(p±1) CF2). By Lemmas 1.5, ¡.6, 1.7

and (2),

(1-4) Sx—z2=—-1 ifp= 1,

(1-5) 8x—2z2=—2 ifp=2,

(1-6) Sx—pz2<—2 ifp>3.

By (¡-3), (¡—4), (1-5) and (1-6), we have

z2=8x+1 ifp=l,

z2=4x+í ifp=2,
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8x±2 <2=9(u+l)if=3

This completes the proof. O

Suppose that knots RI~ and K_ have representatives in S
3 that are

identical outside a 3-balI within which they are as in Figure 5. Then we say
that K_ is obtained from K±by changing a positive crossing and that K+ is
obtained from Rl by changing a negalive cross¡ng. We dcfine dxc posilive
unknoííing number (resp. negative unknoíting number) of a knot K, to be the
minimum, over ah sequcnccs transforming K Lo be a trivial knot, of thc
numbcr of positive (resp. negative) crossings whicb are changed. lf K cannot
be a trivial knot by changing only positive (resp. negative) crossings, then we
define the positive unknotting number (resp. negative unknotting number) of
K is infinite.

Figure 5

1.9. Lemma. (Weintraub [18]) Leí 1< be a Icnoí. If ihepositive unknoííing
number (resp. negative unknouing number) of K is less tizan or equal lo u,
¡hen diere exisís an embedded 2-disk A ¡ti u CF2 — Int fi4 (resp. uCF — mt fi4)
suciz thai A represenís ihe zero elemení in H, (u CF2 — IntS4, a) (resp.
H

2(uCP
2 — mt W, 8)) and dA CO (uCP2 — ini fi4) (resp. dA ca (uCP2 —mt B4))

15— K!.

1.10. Lemma. (Kervaire and Milnor [6]) Leí M be a connecied, simply
connecíed, closed 4-man([oid. Leí ~E Ji

2 (Al) be a characíerisdc elemení. !ft
Ls represented by an embedded 2-sphere ¡ti lvi, ihen e

2~a(M) mod ¡6.
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1.11. Lemma. Leí p be a posilive iníeger and x a nonnegative integer.
Leí Ke Y be a knoí_suciz íliat tize negative unknotting number of K Ls

finute. Jf Ke e-Slice (pCP2) ihen diere exisís an iníeger z suciz thai z saí¡sfies
a condition

4—8x(a) z2=4+ atid z Ls even, or
p

I z2=l only(fx=Oandp=l,2,
(b)

z2= ¡ only (fx~O mod 2 andp=3.

Proof. Suppose KE Y 2 e-SIice (p GP2) and the negative unknotting
number of K is u. Since KEY fle-Slice(pCP2), there exists an integer z
such that

(4) 2a — 2x/3 +z(~,-9, + ... + 4, $)CH
2 (S

2x S2 ftp CF2) is represented by
a 2-sphere in S2xS2#pCP2 and

(5) (2x— l)y+(2x+ l)j+z(~, ‘9
1+...+4,996112(CP

2#(p+l)CP2) is
represented by a 2-spbere in CP2#(p+l) cm,

by Lemmas 1.1, ¡.2 and the definition of evenly slice knots. Since the
negative unknotting number of K is u, by Lemma ¡.9,

(6) z ~ -9~ + ... + 4, -9,,) is represented by a 2-sphere in

p CP2#u CF2.

In case that z is even. By Lemma ¡.3 and (4),

—8x—pz2 + <+2
2

TIxis implies

p

In case thatzis odd. If¡z¡ =3,then by Lemma 1.3 and (6), thereexists an
odd prime integer q such tbat

2q2 ~ u~=p+u.
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It foílows that

~2<2...
2

This isa contradiction. Thus ¡z¡ = 1. Moreover, by Lemmas 1.5, ¡.7, 1.10
and (5), we bave

—8x—pz2=—p ifp= 1, 2,

—Sx—pz2—p mod ¡6.

Since ¡z¡=¡,

—8x=0 ifp= 1,2,

—8x~0 mod ¡6.

This imphies
x=0 ifp= 1,2,

x~0 mod 2.

This completes the proof. E

2. SLICE KNOTS IN CF2 or CP2

In this section we shall prove the following two theorems.

2.1. Tbeoreun. Leí x be a posilive inueger.

(a) If Silce (CF2) coniains T(2,4x—1), ihen 2x—1, 2x or Sx+l is a
square number.

(b) Jf Silce (CF2) contaltis T(2,4x+ 1), ¿hen 2x, 2x+ ¡ or 8x+ ¡ Ls a
square number.

2.2. Tbcorem. Leí í be a nonnegailve ¡níeger. Tize sel Silce (GP2) does
nol coníaln T5-2, 2t+l) (latid only jfí=2.

2.3.__Remark. Since Slice(CJ’2) contains a knot K if and only if
Silce (CF2) contains —K’, Silce (CF2) contains T(l, m) if and only if
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Silce (CF) contains T(—l, m). mt folíows that Theorems 2.1 and 2.2 imply tbat
there exist infinitely many integer x¡ffrj,2,...) such tlxat T(2,2x,+ 1)
be¡ongs Lo neither Slice (CF) nor 5/ice (GP2) for any x

1.

ti. Lemnma. For anyjjj2c, 4x+l) (c=±I, x=0), ihere exlsis an
embedded 2-d¡sk A ¡ti CP

2# CF2 — mt fi4 such thai A represenis an elemení
(2x±1±e)-y+_(2x+¡ —e)-9 ¡ti H

2(CP
2ftCP2—mntflA, 8) atid

OAC 8(’CP2#CP2—IntBt) is 7}—2e, 4x+¡).

Proof. 13y considering the Kirby’s calculus as in Figure 2, we note that
diere exist mutua¡¡y disjoint 2x±2properly embedded 2-disk A, ,~., A

2~÷2~
CP

2#CP2—lntB4 such that UA, represents an eíement (2x+2)y+2x-9 in
H

2(CP
2# GP2 —mt fi4, O) and8(UA,)C6(CP2fttÉ~~mntB4) is as Figure 6.

Since a (—2, 4x+2)-iorus link is obtained from 8(U A,) by 2x-fusion, diere
exist 2x+1 strips b

1 b2~± ,connecting the link 8(UA,) such tI-mt A=A1
U... U A2~±2Q4LU...U ¿‘2x+I is an embedded 2-disk in CP

2# CF2 — mt fl4 and
8AC8(CP2#CP2—IntB4) is T(—2,4x+ 1).

By considering the Kirby’s calculus as in Figure 4, the aboye argument
remains valid for T(—2,4x+ 1). E

¿i2x+2

Figure 6
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Proof of Theorem 2.1. Suppose T(2,4x— 1)65/lee (CF2). Since the
unknotting number of T(2,4x— 1) is 2x— 1, T(2,4x— 1)63; and
e-Slice (CP2) = 5/lee (CF2), by Leinma >8, diere exists an integer z such thai
z satisfies a condition

(2-7) 8x~4<z2=8x and z is even, or

(2-8) z2=Sx+J.

We set z = 2k in (2-7), then we have

2x— l<k2<2x.

mt foííows that
(2-9) k2=2x— 1, 2x.

By (2-8) and (2-9), we obtain Theorem 2.1(a).

Suppose T(2,4x+ l)ESlice(CP2). Since the unknotting number of
T(2,4x+ Y) is 2x and T(2,4x+ ¡)eY~, by LEmnia ¡.8, there exists an
integer z sucb that z satisfies a condition

(2-10) 8x~4<z2<8x+4 and z is even, or

(2-II) z2=8x+1.

The fact that T(2, 4x+ 1) beíongs Lo 5/ice (GP) and Lemma 2.4 imply that
(2x+2)y+2xt+z’9,CHÁCP2#2CP2) is represented by a 2-sphere in
CP2#2CP2. If z is even, then by Lemma 1.3, we have

Sx+4—z2
2

This imphies

(2-12) 8x=z2=8x+12.

By (2-10) and (2-12), we have

(2-13) 8x=z2=Sx+4and 2 even.

We set z=2k in (2-13) then

2x=k2=2x+1.
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It follows that

(2-14) k2=2x, 2x+ 1.

By (2-11) and (2-14), we obtain Theorem 2.1 (b). E

2.5. Proposition. Ef =3 ihen Silce (GP2) does nol coníain T(—2,
2¡+ 1).

Proof. Note that A’ contains both T(—2, 4x—l) and T(—2, 4x+1)
and tI-mt the negative unknotting number of T(—2,4x—l) and tI-mt the
negative unknotting number of T(—2,4x+I) are finite. If Slice(CP)
contains T(—2,4x— 1) or T(—2,4+I), then by Lemma 1.1!, diere exists an
integer z such that z satisfies a condition

(2-15) z2=8—8x and z is even, or

(2-16) z2=I andx=O.

The conditions (2-15) and (2-16) imply

x=0, 1.

TIxis completes the proof. E

2.5.1. Remark.,,fiy the proofs of Lémnia 1.11 and Proposition 2,5, we
note that if 5/ice (Gpjftcontains T(—2, 5) then there exists a properly
embedded 2-disk A in CF2 — mt fi4 such that A represents the zero element in
fl

2(CF
2—InLB4, O) ami 8AC8(CP2—mntfl4) is T(—2,5).

2.6. Proposition. The ser S/ice(CP2) does no’ coníain T(—2, 5).

Proof. Suppose S/¡ce(CF2) contains T(—2,5). Remark 2.5.! and
Lemnia 2.4 imply thai 2y+4-96 H

2(CP
2# CF’) is represented by a 2-sphere

in CP2#2CP2. By Lemma 1.3, we have

4~l6+I~=3

Ibis is a contradiction. E
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Proof of Theorem 2.2. By Propositions 2.5 and 2.6, if í=2 then
Sl/ce (GP2) does foL contain T(—2, 2t+ 1). If í=0 or 1 then Slice(CP2)
contains T(—2, 2K 1), see Proposition 3.7. E

3. EVENLY SLICE KNOTS mN n, CP2#n
2CP2

ln [¡5], Norman proved that Sl/ce (CP
2P GP2) is equal Lo the set of knots,

but the fouowing Lheorem implies that there exist infinitely many knols thaI
do not beíong to e-Slice (GP2 U CF2), i.e., e-Sl/ce (CF’# GP2) isa proper subset
of Silce (CP2# GP2).

3.1. Theorem. Leí í be a nonnegative iníeger and e=±I. Tize set
e-Slice(GP2# GP2) coníaitis T(2c, 2t+ 1) Ifand only <9=0 or 1.

3.2. Lemma. (Hirai [4]) Leí ¿dH
2(2(CP

2#GP2)) beacharacierLstk
elemení. The elemenrt represented ¿‘ya 2-sphere in 2 (GP2#(CP2) <fund only
Iftz=0.

3.3. Proposítion. For c=±I, 19=3ihen e-S/ice(CP2# CP2) does no’
coníain T(2e, 2t+l).

Proof. Let x be a nonnegative integer. If either T(2e, 4x— 1) or T(2e,
‘x+ 1) belongs to e-Slice(CP’# CF2) then diere exists an integer z such tI-xat

(7) 2a + 2exf3+z(e, Y + ~, -9¿Ie H2 (S2x 52ft CP2#CF2) is represented by
a 2-sphere in S2xS2#CP2#CP2 and

(8) (2x+e) y+ (2x— e) 9+ z (e, YÉ~ 1’) e H
2(2 (GP

2# CF2)) is represen-
lcd by a 2-sphere in 2 (CPU CF2),

by Lenimas II, 1.2 and the definition of evenly slice knots. If z is even, then
by Lemma 1.3 and (7),

2

‘E.

Tbk ixnplies

x=0, 1.
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lf z is odd, lien by Lemma 3.2 and (8),

8cx=0.

It follows that ifx>2 then neither T(2c, 4x— 1) nor T(2c, 4x+1) belongs to
e-Slice(CP2# CF2). This completes the proof O

3.4. Proposition. The sei e-SI¡ce(CP2U GP2) does noí contain T(2c, 5)
for c=±I.

Proof. Suppose e-Slice(CP2# GP2) contains T(2e,5). ProofofProposition
3.3 and Lemma 2.4 implies tIxaL diere exists an even integer z such that
(3±e)y+(3—e) j± z{p~y¡ +é, ‘9~) EH

2 (2 (CP
2# CF2)) is represented by a 2-

sphere in 2(GP2# GP2). By Lemnia 1.3, we have

¡ 2c =4.

Tbis is a contradicLion. O

PronfofTheorem 3.m. By Propositions 3.3 and 3.4, if í=2then e-Sl/ce
(CP2# CF2) does not contain T(2c, 2í + 1). Ifí O or ¡ then e-Slice(CP2U GP2)
contains T(2c, 2í+ 1), see Proposition 3.7. 0

The same arguments as proof of Theorem 2.1 and Proposition 2.5 lead Lo
the foííowing Theorem 3.5 and Proposition 3.6, respectively.

3.5. Tbeoreni. Leí x be a poslílve inieger.

(a) Ef e-SIice(2 GP2) coníains 7}2,4x—I) ihen x or 4x+1 is a square
number.

(b) Ife-Sl¡ce(2CP2) contains T(2,4x±1)ihen x, x+I or 4x+l Ls a
square number.

3.6. Proposition. ¡fi =3ihen e-Slice (2 GP) does no, contain T(—2,
2í+ 1).

3.7. Proposition. Leí 1< be a knot. Jf ihe positive unknotíing number
or ihe negadve unknoíí¡ng number of K is less ¡han or equal ¡o p, ¡lien boíh
e-Slice(p CF) and e-Sl¡ce(pGP2) coníain K.



Qn SI/ce Knoís ¡ti ¡he Comp/ex Projective Plane 271

Proof. Suppose K is a knot and the positive or negative unknotting
number of 1< is Iess than or equal to p. Let L, be the Hopf link in
8(CP2— Int fi4) with linking number c(e=±1). It is easily seen that L~
bounds a properly embedded 2-disk in GP2 — InI fi4 that represents an
eíement (1 —e) y in H2 (GP2 — lnt fi4, 8). Since the positive or negative
unknotting number of K is Iess than or equal top, K is obtained from dxc p
copies of L~ by complete fusion. It follows that K bounds a properly
embedded 2-disk in pGP2—IntB4 that represents an element (1—e)
(e, y

1+...+c1,y1,) in I-12(pGP
2—Int fi4, O). This implies that K belongs toe-

Sl/ce <‘pCP2).

The aboye argument remains valid to show that K belongs to e.S/¡ce
(pCI’2). Ttds completes the proof. O

By Propositions 3.6 and 3.7, we have the following tIxeorem.

3.8. Theorem. Leí í be a nonnegailve ¡nieger. The set e-Slice(2 GP2)
does nol contain T(—2, 2t+ 1) ~fand only ~ft=3.

3.9. Theorem. For any iníeger p=3, e-S/ice(pCF2) coníaitis neitizer
T(2,Bp±3)flor T(—2, Sp +3).

Proof. Suppose that e-S/ice<,pCP2) contains T(2,8p+3). Since
T(2,Sp+3) belongs to Y

21,+, and the unknotting number of T(2,8p+3) is
4p+l, by Lenima 1.8, there exists an integer z such that z satisfies a condition

(3-17) l6p+
4 =z2<_1640 +4 amI z is even, or

p p

(3-18) l6j~±IO<~2C±( 4~~1 ±1~d z is odd.

~ 2\ P
1an

Sincep=3, (3-17) and (3-18) imply

16<z
2<25 and z is even,

16<z2<25 and z is odd.

This is a contradiction.

Suppose that e-Sl/ce (pCP2) contains T(—2,8p+ 3). Since T(—2,8p+3)
belongs to V2p~¡ and the negative unknotting number of T(—2,8p+3) is
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finite, by Lemma III, there exists an integer z suclx that z satisfies the
following condition

— ¡ 6p —4 <0.

This is a contradiction. O

3.10. Claim. Let K be a knot._Neither e-Sl/ce <pGP2) nor e-Slice (pGP2)
contains K if ané only if e-Sl/ce~GP2) contains neither K nor —K’.

3.11. Remark. By Theorem 3.9 ané Claim 3.10, we have tlxat T(2, 8p±3)
belongs to ne~ther e-Sl¡ce(pGP2) nor e-Slice(pCP2) for any p=23.

4. APPLICATIONS

4.1. Proposition. IfKe St’ ¡ben K belongs Lo efiher e-Sl/ce (40 CF2) or
e-Slice (p CF2).

Proof. lf Ke Á$ lien diere exists a 2-disk D2 and a trivial knot K
0 in

53 such that K is obtained from K0 by ~Dehn surgery along 3D
2. We take

p
tixe parallel copies Di,..., D2 of D2 as in Figure 7. It is easily seen that K is

p
obtained from K0 by Dehnsurgery along O(UD?) in which the surgery
coefficients are ah u. Suppose that Ko and UD? are in the boundary of a 4-
balI B~, lien K

0 bounds a properly embedded 2-disk A in fl~. LeL th?1
(1 =¡=p)be 2-Ixandíes on B~ whose attaching sphere are {8D?} and ah
framings are e. We note that K0C6(fl~UUh?) is 1<, K bounds the 2-disk A
in fl~UUh?_ané B~UUh? is deffeomorplxic to either punctured pGP

2 or
punctured pGP2. Let the punetured pCP2 and puncturedpCP2 be denoted by
pGP2 — mt fi4 ané pCI-’2 — mt fi4, respectively. Suppose tixe Iínking number
1k (K

0, 3D
2) = z then /lc (K

0, aD?) (1< ¡=p)are the same number as z. It is not
haré to see that A represents either an element z(c, y, + ... + e,, y,,) in
J12(pCP

2—lnt fi4,O) oran element z(ñ,t,+...4,t,,) in H
2(pCP

2—IntB4,O).
Ibis implies that K belongs to either e-S/ice(pCP2) or e.S/ice (p GP2). O

By Remark 3.11, Proposition 4.1 and the definition of evenly ,shice knots,
we have the following theorem

4.2. Theorem. For any iníeger p =3,~%does noí contain any knoi
thai Ls cobordaní to T(2, 8p+3).
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By Lemmas 1.8 ané 1.11, we have the following proposition.

4.3. Proposition. For anyp (1 =p=5),e-Sl¡ce (p CF2) conta¡n•s ne¡íher
T(2, 75) flor T(—2, 75).

By Claim 3.10, Propositions 4.1, 4.3 ané the definition of evenly slice
knots, we liave dxc following proposition.

4.4. Proposition. For anyp (1 =p=5), S~ ¿loes nol contain any knoi
thai is cobordaní to T(2, 75).

4.5. Lemma. (Motegi [¡4]) Ef p=6 ihen .44 does not coníain any
composire knoí.

Let K be a nontrivial shlce knot. Proposition 4.4 and Lemnia 4.5 imply
that 44 does not contain T(2,75)UK for any p= 1. Hence we have tIxe
following Lheorem tbaí gives a negative answer Lo Question 2.

4.6. Theorem. There exisí infinuíely many knots thai do nol belong lo
any 44 (p=1).

Let K be a knot in8(CP2# GP2 — mt fi4). If K is obtained from a slice knot
by a (ti, ±¡)-twisting, Lhen by proof of Proposition 4.1, K bounds a properly
embedded 2-disk in GP2#GP—IntB4 íhat represents an element ±Yror
in H2 (CF2# CF2 — mnt fi4, 8). It follows that K bounds a properly embedded
2-disk in CP2# CF2— mt fi4 íIxat represent an element ±Yj+ j~ or Yr ±j~ in
H

2(CF
2#CP2—Int fi4, O). We have the following proposition.

4.7. Proposition. JfKLs obíainedfrom aslice knoi ¿‘y (±1,±1)-íwLsíing,
ihen K belongs lo e-S/¡ce (GP2# CF2).

Since a (tI, ±1)-twistingdoes ¡mt change the Arf invarianí of a knot, tI-ms
T(2e, 3) cannot be obtained from a slice knot by a (±l,±1)-twisting.By
Ttieorem 3.1, Proposition 4.7 and dxc definition of evenly slice knots, we have
the fo¡lowing theorem.

4.8. Theorem. Leí 1 be a nonnegailve ¡nieger and c=+1 A knoi
cobordaní io T¿2e, 2i+ 1) Ls obtainedfrom a sl/ce knol by a (±1,±1)-twisiing
<[andan/y <9=0.
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If 2í+ 1 ~±I mod 8, then tI-te Arf invariant of T(2e, 2i+ 1) is zero (for
example, see p266 in [5]). Ihus Theorem 4.8 gives inf¡nitely many
counterexamples Lo Conjecture.

Acknowledgement. The author would like Lo thank Professor Shin’iclxi
Suzuki for bis encouragement.
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