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Introduction

Let (2, M, du) be a measure space (1 > 0). We consider
LP(Q,dp) = {f : Q@ — C, f measurable : | f|Lr(,qn) < o0},

where
1/p
o = ( [ 11Pan)
Q
for 1 < p < oo, and

[ fll£oe (0,40 = esssup{|f(z)| : = € Q}.

Let {1;};ea be a sequence of functions, where A is a set of indexes
contained in Z (or in Z%), orthonormal on L?(Q, du), that is,

/ T it = 6 m.
Q

The Fourier expansion of an appropriate function f associated to the
system {1;};ea, is given by
Feai (D,
jEA
where

a;(f) = / 1 dp.

Convergence properties of these series in spaces LP(€2,du) have been
studied deeply for particular sets of {1;};ca. If we define the partial
sums for the Fourier expansions for each f € L*(,du) as

Suf = Y a;(f)vy,
iz

then, Hilbert spaces theory ensures that

1/2
HSanL?(Q,du) = ( Z |aj(f)|2> < Hf”L?(Q,d,u)

JEA
l71<n
and

lim [ |f—S,fl*du=0,
n—oo Q

11



12 INTRODUCTION

for each f € L?(Q, du) whenever the system {1;};ca is complete in the
aforementioned space. The first question to be asked immediately is
related to the study about mean convergence, that is, for which values
of p,1 < p < oo, we have that, for every f € LP(Q),dpu),

lim /|f—Snf|pdu:O
n—oo Q

holds. When this last equality is verified, then we say that the sequence
{1} ;en forms a basis for the space of these functions. In order to solve
the problem it is only necessary to study the uniform boundedness of
the operator .S,,.

This kind of problems were first investigated by Riesz [49], who
analyzed the convergence of the classical Fourier series, associated to
the system {e*%},cz. Other orthonormal systems have been studied in
mathematical literature through the years.

For instance, Pollard [45, 46, 47, 48|, Muckenhoupt [33], Bad-
kov [3], Pérez [43], Varona [56] and Guadalupe-Pérez-Varona [26] have
depeloped research into the convergence of Fourier expansions of Jacobi
polynomials, orthonormal on L?([—1,1], (1 — 2)*(1 + x)® dx).

Concerning similar results about Laguerre polynomials and func-
tions, orthonormal on L?((0,00),e *z®dx) and on L?*((0,00),dz) re-
spectively, we can see the works by Askey-Wainger [2] and Mucken-
houpt [34, 35]. The same references can be consulted for Hermite
polynomials and functions, orthonormal on L?*(R, e~ dx) and on the
space L?(R, dx) respectively.

With regard to the Fourier-Bessel system, consisting of Bessel func-
tions and orthonormal on L?([0,1],zdx), we can check the results
by Wing [62], Benedek-Panzone [7, 8|, Pérez [43], Varona [56] and
Guadalupe-Pérez-Ruiz-Varona [25].

Finally, we refer results by Benedek-Panzone [6], Barcel6-Cérdoba
[5], Ciaurri [14], Ciaurri-Guadalupe-Pérez-Varona [15] and Generozov
[24] about certain orthonormal systems formed by eigenfunctions of
second order differential operators.

It is common to consider other summation methods for the Fourier
series when the convergence of the partial sum operator fails. There
exist very interesting results involving Cesaro means with potential
weights, obtained by Muckenhoupt-Webb [39, 40] in the setting of
Fourier-Laguerre and Fourier-Hermite expansions, respectively. These
results extend a previous work developed by Poiani [44]. Recently,
Ciaurri-Varona have been checking up on the same question [21] in
the context of Fourier series of generalized Hermite functions, extend-
ing the results in [40]. An exhaustive analysis for the Cesaro means
of Fourier-Jacobi series has been carried out in [12], in particular the
weak behavior of such means is investigated.
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Bochner-Riesz means are another important summation method
used frequently in harmonic analysis. Bochner-Riesz summability has
been treated, for example, for Fourier and Hankel transforms. In the
case of multidimensional Fourier transform, the problem of convergence
of this summability method has been solved completely only for di-
mension two, see [22], and for radial functions, see [60]. The general
case continues open. The Fourier transform for multidimensional radial
functions turns into the Hankel transform of a fixed order. The study
of Bochner-Riesz means for the Hankel transform has been developed,
for any order, in [20, 19].

For 6 > 0, we define the Bochner-Riesz means for an orthonormal
system {1;};ea by means of the identity

)

Bitfa) =3 (1- E) (1)),

jeA

where R > 0, (1 — s*); = max{1 — s?,0} and r; is a sequence prop-
erly chosen. As in the case of partial sum operators, it is easy to see
that the convergence of this summation method follows from the uni-
form boundedness of B%, whenever we have the density of the system
{¥5}jen-

The first goal of this dissertation is to analyze the convergence,
for radial functions, of Bochner-Riesz means for the multidimensional
Fourier-Bessel series. This orthonormal system consists of the eigen-
functions of Laplace operator in the multidimensional unit ball. The
analysis of the partial sums associated to this system has been studied
in [4] for Lebesgue spaces with a mixed norm. In the radial case, and
without further comments, we will refer to these series as the Fourier-
Bessel series.

There is another type of convergence that is frequently dealt with
in the literature, the almost everywhere convergence. The origin of this
question can be found in the conjecture of Lusin (1915). It states that
the classical Fourier series converges almost everywhere to f, for every
f € L?. As known, the proof of this conjecture is due to Carleson
[10], and the extension to LP, 1 < p < oo, to Hunt [30]. In general,
if the orthonormal system {1;};ea is dense, the boundedness of the
corresponding maximal operator of the partial sums of Fourier series
in the LP(Q),du) space implies the almost everywhere convergence of
the Fourier series.

Our second aim will be to analyze the supremum of the Bochner-
Riesz means for Fourier-Bessel expansions. We will study weighted LP
norm inequalities for this operator when 1 < p < oo and weak type
inequalities for p = 1.
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Partial sums and Bochner-Riesz means can be seen as particular
cases of multipliers for Fourier-Bessel series. There exists a very help-
ful tool that is frequently applied in the study of multipliers, the square
functions or gg-functions. The theory of g,-functions was first developed
through thirties of the last century by Littlewood and Paley, Zygmund,
and Marcinkiewicz. In these first approaches, the gi-functions were de-
fined for the Fourier series. They are non-linear operators which allow
us to give a useful characterization of the L” norm of a function in
terms of the behavior of its Poisson integral. Among other applica-
tions, the gi-functions are used to obtain results for multipliers with
Hormander conditions and estimates for the Riesz transform. Theo-
rems for multipliers using gx-functions have been proved in [51] for the
d-dimensional Fourier transform, in [38] for the ultraspherical expan-
sions, in [54] for Hermite expansions, in [32] for general semigroups,
and in [23] for Laguerre expansions and including potential weights.
The gi-functions appear in results related to the Riesz transforms in
[27] for the Ornstein-Uhlenbeck semigroup, in [28] for the Hermite
semigroup, and in [41] for the Laguerre expansions.

As a last target, gp-functions related to the Poisson semigroup of
Fourier-Bessel expansions will be defined for each k£ > 1. It will be
proved that these gi-functions are Calderén-Zygmund operators in the
sense of the associated space of homogeneous type, and then we will
deduce mapping properties from the general theory. This last result is a
first step towards a very general theorem about multipliers for Fourier-
Bessel expansions, and therefore a future research remains open for this
problem.

This report is divided into three chapters. The first chapter has an
introductory nature and we describe there the system of orthogonal
functions which will be analized in this report. Besides, in this chapter
we will deal with several topics about the partial sum operator. Known
results for partial sums related to the multidimensional Fourier-Bessel
series will be shown, in the general and in the radial case.

Chapter 2 is devoted to the study of the convergence, for radial
functions, of the Bochner-Riesz means of multidimensional Fourier-
Bessel series. In the first section we will start by checking that this fact
is equivalent to the weighted boundedness of Bochner-Riesz means for
Fourier-Bessel series. Before introducing the principal results, we will
need to show our conditions on the weights, and several definitions. We
will proceed to enunciate the main result, an inequality with general
weigths and its main corollary, a similar result with power weights. In
the second section we will obtain a pointwise estimate for the kernel of
the Bochner-Riesz means for the Fourier-Bessel expansions. Section 3
will contain the proof of the Main Theorem. In the fourth section, the
proof of the Main Corollary is shown. In Section 5, some consequences
of the Main Corollary are obtained, such as the convergence of the



INTRODUCTION 15

Bochner-Riesz means and the boundedness of other operators related
to the Fourier-Bessel series. We prove weak type inequalities for p = 1
in Section 6 and in the last section we study the almost everywhere
convergence.

In the third chapter, a study of gi-functions for Fourier-Bessel ex-
pansions is carried out. The main result is a characterization of the LP
norm of a function in terms of the behavior of the Poisson integral cor-
responding to the Fourier-Bessel series including weights. Before stat-
ing our result about g,-functions, we introduce some topics concerning
these operators and, on the other hand, about the Calderén-Zygmund
theory. In the second section, we go on to state that the gp-functions
can be seen as vector-valued Calderén-Zygmund operators. The rest
of the chapter is devoted to proving this fact, showing several sharp
technical lemmas that are needed to check that the kernel associated
to the gi-functions is a standard kernel in the properly defined Banach
space.






CHAPTER 1

The Fourier-Bessel system

In this chapter we will describe the multidimensional Fourier-Bessel
system. Although the main results in this dissertation will be focused
on the radial case, we are going to show first the complete family of
functions. This orthonormal system will consist of the eigenfunctions of
the Laplacian operator on the d-dimensional unit ball B¢ with d > 2.
Each one of the functions of the orthonormal system will be, essentially,
the product of a Bessel function times a spherical harmonic.

Before going on, a remark is in turn. There exists a large number of
families of orthogonal functions that appear as eigenfunctions of differ-
ential operators of second order. For instance, the functions {e#*™} .z
associated to the classical Fourier series are the eigenfunctions of the
operator % in the interval [—1, 1]. Therefore, it seems natural to think
about the analysis of the behavior of the Fourier series associated to
the eigenfunctions of the Laplacian operator A on the d-dimensional
unit ball.

Let us begin with several definitions and concepts that will be sig-
nificant in our work. Let Py be the space of homogeneous polynomials
of degree k in RY, and let

Hy, = {P|gi-1 : P € P, and AP = 0}.
The elements in Hj, are called spherical harmonics of degree k. The
dimension of this space will be denoted by dj,
(k+d—3)!
kl(d—2)!
We now define the Bessel function of order v, with v > —1, by

00 (_1>j " v+2j
JV(t)ZZj!F(VJrlJrj) (5) >0

J=0

dy, = dim Hy = (2k +d — 2)

By {s;,};>1 we denote the sequence of successive positive zeros of .J,,,
in growing order.

Let {Y™*} be, with 1 < m < dj, an orthonormal basis for Hj in
L?*(8%! do), where S?71 is the unit sphere and do is the normalized

measure on it. For each d > 2, we define the functions (I>§d,2m(a:), with
J2Lk2>0,1<m<dy, as

d — k+(d— m T
B (x) = |a| (DD gy k( )

i,k,m m

17



18 1. THE FOURIER-BESSEL SYSTEM

where
\/Z
@ %0 = )

This system is the solution of the Dirichlet problem in the unit ball
Au = —)’u in BY, w=0in S,

as we can see in the following result, that is well known (see [52]).

Jo(sjur), 7=1,2,....

THEOREM 1.1. Ifd > 2, it is verified that
d
A(D]km( T) = —(Sj,k+L;2)2q)( ) (z), =€ B

j.km
and
(I)gd,zm(:v) =0, zeSh
Furthermore, the set of functions
{09, 17> 1,k >0,1<m<dy}
is orthonormal and complete in L*(B¢, dx).

We will develop our research in the analysis of the radial case, which
corresponds with the case k = 0. In this case, the Laplacian operator
is reduced to an ordinary differential equation called radial part of
Laplacian, that is, if f(z) = ¢(r) where 2 € R? and r = |z,

Af(@)=¢"()+ 20,

Then, the eigenfunctions to be dealt with are

d 0+(d—2)/2 m x
B (2) = || 1-D/2 0 /O\W’OQH)

= || 7DD ().

Before describing the known results about partial sums for multidi-
mensional Fourier-Bessel series, we are going to introduce some topics
related to this kind of operators in the spaces LP(), du) with weights.

The results about convergence can be generalized to a larger family
of spaces. Given a family {t;},ca, orthonormal in L*(Q, du), and w a
nonnegative function p-measurable, then {w,} e is an orthonormal
system in L2(Q, w=2dp):

[ @i dn= [ i dn=s
Q Q

Let S,, and S,, be the partial sum operators with respect to {1;};ea
and {wi; }jen respectively. Then,

S,/ = (/fw% QWOUWU—WS(W )

JEA
lil<n
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From this formula, the following relation between the boundedness of
S, and S,, can be deduced, that is, Vf € LP(2, w™2dpu),

||Snf||LP(Q,w*2d,u) < O||f||LP(Q,w*2d,u)
~ ”Sn(w_lf)HLp(Q,wP*zdu) < OHw_lf“LP(Q,wP*?du)
holds, and taking ¢ = w™'f, this is satisfied if and only if
15ngllLo@.wr—2dw) < Cllgllo@ur—2a,), Vg € LP(Q,wP2dp).

This fact leads us to the study of boundedness of the partial sums for
Fourier series with weights (measurable and nonnegative functions);
that is, this kind of inequalities:

1S5 fllze@urdny < ClfllLe@updp-

More generally, we can study two-weight inequalities:
(2) HSanLP(Q,uPdu) < C”fHLP(Q,de,u), vf € LP(Q,Upd,U), Vn > 0.

The condition required for the system {¢;};ea so that S, f can be
defined in LP(Q, uPdpu) for every f € LP(Q,vPdu) and ¥Yn > 0 is

;€ LP(Q,uPdp) N LYQ,v™dp), Vj e A.

We can wonder again if the boundedness (2) is equivalent to the mean
convergence, that is, to

Spf — fin LP(Q uPdp), Vf e LP(Q,vPdu).

For this, we need that L?(€, vPdu) is contained in LP(Q, uPdy); this is
satisfied if and only if u < C'v p—a.e. for certain constant C' > 0. The
following well-known result is going to tell us that our two questions
are actually the same:

THEOREM 1.2. Let {t);};en be an orthonormal sistem in L*(Q, du),
1 <p<oo. Let w and v be two weights such that u < Cv p-a.e. with
certain positive constant C, the linear closure of {1);}en is dense in

LP(Q,vPdu) and
;€ LP(Q,uPdp) N LYQ,v™dp), VjeA.
Then, the following statements are equivalent:
(a) Spf — f in LP(Q,uPdp), Vf € LP(Q, vPdu).
(b) There exists C' > 0 such that ||Suf || 1o@.urdy < C Il ooyordp)s
Vf e LP(Q,vPdu), ¥Yn > 0.

Once we have introduced all the topics about the partial sum oper-
ator in general, we are going to comment some aspects related to our
system in particular.

First of all, we will show two results concerning the multidimen-
sional Fourier-Bessel series in Lebesgue spaces with a mixed norm.
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Recall that the functions
d k+(d—2)/2 m,
(o) = el e (L),

with j > 1,k > 0,1 < m < dy, form an orthonormal basis in L?(B?, dx)
and the Fourier series of an appropriate function f defined in B? is given
by

o0 (0.) dk

ZZZ Jk (I)gdkm )

k=0 j=1 m=1

oo dg

=ZZY’""“( )Zc, (1) al(= 020272 )

k=0 m=1

where
Gulf) = | T@P (@) da.

Consider the partial sums Sg [ given by

Sx(f.x) = ZZ ””“( )Zm )l D22 (g,

k=0 m=1 j=1

The question to be asked is to know if Sff’K f converges to f when
n, K — 00, in the spaces

Lp’2(Bdadx) ={f I fllr2(padny < o0},

where

1 p/2 1/p
Wl = [ ([ 150 aon) o)
0 —1

or, what is the same, to guess for which p € [1, 00) there exists C,, < co
such that

”SZ,KJC||LPv2(Bd,dI) < Coll fllpr2(Ba,ax)

for all n, K > 0. The answer to this question was given by Balodis-
Cérdoba [4] and is found in the following theorems:

THEOREM 1.3 (Uniform boundedness of the partial sum op-
erators). Let d > 2; then

2d 2d

||52,Kf||m2(3d,dx) < CONfllr2(pade) < dr1 <p< -1

with n > AK + 1, where A is a constant depending only on d and C' is
independent of n and K.

From here, they obtained immediately the result of convergence of
the partial sums:
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THEOREM 1.4 (Convergence of partial sums). If d > 2 and
2d e 2d
d+1 PSa—vr

then, if n; and K; are sequences of natural numbers such that
n; > AK; +1 and K; — o0,
where A is the constant of the former theorem, we have
If— szli,KifHLP’?(Bd,dx) — 0, 11— 00,
for every f € LP?(B? dx).

Now we are going to focus on the radial case, therefore we will show
some results related to the Fourier-Bessel series for the d-dimensional
radial functions. We shall observe that

LP2(BY dx) = {f € LP(B? dz) : f radial } = LP((0,1), 7 dr).

rad
In this case, we have to consider @% . With & = 0, therefore, we will

take ¢ (f) = 0, Vk > 1. The set of functions with which we shall work
1s

(3) {T(lfd)ﬂ(ﬂg-dd)ﬂ(r)}jzl-

More in general, we can consider the Fourier series associated to the
system of functions {¢%};>1 as defined in (1) for v > —1.

Lommel’s formula (see [58, Ch. 5, p. 134]; in this reference this
identity is not named Lommel’s formula but this name appears in the
literature commonly, for instance in [57]) states that

/Z Jy(as)J,(bs)s ds = zaJVH(Za)JV(Zb) —bJ,(2a)J,11(2b)
0 14 14 a2 — bQ :

therefore we have that

1
1 .
(4) / o (8j57)y (Sg7r)r dr = Q(Jyﬂ(sj’l,))%jjk, Jk=1,2,....
0

From this fact we deduce that the sequence of functions {¢%};>1 form
an orthonormal system in L?((0, 1), dr) with v > —1. The Fourier series
associated to this system will be named the Fourier-Bessel series and
is given by

F~Y o ai(e
i=1
where

(5) a;(f) = /0 F(r)e(r) dr.

The condition v > —1 ensures the integrability in (4). The system
{¢¥}j>1 is also complete in L*((0,1),dr), as we can see in [29] with
v>—1/2and in [7] with -1 <v < —1/2.
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Taking into account the above facts, we have that the set (3) is
orthonormal and dense in L?((0,1),r% *dr). We will define S%, the
partial sum of the Fourier series associated to this orthonormal system

Sdf Z e d)/2 (d 2)/2

where
1
(6) Cj(f> :/ f(r)r(lfd)/2¢§d72)/2(T)Tdfl dr.
0
By Theorem 1.3, since
LV2 (B, do) = L7((0, 1), 1" dr)

and S¢ = S o, it is clear that

HSZfHLP((OJ),rd*ldr) < ||f||LP((O,1),r‘i*1dr)

if and only if
2d - 2d
d+1 - PTa-1

If we denote by S the partial sum associated to Fourier-Bessel series

Sif =2 a5,

it is clear that

||Sif||Lp ((0,1),rd=1dr) < C’HfHLp (0,1),rd=1dr) A

(1—d) d) ( La=a d)
f”LP (0,1),dr) < 0”7’ P
Therefore the boundedness for radial functions of the multidimensional
Fourier-Bessel series is equivalent to the weighted boundedness of the
Fourier-Bessel series.

The first results of convergence in LP((0, 1), dr) of the Fourier-Bessel
series are due to Wing. In his work [62], he proves the convergence of
the partial sums when v > —1/2. In this case, if f € L?((0,1),dr), for
1 < p < oo, then

(d—1)
[

)
M 2 fllzeco,1),ar)-

tim [ 1f(r) = S(. 7)1 dr = 0.

n—oo

Wing bases his proof on the uniform boundedness of the partial sums,

1S fllzeco,1).dar) < ClfllLr(o,1).dr)

which follows from an appropriate estimate of the kernel associated to
the Fourier-Bessel series.
Later, Benedek-Panzone, in [7] extend the result by Wing for the

Fourier-Bessel series of order v € (—1, —%) and show the convergence
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of this series for functions f € LP((0,1), dr), whenever 1/(v+3) < p <
(-~ 5

In [25], Guadalupe-Pérez-Ruiz-Varona studied the uniform bound-
edness of the partial sum operators associated to the Fourier-Bessel
series in LP spaces with extra weights, obtaining necessary and suffi-
cient conditions for this boundedness in terms of the weights. These
results are gathered therein in the following theorems:

THEOREM 1.5 (Sufficiency). Let v > —1, 1 < p < oo and the
weights

U(r) =rr@—r)? T Ir=rl™, V() = 2@=r)2 T Ir—rel,
k=1 k=1

where 0 <ry < --- <r, <1landa,Ab, B,b,, B, € R. If the following

conditions are satisfied

B <0, pB <p—1, —1 < pb;
B, <b,, pB.<p-1 —1<pb (1<k<m)
1 1+a—|—A<a—A+ ) 1 1
- — = min< —, v
p 22 2 2’ :
A <a,

then there exists a constant C such that

||STlZf||LP((0,1),UP(7‘)dT) < ¢ ||f||LP((O,1),VP(7‘)d7‘) :
THEOREM 1.6 (Necessity). If the inequality

1S Fll Lo o,0).00ryary < C U Nl Logo,0),veyan
holds, then U,V must satisfy the following conditions

1 1
/ UP(r)r'P dr < oo, / Up(r)r_p/2 dr < oo,
0 0
1 1
/ V() r /Pt g < oo, / V() /P2 g < oo,
0 0

U(r) <CV(r) a.e.

It is interesting to observe that this last result implies the necessity
of conditions imposed over a, A, b, B, b, By, in the former result.

On the other hand, they also studied weak type inequalities for
the partial sum operators in the end points of the interval of strong
boundedness. By interpolation, the range of p’s such that the uniform
boundedness holds is always an interval. When U(r) = V(r) = 1 (for
example), this interval is open, say (po, p1), and then the natural ques-
tion is if S¥ are “uniformly” of weak type (po, po) or/and (p;, p1). That
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is, if we denote

1/p
If] LE((0,1),UP(r)dr) = {SUP Ap/ U(r)? dr}
A>0 {r|f(r)>A}

then the question is if
1S, /]

with a constant C' independent of n, and p = pg or p;. They gave
necessary conditions on U,V for this last inequality to be true:

e vrmydr) < Clf Nl oo,),ve(yar -

THEOREM 1.7 (Weak type). Let v > —1 and 1 < p < oco. If the
inequality

HSZf| L2((0,1),UP(r)dr) <C Hf”LP((O,l),VP(r)dr)
holds, then U,V must satisfy the following conditions

1 1
/ V_q(r)rq/pJ”"”Jrl dr < oo, / V_q(r)rq/”+1_q/2 dr < 00,
0 0

U(r) < CV(r) a.e.

and

sup )\p/ U(r)?Pdr < oo, sup )\p/ U(r)?Pdr < oc.
{r:rv>A} {rr=1/2>)}

A>0 A>0



CHAPTER 2

Weighted convergence of Bochner-Riesz means for
Fourier-Bessel expansions

1. Introduction

As we have already commented in the introduction, it is common
to consider other summation methods different from partial sums in
order to enlarge the class of functions for which the convergence of
Fourier series associated to an orthonormal system holds. One of the
most classical summation methods within the harmonic analysis are
the Bochner-Riesz means. We define the Bochner-Riesz means for the
multidimensional Fourier-Bessel series, for each 6 > 0, as

(1) Bi(f.) Zzz(JEQQ)Mm%U

k=0 j>1 m=1 +

where R > 0, (1 — s?); = max{1 — s*,0} and {s; 1 (a_2)/2};>1 are the
zeros of Bessel function J,, with v =k + (d — 2)/2.

The study of the convergence of this operator to f is, technically,
rather complex and it requires the use of very sharp estimations for the
kernel that define it in terms of R and K. A previous step to attack the
general problem is the analysis of the radial case. In this situation, the
problem boils down to studying the Bochner-Riesz means associated to
the system {r(!=9 /2cp(-d_2)/2(r)}j21 in the spaces LP((0,1),r% 1dr). In
this way, (7) comes down to considering the case K = 0; this operator
will be denoted simply by Bf%’d and it is given by

Si(d— 2\ ° _
Bifr) = 3 (1= S22l ) oyt
>1 +

where ¢;(f) are defined as in (6). A first target to obtain might be the
proof of that

HB;S%,d.f”LP((O,l),rd—ldr) < C”f”LP((O,l),rd—ldr)

if and only if
2d 2d

(8) drit2 Pa—1-2
A standard consequence of this fact is that

Jim By (fr) = f(r) in LP((0,1),r" " dr)

25
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in the interval of values for p given in (8).
As in the case of partial sums, if we define the Bochner-Riesz means
for the Fourier-Bessel by

s =3 (1- %;)Q)iaxf)w;m,

with a;(f) as in (5), it is verified that

||Bf%7d(f7 )”L” ((0,1),r4—1dr) < C“fHLP (0,1),rd=1dr) <
a—-1, 1—a 1—d
||r ot B(S(d 2)/2f||LP 0,1),dr) < C||7“ 72 fllze0,1),dr)s

that is, we will need a weighted inequality for the Bochner-Riesz means
related to the Fourier-Bessel expansions.
Our target will be the analysis of the inequality

©) B < C u() F) o1y -

with a weight u(r) in the most general conditions.
First, we have to describe the conditions on the weights that are
involved in it. We define the function

w2 i<t <4
10 U, (t) = ’ =
(10) ®) {1, if t > 4.

LP((0,1),dr)

In the definition of W, (¢), the point ¢ = 4 can be modified by another
value greater than one. We will use this fact tacitly in several places
throughout this work.

For 1 < p < o0, p is its adjoint, 1/p + 1/p’ = 1. Given a weight
function u(r) on (0,1), consider the following set of conditions:

! U(T)X[4/Rl)(7") P
11 A Sl Mt St A A
) s sy ([ (M) )
P P’
X (/ T)) dr) < 00,
0

(12) sup sup (/( (r)W,(Rr)) pdr)
0<R 0<s<1

P’ P
( ( [4/R1 ) d?“) < 00,
U
(13)
v , 1/p’
/ u(r)P dr / u(r) " dr < 00,
O<w<v<min{1,2w} U — w w

B =

~|

~

sup
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1/p
4/R
(14) sup R2(v+1) (/ (u(r)r”+1/2)p dr)
0

0<R
4/R [ w1/ P 1/’
X / ( ) dr < 00.
0 u(r)
For a weight u satisfying (13) we write u? € A,10c(0, 1) and say that u?
is a local A, weight. The left side of (13) is then called the A, o norm
of uP.

We recall now some definitions. Let f(r) be a non-negative function
defined for  on (0,1). Let n be a real number, Hardy operators are

defined by

(15) m(n = [ f)a,
and
(16) Hi(for) =1 / () dt.

From now on, Hy(f,r) and Hi(f,r) will be denoted as H(f,r) and
H*(f,r), respectively. We will also need a local version of the one-
dimensional Hardy-Littlewood maximal operator,

M(fr)= sup — /y|f(t)!dt-

r—yl<r/2Y — T

The following theorems, due to Muckhenhoupt (see Theorems 1 and
2 in [36]) are well-known. The original results are stated for the interval
(0,00), but they are also valid for (0, 1).

THEOREM 2.1 (Boundedness of H). If 1 < p < oo, there is a
finite C' for which

|U(r)H(f, r)”LP((O,l),dr) <C |‘V<T)f(r)HLP((O,1),dr)
is true if and only if

1
7

s ([ vy ‘“"); ([ verar) <=

THEOREM 2.2 (Boundedness of H*). If 1 < p < oo, there is a
finite C' such that

|U(r)H*(f, 7">||Lp((0,1),dr) <C ||V(T)f<r)||LP((O,1)7dr)
if and only iof

([ ora) ([rva) <

bS]

Y e
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We can reach uniform weighted inequalities by including a proper
supremum in the conditions given in the results above. With a slight
modification of the proofs of Theorems 1 and 2 in [36], we can show
the following

ProprosIiTION 2.3. If 1 < p < o0 and

1 % s
sup sup (/ UR(r)pdr) (/ Vr(r)™ dr) < 00,
R>0 0<s<1 S 0

then the inequality

|Ur(r)H(f, T)HLP((O,l)dr) <C ||VR(T)f(r)HLP((OJ),dr)
holds with a constant C' independent of R.

=

Analogously, we also state

ProproOSITION 2.4. If 1 < p < oo and

s % 1
sup sup (/ UR(T)pdr) (/ Vr(r)™ dr) < 0,
R>0 0<s<1 0 s

then the inequality

|Ur(r)H*(/, 7")||Lp((0,1),dr) <C ||VR(T)f(T)||LP((O,1)7dr)
holds with a constant C' independent of R.

=

From these statements, we have that the condition (11) is sufficient
for the weighted Hardy’s inequality
/p
dr)
u(r)

(f | pi [ o
1 p 1/p
SC(/O G, () ) dr)

to hold with a constant C' independent of R, while the condition (12)
is sufficient for its dual version
1/p
d'r’)

</01 ur\p,,(Rr)/Slf(t)dtp

1 1/p
<C (/ ‘u(r)R‘Sr(‘;“)XWR,l)(r)f(r)|p dr)
0

to be satisfied, also with the constant C' not depending on R. On the
other hand, the local A, condition (13) for u” is, for 1 < p < oo,
necessary and sufficient for the estimate

(17) /OlyM(f,r) |pdr<C’/ F(rYu(r) P dr
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to hold. Sufficiency part above is just a version of [37, Lemma 6.1].
Necessity of (13) is provided in [42, Section 6]. Finally, condition (14)
is a technical requirement that we need to estimate our operator in a
square close to the origin.

The main result of this chapter, that will be proved in Section 3, is
contained in the following:

THEOREM 2.5 (Main Theorem). Let v > —1,0 > 0,1 < p < o0
and R > 0. Let u(r) be a weight that satisfies the conditions (11), (12),
(13) and (14). Then

o,v
(18) [u(r)BR"(f,r)lzeo,.ar) < Cllulr) f(r)llzeo,1).an
for all f € LP((0,1),dr), with a constant C' independent of R and f.

In Section 4, we will apply the result to obtain a corollary with
power weights u(r) = r® To simplify the notation in the corollary,
we consider the following definition: for each v > —1, § > 0, and
1 < p < oo, we say that the parameters (a, v, 0) satisfy the ¢, conditions
if

—1/p—(wv+1/2)<a<l—-1/p+ (v+1/2),
—6—1/p<a<l+d—1/p.

COROLLARY 2.6 (Main Corollary). Letv > =1, >0, 1 < p < o0,

and R > 0. Then

a9 ||

with a constant C' independent of R and f if and only if (a,v,d) satisfy
the ¢, conditions.

LP((0,1),dr) < O f o o,1),am) -

The operators Bfé” can be described by the expression

1
B () = [ WK 0 dy
0
where
o,V (Sj7l/)2 ’ v v
Kg'(r,y) = Z 1- “hr @4 (r)ei(y).
izl +

To obtain the boundedness of the Bochner-Riesz means in (18), we will

need a sharp pointwise estimate for the kernel of the operator that will
be obtained in the next section.

2. An estimate for the kernel

This section contains an estimate for the kernel of the Bochner-
Riesz means related to the Fourier-Bessel expansions. Before introduc-
ing this estimate, we need to recall some topics about Bessel functions.
The definition of the different types of Bessel functions that appear (Y,
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and Hl(,l)) are taken from Chapter 3 in [58] and the asymptotics (20),
(21) and (23) from Chapter 7 also in [58|.
For Bessel functions it is verified

Zl/

_ v+2
- 2T (v + 1) +O0(2"),

(20) Ju(2)

where |z| < 1 and |arg(z)| < 7; and

(21) J,(2) = \/g [cos <z — % — %) + O(elm(z)z%s)] ;

where |z| > 1 and |arg(z)| < 7 — 6.
Note that, for ¢t > 0

(22) IVt ()] < C T, (1),

where U, (t) was defined in (10). This estimate is a simple consequence

of (20) and (21). The Hankel function of first type, denoted by H, M is

defined as
H(l)(z) = J,(z) +1iY,(2),

14

where Y, denotes the Weber function, given by

Jy(z) cosvm — J_,(2)

Yl/ = ) Z7
(Z) sin vm Y ¢
and
J, —J_,
Y, (2) = lim (2) cos'mr (Z), n € Z.
v—n Sin vm
From these definitions, we have
() = T T g g
isinvm
and
Hr(Ll)(z) = lim J_V(Z),_, ¢ JV(Z), n € 7Z.
v—n 181N VT
The function H,El) verifies
(23)
2 .
HWY (2) = (| =274 £ O(27Y)], |2] > 1, —7 < arg(z) < 2,
Tz

for certain constant A.
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We will consider the decomposition of the (0,1) x (0, 1) square into
five regions (see Figure 1)

4
AQ:{(r,y):E<maX{r,y}<1, |r—y\§§},
4
A3:{(T7y):ﬁgr<170<y<g}v
Ay =4(ry):0< <y4< <1
4 — T,y. 7’_27R_?J 9
4 r 4
Ay = = 1. — _
5 {(r,y) R<T<,2<y<r 3R}

y=r/2

Tl

[EY

FIGURE 1. Decomposition of the (0,1) x (0, 1) square.
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With the previous notation, the estimate for the kernel is contained
in the following lemma

LEMMA 2.1. Forv > —1,6 > 0, and R > 8, the following holds:
(ry) PR (ry) € Ay,

(24)  |Ky(ry)| < CAR, (r,y) € As
Gu(ray)a (Ta y) S A3UA4UA5,
with T, (R, (Ry)
v\ 7)) W, (LYY
Gl/ b -
(r,y) RoJr — y[o+!

For the estimates in A; and A, we need an appropriate upper bound
for the functions ¢%(t). From (22),

y -1
05 ()| < C|/Siodvra(sin)| Wulsjut).
In [9], we find that
-1
’\/ SjWJVH(Sj,V)’ ~ 1

and so
(25) 07 ()] < CU,(s50t).
Let ¢ be an integer such that s, < R < 441 (¢ ~ R). Then

¢ N
K =3 (1- 525 e

j=1

From the inequality (25) we have

|05 (r)ef (Y)| < OV (s50r) Vo (sj0y.)
Now, for (r,y) € A; and taking into account the definition of U,
for each j = 1,...,¢, it follows that

@5 ()@ ()] < CstH (ry) 72,

From the estimate s;, ~ j (see [58]), we obtain

1 (81.)2 J S50\ 21
E;(l_ 2 ) (%) =c

and in this way

l é
5 ()] < (g2 L3 (1 el ) (e
BT = R4 R? R

< C(Ty)y+1/2R2(V+1),

giving us the bound in (24) for the region Aj.
For (r,y) € As, from (25) and the definition of ¥, we obtain

% (r)e(y)| < C.
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From this, it is easily seen that
2 1)

J4
v S'V
K (r,y)|§CZ( —#) < CR.
j=1

The estimate of K%" for (r,y) € A3 U A4 U As is the most delicate
part of the proof. We start by giving an appropriate integral expression
for the kernel.

LEMMA 2.2. For R > 0 and v > —1, the following holds:
S,v S,v o,v
KR (T, y) = IR,I(Tv y) + IR,Q(’r? y)’
with

2

5 R P 1
12,1(7"7 y) - (Ty)l/Q/O z (1 - ﬁ) JV(ZT)JV(ZZ/) dz

and

o,v .
Li(r,y) = lim ==

(ry)2 / (1 22)52H£1)(z)Ju(zr)Ju(2y) dz.

R? J(2)

where, for each e > 0, S, is the path of integration given by the interval

R+ile, 00) in the direction of increasing imaginary part and the interval
—R +i[e, 00) in the opposite direction.

PROOF. For v ¢ Z, we consider the function

NPT 22\ ° 2HY) (2)0,(2r) ], (2y)
Hi ) = ) (1- 55) ),

In the case v = n € Z, we take the definition corresponding to the limit
v — n. The proof of the result will be done for v ¢ Z, the other case
can be deduced considering the limit.

The function H2?(z) is analytic in

C\ ((—oo,—R]U[R,00) U{%s;, :j=1,2...}).

Besides, the points £s;,, are simple poles. So, we have

(26) /C HYY(2)dz =0,

where C is the integration contour given by S, UI, being I the interval
[— R, R] warped with arcs of radius € centered at the origin, at the zeros
+s;, of J,(2) and at =R, see Figure 2.

The existence of the integral is clear for the path I; for S, this fact
can be verified by using (20), (21) and (23). Indeed, on S, we obtain

(1)
that H;ﬂé’? < Ce 2 (in (21) we can consider § < arctan(e/R),

in this way the asymptotic can be used for the complete path S.).
Similarly, one has on S,

‘ (Ty)l/ZZJ,,(ZT) J(zy)| < Cemrty) hr,y(‘ZD
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F1GURE 2. The integration contour C.

where

h (| |)_ (ry)u+l/2|z|21/+17 for —1<1/<—1/27
T for v > —1/2.

Thus |H2Y(2)| < Chyy(|2])e” ™) "and the integral on S, is con-

vergent.
Now it is not difficult to see that when ¢ — 0,

(27) /1 HYY(2)dz —

d
1/2 (S‘,V>2 Jy (3 VT 5 Vy 61/
— 4(?3/) / Z (1 - }ig >+ (J(]/ 331/ J H

Jj=1

using the fact that
(28)
Res(Hg’;’(z), Sjv) = Res(Hﬁ’y”(z), —Sju)

20y (550)° * T (sium)(55.00)
B ™ (1 RQ) (Jos1(s50))?

The first identity in (28) is a consequence of

J(—2) =™ J,(2).



2. AN ESTIMATE FOR THE KERNEL 35

To complete the proof of (28) we first recall the identities

2
T2

—J () HD (2) + J,(2)(HV) ()
(see [61, p. 76]), and
200 (2) —vd,(2) = —2J,11(2).
If we insert z = s;, in these equations, we have

Res(Hg’;’(z), Sjp) = lim (z — sj,l,)Hi’y”(z)

285 v

(55)2\° 850 HSY (55,) T (55,7) T (55,9)
= ]_ — 2 2 2 2 2
VY < R? J(550)

_ 2y <1 B (8;-7”)2)5 Ju(8557) 1 (850Y)

R2 (S} (s5,))?
2075 (- (5502 Julsiwr) Tu(si0y)
I <1 R? ) (Jor1(s50))?

Now, using the definition of HY in terms of J, vy J_, , we have

/_ Z HS(2) d=
/ R (1 - Z—2>6 A=+ T () () u(2y)

isinvrJ,(2)

e~ T R Z2 g
= 1—— v v d
pm /Rz( RQ) Jy(zr)J,(2y) dz

i —ivt R 2\ 9
e / z (1 - Z—) J_V—(z)ei”J,,(zr)Jl,(zy) dz.

sinvr J_p R2)  J,(2)

Note that, in the subtrahend, it is verified

J_,(—2)

7—7) Jo(=zr)J,(—zy) =

In this way,

2 (1 - %22)5 %ei”ﬂjy(zr)Jy(zy)

is an odd function, and we are integrating in a symmetric interval,
therefore the subtrahend vanishes. On the other hand, since

J(=2r)J,(—zy) = QQWWJV@T)JV(ZZJ%
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we have

5
61/ ie 'Lwr(,ry)l/Q R 22
/ Hey@)dz =—2 7 | A\1= g ) M) dlzy)de
et 5
ie”"m (ry)'/? / R 22
R — 1 _ =
sin v 0 o R2 Jy(zr)J,(2y) dz

—eme ) [ (1- E)é J(er)J, z) dz)

— 2ry)'? /ORZ (1 _ ;—ZY ()T (2y) dz,

thus

R R 2\ 9
(29) HO(2) dz = 2(ry) 1— 2} J(er)d(2y) dz

s Y - y 0 R2 v 14 y .
So, from (26), (27) and (29) the proof is complete. O

First, consider the study of the integral I};’f’l(r, y). We are going to
give a bound in the region (r,y) € (0,1) x (0,1) off the diagonal. The
main goal is the proof of the following lemma.

LEMMA 2.3. Forv > —1, R > 0, max{r,y} > 4/R and [r—y| > 55,
the following holds:

(Rr)v, (Ry)
=yt

14 CI/ ‘Pl/
1)l < 2

Let us define
1
N%(a, b) m/ s(1 — 520, (as).Jy (bs) ds.
0

The proof of Lemma 2.3 will follow from the estimate

v, (b
(30) }N‘sab‘<0%,
for v > —1 and a,b > 0, which will be proved further on. (30) implies
the statement of Lemma 2.3 since the change of variable z = Rs in [%’7"1
gives
134 (r,y) = RN°(Rr, Ry).

Estimate (30) for max{a,b} > 4 and |a — b| > 4/3 generalizes
a similar one obtained in [11] for v > 0. Moreover, our method of
achieving is completely different: we will show an explicit expression
for N° with § = m € N and this will lead us to the estimate for N° in
the integer case. Finally, the result will be completed using an identity
in which N°, with a general 6, is related to the previously analyzed

integer cases. Some of the ideas in this proof have been taken from
[59].
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The next four lemmas contain the technical tools used to prove the
estimate (30). Let us introduce some notations. We define the functions

Fi(a,b) = VabJ,(a)J,(b),  Fa(a,b) = VabJ,i1(a)J,(b),
Fy(a,b) = VabJ,(a)J,11(b), Fila,b) = VabJ,i1(a)Jys (D),

1 0 0
D=——|b=s—a—|.
a? — b? ( ob a@a)
LEMMA 2.4. Let u = a® — b%. Supposed that a # b, the following
equalities

and the operator

D(Fi(a,b)) = ~(aFy(a,b) — bFy(a,b),

N

D(Fy(a, ) = —(aFi(a,b) ~ (20 + 1) Fa(a, ) + bFi(a, b)),
D(Fy(a, b)) — %(bFl(a, b) — (2 + 1) Fy(a,b) + aFi(a, b))
and
D(Fi(a,b) = - (bFy(a,b) — aFy(a, b))
hold.

Proor. It suffices to apply the identities

LI () + v, (t) = tJ,_1(t) and  tJ(t) — v, (t) = —tJ, (1),

D<F1(a7 b)) = D(\/@JV(CL)JV(Z)))

- @ (Jy(a)(uJy(b) = 0Jy1 () = J(0) (v (a) — aJv+1(“))>
= i(aFg(a,b) — bF3(a, b)),

D<F2(a7 b)) = D(\/%JV—H(G)JV(I)))

YD (@), 0) ~ 11105
— LB @) = (v + D) Jpia(a))

_ %(apl(a,m — (v + 1)Fy(a,b) + bFy(a, b)),
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D(Fy(a.b)) = D(Vabl,1(5)1,(a)
VO (L@ 0L0) ~ (4 1) I ()
=~ T (B0 (a) = i (@)
= LR a) = v+ 1)Fy(a,b) + aFi(a, b)),
and '
D(Fi(a,b)) = D(Vablua(a)Ty11(8)
=Y @A) ~ 0+ D (8)
= Joa®)(ad,(a) = (v + 1) Juia(a))
- %(ng(a, b) — aFy(a,b)).
U

LEMMA 2.5. Letv > —1, m € NU{0}, u = a* —b* and v = a* + b.
Then, there exist polynomials A, B, Ci, Dy, (in the variables a and
b) such that, for a # b,

2™
u2m

(31) N™(a,b) =
X (AmFl(a, D) + By L Fy(a,b) — Ol Fy(a,b) — DmabFi(a, b)) .
u u

Moreover, Ay = Dy =0, By = Cy =1 and A,,, B, Cpn, D,, satisfy
the recurrence relation

Aerl UQD(Am)
Bnu | | w?D(B,)
Cpar | — | ¥*D(C)
Dynis w*D(D,,)
Amu —a’® —b? 0 A,
u?  2(2m+ 1)v + 2uv 0 —u?b* | | By,
T w2 0 22m + v —2ur —uv?a® | | Cp
0 1 1 dmu D,,

Proor. We will argue by induction over m. Recall Lommel’s for-
mula (see [58, Ch. 5, p. 134]):

/ s, (as)J,(bs) ds = z“J”“(Z“)‘]”(Zs; - Z;] /(20) Ty ()
i -
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With z = 1 we have the result for m = 0. To complete the induction,
we shall consider the identity
N"™(a,b) = 2(m + 1)D(N™(a,b)), m=0,1,2,...

Y

which is based on integration by parts and Lommel’s formula. Indeed,
1
N (a,b) = \/@/ s(1 — s*)™*1J,(as)J,(bs) ds
0

= 2(m + 1)\/@/0152(1 _ S2)ma‘]l/+1(sa)<]u(5b) — bJy(50) Ja(sh)

a2 — b2

= 2(m + 1)@/15(1 — $)™D(J,(sa)J,(sh)) ds
— 2(m + 1)D(N"(a,b)).

So,
N™(a,b) = 2™ (m + 1)!

b
x D (u—Zm (AmFl + By Fy — Cpo Fy — DmabF4)) .
u u
Now, using Lemma 2.4, it follows that

D (u A1) = D(u ™Ay Fy 4+ u " D(An) Fy + u > A, D(Fy)

b
= g~ 2m+D) ((4vam +u*D(A))Fy + u2AmgFg — u2Am—F3) ,
U u

D (4" By = F)
u
=D(u " YB,aF; +u " 'D(B,)aF; +u *" ' B, D(aF,)
= u—2(m+1)( —a®B,, Fy + ((2(2m + 1)v + 2uv) B,,

+1u>D(By) ) Fy — BabFy),
u

b
D(u‘szmaFg)

=D(u " NCObFs +u " D(C,)bFs +u ™ C,, D(bFs)
= u 2" (B2C, By + ((22m + 1) — 2uv) Gy,

+ uzp(cm))%Fg + CabFy),
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and

D(u " D,nabFy)
= D(u"*")D,,abFy +u *"D(D,,)abFy +u *"D,,D(abF)})

u2m ) <U2b2DmgFg — u2a2DméF3
u u
+ (4mvD,, + w*D(D,y,))abFy).
The last equations show that N™*! is of the form (31). O

To estimate the polynomials in (31), we need to know the behavior
of the operator D acting on them. Our polynomials have a unique
expression of the form

Z cjpufv?]

J,k=>0
and the following lemma analyzes the action of D on this kind of poly-
nomials.

LEMMA 2.6. Let u = a® — b?, v = a® + b and
v) = ch,kukvj.
ik

Defining
P# = P#(u,v) Z|cjk||u]

the estimate
(u*D(P))* < CvP*
holds with a constant C' depending on the degree of P.
PrROOF. It is clear that
(P+Q)* < P*4+ Q% and (cP)* =|c|P¥,
so we can consider P = u*v’. Furthermore, we have

0 8 0 0

Therefore,

u*D(P) = —2u<u§ + U%)P = —2u<ugu v vkuF! )

Then, with the obvious estimate |u| < v, we arrive at

@D(P)* < C(luf? (ju'v ) + fulo(lul* )

P pP#
< C’(|u\2— + |U|UW) < C(Ju| +v)P* < CoP¥,
v u
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In the next lemma we relate N¥ to N?, for 6 > 0, where [-] denotes
the integer part function.

LEMMA 2.7. Letv > —1,0 >0 and § ¢ N. Then
1
(32) N(a,b) = 0(5)/ (1 — %)2-LI=1 5202 N0 (45, bs) ds
0

where

6(0 —1)---(6 —[d])
[9]! '

PROOF. Let us suppose that 0 < 0 < 1. Then, the use of the
identity

O(8) =2

\/%/S tJ,(at)J, (bt) dt = sN°(as, bs)

and integration by parts yield
1
N(a,b) = 2(5/ (1 —5%)°"'s>N (as, bs) ds.
0

Now, for m < § < m+ 1, applying integration by parts m + 1 times
and using the identity

82m+3
2(m+1)
we obtain (32). O

(33) / M 2N™ (at, bt) dt = N™(as,bs), m=0,1,...,
0

ProOOF OoF LEMMA 2.3. As we observed above, it is enough to
show (30) to complete the proof.

It is easy to see that (30) holds for the cases max{a,b} < 4, and
max{a,b} > 4 with |a — b| < 4/3. For the first case, max{a,b} < 4,
(30) holds from

(34) [N°(a,b)| < C(ab)"*!72
and for the second one, max{a, b} > 4 with |a—b| < 4/3, the inequality
(35) [N°(a,b)| < C

yields (30). Estimate (34) is a consequence of (22): it is enough to
observe that, for max{a,b} <4,

1
’N6(a,b)| < O(ab>u+l/2/ S2u+1<1 _ 82)6 ds
0

and the last integral is convergent. To show (35), using Schwartz’s
inequality, we have to show that for a > 0

1
/ (1 —s*)asJ?(as)ds < C,
0

which is obtained by using (22), and take a = a, b.
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We continue by proving (30) for § = m a positive integer and for
max{a, b} > 4 with |[a—b| > 4/3. From (31), with u = a? —?, it follows
that

2™m)!
<
— ‘u|2m

b
(\AmFl\ + L BByl + —|Co Fy| + ab|DmF4|> .

[N"™(a, b)]
Jul Jul

Clearly,
Fy(a,b)| < CU (), (), i=1,... 4
So
C,
|Nmmwns———w<wwxw(mw+

|u|2m v

a

b

| Bon| +
Jul

|Con| + ab]Dm\) .

|ul
Now, as |P| < P#, it yields
v v
IN™(a,b)| < OM (Aji + Bty icﬁﬁ - abD;i)
Juf>™ Jul |ul
U, (a)¥,(b) |a — bj™* (A# Lot b

"

<0,

— |Cl _ b|m+1 ’u‘Zm

Comparing this with (30) and using the inequality ab < (a* + b?)/2 ~
(a + b)?, it is clear that it suffices to show that

(B + C¥) + abDﬁ) .

1
# # L O# 2 D#
P =TPEAT (Am+ |a_b|(Bm+Cm) + (a+b) Dm> <C.

Recall that A¥ = D¥ =0 and BY = C¥ =1 and |a — b| > 4/3, so the
case m = 0 is settled. For m > 1 it is enough to prove

A% < Cla— ™ (a+b)*™,
(36) B 4+ C# < Cla — b|™(a + b)*™,

D# < Cla — b (a+ b)*™ 2.

Considering the recurrence relation for the polynomials A,,.1, Bpni1,
Cpy1 and D, q in Lemma 2.5 and the estimate in Lemma 2.6, we
obtain that

A = (uQD(Am) + dmuA,, — (“ + ”)Bm - (” - “)Cm>#

2 2
< C((W*D(An))* +v(Af: + BE +CF))
< v (2Az§§ + B + cf;f),
and, in a similar way,
B,y < C(|JulPAf + 208 + [ul*vD}, ),
Ch. < C(|u!2AffL + 2007 + |u|2vD7#n>,

D¥,, < C(Bﬁ +OF 4 2ij§§>.
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With this, using that |a — b| > 4/3 and induction over m, the proof of
(36) is completed. Hence, we have proved (30) for the case m € N.

Let us continue with the case 0 ¢ N with |a — b > 4/3 and
max{a, b} > 4. By the identity (32) we can write N°(a,b), except for
the constant C'(J), as the sum of the integrals

1
L = / (1 — s2)0-BI=1g20+2 Nl (54, 5b) ds
1
=

and )

1— 1
I, = / - (1 — s2)0PI=1 202 NBl (54 sb) ds.
0

Integrating by parts I and using (33), we have

1 1——1
= —" 1 — 32 (5—[5]—132[5]+3N[5]+1 sa, sb [a—b|
2 2([5] I 1) (( ) ( )|S:O

-1
+2/‘ [a—b] (1 B 82>5,[5}7252[6]+4N[6]+1 (Sa, sb) ds) .
0

For s = 0 the first summand is zero; so, we only have to analyze its
behavior for s = 1 — ﬁ By using (30) for NP+ with a,b > 0 we
obtain that

1] 1511 Vo (sa)W,(sb)
2\d—[8]—1 _2[6]+3 d]+1 o—[0]-1"v v o]+1

From this fact, using that § < 1 — ﬁ <1, and

(37) W, (sr) < Cs™ Y20, (r),

which holds for v > —1, 0 < s < 1 and r > 1, we obtain that the first
summand in 5 is bounded by a constant multiple of ¥, (a)V,(b)|a —
b|~@*V Inequality (37) follows by separately considering the cases 1 <
r<1l/sand 1/s <r with0<s<1.

Let us analyze the second summand in 5. To this end, we observe
that

1_#
/ (1 - s2yplm2 2 N (g sy ds
0

1

< C/l_'“‘b'(l _ )12 2004 Uy (sa)¥,(sb)
0

|sa — sbllol+2

ds

C

- o — b|FI+2 /0 (1 — s2) L2502 (50) W, (sb) ds.

To complete the estimate for I, it is enough to show that

= 2\6—[5]—2 [5]+2 v, (b)
(38) . (1 — S ) S \I/,,(sa)\ll,,(sb) ds § Cm
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for b <a,a—0b>4/3 and a > 4. Now, (38) is obtained from (37) by
using that

1——L 11
/ 1 )2l g < C/ 1 ) g
0 0

_ C’((a _ b)—6+[6}+1 . 1) < C’(a _ b)_5+[6]+1,

Finally, let us estimate the integral ;. We can use (30) for N9 since
[0] is an integer. From the definition of ¥, we see that ¥, (sa) < C' in
this situation. Moreover, W, (sb) < C(sb)**¥/2, for 0 < b < 4/3, and
U, (sb) < C, for b > 4/3. With this, it is clear that

\Ijr/(b) ! d—[8]-1 _ \Iju(b)

~ la—b]

This completes the proof of (30) in all the cases. O
Now, we shall show that the integral ]g’; can be controlled by the

same function that was a bound for ]g’f'l.

LEMMA 28. Forv > —1,0 >0, R > 38, and (r,y) € A3 U A, U A5,
the following holds

C, ¥, (Rr)¥, (Ry)
o,V
|IR72(T> y)| < ﬁ ’7’ — y‘5+1 :

ProOF. We will show that

, U, (R v, (R
(39) ‘I}%,Q(Ta 3/)| < C (R§<2 _ E“ _y>y)6+1 + R25(2 _ E” _y>y)26+1)

for
4
(r,y) € {(r,y) 4/R<r < 1,O<y<7~_§}‘
In the case

4
(r,y) € {(r,y):4/R<y<1,0<r<y—ﬁ}

we can obtain a similar estimate and the proof is analogous. So, the
required bound for |Ig’f’2 (r,y)| will follow from the fact that

4

r—yl <2—1r-— and |r—y| > -=.

r—yl < Y r=yl>35

To obtain (39), we use the asymptotic expansions given in (23) and

(21) for Hl(,l)(z) and J,(z). Let S. be the path of integration described
in Lemma 2.2. For ¢t = Im(z) the estimate

HV(2)

70) Ce
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holds for e <t < oo, for each € > 0 (as in the proof of Lemma 2.2 we
have to consider 6 < arctan(e/R) in (21)). Now, from (20) and (21), it
is clear that

|27y (27) T, (2y)] < CUL((R A4 t)y)e v,

and so

9 10
L2 gy

o,v *
Tl <€ [ AR+ |55~

If either y > 1/R or v + 1/2 < 0, (39) follows immediately by using
the inequalities

and

U, ((R+t)y) < CV,(Ry)
12 2it

6 t2§ t§
R —| <C| =4+ =
R R| — (R25 R5) ’
and integrating. If y < 1/R and v + 1/2 > 0, we obtain (39) with the
estimate

U, ((R+t)y) < C(V,(Ry) + (ty)" /).

Indeed,
” - 2 2t .
Iyl < C ( [t |- 2 o
0
= 2 2t
t v+l/2 | v & —(@2=r—y)t g
+ /0 (ty) =R

The first integral gives the required bound for |Ig;(r, y)| as in the
previous case. For the second one we have

yu+1/2 /00
0

1 1
v+1/2
<Cy (R5(2 —r— y>5+l/+3/2 + R25(2 —r— y)25+u+3/2)

1 1
v+1/2
< C(Ry) Y (R5(2 —r— y)é—i-l + R26(2 —r _y)2§+1) ’

)

2 .
3 _ % tu+1/26—(2—7‘—y)t dt

R2 R

where in the last step we have used the fact that 2 —r —y > C/R for
(r,y) in this region. O

We have just concluded the proof of Lemma 2.3 and therefore, the
proof of Lemma 2.1 is completed.
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3. Proof of the Main Theorem

Assume u(r) satisfies the assumptions of the theorem. In these con-
ditions, the operator B;;’” is well defined for each f € LP((0,1),u?(r) dr)
because the integrals defining the coefficients exist. Indeed, using that
[ (y)] < CV,(s5,y), we have

’ 1/17/
! \Iju(s'uy g
() dy‘ <C </0 (W) dy | N fllze o)y ar)

and the convergence of the integral is clear by using (11).
For the kernel associated with the operator Bg"’ we have that

5
o,v S,
K3 (roy)| = KR (r,y)xa, (1 y),
k=1
and
5
k=1
where we define

= [ 1N a0 .

We will use tacitly and repeatedly Lemma 2.1 to get the boundedness
of the different T}, k =1,...,5.
Boundedness of 7. Using Holder’s inequality, we have then

/yu VTV, ]pdr<C’/ < / (ry) "2 B2 £y )\dy)pdr

4 i, o 4
< O R+ /R(u(r)r”+1/2)p dr /R s dr
N 0 0 u(r)

/ lu(r) f(r)|P dr
< C/ lu(r) f(r)|? dr,

where in the last step we have used (14).
Boundedness of 7, and T5. The corresponding inequality for
To(f,r) and Ts(f,r) is a consequence of the estimate

(40) |T2(f7 ’I")| + |T5(.fa ’l“)| < OM(fa ’l“).

We conclude the bound for these two parts using (13) and (17). To
demonstrate (40) with 75 it is enough to observe that

min{r—l—%,l
n(fr<or [0 I)ldy < O,

3R
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To analyze (40) for the operator T; we use the decomposition

m

As = U(As N {(7’, y) ok R|7’ _ y| < 2k+1})7
k=1

with m = [log, R] — 1. In this manner

{y:2k <R|r—y|<2k+1}

Ti(fr)<CY 27*CHIR /()] dy
k=1
<CY 2 FM(f,x) < CM(f,7).
k=1
Boundedness of 73. In this situation we have

/0 (P T3(f, 7P dr

1 r/2 qu R P
SC/O (u(r)X[4/R,1)(7“)/O ﬁﬁ(yﬂd(y) dr

1 ulr r r/2 P
<< (% / %(Ry)!f(yndy) i

Now, taking into account the uniform boundedness for the operator H
with the weights

X[4/R,1)(7’)

u\r
0 ad Valr) = g

Ur(r) = u(r)

and the condition (11) we conclude.
Boundedness of T}. For this last operator it is verified that

[ wms i
<c 1 (u<r>wy<Rr> / / ];Tf_—’”y(,%)mf(yn dy)p dr

1 ' Xayra(®) g
<C /0 (u(rm(m) /W%’ f(y)]dy) dr.

We finish using the uniform boundedness of the operator H* with the
weights

Ur(r) =u(r)¥,(Rr) and  Vg(r) = xu/r1(r)u(r) Rt

and the condition (12).
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4. Weighted inequalities with power weights: proof of the
Main Corollary

In this section, we are going to show the sufficiency and necessity
of ¢, conditions to get inequality (19).

To prove the sufficiency of the conditions ¢, in the corollary we have
to check that they imply (11)—(14).

The inequalities in ¢, give that

1 Taféfl r p
sup sup </ ( X[Z’;/R’l)( )) dr)
0<R 0<s<1 \Js R

S =

and

(/s( o (R ))Pd );1; /1 <X[4/R,1)(7‘))P' ] P’ 3
Ssu Ssu T v r T e a—— T 0.
0<II; 0<s£)l 0 s Riratotl

The inequalities

1 1 1 1
———(V—I——)<a<1——+(y+—>,
p 2 p 2
imply

4/R 1/p 4/R 1/p’
sup 2+ / /24 g, / Sor2-a g oo
0<R 0 0

Finally the condition

1 v 1/p v , 1/p
sup (/ rP dr) (/ r— % dx) < 00,
O<w<v<min{1,2w} U — W w w

holds for any a € R.
The necessity of the conditions

1 1 1 1
——|vH+z)<a<l—=+|v+=].
p 2 p 2

follows from the fact that r¢%(r) has to belong to LP((0,1),dr) and
r%p%(r) to L((0,1),dr). Indeed, using (20) and (21), we can show
that

1 1
re¥(r) € LP((0,1),dr) ¢:>fy>-_5__<y4_§)‘

We still have to prove the necessity of

1 1
—d——-—<a<d+1-—-—-.
p b
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From (19) and taking into account Theorem 2.1 in [9], we deduce that

7B o000y < C I F M o000

BY f="H, ((1 - T—22>6 H,,f> ,
R +

with H, denoting the Hankel transform of order v

Ho(f.r) = / S0 ) f) dy. >0,

Consider the space S, = r"+1/25,(R), where S,(R) is the space of all
even Schwartz functions on R. On this space, the Hankel transform
is well-defined and an isomorphism. Let f € S, such that H,(f,r) =
r**1/2 for r € (0, 1), we conclude, by Sonine’s integral [58, p. 373], that

where

y Jy r
B (f.1) = A@9) 2,

In this manner we have

JV—&-&—H(T)

r“Bf’”(f, r) € LP((0,00),dr) = r® sy

€ LP((1,00),dr)

and )
aJI/ (S 1 r

—;.:SJ:rl/Q € LP((1,00),dr) < a<d+1—1/p.

The necessity of the inequality —d — Ilj < a can be deduced by a duality

argument.

5. Consequences of the Main Corollary

The first consequence we obtain from the Main Corollary in this
chapter is the convergence of the Bochner-Riesz means. It follows in a
standard manner by the density of our orthonormal system.

COROLLARY 2.7. Letv > —1, 0 > 0 and 1 < p < co. Then, for
every f € LP((0,1),r dr),

Rlim BYf=f in  LP((0,1),rdr)
if and only if (a,v,0) satisfy the ¢, conditions.

As we stated at the beginning of this chapter, the weighted conver-
gence of Bochner-Riesz means for Fourier-Bessel expansions is directly
related to the convergence of Bochner-Riesz means for the multidimen-
sional Fourier-Bessel series for radial functions. In this way, the result
of convergence obtained in Corollary 2.7 gives us the convergence of
BY%'f in LP (B?, dz) if and only if (8) is satisfied.

Partial sums and Bochner-Riesz means are particular cases of mul-
tipliers for the Fourier-Bessel series. Let m(r) be a bounded function
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in (s1,,00); we define the multiplier for the Fourier-Bessel function
associated with m by means of the identity

o

Tu(fir) = 3 mlsin)as ()5 ()

7"2 0
mR,(;(T) = (1 — ﬁ) s

+

For instance, taking

we have
for 6 > 0.

With the function mgs(r) = r=%, § > 0, we define the fractional integrals.
They are given by

B =3 Yooy, 50

v o,v
S, =Tn,,and By =T,

n meg,s»

With the function my(r) = e~ we obtain the Gauss-Weierstrass mul-
tiplier

(41) Hy(f,r) =Y e Sva;(f)gh(r),  t>0.
j=1

Finally, from here, we define the Poisson semigroup as

(42) P(f,r) =) e rai(f)gy(r), t>0.
j=1

The following lemma shows the relations among these operators.
From these relations and using the result in the Main Corollary (Corol-
lary (2.6)), we will obtain L? inequalities for these multipliers. Expres-
sions (43) and (45) relate the heat semigroup and fractional integrals to
Bochner-Riesz means. Identity (44) allows to express the Poisson semi-
group in terms of heat semigroup. This kind of relations are usually
called subordination formulas.

LEMMA 2.9. Let v > —1 and § > 0. Then, for f € L*((0,1),dr),
we have

o+1 0o
(43) H(f,r)= %/{) e_tR2R25+1Bg”(f, r)dR,
(44) Rt = o= [ S () i
and
_ 20 (%6 + 1) > o,v dR
(45) Fa(fﬂ“)—er—l)F@)/o By (fﬂ’)w-
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PRrOOF. To obtain (43) it is enough to show that

16) S ety 2600 % iR s g p 0 aR
( ) ZG (f)@]() (5+1> € R(f7,r)

J=1

and this follows immediately using the fact that

n 2\ ¢
s =% (1- %5 winem.

j=1

for s,, < R < Sp41., n € N, and Bf;;”(f, r) =0 for 0 < R < sp,.
Indeed,

/ e R B (f,r) dR
0
[ e 20+1 - (sj)? ’ v
:Z/ e "R Z 1- J7E a;(f)ei(r)dR
k=1 " Sk, j=1 +
0o 00 Skl , 2 )
=S aemX [ e (1)
j=1 s +

k‘:j k,v

with the change R? = z and taking into account the definition of
Gamma function, the last identity equals

+

Z T(6+ 1)t 0 e (55,

l\i)lr—A

and this yields (43).
In order to prove (44), we will use the formula

e —e s du
b

(for the proof of this equality, see [52, p. 6-7]). From here, and tak-
ing into account the definitions of Poisson semigroup (42) and heat
semigroup (41) it is easy to deduce the subordination formula (44).

Finally, identity (45) is obtained by multiplying (46) by ¢*/>~! and
integrating on (0, 00) with respect to t. Then we have

(47) / Ztﬁ/“-“w a;(f) e (x) dt

> 2t & P2 v
_/0 —r(5+1)/0 e~ RUFLBY(f r) dR dt.
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The left-hand side of (47) equals
= , v =51 —t(s0)? 1 [0 — a;(f)p](x)
Za](f)goj(x)/o t e dt_F(Z)Z—(sj,,)‘s )
Jj=1 j=1 )

Applying Fubini’s theorem to the right-hand side of (47) gives

2 o o 2 38
e R25+1B57V / —tR t2 dt dR
r(5+1)/0 wlfor) e
(R +1) >~ dR
Sl RNy - LU e
r(+1) /0 n o) g
Now, with the two previous identities, (46) is obtained. O

We can state, for the fractional integrals, the following corollary:

COROLLARY 2.8. Letv > —1,0 > 0 and 1 < p < oo. Then, if
(a,v,0) satisfy the c, conditions, the inequality

[ Fs(f, T)||Lp((o,1),dr) <C ||7’af(7“)||Lp((o,1),dr)
holds, with a constant C' independent of f.

PROOF. In order to obtain the proof of this corollary, we use (45),
Minkowski’s inequality and Corollary 2.6. In this way, taking into ac-
count that Bf%’”(f, r) =0 when 0 < R < s1,,

> dR

a a 6,11 —_—
1r F5(f, )|l ro.yar) < Cllr" By (f, ”me%dﬂ/ Rov

81,

*~ dR |, “
< C/S R+ | f(T)HLP((O,l),dr) <C|r f(T)HLP((O,l),dr) :

1,

g

The heat semigroup for the Fourier-Bessel series can be also treated
as follows:

COROLLARY 2.9. Letv > —1 and 1 < p < co. Then

(48) | He(f, T)||Lp((o,1),dr) <C Hraf(r>||LP((O,1),dr) J

with a constant C' independent of t and f, if and only if the conditions
1 1 1 1

4 - — — 1—- =

(49) , (V+2)<a< p—|—<1/+2>

hold.

PROOF. The proof of this result is obtained by using Corollary 2.6
and identity (43). For each p, let us take a value for § such that (a, v, d)
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verify the conditions c,. So,

[ Hy(f, 7)|| e ((0,1),dr)

< 21011 / > 641«22 R26+1
“\rg+1/ J,

<o (2 g [ e an
< T +1) LP((0,1),dr)
<C ||7"af(7’)||Lp((o,1),dr)

where we have used Minkowski’s inequality and (19), which follows
from (49) and our choice of 0. Necessity of conditions is obtained as in
Corollary 2.6. 0

r* B (f,r) dR

Lr((0,1),dr)

In the end, we have the following result concerning the Poisson
semigroup:

COROLLARY 2.10. Letv > —1 and 1 < p < oco. Then

(50) 17 PeCfs ) o 0.0y.am) < C NSO 20,0y, -
with a constant C independent of t and f, if and only if
(51) —l—(i/+l)<a<1—l+<y+1>

p 2 p 2
hold.

ProOF. To prove the result, we take the subordination formula
(44) and make the change of variable ﬁ =2, S0

—t2/ 4z)

Pt 7T 2\/—/ 23/2 fT’)

Now, using the definition of Gamma function and (48), (50) follows
from conditions (51). The necessity of these conditions follows again as
in Corollary 2.6. U

6. Weak type inequalities for p =1

Our estimate for the kernel K ;Zg” can be used to obtain more inequal-
ities for the Bochner-Riesz means. For example, we can show weak type
inequalities for p = 1.

Now, for a nonnegative weight u, we consider the following set of
conditions:

(52)
brsye u(r)xu/ry(r) U, (Rr)
sup su -] —=——""—"dr | | esssu < 00,
o<k 0251 (/s (T> Roro+t ) e ulr)
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S

(53) sup sup svt1/2 (/ U(T)X(OA/R)(T) dr)
0

0<R 0<s<1
X | esssup R”+1/2‘5X[4/R71)(r) < 0
re(s,l) oty (r) ’

1) s s ([ (5) e oxm ()

0<R 0<s<l s
v+1/2—06

X | esssup ey XWRJ)(T) < 00

re(s,1) r5+1u(fr') ’

s Xja/r,1)(T)
(55) sup sup (/0 w(r)Xpa/r1)(T) dr) (esssup W) < 0,

0<R 0<s<1 7‘6 r1
(56)
) ) s ,r,u+1/2
sup B2V |r 2 x 0./m) (P Lo (,1)un(ryar) SUP ——— < 00.
0<R 0<r<4/R u(r)

In (52) and (54) we suppose that there exists a positive a such that
the quantity is finite.

This time, we will take into account some results about the Hardy
operators H, and Hy that were defined in (15) and (16). The three
following results are the corresponding ones to Theorems 2, 4 and 5
from [1]. Note also that the interval considered therein is (0, 00), but
we use the interval (0, 1) without affecting the result.

THEOREM 2.11. Let 1 <p<qg< oo andn > 0. There is a finite C
for which, for all A > 0,

1/q \p
C 1
Ulr)d S5 PV(r)d
(AO<T<1Z|Hn(f7r)>A} (T) T) < )\ (/0 |f(r>| (T) T)

1s true if and only if
(/ V(r)_v%l dr) "< 00,
0

1 (0%
0<s<1 \Js \T (s
for some a > 0.

THEOREM 2.12. Let 1 <p < qg< oo andn > 0. There is a finite C
for which, for all X > 0,

1/a C 1 1/p
/ Uryar| << ( / PV () dr)
{o<r<L:|Hy(f,r)|>A} A 0

1s true if and only if

sups"(/U ) </V pld'r’) < 00.
0<s<1

Q=
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THEOREM 2.13. Let 1 < p < qg< oo andn < 0. There is a finite C
for which, for all A > 0,

1/a C 1 1/p
( / U(r)dr> < ([ vorvea)
{0<r<L:|Hy (fr)[>A} 0

1s true if and only if
1 ) -
</ V(r) 71 dr) < 00,

S o U
sup </ (Z> ﬁ dr)
0<s<1 \Jo \S rid
for some a > 0.

Once again, we can reach uniform weighted weak type inequalities
by including a proper supremum in the conditions given in the results
above. With a slight modification of the proofs of Theorems 2, 4 and 5
in [1], we can show the following:

Q=

PROPOSITION 2.14. If1 <p<qg< oo, n >0 and

1 S\ @ UR(T) % s ) .
o d V 1 (
?Dgpo OS<1511<)1 (/s (7‘) rng T) </0 r(T) 7") < 00,

for some a > 0, then the inequality

l/q C 1 1/p
/ Un(rydr] <€ ( [ 1PVt dr)
(0<r <L) Hy (£.1)| 52} A \Jo

holds for all A > 0, with a constant C' independent of R.

=

PropPoOSITION 2.15. If1 <p<qg<oo,n >0 and

1 L

s q 1 Y
sup sup s " </ Ur(r) dr) (/ VR(T)_TL dr) < 00,
R>00<s<1 0 s

then the inequality

1a C 1 1/p
/ vatar) < S ([ 1rorvaea)
{0<r<L:[H (fr)|>A} A 0

holds for all A > 0, with a constant C' independent of R.

PROPOSITION 2.16. If1 <p<qg< o0, n <0 and

1
ol

S r\a UR(T) % /1 . -
- d ‘/ p—1 d
?—?}ipo OS<1;I<)1 (/O <5> rna T) ( \ R(T) r < 00,

for some a > 0, then the inequality

1/q C 1 1/1)
/ Unrydr) <€ ( | 1sorvae) dr)
{0<r<L|H3 (/1) >7} A \Jo

holds for all A > 0, with a constant C' independent of R.
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From these statements, we have that condition (52) is sufficient for
the inequality

o ()Xo () dr
{0<r<Li|Hs 1 (f,r)|>A}
c [ Rou(r)

< — d A>0

<5 [ 1o
to hold with C independent of R; this follows from Proposition 2.14
taken with p = ¢ =1, 7 =0+1 > 0, Up(r) = w(r)xu/r1)(r) and
Vr(r) = R, (Rr)~tu(r) for r € (0,1). The conditions (53) when
v € (—1,-1/2] or (54) when v € (—1/2,00) are sufficient for the
inequality

5 [ u(r )Xoy (r) dr
{0<T‘<1:‘Hi(y+1/2) (f,?”)|>)\}

O 1
< X/ | ()| R Y20 (1) Y ray (1) Ay A >0
0

to hold, with C' independent of R. In this case this follows from Propo-
sition 2.15 and Proposition 2.16 taken withp =¢=1,n= —(v+1/2),
Ur(r) = u(r)x(4/r)(r) and Vr(r) = RO +F1/2p5Hy(r)y i r 1 (r) for
r € (0,1). The condition (55) is sufficient for the inequality

(59) / U(T)X[4/R,1)(T) dr
{0<r<1:|H*(f,r)|>A}

C 1
< X/ |f(7”)|R§7"5+1U(T)X[4/R,1)(7“) dr, A>0
0

to hold with C independent of R; this follows from Proposition 2.15
taken with p = ¢ = 1, n = 0, Ur(r) = w(r)Xu/r1)(r) and Vgr(r) =
Ror  u(r)xja/ra)(r) for 7 € (0,1). Finally, the condition (56) will be
used to treat the operator in the region A;.

In this case of p = 1, condition (13) is written as

(60) sup ! ( / ") dr) esssup u(r)~! < oo,

O<w<v<min{1,2w} U — W w re(w,v)

and it is necessary and sufficient for the weighted weak type (1,1)
inequality

1
o) u) <5 [ 1@)dn x>0
{0<r<L|M(f.r)[>A} A Jo

to hold, see [42, Section 6].

THEOREM 2.17. Let v > —1, 6 > 0, and u(r) be a weight on (0,1)
that satisfies the conditions (52), (55), (56), (60), and (53) for v €
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(—1,—1/2] or (54) for v € (—1/2,00). Then

1
/ u(r)dr < g/ lf(M)|u(r)ydr, X>0,
(0<r <L BE (£.)>A) A Jo

for all f € L'Y((0,1),u(r)dr), with a constant C' independent of R
and f.

As it happens with the Main Theorem (see Theorem 2.5 and its
Main Corollary, 2.6), we can also obtain the corresponding result for
power weights.

COROLLARY 2.18. Letv > —1,6 >0 and R > 0. If

(62) —0—1<a<y,
and
(63) -1-(v+1/2) <a<v+1/2,

forv# —1/2, or
(64) ~1<a<0,
forv=—1/2, then
C 1
/ r“drﬁ—/ |f(r)|r*dr, X>0.
(0<r <L BE (£.)>A) A Jo

PROOF OF THEOREM 2.17. Assume u(r) satisfies the assumptions
of the theorem. As in Theorem 2.5, the operator Bgy exists for f €
L'((0,1),u(r) dr) because the coefficients are well defined. In this case
this fact is a consequence of condition (52).

Then, by Lemma 2.1, we obtain

/ u(r) dr
{0<r<1: |T3(f,r)|>A}

<C u(r)Xa/r1)(r) dr
{0<r<1: 7=+ (/2 0, (Ry) R=9|f(y)| dy>\}

<C / u(r)Xu/ry) (r) dr.
{0<'r"<1: H5+1(\I’u(Ry)R76|f(y)‘uT)>>‘}

So, using (57), which is possible by condition (52), we get

1
/ urydr < € / £ () dr.
{0<r<1: |T3(f,r)|>A} A 0
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The inequality for T} required a thorough analysis. From Lemma 2.1,
it is obtained that

/{0<r<1: \T4(f,r)|>A}u<r) dr

< C/ X(0,4/R)(7")U(7") dr
{0<r<1: pr+1/2 frl RV+1/2=8| f(4)|y=(6+1) dy>A}

+C X[4/R,1)(7’)U(7’) dr
{0<r<1: [! R=0y=(+D)|f(y)|dy>N}

< C’/ X(0,4/R)(7”)U(7“) dr
{0<r<1: H*

(1) (B H270y=CFD f () r) >}

+ C/ Xia/r,) (1)u(r) dr.
{0<r<1: H*(R=Sy= 0+ f(y)|,r)>A}

Now, with (53) for v € (—1,—1/2] and (54) for v € (—=1/2,00), we can
apply (58) to have

/ X(0,4/r)(T)u(r) dr
{0<r<1: H* () o (RVH1/270y=CHD| f(y)],r)>A}

C 1
<5 [ v

To complete the estimate for Ty, we consider (59), which follows from
(55), to conclude that

C 1
X/r (r)u(r) dr < /0 | £ (r)u(r) dr.

The corresponding inequality for T5(f,r) and T5(f,r) follows from (60)
as in the proof of Theorem 2.5 by taking into account (61). Finally, for
the case of Ti(f,r), by using Holder’s inequality,

/{O<r<1: H*(R=%y= @[ f(y)[,r)>A}

[ sy e gy
0

1
v+35

1 v
< Cr'P 2 R |lu(y) FW)|| b o,1),dy)  SUD
0<y<4/R u(y)

then
/ u(r) dr
{0<r<1: |Ty(f,r)|>A}
_ Y sl
< CATRED |10 2 x0 0.4y (1) || poe ((0,1) () i)

1
vt3

<

X lu(y) f W)l o),ay)  SUP < COX w(y) F W) L2 0.1),y)

0<y<4/R U(y

~—

where we have applied (56). O
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PrROOF OF COROLLARY 2.18. It can be checked easily that (62)

and (63), for v # —1/2, and (62) and (64), for v = —1/2, imply
conditions (52), (53), (54), (55) and (56). The condition (60) holds for
any a € R. U

7. Almost everywhere convergence

Another interesting question to be dealt with is the almost every-
where convergence of the Bochner-Riesz means and Gauss-Weierstrass
summability method for functions in L?((0,1), dr).

To treat this question we need to analyze LP((0,1),dr) inequalities
for the maximal operator

B (f,r) = sup
R>0

By (f.7)].
The ultimate purpose is to prove that, for 6 > 0
lim By (f,r) = f(r)

for almost every r > 0 and f € LP((0,1),dr).
First, we will prove an inequality of the form

(65) ||raBé7y(f7 7“) HLP((O,l),dr) S C HTaf(T) HLP((O,l),dr)

for 6 > 0,1 < p < oo. Besides, a weak type result for [B®(f,r)| will
be proved for p = 1. As an immediate consequence, we obtain a result
of almost everywhere convergence for our means.

Muckenhoupt and Webb, in [39], give inequalities for Cesaro means
of Laguerre polynomial series and for the supremum of these means
with certain parameters and 1 < p < oo. For p = 1, they prove a weak
type result too. They also obtain similar estimates for Cesaro means
of Hermite polynomial series and for the supremum of those means
in [40]. In both of them, an almost everywhere convergence result is
obtained as a corollary. The result about Laguerre polynomials is an
extension of a previous result in [53]. This kind of matters have been
also studied by Ciaurri and Varona in [21] for the Cesaro means of
generalized Hermite expansions.

In order to obtain our result about almost everywhere convergence,
we will recall the ¢, conditions, but this time we need some extra con-
ditions in the end points. For each v > —1,6 > 0 and 1 < p < oo, the
parameters (a, v, 0) satisfy the ¢, conditions if

(66) a>—-1/p—(v+1/2) (> if p=0),
(67) a<l-=1/p+v+1/2) (L ifp=1),
(68) a>—0—1/p (> if p=00),
(69) a<l+d—1/p (< ifp=1).

The main results in this section are the following:
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THEOREM 2.19. Let v > —1,9 >0 and 1 < p < oo. Then
(70) HTGB(SV f r HLp (0,1),dr) CHT f( )“LP((O,l),d'r)7

with a constant C independent of f, if the parameters (a,v,d) satisfy
the ¢, conditions.

Note that, in the case of 1 < p < 00, the ¢, conditions are also nec-
essary. The necessity in Theorem 2.19 is immediate, since (70) implies
(19), and the conditions ¢, are necessary for (19), as can be seen in
Section 4.

THEOREM 2.20. Ifv > —1,0 > 0, (a,v,0) satisfy the ¢; conditions
and
Ex={re(0,1):rB"(f,r)] > A},
then

C a
[ < S 1o
holds with C' independent of f and .

As an immediate consequence of Theorems 2.19 and 2.20 we have
the following:

COROLLARY 2.21. If1 < p < oo, v > —1,8 >0, (a,v,0) satisfy
the ¢, conditions and

17 F P 2o 0.1).am) < 095
then
lim By (f,r) = f(r)
for almost every r > 0.
Theorem 2.20 and the sufficiency of Theorem 2.19 will follow by

showing that, if 1 < p < oo,
(71)

1
sup [y e UG ()l ), d

<C Hf(T)HLp((o,l),dr)
R>0.J0

Lr((0,1),dr)

holds for 7 =1, 3,4, and that

1
(72) QAMWW?WMWMMﬂACMMW

for j = 2,5, where M is the classical Hardy-Littlewood maximal func-

tion of f,
o UL

and C' is independent of R and f . These results and the fact that M
is (1,1)-weak and (p,p)-strong if 1 < p < oo complete the proofs of
Theorem 2.20 and Theorem 2.19.

M(f,r) —sup
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The proof of (72) follows from the given estimate for the ker-
nel K% (r,y) and y~** ~ C in Ay U As. In the case of Ay, from
|Kg”(r, y)| < CR we deduce easily the required inequality. For Aj the
result is a consequence of ¥, (Rr)V, (Ry) < C and of a decomposition of
the region in strips such that R|r —y| ~ 2%, with k = 0,..., [log, R] —1,
as was done in the proof of Theorem 2.5.

In this manner, to complete the proof of Theorem 2.19 and 2.20 we
only have to show (71) for j = 1,3, 4 in the conditions ¢, for 1 < p < oco.

To prove (71) for j = 1,3,4 we will use an interpolation argument
based on six lemmas. These are stated below. They are small modifi-
cations of the six lemmas contained in Section 3 of [39] where a sketch
of their proofs can be found.

LEMMA 2.10. Let&y > 0. If w < —1, w4+t < —1 and w+s+t < —1,
then, for p =1,

X (1o0)(r) SIp € /é J1f ()] dy

§o<&<r

< UL 2o (0,00),dr)

LP((0,00),dr)

with C independent of f. If w <0, w4+t < -1l andw+s+t < —1
with equality holding in at most one of the first two inequalities, this
holds for p = oco.

LEMMA 2.11. Let & > 0. Ift <0, w+t < =1 andw+ s+t < —1,
with strict inequality in the last two in case of equality in the first, then,
forp=1,

X () sup € / y1£ ()] dy
Eo<EL<r r

< CNF 2o ((0,.00).ar)
LP((0,00),dr)

with C' independent of f. Ift < -1, w+t< -1l andw+s+t < —1,
this holds for p = cc.

LEMMA 2.12. Ifs <0, s+t <0 and w+ s+t < —1, with equality
holding in at most one of the last two inequalities, then, for p =1,

3
X0 (1) D / y £ ()] dy <N romeran

LP((0,00),dr)

with C' independent of f. If s <0, s+t < —1 and w+ s+t < —1, this
holds for p = co.

LEmMmA 2.13. Ift <0, s+t <0 and w+ s+t < —1, with strict
inequality holding in the first two in case the third is an equality, then,
forp=1,

X [1,00) () sup £ / y'[f(y)l dy < O pe(0,00),ar)
g2rJ¢ LP((0,00),dr)

with C independent of f. Ift < =1, s+t < -1l andw+s+t < —1,
this holds for p = oo.
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LEMMA 2.14. If s <0, w+s < —1 and w+ s+t < —1, then, for
p=1,

r%mwwws/wwm@
&or 1

<C ||f(7‘)||Lp((0,oo),dr)
LP((0,00),dr)

with C independent of f. If s <0, w+s <0 andw+ s+t < —1, with
equality holding in at most one of the last two inequalities, this holds
for p = .

LEMMA 2.15. Ifw < =1, w+s < =1 and w+ s+t < —1, then,
forp=1,

£
7 X[1,00) (1) SUP 55/ v\ f(y)| dy
1<¢<r  J1

<C Hf(T>HLP((O,oo),dT)
LP((0,00),dr)
with C' independent of f. If w <0, w+s <0 and w+ s+t < —1,
with equality in at most one of the last two inequalities, this holds for
p = 00.

We are going to proceed with the proofs of the inequality (71) for
regions A, As and Ay. The results we will prove are included in the
following:

LEMMA 2.16. Ifv > —1,6 >0, R > 0, j = 1,3,4 and (a,v,9)
satisfy the ¢y conditions, then (71) olds for p =1 with C' independent
of f.

LEMMA 2.17. Ifv > —1,6 >0, R > 0, j = 1,3,4 and (a,v,9)
satisfy the cs, conditions, then (71) holds for p = oo with C' independent
of f.

COROLLARY 2.22. If 1<p<oo,v>—-1,0>0, R>0, (a,v,0)
satisfy the ¢, conditions and j = 1,3,4, then (71) holds with C" inde-
pendent of f.

ProOOF OF COROLLARY 2.22. It is enough to observe that if 1 <
p < oo and (a,v,0) satisfy the ¢, conditions, then (a — 1+ 1/p,v,0)
satisfy the ¢; conditions. So, by Lemma 2.16

1
sup / y TP R KO () X, (1, ) | f ()] dy
> 0

L1((0,1),dr)
<C Hf(r>||L1((0,1),dr) )

and this is equivalent to

ro Lo dr
/FMWW/WMWMMWWUW—
0

R>0.J0

SCAaWWM@

r
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where j = 1,3,4. Similarly, (a + 1/p,v,0) satisfy the ¢, conditions.
Hence, by Lemma 2.17,

1
rati/p Sup/ |Kféy(7‘v )lxa, (ry)|f(y)l dy
R>0.Jo

L>((0,1),dr)

<C Hra+1/pf(r) HLoo((o,1),dr) .

Now, we can use the Marcinkiewicz interpolation theorem to obtain
the inequality

1 1 P
y dr
[ (s [ el ol sl )
0 R>0.J0 r
1
d
<c [ o)
0 r
for 1 < p < oo and the proof is finished. O

We will prove Lemmas 2.16 and 2.17 for A;, j = 1,3 and 4, sepa-
rately.

PROOF OF LEMMA 2.16 AND LEMMA 2.17 FOR A;. First of all,
we have to note that Bf{;”(f, r) =0 forin 0 < R < s;,, where s, is
the first positive zero of J,. In this manner, using the estimate (24),
the left side of (71), in this case, is bounded by

C ra+y+1/2X[0,1} (T‘)

4/R
% sup R2(V+1)/ y—a+u+1/2|f(y)| dy
0

s1,y<R<4/r

LP((0,1),dr)

Making the change of variables r = 4/u and y = 4/v, we have

9

X sup RQ(”H)/ vaf(’”r%)*%%g(v)dv
Lr((0,00), du)

SLVSRSU R

where [|2| 15(0,00).4) d€nOtes the LF norm in the variable u, and

g(v) = v P|f(v7h)].

Note that function g(v) is supported in (1,00) and || g zr((0,00),du) =
|| fllr((0,1),ar)- This notation will be used through the section. Now,
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splitting the inner integral at u, we obtain the sum of

—a—v—-1-2
(73) C||u 277 X[4,00) (1)
X sup R2(”+1)/ VDT g(0) do
51,0 <R<u R LP((0,00), du)
and
—a—v—%-2
(74) C|lu™ ™27 p x40 (w)

X sup RQ(V+1)/ Ua—(u+§)—2+%g(v)dv

Sl,VSRSu

LP((0,00), du)

From Lemma 2.10 we get the required estimate for (73), using condition
(66); for p = 1, this must be strict. Lemma 2.11 is applied to estimate
(74), there we need condition (67), and it must be strict for p = oo.
This completes the proof of Lemmas 2.16 and 2.17 for j = 1. O

PROOF OF LEMMA 2.16 AND LEMMA 2.17 FOR Aj. Clearly, the
left side of (71) is bounded by

r/2
C |l xuma(r) sup / VK ) 1 ()| dy
0

4/r<R

Lr((0,1),dr)

Splitting the inner integral at 2/ R, using the bound for the kernel given
in (24) and the definition of ¥,, we have this expression majorized by
the sum of

2/R (Ry)v+1/2y—a
(75) rXjo,1)(r) sup / f (y)lwdy
4/r<R J0 y Lr((0,1),dr)
and
r/2 f —a
" YNy
(76) rXp,1(r) sup / %dy
4/r<RJ2/R ]r—y\ LP((0,1), dr)

For (75), taking into account that |r — y| ~ r in Aj, the changes of
variables r = 4/u, y = 2/v give us

o0+ -2

C P X[4700) (U)

X Sup R—5+(l/+1/2)/ U—(V+1/2)+a+%—29<v) dv
u<R R

LP((0,00), du)
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Lemma 2.13 can be used on here. The required conditions for p = 1 are
(67) and (69). For p = oo the same inequalities are needed but they
must be strict.

On the other hand, in (76), using again that |r—y| ~ r, by changing
of variables r = 4/u and y = 2/v we have

R
C u_“+(5+1)_%X[4,oo)(u) supR‘;/ va+%_2g('u) dv
2u

u<R

LP((0,00), du)

R
< CHUG+(6+1)’2’X[4,00)(U) sup R—(S/ Ua+%72g(’0) dv

LP((0,00), du)

Lemma 2.12 can then be applied. For p = 1, we need § > 0, which
is an hypothesis, and (69). For p = oo the inequalities are the same,
with the requirement that (69) is strict. This completes the proof of
Lemmas 2.16 and 2.17 for j = 3. U

PROOF OF LEMMA 2.16 AND LEMMA 2.17 FOR A,. In this case,
the left side of (71) is estimated by

C

1
" X[0,1/2] (1) sup / YUK (r )| | f ()| dy

R>4 Jmax(4/R,2r)

Lr((0,1),dr)

To majorize this, we decompose the R-range in two regions: 4 < R <
2/r and R > 2/r. In this manner, with the bound for the kernel given
in (24) and the definition of ¥,, the previous norm is controlled by the
sum of

¢ £ ()]

rx 0,1/2 (7“) sup
[0,1/2] 4R st‘r _ y[‘”l

4<RZ2/r

1 —a
7"X[0,1/2)(T") Sup/ Mdy

R>2/r Jor Ro|r — gyt

1 R v+1/2, —a
/ (Rr)" 2y d

LP((0,1), dr)
and

C

LP((0,1), dr)
Next, using that |r — y| ~ y in A4, the changes of variables r = 2/u
and y = 1/v control the previous norms by

(77) Cllu 5y ()
R4
s R_5+(”+2)/ D g4y gy
4<R<u 1 LP((0,00), du)
and
(78)

C ufaf% R v/ a+2—-2+4(6+1) d
X[4,00) () sup v g(v) dv
1

R>u

LP((0,00), du)



66 2. CONVERGENCE OF B-R MEANS FOR F-B EXPANSIONS

In (77), we use Lemma 2.15; for p = 1, conditions (66) and (68) are
needed, they must be strict; we need the same for p = oo without those
restrictions. For (78), Lemma 2.14 requires the hypothesis 6 > 0 and
condition (68) for p = 1 and the same for p = oo, with strict inequality
for (68) in the case p = 1. This proves Lemmas 2.16 and 2.17 for
j=4 0

With this, we finish completely the proof of Lemmas 2.16 and 2.17.
Recall now that the heat semigroup for Fourier-Bessel expansions
is defined, for ¢ > 0, by

o

Hy(f,r) Zze‘“i“ /0 f)es (r)e} (y) dy.

We define the maximal operator by
H(f7 T) = sup ’Ht(fa T’)l .
>0

Weighted inequalities for H are consequences of the results obtained for
B% because, using the subordination formula in Lemma 2.9, we have

[H(f.n)l < C[B™(f.r)].

From Theorems 2.19 and 2.20 we will show some estimates for the
supremum of H;. An immediate consequence of these inequalities will
be an almost everywhere result for this operator.

COROLLARY 2.23. Letv > —1 and 1 < p < oo. Then

[r“H(/, T)||Lp((0,1),dr) <C ||7"af<7’)HLp((0,1),dr) ’
with a constant C' independent of t and f, if the conditions (66) and
(67) are satisfied.

COROLLARY 2.24. If v > —1, the conditions (66) and (67) are
satisfied, for p =1, and
Ny ={r e (0,1) : r*[H(f,7)| > n},
then
| ar<Siesol
TS — || r 1 -
N, 0 L1((0,1),dr)
holds with C' independent of f and p.
COROLLARY 2.25. If 1 < p < o0, v > —1, (66) and (67) are
satisfied and
17 F ) Lo 0,1),am) < 005

then
lim H,(f,r) = f(r)

t—0
for almost every r > 0.
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In previous Section 5 it was shown that, for 1 < p < oo,

| He(f, 7”)“Lp((0,1),dr) <C ||Taf(r)||LP((0,1),dr) J

if and only if the conditions (66) and (67) are satisfied. In this manner,
we have that the conditions are also necessary in the case 1 < p < o0
for the inequality in Corollary 2.23.

The proofs of Corollary 2.23 and Corollary 2.24 are deduced from
the identity (43), shown in Section 5,

H(f,r) = . / et g o (f,r)dR.
’ LE+1) Jo R

From this fact we obtain that
sup |Hy(f,r)| < C'sup By (f,7)]
>0 R>0

for any > 0. Now, to finish we choose a ¢ such that the conditions

(68) and (69) are satisfied and we use Theorems 2.19 and 2.20.
Corollary 2.25 follows from Corollaries 2.23 and 2.24 in the same

way that Corollary 2.21 was obtained from Theorems 2.19 and 2.20.






CHAPTER 3

Littlewood-Paley-Stein g,-functions for
Fourier-Bessel expansions

1. Introduction

In this chapter, we define and study gg-functions related to the Pois-
son semigroup of Fourier-Bessel expansions, for each k > 1. Mainly, it
will be proved that these gi-functions are Calderén-Zygmund operators
in the sense of the associated space of homogeneous type, hence their
mapping properties follow from the general theory.

For our convenience, we are going to introduce a new orthonormal
system. We will take the functions

¢V( ) = ]VS;C/Q‘] (Sj,uT)T_V, n=12 ...,
with d;, = —»Y2_ These functions are a slight modification of

|5t/ g1 (s5,0)]
the functions that we have been using up to now but they are more
appropriate to obtain our target in this chapter. Moreover, this sys-
tem is directly related to the multidimensional Fourier-Bessel system
when reduced to radial functions. The system {¢7};>; is a complete

orthonormal basis in L?((0, 1), du,) where
dp, (1) = rdr,

Furthermore, the functions {¢}};>1 are eigenfunctions of the second
order differential operator
& 2w+1d

L,=—— =
dr? r dr

with the corresponding eigenvalue s2,. The Fourier-Bessel expansion

of a function f is

Jv

f= i%‘(f)(b

J=1

where a;(f fo y) du, (y) provided the integrals exist.
For t > O the correspondmg Poisson semigroup, P/ f is defined by

(79) Prf=Y e'urai(f)gy,  feL((0,1),dp,).
j=1

69
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We can write (79) in the form

PY(r) = / P () £ (9)dpo ()

where the kernel PY(r,y) is given by
By (ry) =) e 0 (r)] ().
j=1

In order to simplify our computations, we make a change of variable
e”' = u and, using that s;, ~ j, from now on we will take i~ as 7,
0 < u < 1; in this way, we write (79) in the form

PYi(r) = / P2 (r,y) () (9)

where the kernel P(r,y) is given by

o

Pu(r,y) =Y ey (r)e) (y).

Jj=1

We now define the g, functions, for each integer &k > 1, by

1 k 2 2%—1
0 1 du
2 v
s = —_ P ]. - )
(g(f: 7)) /0 (“au> oS () <0g u) -
where (u% * means that we are applying k times the operator u%.

Note that our definition of gp-function is inspired by the definition of
Thangavelu in [55, Chapter 4] after the change of variable e™* = u
(to be precise, Thangavelu works with the heat semigroup for Hermite
expansions).

We denote by Ay = A¥((0,1),du,) the Muckenhoupt class of A,
weights on the space ((0,1),du,, | -|), where | - | denotes the Euclidean

metric. More precisely, Ay is the class of all nonnegative functions w €
LL ((0,1),dpu,) such that w=?/? € L ((0,1),du,) and

loc loc

0 (s o) (s o ranan)” <o

where Z is the class of all intervals in ((0,1),]- ).
With the previous notation, the target of this chapter is the proof
of the following theorem:

THEOREM 3.1. Let w € Ag, 1 < p < 0. There exist two con-
stants Cy and Cy such that, for all f € LP((0,1),wdu,), the following
inequalities are valid for each k > 1:

B0) Crllf ooy mwdu) < N o0y wam) < Co Il oo0.1)0dpn) -
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2. The g,-functions as vector-valued Calderén-Zygmund
operators

The proof of Theorem 3.1 is an application of the theory of vector-
valued Calderén-Zygmund operators defined on spaces of homogeneous
type. Now, let us introduce some concepts to fix the setting in which
we are going to work.

Following [13], a space of homogeneous type (X, i, p) is a set X
together with a quasimetric p and a positive measure p on X such that
for every z € X and r > 0, u(B(x,r)) < oo, and such that there exists
0 < C < oo verifying that u((B(z,2r)) < Cu(B(z,r)); ie., pis a
doubling measure.

Given v > —1, we shall work on the space (0, 1), equipped with
the measure dy, and with the Euclidean distance | - |. Since du, pos-
sesses the doubling property, the triple ((0,1),du,,| - |) forms a space
of homogeneous type.

For B a Banach space, we say that a kernel K : X x X \{(r,7)} — B
is a standard kernel if there exist ¢ > 0 and C' < oo such that for all
ry,z € X (r#y), with p(r, z) <ep(r,y), then

C
(81) 1Kl < e
and
(82)
|K(r,y) = K(z,y) e+ | K(y,r) — K(y,2)|[g < C p(r,z)

p(r,y)(B(r, p(r,9)))

hold. Thus, a vector-valued Calderén-Zygmund operator with associ-
ated kernel K is a linear operator T' bounded from L?*(X,du) into
L2(X,du) such that, for every f € L*(X,du) and r outside the sup-
port of f,

Tf(r) = /X K(r.9)(y) dp.

It is known that any vector-valued Calderén-Zygmund operator as
above is bounded from LP(X,wdu) into Ly (X, wdp), for 1 < p < oo
and any weight w in the Muckenhoupt type class A,(X, du), see [50].
The weights in A,(X,du) are nonnegative functions w € L (X, dp)

loc
such that w € LP/P(X, dy) and

loc

sup (s [wtnan) (o [ w(rrp’/pdu(r))p/p/ < oo,

where B is the class of all the balls in (X, p).
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The g,-functions can be seen as vector-valued operators taking val-
ues in a Banach space. For each integer £ > 1, we consider the space

2k—1
Bk:L2(®JL(bgl> f@).
u u

and the vector-valued kernel

a\*
Gu,k(ra y) = (U%) PZ(Tv y)
Defining

1
Gus (1) = [ Guntro) () din 1),
0
clearly, the identity

gi(for) = | Gupf (r)]|z,

holds. To prove that operator G, f(r) is bounded from L?((0,1), duw,)
into the space Lg ((0,1),dp,) it is enough the result contained in the
following lemma where it is established that gi-functions are isometries

in L2((0. 1), dp,).
LEMMA 3.1. For each k > 1 and f € L*((0,1),du,) one has
||gk(f)||3,2((0,1),d,uy) = 272kr<2k) HfH%Q((O,l),du,,) .

PROOF. The proof works the same as in [55, Theorem 4.1.1] after
a change of variable. O

In this way, showing the inequalities

C
83 Gur(r,y)ls, <
) |Goalrslsn = B =)
and

C
(84) HvT,yGu,k(T’ y)”Bk <

7 =yl (B(r, [r = yl))
(note that (83) and (84) imply (81) and (82)), we have the following
proposition:

PROPOSITION 3.2. For each k > 1, Gyrf(r) is a vector-valued
Calderon-Zygmund operator taking values in By.

PROOF OF THEOREM 3.1. The direct inequality. Observe that

9e(f,r) = [|Gurf(r) |5,

Therefore, the boundedness of gx(f,r) in LP((0, 1), w du, ) is equivalent
to the boundedness of the operator G, from LP((0,1),wdu,) into
L, ((0,1),wdp, ). By Proposition 3.2, G, is a vector-valued Calderén-
Zygmund operator. Thus, by the general theory, for any 1 < p < oo and
w € Ay, Gy is bounded from LP((0,1),w dp,,) into Ly ((0, 1), w dpu,).
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The reverse inequality. By polarizing the isometry

||gk(f)||2L?((0,1)7duu) = 2_2kr(2k) ||f||i2((0,1)yduu)

of Lemma 3.1, we obtain
22k
1) falr) dpo ()| = / / (106, )

« ((u%) PLA >> ((u%) PLA >) Y i),

which leads to the inequality
22k

| AR )] < o [ amoden e

Taking h(r) = w(r)'/? fo(r) we get

/ £ ()P fo(r) dyay ()

22k

< s [ ) ) ) di )

By applying Holder’s inequality then

/ £ ()P fo(r) dpay ()

<C ||gk(f1)||LP((0,1),wdu,,) ||gk(h)||LP'((O,1),w’du,,) J

with w’ = wT. Since if w € Ay then Wt € A7, and by the direct
part of (80), we have

Hgk<h)HLP’((O,l),w’duy) <C Hh“LP/((O,l),w’duy) =C HfQHLP/((O,l),duy) :

Therefore, we have the inequality

)P fo(r) dp, (r)

< CllgeC N oo, m ) 12l 20 (0,0), 10 -

Taking supremum over all f, with ||f2||Lp/( 0.1).duy) = 1, then

/ £ (P o) dp (r)

11l o 0,10 dpy = SUP
and we get

HfluLp((m),wdm,) <C H9k<f1>HLP((O,1),wdyy) :
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3. Technical lemmas

In this section we will develop several technical results that will be
useful to get the proofs of the estimates (83) and (84) in Sections 4 and
5. Many of the ideas and procedures in these three sections are taken
from [17].

Recall that the Bessel function J, satisfies

v

(85) Jl//(t) = ;‘]V(t> - Jqul(t)'

We will use the fact that

(86) Sjv = O(])v dj,u = O(1>

The following asymptotics will be used (see [31, p. 122]):
LA B

87 I(2) = Lo Dun Ha(2),

(87) V2, (2) %( o sin z + o Cosz)+ v (2)

where M = 0,1,... and [Hy(z)| < Cz=™*, 2 — co. On the other
hand,

(88) J,(z) = 0(z"), z— 0t
Poisson’s integral formula

1
(89)  J(2) = Cuat / (1= 22 cos(at) dt, v > —1/2,
0

will also be helpful.

LEMMA 3.2. Let v > —1, £ be a nonnegative integer and v be a real
number. Then each of the four functions

2 sin .
djvl’s.’;'/vl’ {COS} (Sj,,,(T:I:y)% J = 1727“‘7

can be written as the sum of terms of the form

I {Si“} (mj(r £ ) Eyaliir,y),

COS

where

and Ag(r,y), k =0,1,...,¢, and q

such that |Ax(r,y)| < C, |Qj(~£)(7“ay
constant C = C, 4.

~—

The lemma follows by taking 4 = v, m = j = 0 in [17, Lemmas
4.1 and 4.2] (the functions Ag(r,y) now incorporate some bounded
functions that appear in those lemmas).
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The following estimate will be used from now on with no additional
comments

1\ 1 0<u<1/2
90 log — <CR ’
(50) U<Ogu) - {(1—u)2k—1, 1/2<u<1.

By P, and @,, 0 < u < 1, we denote the usual Poisson and conju-
gate Poisson kernels,

1 . , 1 —u?
P,(r)= 3 + Zuﬂ cos(jr) = 5
=1

(1 —2ucosr + u?)’

usinr

Qu(r) ; u’ sin(jr) 1 —2ucosr + u?
Notice that for r # 2k7w, k € Z, lim, ;- P,(r) = %, lim, - Qu(r) =
1 cot(Zr).

LEMMA 3.3. For j =1,2,...,0<u <1 and 0 < |r| < 37/2, we
have

o J
(u%) P,(r)| < Cju

<u%)J Qu(r)| < Cju

PROOF. We have that ‘ (u%)j Pu(r)} or ‘ (ua%)j Qu(r)‘ has the form

wS;(u, )
(1 — u)? + 4usin? 5)9'*1’

where

. (1= w)? + dusin? ) 955087
Sﬁl(u,r)—u((l w)” + 4usin 2) o

+ ((1 — u)? + 4usin? g —2(j + 1)u(2sin® g —(1— u))) Sj(u,r)

and So(u,7) = (1 — w?) in the case of P, or So(u,r) = usinr in

the case @,. It follows inductively that S;(u,r) can be written as
the sum of terms of the form f(u,r)(1 — u)™sin®Z, where f(u,r)
is a bounded function and m + k > j + 1. From this, [S;(u,7)| <
C((1—uptt + |sinZ]7H1). O

REMARK 3.1. The result in the previous lemma allows us to obtain

estimates for ‘(ua%)j Pu(r)‘ and ‘(ua%)j Qu(r)‘ depending on w or r

separately. The exact bounds are

(v5) Par)| <l 0, |(u§u)]@u<r>

< Cylr|70*Y,
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and

J
‘ (u2> P.(r)| < Cju(l — u)_(j+1),

(ua%)] Qu(r)| < Cju(l —u)~UrY.

These results follow immediately using the previous lemma and the es-
timates

(1 —u)?™ + |sin 57 +1
(1 — w)? + 4usin® £)7+1 —
for1—u <|r| <3r/2, and
(1 —w)* 4 |sin L]+ < O(1 — )
(1 — w)? + 4usin® £)7+1 — ’

C’| | J+1

for0<|r|<1—u.

LEMMA 34. Fork>1, m=1,2,..., and 0 < |r| < 37/2, we have

/o1 <log %)2 (ZJ’”’” : {Sm} (jr)>2 d_s < opm

with a constant C' independent of .

PRroOF. Our task reduces to proving that

1 2k—1 k+m—1
) () ) e
0 u ou u

and the analogous for (u —)k+m ! Q.(r). We show the proof for P,,

the other one is obtained following the same reasoning. By Lemma 3.3,
the left hand side of the previous inequality is bounded by

! IN#7 (1 —w)krm | sin [ \? qy
(91) log — u 5 — |
0 u (1 —u)? + 4usin” 7) u
To estimate the integral (91) we decompose it into the intervals 0 <
u<1/2and 1/2 < u < 1. For the first one, using (90) we obtain that

/1/2 | 1 2k—1 (1 - u)k—i—m 4 |Sin%|k+m 2 du
0 %8 u((l — u)? + 4usin® )k+m u

1/2
<C’/ 1_0 du < C.

U 2(k+m) -

For the interval 1/2 < u < 1, using (90), taking into account that
sinr/2 ~ r/2, and applying the change of variable (1 —u)/|r| = w, we
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have

/1 o LY (L w  [sin g N d
O f— [R—
1/2 & u((l — u)? 4 4usin® §)k+m u
1 1 — w)k+m 4 | gip £|k+m \ 2
<C (l—u)zkl(( ) | 22r| > du
1/2 (I —u)? + 4usin® §)k+m
1

m m\ 2
~ / (1 o u)Qkfl (1 _ u)k+ + |T|k+ du
2 (= W+
1 1/(2lr)) whtm 1\ 2
— C 2k—1 dw < C —2m
|T|2m /0 w (wQ + 1)k+m W= ‘Tl

2
where in the last step we use that [~ w? ! <%> dw < oo. O

LEMMA 3.5. Let 0 < v < 1 and f be a 2mw-periodic function such
that |f(r)| < C|r|™7 for 0 < |r| < m. Then, the estimate
(1 —u)? + |sing|7

1
P, -
‘( 2) * ) ((1 = u)? + 4usin® L)
holds, with C = C,, independent of 0 <u <1 and 0 < |r| < 37/2.

< Cu

PROOF. It is sufficient to check that

1 (1—u)7—|—|sin§|7

(P = 5) * )l = Cr((l — u)? + 4usin® )7

for 0 < |r| < m/2; and |(P,—2)* f(r)| < Cufor m/2 < |r| < 37/2, with

constants independent of v and r. Since the periodicity of f allows the
hypothesized estimate |f(r)| < C|r|™ to hold for 0 < |r| < 37/2, the

proof of the first bound reduces to showing that

0 [

1 _
P,(y) — 3 lr £yl dy

—u) inZ)Y
< Cu (1 —u)” + (sing)

., O0<r<m/2
=N = w)? T dusin? L)y r<n/

To show (92) we split the region of integration (0,7) into three
parts, A = (0,7/2), B = (2r,m) and D = (r/2,2r) and we take into
account that

1 1—u
— u .
(1 —u)?+ 4usin® %
For the region A, we separately consider 1 —u <rand 0 <r <1 —u.
For the first case, the fact that

/W ul—w) 2

—r (1 —u)?+ 4usin® ¥ Y
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easily gives

/

(1—u)”+(sin 5)7
where we have used that ((17132%“8;;% 5~ (1_i+r)7, and 1 —u <r

(1 —u)Y + (sing)?
(1 —u)? + 4usin® L)’

1
P,(y) — 3 Ir £yl "dy < Cur™ < Cu

implies that ( 1 )_7 < Cr7. For the second case, 0 < r <1 —u, we
1—u+r

have that /2 < (1—u+7)/4, hence we enlarge the region of integration
to get

1—u+r
1 - 1 -
/ Pu(y)—§ r £y ”dyé/ Pu(y)—§ Ir £y dy
A 0
U e U
< +ylVdy < C——(1 — 1=y
<t [ s o)
u
<C—
(1= u+r)’

(1—u)7+(sin 5)7
1—u)244usin? £)7°

For the region B we also consider separately the cases 1 —u < r
and 0 < r < 1 — u. For the first one, we make the change of variable

t = m — y to obtain the integral

[ i -0
u r4 (7 —
0 (1 —u)? + 4ucos?

and the last expression is equivalent to C'u ((

and the bound is obtained as in the case 1 — u < r in the region A,

since
/7r u(l —u) 2mu

t= .
o (1 —u)?+4ucos? L 1+u

For the case 0 < r < 1 — u, we split the integral into two parts

1 _
/ Puly) = 5| Ir£yl™" dy
B
r4+(1—u) 1 B
- [ nw - gl a
2r
g 1 B
—i—/ P,(y)—=||r £yl dy = J1 + J.
r+(1—u) 2

First, we have
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On the other hand,

Jy < Cu/ r £yl 7dy < Cu(l —u+r)"",
r+(1—u)
and the result is proved for the entire region B because (1 —u+7)""7 ~
(1—u)Y+(sin £)7
((l—u)2+4using 5
In the region D, we have

1 1—u
P, ——|lrE£ylTdy < + 7d
/D (y) = 5| Ir £yl y_/L)u(l_u)+4US1n2ylr y| " dy
1—u
Cu r4+yl™7d
- (1 —u)? + 4y sin® §/| yI ™ dy
< Cu 1—u _y
(1 —w)?+ 4usin®%
1_ v
§0u< 5 = .2T> ;
(1 — u)? + 4usin® §
where we have used that ——-—%“—— < Cr~!. This bound for the

(1—u)?4-4usin® g
integral in D is enough for our purpose.
The proof for the region 7/2 < |r| < 37/2 reduces to showing that

v
0

The observation

1
P(y£r)— 5‘ dy < Cu, w/2<r <3m/2.

P,(r)

1 11— 2
< Cu R M
(1 — u)? + 4usin® § 1+u
implies that

fv
0

and the estimate follows since this last integral is bounded by a con-
stant, as was seen in [17, Lemma 3.2]. d

1 iy
P,(y£tr)— 5‘ dy < C’u/ y "P,(y +r)dy,
0

LEMMA 3.6. For k>1,~v>0, and 0 < |r| < 37/2, we have

1 1\ 2k-1 [ sin 2 du
_ k+y—1, 4 : - —2v
(93) /0 (log u) (;j U {COS} (]7‘)) " < Cr

with a constant C' independent of r.

PROOF. Fory =m, m = 1,2, ..., the result is contained in Lemma
3.4. To prove (93) for other values of v we are going to prove that for
each 0 > 1, the expression

= B-1 j Jsin| .
> {ondim
]:
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can be written as a finite sum of terms of the kind
(1 —u)®+ |sini]

u )

((1 — )%+ 4usin® §)°

With this estimate, proceeding as in Lemma 3.4, the result follows.

The following estimate is stated in [63, (13), p. 70, Vol. I]: for any
0<f<landO<|r|<3m/2

5 < 8.

= B—1 Jsin| .
S b
j=1

This, together with Lemma 3.5, shows that

00 . ¢ in T8
B—1, j Sln} . (1—U) +|Sln§|
¥ AT { (Jr)
COS
i=1

((1 — u)?+ 4usin® £)#
for 0 < B < 1.

Suppose now that m < § < m + 1 with m > 1. To simplify the
notation write

< Ov|r|_6'

< Cu

(94)

Sp(r) = Sa(u,r) ZuJ 7~Lsin(jr),

and

Cs(r) = Cps(u,r) Zuj 7L cos(jr).

In [17, (3.3), p. 4449] we can find the identity

(95) Sp(r) +Zz%pﬁ (r)Cpp(r) + Cs(r)Spp(r))

s=1 p=s

_|_Z s/gu’l“)‘l‘c() sﬁ(u7r))7

where ay, 3 are constants and Asyg(u,r), B g(u,r) are bounded func-
tions. An analogous formula holds for Cjs (to be precise, on the right
side of (95), Sy, Ss, Cs and the second plus sign have to be replaced
by C,, Cs, S5 and the minus sign). So, with (95), we finish by using
the bounds in Lemma 3.3 and (94). O

LEMMA 3.7. Fork>1,0<r <1, and J = [1/r], we have

1 N2k (T 4 2 du
(96) / (log —) (Zj’”ﬁzﬂ) — < O 3642)
0 u . u
7=1

for B> —1, and

1 1 2k
log — B0y = < O (2842
(97) /0 (og u) ( Z g P > ” Cr

j=J+1
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for g < —1.

ProoF. We will prove (96), the proof of (97) is analogous and it
will be omitted. First, we will think of the case k = 1; we are going to

estimate
d
/ log— <Z]1+ﬂu3> .

Integrating by parts, this expression equals

1 u J 2
/ / Zsj—1/2j1+ﬁ ds %
0 0 : u

Jj=1

I
O\L
/\
“:
A
S
(.
=
¥
)
S~ —
/\
Q
Q
$
oS
S~
QU
I

YL/2+0

/ Z uj—i—n 1 jn 1/2+Bdu < C Z (]n

j,n=1 jn=1

=C (Z ]/@> < C j2s+2 < Cr—(26+2)
j=1

For k > 1, we integrate by parts 2k — 2 times to obtain

2 2
! 1\ [ -\ du ! 1 (< S\ du
log _) j“ﬁu] —< C/ log — j5+1u3 B
and then apply the result for k = 1.

g

The next lemma analyzes a situation similar to the case v = 0 in
Lemma 3.6. This case has to be investigated separately because in this
situation the proof of Lemma 3.4 does not work.

LEMMA 3.8. For k> 1,0 < |r| < 3n/2, and J = [1/|r|], we have

o [ (md)" (S} em) 2o

with a constant C' independent of r.

Proor. We will prove the result for the case of sines. The other
case is analogous. Applying the summation by parts formula,

a;j(bjp1 — bj) = —asby — > bi(ajn —ay),

J=J Jj=J
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. _ _ o0 k_2 n .
with the sequences a; = j and b; = — > 7 - n"~“u" sin(wnr), we have

ij_luj sin(mjr)

=7

o0
E nF=2yn sin(mnr)

n=J

<J

2u™ sin(7nr)| .

=J n=j5+1

The last sum, after a translation n — 7 = m and using the formula for
sin(a + b), equals

k—2
(k ) (Z]k 72" cos(mjr Zm u™ sin(wmr)

s=0
+ ij_s_Quj sin(mjr) Z mu™ cos(wmr)) :

j=J m=1
hence
o o
ij’luj sin(mjr)| < JZ nF 2" sin(7nr)
j=J n=J
k—2 L 9 00 oo
- ‘k—s—2_ 7 . S, M 1
+ Z ( < ) (Zy u’ cos(myr) Z mu"™ sin(rmr)
s=0 7=J m=1
+ ij_s_2uj sin(mjr) Z miu™ COS(WmT)) ' :
j=J m=1
Concerning the first summand, using (97) with 5 = —2, the expression
1 2k—1 [ o0 2
1 , du
log — f—2 G . . au
/0 <og u) (FZJ] w sm(mr)) ”

is bounded by 72, so the result follows, since J? ~ r~2. To estimate the
second summand, by Lemma 3.3 in [17], we have that

Z miu™ {sm} (mmr) < Cr~ 2+,
ot cos

and, on the other hand,

2
1 1 2k—1 [e) ' du
log = 2 : k—s—2, j el
/0 ( o u) j=J ’ ! u

is bounded by 72tV after applying (97) with 3 = —s — 2, which

finishes the proof. O
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In the following lemma, we give estimates for the measure of the
balls B(r, |r — y|) in the space ((0,1),dpu,).

LEMMA 3.9. Forv > —1 and r # y, the inequality
(99)

P2, 0<y<r/2,
o (B(r, [r —y))) < C K (ry) 2 |r —yl, r/2 <y <min{l,3r/2},
YT, min{l1,3r/2} <y <1,

holds.

PROOF. (99) follows easily by studying separately the three con-
sidered regions. Thus, for the case 0 < y < r/2,

wlBlr =) = [ i = | T et gy

B(r,|r—yl)
— C((2T o y>21/+2 _ y21/+2> < CT’2V+2.

The case min{1,3r/2} < y < 1 follows analogously. Concerning the
case /2 < y < min{1,3r/2} we distinguish between v > —1/2 and
—1 < v < —1/2. For the first one, we obtain, taking into account that
r~y,

r+|r—yl

Bl =) = [ dn= [ e
(r|r=yl) r

B —|r—yl
<2C|r + |r —y|[PFr —y| < Clry)"2|r —y.

For the second case, we need to consider two regions separately. For
the points (r,y) such that r/2 < y < r, we have

1o (B, I — y))) :/ dpy () = /:T_y e

B(rr—y)
< O e —y| < Clry) 2 — ).
In the case in which » < y < min{1, 3r/2},
Yy
(Bl - = [ dn= [ e
B(r.Jr—y) 2y

<C@r -y r —yl <Oy r —y|
< C(ry) 2 —y.

4. Proof of the estimate (83)

The estimate (83) is an immediate consequence of Lemma 3.9 and
the following proposition.
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PROPOSITION 3.3. Let v > —1. For k > 1,

1 k 2 2%—1
0 1 du
100 — v log — —
aoo) [(uge) P (10s2) %
rrAeFh, 0<y<r/2
<(C (Ty)*z(”+1/2)|r —y|™%, r/2 <y < min{l,3r/2},
y~ A, min{1,3r/2} <y < 1,

with C independent of 0 < u < 1, r and y.

PROOF. Case 1: 0 <y <r/2.
We split the series defining (u%)k Pr(r,y) into

J—1
A= ¢ (r)el (y)
j=1
J—1
= A& (ry) D (55,m) 20 (550) - (8509) 200 (5,00)
j=1
and

B =} i)

j=J

where J = [1/r]. Using (86) and (88) we write

J—-1
Al <YM d (ry) "2 (s50r) 20 (550 (8509) 2 (350)|
j=1
J—-1
< Clry)™ > 3"y (s50m)lu(s509)]
j=1
J—-1
S CZj2V+k+1Uj-
j=1

Now, using (96) with § = 2v + 1 we obtain

2

1 1\ 261 /=1 d
/ log ~ Zj2y+k+1uj AU o).
0 U o u




4. PROOF OF THE ESTIMATE (83) 85

To get the same estimate for |B| it is enough to show that for
0<u<1l,0<r<1,0<y<r/2andv>-1/2
(101)

1 1\ k1 [ = s 2 du
kv v —4(v+1
/0 <1Og ;) ;J w @5 (r)dus;, '~ cos(sjuy) " < Or 4,

and the analogous estimate with the exponents v+ 1/2 and —4(v + 1)
replaced by (v +2) 4+ 1/2 and —4((v + 2) + 1) correspondingly (this is
needed in the case —1 < v < —1/2 only). Indeed, using (101), Poisson’s
integral formula (89) applied to J,(s;,y), and Minkowsky’s inequality
give, for v > —1/2

2k—1
! 1 ——— v v+1/2
/0 <10g5> <Z] “ul gl (r)d; sy
j=J
1 2 d
x/ (1 — %)% cos(s; ,yt) dt) &
0 u
. . 2k—1 .
< C’/ log — / (1 — )12
0 U 0
dt) &
u
. . 2%k—1
2\v—1/2 1
<C (1—1t%) log —
0 0 U

~ 2 1/2 2
ko iow v+1/2 du
X (ijkuﬂ@(r)dj’,,sjﬂj cos(s]-,yyt)) ;) dt)
J:

X ijujgbj”»(r)djws;:lﬂ cos(s;,yt)

j=J

In the case —1 < v < —1/2, applying the identity
2(v+1
T2 = —daa(2) + 2 g ),

gives

B == "¢} (r)d;.(s50) " *y~ D T, 10 (s500)
=]

+ 20+ 1) (1) (s509) TPy~ (s50).
j=J

Now, using Poisson’s formula (89) for J,11(s;,y) and J,12(s;,y) (to-
gether with the assumption y < r/2 in the first summand) and applying
(101) we obtain the result.
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Proving (101) (the proof of its counterpart with aforementioned
replacements in exponents is completely analogous hence we do not
treat it separately) we use (87) to expand (s;,7)'/%J,(s;,7) and choose
M to be the unique nonnegative integer satisfying M —1 <v+1/2 <
M. Tt is then clear that

(102) iFd o5 (r ],,,s;’jl/Q cos(8;,Y)
M
<O T RR(IC, 4 1S) + G,
n=0
where

S, =, —ntvi1/2 | sin
(o} =Sz {0 st ),
j=J

n=20,1,..., M, and

G — I/Jrl/Q)Zj u] V|HM S] Vr)|81/+1/2.

Then, using (86),

GM S CT_(V+M+3/2) ij—i—V—M—l/Quj‘
=J

Since M > v+ 1/2, we use (97) with § = v — M — 1/2 to obtain

1 1 2k—1 | oo
7,72(1/+M+3/2) / (log _> ijﬂ/fol/zuj
0 u -

<Cr- 2(v+M+3/2) 72(1/ M+1/2) <Cr- IJ+1)'

2
du
U

We now take into account (102), to finish the proof of (101). It follows
from Lemma 3.2 that for given n =0,1,..., M, S, and C, are sums of
series of the form

= ity ; . sin .
003) S B { S it ),

i=J

It is therefore clear that our task is reduced to dealing with the absolute
value of each of the series in (103). Given n = 0,..., M, we use the
expression for Ey_p,4y41/2m-n(J, 7, y) from Lemma 3.2 to estimate (103)
with the sum of the absolute value of

(104) Zﬁ b { }(m(riy))
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form=20,...,M —n, and

= h—nty  (M—n sin .
> () {COS}(W(Tiy))|-
j=J

For the term involving q](.M_")

(r,y), it is verified that

= et  (M=n sin )
D AR )(T,y){cos}(w(fiy))

j=J

< Czjk—i-u—M—lﬂuj_
j=J
Then, using that —M — 1/2 + v < —1, we can apply (97) with g =
v — M — 1/2 to obtain

1 1\ 2k-1 [ 2 d
,,,,—2n—2(1/+1/2)/ (log _> <§ :jk+u—M—1/2uj> au < Cp i),
0 U - U

Jj=J

The hypothesis made on M shows that v +1/2 —n —m > —1 for
n=20,...,Mand m=0,...,M —n when M —1 < v+ 1/2 and the
same is true for n = 0,.... M — 1 and m = 0,...,M —n — 1 when
M —1=wv+1/2. Hence, in these cases,

J-1 . J-1

ktv+1/2—n—m+, 5 ) S . k+v+1/2—n—m, j
> o {om b it £ )| < D "
j= j=

and using (96) with f =v +1/2 —n —m,

1 1\ 2k-1 (-1 2 d
r—2n—2(u+1/2)/ (log _) ij—i—y—l—l/Q—n—muj au
0 U ‘= U

< C,r,—4(1/+1)+2m < CT_4(V+1).

In consequence, in (104) we can extend the sum to start from j = 1
and then use Lemma 3.6 to get

1 1 2k—1
,,,,—271—2(1/—&-1/2)\/ (log—)
0 U

2
0o
| si d
« (ij+u+1/2nmu3 {2:;} (Wj(Tﬂ:ZJ))) _u
u
Jj=1
< Op At tam,

This inequality completes the estimate involving the terms R, ,,,, m =
0,1,..., M —n, except for the cases of R,, py—, when M —1 =v+1/2
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forn =0,..., M. In these exceptional cases we have to show that
1 2k—1
- 2n-2(v41/2) / <log 1) (Rortn)? du < Cp2M-2+1/2)
0 u U

Since R, p—n takes the form of the series in (98), then Lemma 3.8 and
the fact that J = [1/r] ~ [1/r+y] ~ [1/|r —y|] give the desired bound.
Case 2: r/2 <y < min{1,3r/2}.
We use (87) with M = 1 to expand the functions (s;,7)"2J,(s;,7)
and (s;,y)2J,(s;,y). Then, taking J = [1/r] ~ [1/y], we will write
(u%)lC P(r,y) as the sum

ury—kz 'Oni(uyr,y) + Ji(u, m,y) + Jo(u, 7, y) + Gr(u, r, ),
n,l=0
where
Flu,ry) =
J—1
> R (ry) T2 (s5,) 2T (s50m) - (8500) 2 0 (8500),
j=1
and, for the remainder sum that starts from j = J, the O, ; terms

capture the part that comes from the main parts of the aforementioned
expansions and are sums of terms of the form

J g2 —(v4+1/2) —n—1 ) SID A sin '
Dy Z] u'd;, S {cos} (sj,7) {cos} (5jY)

(D, is a product of A, 41, or Byy1, and A, or B,; depending on the
choice of the sine or cosine), J; gathers the part that comes from the
main parts of the second expansion and the remainder of the first one,
hence its absolute value is bounded by

2 00 .
o o sin
Z ijujd?,y(ry) (/2 F (s55,7) {cos} (sj.0Y)

1 j=J

‘Jl(uarvy)l S O

(e o]

2 .
” _ sin
1 Z Z] uJ —( +1/2)3j’iH1(sj71,7“) {cos} (sj0Y)
1 j=J

+Cy~

(the sign Zf indicates that we add two series, one for the choice of the
sine and another for the cosine), J, acts as J; but with the position of
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the both expansions switched, and its absolute value is controlled by

(v sin
S i () {nd s

1 5=J

| Jo(u,r,y)| < C

[e.e]

Y sin
Zj ujdz ry —(v+1/2) o~ S {cos} (Sj’VT)H1<S]"yy)
=J

2
3
1

and, eventually, G1 captures the part that comes from the remainders,

1(u, 7, y) ZJ W3 (ry) "R H (55, Hi(s5,00)-

For F(u,r,y), using (88) and (86) we have

J—1
[Fu,ry)] <CY 2+

j=1

then, applying (96) with 5 = 2v + 1, we obtain the estimate

! 1\ ! du
/ (log —) (F(u,r,y))? — < Or 1 < Cry) 0D |r—y |72,
0 u u

For Ji(u,r,y) (and the same reasoning works for Jy(u,r,y)), using
Hi(z) = O(272), 2 > 1, and again (88) and (86), shows that

‘Jl (U, r, y)l
< COr? (ijQUj(Ty)(u+l/2) + yfl ij?)uj(,r,y)(wrlﬂ)) _
j=J j=J

Then, the required bound in this case boils down to estimating

P4 () ~204172) /1 logl * ij 2 d_U
0 u
! 1\ * du
4, -2 —2(v+1/2) log — k=3, au
rty = (ry) /O (og u) ZJ -

Applying (97) with § = —2 and § = —3, these expressions are bounded
by a constant times 7 2(ry)~2#+1/2) and y~2(ry)~2*1/2) respectively,
and the task is done.

We show, in the same manner, that

and

(G (u, r,y)| < Cry) 2 (ry) "D ST ot

Jj=J
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and

1 1\ 2h-1 [ @ . 2 du
(ry)_4(7“y)_2(”+1/2)/ (log E) (ij_‘lvﬂ) —
0 Pyt

< Or 2 (ry) 202,

by (97) with 8 = —4. The remainder part of the proof is concerned
with a more delicate analysis of the r="y~'O,,;(u, 7, y) terms. We start
with the 7 'y=1Oy 1 (u, 7, y) term. It is clear that

o0
Py O, y)| < Cr 2 3 52 (ry) =1/,

j=J
and, using (97) with § = —2,
1 1 2k—1 0o . 2 du
r—4(ry)—2(u+1/2)/ (log ﬂ) (Z jk—2u]> — < T—2(ry)—2(u+1/2)‘
0 =7

Lemma 3.2 with 7y = —1 and ¢ = 0 yields

1 1 Zh—1 du
/ (1og—) 1 Os0(ury )2 4 < Cr2(ry) 202,
0 u u

once we show that

1 1\ 261
/ (log —>
0 U

The form of E_; oy reduces the task to showing the estimates

o9 [ (eel)" (f;’fu {ondmic iy)))z e

J=J

4
<o
u

T g ) sin .
>l ) {oind it £
J:

and
(106)

1 1\ 261 [ = . <in 2 du
/0 (10%) <§;j’f—1ufq§><ny>{cos} w(riy))) —<a
]:

where |q](-0) (r,y)] < Cj~'. (105) follows immediately from Lemma 3.8.
The estimate (106) is proved taking into account that the inner series is
bounded by Y77 ; j*~*u/. So, using (97) with 3 = —2, the left term in
(106) is bounded by 72, therefore controlled by a constant. The estimate
for y=10p 1(u,r,y) follows analogously.

It remains to consider the case of Ogg(u,r,y). Using Lemma 3.2
with v = 0 and ¢ = 1 shows that each of the four terms of Ogo(u,r,y)
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is a sum of terms of the form
(v =\ Ay (7“ Y) sin .
(ry)~ ¢+ ZJJ’W (40 + 22 PR y)) S b (milr £ ).
]:

The estimate for the remainder term is immediate since, using

Dy < for 0<ry<l,

y) {Sin} (mj(r £y))

Then, using (97) with g = —

1 2k—1
(ry) 20 +1/2) / <log l)
0 Uu

(ZJ Wi (ry) { }(m(riy))>2 %u

1 1 2k—1
< Clrg) 2 / (1067)
0

gives

<CZ]k2

Concerning the term involving A;(r,y)j !, observe that A;(r,y) is a
bounded function on 0 < r,y < 1, hence our task reduces to estimating
(105). Finally, consider the term involving A,. It is possible to extend
the summation of the series involving this term from 5 = 1 since

! 1\ (&3 sin i du
z ki : au 2
/0 (logu) (E jru {COS}(W(Tiy))> S|S0

J=1

after using (96) with 5 = 0. Then, we have to prove that
(107)

/01 (1og %)%1 (ijkuj {22} (mj(r + y))>2 % < Clr — |2

J=1

With this, we can apply Lemma 3.4 with m = 1 in the case |[r—y| < 3/2,
to obtain (107) for the minus sign. When r+y < 3/2 the result follows
in the same manner taking into account that (r +y)=! < |r — y|™!.
For r +y > 3/2 we need an extra argument. Points (r,y) such that
r +y > 3/2 are contained in the region where 3/8 < r,;y < 1. Then,
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writing r =1 — z and y = 1 — v, we have z + v < 3/2 and

- & 4 | sin

Z] u]{c }er—i—y Z] uj{ }W](Z-i-v))

j=1

In this way, for r +y > 3/2, by Lemma 3.4 with m = 1, it is verified
that

/01 (log %>2k_1 (ijk“j {iif;} (mj(r + y))> 2 (i—“ < C(z+0v)2

7j=1
=CR2—-r—y) 2 <Clr—y|?,

and the proof of (107) is completed.

Case 3: min{1,3r/2} <y < 1.

This case is completely analogous to the Case 1 so we omit the
proof. O

5. Proof of the estimate (84)

The result in the following proposition (where % means the partial

derivative against either r or y) and the Lemma 3.9 allow us to complete
the proof of (84).

PROPOSITION 3.4. Letv > —1 and k > 1. Then

1 1 2k—1 8 8 k ,
| (10%) oy (“a—u) Pulry)

2
du

P (46) 0<y<r/2,
< CQ(ry) 20 —y™, r/2 <y < min{l,3r/2},
gy~ (rt6) min{1,3r/2} <y < 1.

with C' independent of 0 < u < 1, r and y.
PROOF. We use (85) to find that
dgb}’(r) 1/2

vy o, Ju41l v
o —85udju55, (sj1)r"

In this way (exchanging summation with differentiation is easily seen
to be possible)
a o

a k v . y —UV IV
or (ua_) PUry) == 5 W sjudius)) Jus (s5m)r " 64 (y)
j=1

v

and
oo

o ( o\, e _,,
5 (v3) Prten - I
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We shall consider the case % (ua%)k PY(r,y) only. Note that treating
a% (ua%)k PY(r,y) is completely analogous.

Case 1: 0 <y <r/2.

This case is proved analogously to the case min{1,3r/2} <y < 1
that will be proved later.

Case 2: r/2 <y < min{1, 3r/2}.

We use the asymptotic expansion (87) with M = 2, to expand
the functions (s;,7)2J,.1(s;,r) and (s;,y)/%J,(s;,y) and take J =

[l] ~ B] to write % (ua%)k PY(r,y) as the sum

F(u,r,y +Z7“ "y Onau,r,y) + i (u, 1 y) + (s 7, y) + Galu, 1, y).
n,l=0

Here
F (u ry) =

ZJ wd,(ry) D (s50m) 2 T (sj0r) - (s700) 2 T (5501),

and, for the remainder sum that starts from j = J, the O, terms
capture the part that comes from the main parts of the aforementioned
expansions and are the sums of terms of the form

N (v o sin
Doy 3" F 2, () st { } (5,(r £ 9)),

CoS
J=J

J1 gathers the part that comes from the main parts of the second

expansion and the remainder of the first one, hence its absolute value
is bounded by

y sin
|1 (u,r,y)| < C ZZ] wld? ~H2 g Hy(s5,7) {cos} (8j0Y)

1 j=J

_ N b (v sin
o S5 et {5 |
»




94 3. gx--FUNCTIONS FOR FOURIER-BESSEL EXPANSIONS

Jo acts as J; but with the position of the both expansions switched,
and its absolute value is controlled by

y sin
| Jo(u,r,y)| < C ZZ] wd; — 172, {cos} (8;,7)Ha(s;,y)

1 j=J

2 o) .
_ . Y sin
+ Cr 1 Z Z]kude (ry) (v+1/2) {COS} (3]-’1,7”)[’[2(8]',1,@/)

_ — (v _1 | sin
rer S S e e {5 s
»

and, eventually, G5 captures the part that comes from the remainders,

(u,7,9) ZJ wds, (ry) " s Ho(s5,r) Ha(s5,y).

We will now analyze separately each of the summands in the above de-
composition of 2 (u ) PY(r,y) and bound them by C(ry)~2¢+1/2)|r—
y| =

For F(u,r,y), using (83) and (86), we have

J-1
Flu,r,g)] < Cr 3 sy

j=1
Then, using (96) with 3 = 2v + 3, we obtain that

[ (o) iy

1 1\ 2k (-1 2 du
2 Q43
<Cr /0 <loga) (E J u7> "
i=1

< Op2v3) < C(Ty)—2(l/+1/2)’r _ y|_4

For Jy(u,r,y) (and the same reasoning works for Jo(u,r,y)), using
Hy(z) = O(272), 2 > 1, and again (88) and (86), shows that

|J1(u r, y | < Cr—3 (Z]k 2 —(v+1/2)

o0
4yt ij73uj(ry)f(u+l/2) 4y ij4uj(ry)(u+l/2)> _
j=J

j=J
Then, the required bound comes down to estimating

1 1\ 2k-1 [ \ 2 Ju
T_G(Ty)_Q(V+1/2)/ (log _) ij:—Qu] —,
0 u py u



5. PROOF OF THE ESTIMATE (84) 95

! 1\ du
6, ~2(,. \—2(v+1/2) log — k-3 au
r=y 3 (ry) /0 <0g u) (Z] ) ,

! 1\ % du
6, —4(, \—2(v+1/2) log — WA
r=y 4 (ry) /O (og u) Z

Applying (97) with 8 = —2, —3 and —4, these expressions are bounded
by a constant times

—2(v+1/2)

and

—2(v+1/2) —2(v+1/2)

r~(ry) ) and y~(ry)

respectively, and the task is done. In a similar way we show that

|G2(u7 r, y>| < C(T’y)_3(ry)_(y+l/2) Z]'k—5uj

Jj=J

and

1 1\ 2h-1 [ @ . 2 du
(ry)_ﬁ(ry)_2(”+l/2)/ (log Z) (ij_%J) —
0 Py

< Or™i(ry) 202,

by (97) with 3 = —5. The remainder part of the proof is concerned
with a more delicate analysis of the r~"y~'0,,;(u, 7, y) terms. We start
with the r2y=2Oq5(u, 1, y) term. It is clear that

P2y 0nau )| < Oty ),
j=J

and, using (97) with g = —3,

1 2k
— —2(v 1 —2(v
8(7”3/) 2( +1/2)/ (IOga) (Z k—3 > — < (ry) 2( +1/2)'
0

Similarly, for |r*2y*102,1(ua 9],

72y Og 1 (u, )| < Cr 2yt ijﬂuj ()~ +1/2

j=J
holds, and
! 1\ % du
r‘4y—2(ry)_2(”+1/2)/ (log Z) <Z jh2 ) au
0
S r- y (’l“y)_Q(V—H/Q)
by using (97) with # = —2. In a similar way, we can obtain the same

bound for |r~ty~201 o(u, 7, y)|.
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The estimate of |[r=20y0(u,7,y)| by (ry) 2¢TV2AC)r — y|=* uses
Lemma 3.2 with v = —1 and ¢ = 0, and essentially is contained in the
estimate of |10 o(u,r,vy)| already discussed when proving (100) in
the region /2 < y < min{1,3r/2}. The estimate of |y~2Oga(u,r,y)|
as well as |[r~'y=1Oq 1 (u,r,y)| follows analogously.

The estimate of |r=*Oyo(u,7,y)| by C(ry) 2@+ |r — y|=* uses
Lemma 3.2 with v = 0 and ¢/ = 1, and essentially is contained in
the estimate of |Ogo(u,r,y)| already discussed when proving (100) in
the considered region. The estimate for the term with |y~ Og 1 (u, 7, y)
follows analogously.

It remains to consider the case of Og(u,r,y). We use Lemma 3.2
with v = 1 and ¢ = 2, to conclude that each of the terms of Ogo(u,r,y)
is a sum of series of the form

ijmuj(/lwm(;’y) AQET Do ) {ig;} =)

The estimate for the remainder follows from the bound ]qj(-g)(r, y)| <
Cj=3 for 0 < r,y < 1. Indeed, in this case we have, using (97) with

ﬁ ::__27

1 2k—1
(ry)—Z(u+1/2) / (log l)
0 u

>< (Zj'fuqu-” o {5 b it y>>> du

1 1 2k—1
< O(ry) 2@ 12 / (log —)
0

(Z]k 2 > =< C(ry) 2(v+1/2)

which is enough for our purpose. The series resulting from taking into
account either A; or A, were already discussed in Case 2 of Proposition
3.3 and are bounded by C(ry)~2#*1/2)|r —y|~* in the considered region.
We are left with the series Ay. Note that

' 1\ * ki1, d“ —4
/0 (loga) Z] —§r

so it is possible to extend the summation in the series from j = 1. Now,
we have to show

! ] 1 2kl = k1, g sin . 4+ i du <:(j —4
/0 0g ~ Zy W os [ T EY) | —| < Clr—y™

7j=1
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In the case of the minus sign the estimate is a consequence of Lemma
3.4 with m = 2. For the plus sign we have to consider separately the
cases 7 +y < 3/2 and r + y > 3/2 and this can be done as in the
previous proposition.

Case 3: min{1,3r/2} <y < 1.

We split the series defining % (ua%)k Pr(r,y) into A and B, being

J—1
. i 1/2 —v UV
j=1
J—1
= il dd (ry) " TYD (s5,m) P (s507) - (5509) 2 0 (s509)
j=1
and
1 —v v
B = " u's;,dj, VSJ/V Jo1(85,m)r " % (y)
j=J

= iy, (ry) " (5m) 2 g (sg0) - (8509) Tu(5500)
j=J
with J = [1/y]. Using (86) and (88) we get

|A| < Z] uj ]1/ ]1/ >_V|JV+1(Sj7VT)||JV<Sj7Vy)|

<

-1

< Clry)™ Y30 s (s5um)|| 1 (s500)]

1

<.
I

J—1
< Cr Zj2u+k+3uj

j=1
Then, using (96) with 5 = 2v + 3, we obtain

1 1)\ 21
r? / (log —)
0 u

To get the analogous estimate for | B| it is enough to show that for
O<u<l1l,0<r<2y/3,0<y<landv>-—1

1 2k ?
(108) 7“2/ (log %) (Z] UJS] VSV+ /2 d]VCOS(S] VT)Cb (y)) C;_u
0

< C,,,,Qy—(41/+8) .

J-1

E j2y+k+3u]

J=1

d_u < Cr y—(4l/+8) < Cy—(4u+6)‘
u

Indeed, using (108), Minkowski’s inequality and Poisson’s integral for-
mula (89) applied to J,(s;,y), for v > —1, we obtain the result as
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in Case 1 in the proof of Proposition 3.3. To check (108) we can also
proceed as in the proof of (101) in Proposition 3.3. O



Conclusions and further work

This work was born with the spirit and intention of researching
into the convergence in I” norm of the operator of the Bochner-Riesz
means for the multidimensional Fourier-Bessel expansions. Up to now,
the achievements we have obtained concerning this matter in the case
of radial functions are shown in the second chapter of this memory,
and they cover an interesting hole in the study of summability meth-
ods in harmonic analysis. At least, this is another small brick in the
contribution to this vast field of mathematical analysis.

There is a wide open door to continue investigating more topics
directly related to this research, such as the study of the convergence
of the Bochner-Riesz means for multidimensional Fourier-Bessel series,
in the general case. This involves the analysis of vectorial boundedness
of the type

0o ) 1/2 00 1/2
(SSfes <o) (L)
k=0 k=0 LP((0,1),dr)

As a generalization of the inequality above, it could be of great interest
the study of vectorial estimates for the Bochner-Riesz means of the

kind
1/q
q)
P

o) o0 1/q
(Z ’B?%,V-Hffk <C (Z |fk|q)
k=0 k=0 o

While developing the initial work, we had to cope with several prob-
lems that required more sophisticated techniques and we broadened
our first target to the study of other kind of operators related to the
Fourier-Bessel series. This led us to define and study the gp-functions
related to our expansions. We show our result about this topic in the
third chapter of the dissertation. This research is based on very sharp
and not straightforward computations. Borne in mind there stays a
continuation of this work, and the next step should be the proper defi-
nition of the so-called g;-functions as well as the study of its weighted
boundedness. Both tools, g, and g;-functions are essential to obtain a
theorem about multipliers for the Fourier-Bessel expansions satisfying
Hormander’s conditions. With a result of this nature, we could deduce,
among other things, the boundedness of the Cesaro means associated

LP((0,1),dr)

((0,1),dr) ((0,1),dr)
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to the Fourier-Bessel series from our work about the Bochner-Riesz
means, and using a subordination formula that relates both types of
means.

In our future work, we also consider the study of other operators re-
lated to Fourier-Bessel series. In fact, we are developing research about
higher order Riesz transforms for Fourier-Bessel expansions, which are
defined as follows: for each d > 1,

o0
RU(F.r) =D silfe)one (r),
j=1
where 67 is a first order differential operator suitably defined. This
investigation extends the results for the conjugate operator associated
to the Fourier-Bessel series (which is the Riesz transform of order one)
given in [18].



[1]

Bibliography

K. F. Andersen and B. Muckenhoupt, Weighted weak type Hardy inequalities
with applications to Hilbert transforms and maximal functions, Studia Math.
72 (1982), 9-26.

R. Askey and S. Wainger. Mean convergence of expansions in Laguerre and
Hermite series, Amer. J. Math. 87 (1965), 695-708.

V. M. Badkov, Approximation of functions of Fourier series in orthogonal poly-
nomials, Russian Math. Surveys 33 (1978), 53-117.

P. Balodis and A. Cérdoba, The convergence of multidimensional Fourier-
Bessel series, J. Anal. Math. 77 (1999), 269-286.

J. A. Barcelé and A. Cérdoba, Band-limited functions: LP-convergence, Trans.
Amer. Math. Soc. 313 (1989), 655-669.

A. Benedek and R. Panzone, Note on mean convergence eigenfunctions expan-
sions, Rev. Un. Mat. Argentina 25 (1970), 167-184.

A. Benedek and R. Panzone, On mean convergence of Fourier-Bessel series of
negative order, Studies in Appl. Math. 50 (1971), 281-292.

A. Benedek and R. Panzone, On convergence of orthogonal series of Bessel
functions, Ann. Scuola Norm. Sup. Pisa (3) 27 (1973), 505-525.

J. J. Betancor and K. Stempak, Relating multipliers and transplantation for
Fourier-Bessel expansions and Hankel transform, Tohoku Math. J. 53 (2001),
109-129.

L. Carleson, On convergence and growth of partial sums of Fourier series, Acta
Math. 116 (1966), 135-157.

S. Chanillo and B. Muckenhoupt, Weak type estimates for Bochner-Riesz
spherical summation multipliers, Trans. Amer. Math. Soc. 294 (1986), 693
703.

S. Chanillo and B. Muckenhoupt, Weak type estimates for Cesaro sums of
Jacobi polynomial series, Mem. Amer. Math. Soc. 102 (1993), no. 487, viii+90
pp.

M. Christ, Lectures on singular integral operators, in: Regional Conference
Series in Mathematics, vol. 77, American Mathematical Society, Providence,
RI, 1990.

O. Ciaurri, Discrete Fourier-Neumann series, J. Approz. Theory 126 (2004),
no. 2, 126-140.

0. Ciaurri, J. J. Guadalupe, M. Pérez and J. L. Varona, Mean and almost
convergence of Fourier-Neumann series, J. Math. Anal. Appl. 236 (1999), 125-
147.

O. Ciaurri and L. Roncal, The Bochner-Riesz means for Fourier-Bessel expan-
sions, J. Funct. Anal. 228 (2005), 89-113.

O. Ciawri and K. Stempak, Transplantation and multiplier theorems for
Fourier-Bessel expansions, Trans. Amer. Math. Soc. 358 (2006), 4441-4465.
O. Ciaurri and K. Stempak, Conjugacy for Fourier-Bessel expansions, Studia
Math. 176 (2006), 215-247.

101



102

[19]

[24]

[25]

BIBLIOGRAPHY
0. Ciaurri, K. Stempak and J. L. Varona, Uniform two-weight norm inequali-
ties for Hankel transform Bochner-Riesz means of order one, Tohoku Math. J.
(2) 56 (2004), no. 3, 371-392.
O. Ciaurri and J. L. Varona, An uniform boundedness for Bochner-Riesz op-
erators related to the Hankel transform, J. Inequal. Appl. 7 (2002), no. 6,
759-777.
O. Ciaurri and J. L. Varona, Two-weight norm inequalities for the Cesaro
means of generalized Hermite expansions, J. Comput. Appl. Math. 178 (2005),
99-110.
A. Cérdoba, A note on Bochner-Riesz operators, Duke Math. J. 46 (1979),
no. 3, 505-511.
G. Garrigés, E. Harboure, T. Signes, J. L. Torrea and B. Viviani, A sharp
weighted transplantation theorem for Laguerre function expansions, J. Funct.
Anal. 244 (2007), 247-276.
V. L. Generozov, LP-convergence for expansions in terms of the eigenfunctions
of a Sturm-Liouville problem, Math. Notes 3 (1968), 436—441.
J. J. Guadalupe, M. Pérez, F. J. Ruiz and J. L. Varona, Mean and weak
convergence of Fourier-Bessel series, J. Math. Anal. Appl. 173 (1993), 370
389.
J. J. Guadalupe, M. Pérez and J. L. Varona, Mean and weak convergence of
some orthogonal Fourier expansions by using A, theory, in Orthogonal Poly-
nomials and Their Applications (Proc. Int. Congr., Laredo, Espana, 1987) (J.
Vinuesa, Ed.), 161-169, Lect. Notes Pure Appl. Math. 117, Dekker, Nueva
York, 1989.
C. E. Gutiérrez, On the Riesz transforms for Gaussian measures, J. Funct.
Anal. 120 (1994), 107-134.
E. Harboure, L. de Rosa, C. Segovia and J. L. Torrea, LP-dimension free bound-
edness for Riesz transforms associated to Hermite functions, Math. Ann. 328
(2004), 653-682.
H. Hochstadt, The mean convergence of Fourier-Bessel series, SIAM Rev. 9
(1967), 211-218.
R. Hunt, On the convergence of Fourier series, Proc. Conf. Orthogonal Ex-
pansions and Continuous Analogues 235-255. Southern Illinois Univ. Press,
Carbondale, 111.; 1968.
N. N. Lebedev, Special functions and its applications, Dover, New York, 1972.
S. Meda, A general multiplier theorem, Proc. Amer. Math. Soc. 110 (1990),
639-647.
B. Muckenhoupt, Mean convergence of Jacobi series, Proc. Amer. Math. Soc.
23 (1969), 306-310.
B. Muckenhoupt, Mean convergence of Hermite and Laguerre series I, Trans.
Amer. Math. Soc. 147 (1970), 419-431.
B. Muckenhoupt, Mean convergence of Hermite and Laguerre series II, Trans.
Amer. Math. Soc. 147 (1970), 433-466.
B. Muckenhoupt, Hardy’s inequalities with weights, Studia Math. 44 (1972),
31-38.
B. Muckenhoupt, Transplantation theorems and multiplier theorems for Jacobi
series, Mem. Amer. Math. Soc. 356 (1986).
B. Muckenhoupt and E. M. Stein, Classical expansions and their relation to
conjugate harmonic functions, Trans. Amer. Math. Soc. 118 (1965), 17-92.
B. Muckenhoupt and D. W. Webb, Two-weight norm inequalities for Cesaro
means of Laguerre expansions, Trans. Amer. Math. Soc. 353 (2001), 1119-
1149.



[40]
[41]
[42]

[43]

[44]

BIBLIOGRAPHY 103

B. Muckenhoupt and D. W. Webb, Two-weight norm inequalities for the Cesaro
means of Hermite expansions, Trans. Amer. Math. Soc. 354 (2002), 4525-4537.
A. Nowak, On Riesz transforms for Laguerre expansions J. Funct. Anal. 215
(2004), 217-240.

A. Nowak and K. Stempak, Weighted estimates for the Hankel transform trans-
plantation operator, Tohoku Math. J. 58 (2006), no. 2, 277-301.

M. Pérez, “Series de Fourier respecto de sistemas ortogonales: estudio de la
convergencia en espacios de Lebesgue y de Lorentz”, Tesis Doctoral, Sem. Mat.
Garcia de Galdeano, Sec. 2, n. 24, Zaragoza, 1989.

E. L. Poiani, Mean Cesaro summability of Laguerre and Hermite series, Trans.
Amer. Math. Soc. 173 (1972), 1-31.

H. Pollard, The mean convergence of orthogonal series of polynomials, Proc.
Nat. Acad. Sci. U.S.A. 32 (1946), 8-10.

H. Pollard, The mean convergence of orthogonal series. I, Trans. Amer. Math.
Soc. 62 (1947), 387—-403.

H. Pollard, The mean convergence of orthogonal series. II, Trans. Amer. Math.
Soc. 63 (1948), 355-367.

H. Pollard, The mean convergence of orthogonal series. III, Duke Math. J. 16
(1949), 189-191.

M. Riesz, Sur les fonctions conjugées, Math. Zeit. 27 (1927), 218-244.

J. L. Rubio de Francia, F. Ruiz and J. L. Torrea, Calderén-Zygmund theory
for operator-valued kernels, Adv. Math., 62 (1986), 7-48.

E. Stein, “Singular Integrals and differentiability properties of functions”,
Princeton Univ. Press, 1971.

E. M. Stein and G. Weiss, “Introduction to Fourier Analysis on FEuclidean
Spaces”, Princeton Univ. Press, 1975.

K. Stempak, Almost everywhere summability of Laguerre series II, Studia
Math. 103 (1992), 317-327.

S. Thangavelu, Multipliers for Hermite expansions, Rev. Mat. Iberoamericana
3 (1987), 1-24.

S. Thangavelu, Lectures on Hermite and Laguerre expansions, Princeton Univ.
Press., Princeton, New Jersey, 1993.

J. L. Varona, “Convergencia en LP con pesos de la serie de Fourier respecto de
algunos sistemas ortogonales”, Tesis Doctoral, Sem. Mat. Garcia de Galdeano,
Sec. 2, n. 22, Zaragoza, 1989.

J. L. Varona, Fourier series of functions whose Hankel transform is supported
on [0,1], Constr. Approz. 10 (1994), 65-75.

G. N. Watson, “A Treatise on the Theory of Bessel Functions”, Cambridge
Univ. Press, 1966.

D. W. Webb, Pointwise estimates of the moduli of Cesaro-Laguerre kernels,
preprint.

G. V. Welland, Norm convergence of Riesz-Bochner means for radial functions,
Canad. J. Math. 27 (1975), 176-185.

E. T. Whittaker and G. N. Watson, “A Course of Modern Analysis”, Cam-
bridge Univ. Press, 1952.

G. M. Wing, The mean convergence of orthogonal series, Amer. J. Math. 72
(1950), 792-808.

A. Zygmund, “Trigonometric series”, Vols. I and II, Cambridge University
Press, Cambridge, 1959.






Acotaciones con pesos de
operadores relacionados con las

series de Fourier-Bessel

Luz Roncal Gémez

Memoria presentada para optar al grado de Doctor

Realizada bajo la direccién del

Dr. D. Oscar Ciaurri Ramirez

Departamento de Matematicas y Computacion
Universidad de La Rioja
Junio de 2009



Este trabajo ha sido parcialmente financiado por una beca FPI de
la Universidad de La Rioja y por los proyectos BEFM2003-06335-C03-03
y MTM2006-13000-C03-03 de la D.G.I.



A mis padres,
que siempre confiaron en mi y me apoyaron en todo.






Agradecimientos

Ha pasado mucho tiempo desde que me enfrenté a la primera lectu-
ra relativa al tema que presento en esta memoria. Ha sido un camino
duro, pero absolutamente enriquecedor. En este punto, puedo mirar
hacia atras y darme cuenta de que todo el trayecto valié la pena, que
esta es solo una breve parada y que todo este trabajo merece ser conti-
nuado. Ha sido un nimero enorme de libros, articulos, calculos, dudas,
errores, frustraciones, periodos de confusion infinita y horribles dolo-
res de cabeza, y satisfaccion, felicidad y belleza. Un niimero enorme
de personas, lugares, experiencias, anécdotas, sucesos decisivos, dife-
rentes ocupaciones. Y matematicas por todos lados, incluso cuando se
suponia que no tenian que estar ahi. Cuando el trabajo estd termina-
do, al menos parcialmente, todo cobra sentido y uno puede respirar con
alivio.

Es hora de agradecer a mucha gente por diversas y fundamentales
razones; algunos de ellos no aparecen aqui, pero ellos saben que los
tengo en mente, por supuesto.

En primer lugar, me gustaria agradecer profundamente al Profesor
Oscar Ciaurri su esfuerzo y dedicacion. Ha sido mi director de tesis,
aunque podria resultar injusto catalogarlo de esta manera. Esta es la
palabra que ha de aparecer en el papel, pero hay muchas otras que son
tacitas e imprescindibles. El fue quien me convencio para comenzar este
reto, quien me ensend y me apoyé todo el tiempo; es un consejero, un
confidente, un jefe (carinosamente hablando), un matematico fantastico
que me ha transmitido la pasién por las matematicas, de algiin modo
un padre y, por supuesto, un gran, gran amigo.

Me gustaria tener unas palabras de reconocimiento para el Profesor
Juan Luis Varona, que me admitié desde el primer momento como otro
miembro mas del grupo de investigacion. El me ha ayudado en todo
lo posible, y no sélo con KTEX, sino también en todo tipo de cosas.
Mi reconocimiento también para los demés componentes del grupo de
investigacion, especialmente al Profesor Mario Pérez de la Universidad
de Zaragoza, siempre dispuesto a echar una mano, y con quien tuve
la oportunidad y el placer de compartir un punado de congresos a lo
largo de estos anos.

Estoy realmente agradecida al Departamento de Matematicas y
Computacion de la Universidad de La Rioja, y en su representacion
a su Director, Luis Espanol, por ofrecerme un hueco para trabajar y
tratarme como si fuera otro miembro del Departamento, atin cuando
en realidad no lo era.

109



110 AGRADECIMIENTOS

Imposible olvidar a Manolo Benito y Emilio Ferndndez en estas
lineas, porque ellos hacen las matematicas mas maravillosas de lo que
ya son.

Deseo expresar mi gratitud y afecto a los Profesores Adam Nowak y
Krzysztof Stempak, mi <familia polaca> (si me permiten), por el tiem-
po que me regalaron en Polonia. Soy realmente afortunada por haber
trabajado con ellos, y espero sinceramente continuar participando en
proyectos matematicos conjuntos, siempre que sea posible. Su continuo
aliento y atencién fueron simplemente inestimables. También me siento
en deuda con el Profesor Viktor Kolyada, que me impartio la primera
leccién en la carrera en Logrono y, algunos anos mas tarde, desarro-
llamos una investigacion mas profunda bastante mas lejos, en Suecia
(giros del destino).

Esta es la ocasién de apreciar la carinosa e infinita paciencia de Luis,
que siempre intenté entender todas las horas <perdidas> escribiendo
esas formulas indescriptibles que estuvieron robando el tiempo para
estar juntos. El se ha estado preocupando y animandome en los malos
momentos, al igual que mi hermano fﬁigo, [sabel y el pequeno Mario. Y
mis amigos, los mas cercanos, a pesar de vivir algunos de ellos muy lejos,
como Aurora. Hemos compartido muchos momentos y han sido testigos
del desarrollo de este trabajo. Deberia recordar a Elisa, que sabe mejor
que nadie que a veces es duro correr cuesta arriba. Finalmente, no
puedo evitar mencionar a mis chicas del basket, Naiara y Saioa sobre
todo, que me han estado dando carino continuamente.

Llegando a este momento, poco podia imaginar que iba a tener
sentimientos encontrados. Estoy encantada por haber terminado, pero
un poco triste por cerrar, quizas, el periodo mas feliz de mi vida. Sélo
espero que esta etapa sea la primera de muchas otras, y ojala que pueda
continuar disfrutando y cooperando con todas las personas con las que
he estado compartiendo parte de mi tiempo y mi trabajo. Dicho sea lo
cual con mi respeto y admiracion mas profundos.
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Introduccién

Sea (2, M, du) un espacio de medida (p > 0). Consideramos
LP(Q,dp) = {f: Q2 — C, f medible : | f||Lr.dqu < o0},

donde
1/p
1 o) = ( / | f|pdu> |

para 1l < p < oo,y
£l (@.an = supesn{|f(z)| : x € Q}.

Sea {1} ;ex una sucesién de funciones, donde A es un conjunto de
indices que estd contenido en Z (o en Z%), ortonormales en L?(£2, du),
es decir,

/ T it = 60m.
Q

La serie de Fourier de una funcién apropiada f asociada al sistema
{®;},ea viene dada por

F~) (),
JEA
donde
W)= [ 5

Las propiedades de convergencia de estas series en espacios LP(£2, dpu)
han sido estudiadas con profundidad para conjuntos particulares de
{1 }jen. Si definimos las sumas parciales asociadas a las series de Fou-
rier para cada f € L*(2,du) como

Suf = Y a;(f)vy,
JEA
li1<n

entonces, la teoria de espacios de Hilbert asegura que

1/2
HSanLQ(Q,dp) = ( Z |aj(f)|2> < ||f||L2(Q,d,u)

jeA
l7]<n

de lo cual se deduce que
lm [ |f — S.f*du =0,
n—oo Q
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para cada f € L?*(2,du), siempre y cuando el sistema {t;};cn sea
completo en dicho espacio. La primera cuestion que se plantea inme-
diatamente es el estudio de lo que se denomina la convergencia en
media, es decir, para qué valores de p,1 < p < o0, se tiene, para cada
f € LP(Q,du), que

lm [ |f = Suf|Pdp=0.
n—oo 0

Cuando esto tltimo se verifica, se dice que la sucesién {1;};en forma
una base para el espacio de estas funciones. Para resolver el problema
s6lo es necesario estudiar la acotacién uniforme del operador S,,.

Problemas de esta naturaleza fueron inicialmente estudiados por
Riesz [49], que analizé la convergencia de la serie de Fourier clasica,
asociada al sistema {e™**},cz. Otros sistemas ortonormales han sido
estudiados en la literatura matemética a lo largo de los anos.

Por ejemplo, Pollard [45, 46, 47, 48], Muckenhoupt [33], Bad-
kov [3], Pérez [43], Varona [56] y Guadalupe-Pérez-Varona [26] se han
planteado la investigacion de la convergencia de las series de Fourier de
polinomios de Jacobi, ortonormales en L*([—1,1], (1 — z)*(1 +x)" dx).

Para resultados similares sobre polinomios y funciones de Laguerre,
ortonormales en L?((0,00),e *z*dz) y en L?*((0,00),dz) respectiva-
mente, se pueden ver los trabajos de Askey-Wainger [2] y Muckenhoupt
(34, 35]. Estas mismas referencias pueden ser consultadas para los po-
linomios y las funciones de Hermite, ortonormales en L*(R, e dz) y
en L*(R, dr) respectivamente.

Sobre el sistema de Fourier-Bessel, constituido por funciones de
Bessel y ortonormal en L%([0, 1],z dz), pueden examinarse los traba-
jos de Wing [62], Benedek-Panzone [7, 8|, Pérez [43], Varona [56] y
Guadalupe-Pérez-Ruiz-Varona [25].

Por ultimo, se pueden consultar los trabajos de Benedek-Panzone
6], Barcel6-Cérdoba [5], Ciaurri [14], Ciaurri-Guadalupe-Pérez-Varona
[15] y Generozov [24] sobre ciertos sistemas ortonormales formados por
autofunciones de operadores diferenciales de segundo orden.

Cuando la convergencia de los operadores suma parcial falla es ha-
bitual considerar otros métodos de sumacién para las series de Fou-
rier. Podemos encontrar resultados muy interesantes que consideran las
medias de Cesaro con pesos potenciales, obtenidos por Muckenhoupt-
Webb [39, 40] en el contexto de las series de Fourier-Laguerre y Fourier-
Hermite, respectivamente. Estos resultados extienden un trabajo previo
desarrollado por Poiani [44]. Recientemente, Ciaurri-Varona han tra-
bajado sobre la misma cuestién en [21] en el contexto de las series de
Fourier de funciones de Hermite generalizadas, extendiendo los resul-
tados de [40]. En [12] se ha llevado a cabo un trabajo exhaustivo para
las medias de Cesaro de las series de Fourier-Jacobi, en particular se
analiza el comportamiento débil de dichas medias.
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Las medias de Bochner-Riesz son otro importante método de su-
macion utilizado frecuentemente en analisis arménico. La sumabilidad
Bochner-Riesz se ha tratado, por ejemplo, para la transformada de
Fourier y la transformada de Hankel. En el caso de la transformada
de Fourier multidimensional, el estudio de este problema sélo ha si-
do resuelto completamente para dimensién dos, [22], y para funciones
radiales, [60]. El caso general sigue siendo un problema abierto. La
transformada de Fourier para funciones radiales multidimensionales se
convierte en la transformada de Hankel de un orden fijo. El estudio de
las medias de Bochner-Riesz para la transformada de Hankel ha sido
analizado, para valores cualesquiera del orden, en [20, 19].

Para 0 > 0, definimos las medias de Bochner-Riesz asociadas a un
sistema ortonormal {t;};ea mediante la identidad

)

B =3 (1-75) sl

jeA

donde R > 0, (1—s%); = mdx{1—s2 0} y r; es una sucesién convenien-
temente elegida. Como en el caso de los operadores de suma parcial,
es facil ver que la convergencia de este método de sumacion se sigue
a partir de la acotacién uniforme para B%, si tenemos densidad del
sistema {1 }en.

El primer objetivo de esta memoria es analizar la convergencia, pa-
ra funciones radiales, de las medias de Bochner-Riesz de las series de
Fourier-Bessel multidimensionales. En este caso radial, y sin mas co-
mentarios, nos referiremos a la serie como serie de Fourier-Bessel. Este
sistema ortonormal estd constituido por las autofunciones del operador
de Laplace en la bola unidad d-dimesional. El andlisis de las sumas
parciales relacionadas con este sistema ortonormal se ha hecho en [4]
para espacios de Lebesgue dotados de una norma mixta.

Hay otro tipo de convergencia que ha sido frecuentemente analizada
en la literatura, la convergencia en casi todo punto. El origen de esta
cuestién se puede encontrar en la conjetura de Lusin (1915). Afirma
que la serie de Fourier clésica converge en casi todo punto a f, para
cada f € L2. Como es conocido, la demostracién de esta conjetura se
debe a Carleson [10], y la extensién a LP, 1 < p < oo, a Hunt [30].
En general, si el sistema ortonormal {1;},ca es denso, la acotacion del
correspondiente operador maximal de las sumas parciales de la serie de
Fourier, en el espacio LP(2,du) implica la convergencia en casi todo
punto de la serie de Fourier.

Nuestro segundo objetivo serd el andlisis del supremo de las me-
dias de Bochner-Riesz para la serie de Fourier-Bessel. Estudiaremos
desigualdades con pesos en la norma LP para este operador cuando
1 <p< oo
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Las sumas parciales y las medias de Bochner-Riesz pueden verse co-
mo casos particulares de multiplicadores para la serie de Fourier-Bessel.
Existe una herramienta de gran ayuda que se aplica frecuentemente en
el estudio de multiplicadores, las funciones cuadrado o gg-funciones.
La teoria de gg-funciones fue en principio desarrollada a lo largo de
los anos treinta del pasado siglo por Littlewood y Paley, Zygmund y
Marcinkiewicz. En estos primeros enfoques, las gi-funciones se definie-
ron para la serie de Fourier clasica. Son operadores no-lineales que nos
permiten dar una caracterizacién muy tutil de la norma L” de una fun-
cién en términos del comportamiento de su integral de Poisson. Entre
otras aplicaciones, las gi-funciones se usan para obtener resultados pa-
ra multiplicadores con condiciones de tipo Hormander y estimaciones
para la transformada de Riesz. Se han probado teoremas para multi-
plicadores usando gx-funciones en [51] para la transformada de Fourier
d-dimensional, en [38] para las series ultraesféricas, en [54] para series
de Hermite, en [32] para semigrupos generales, y en [23] para series de
Laguerre e incluyendo pesos potenciales. Las gi-funciones aparecen en
resultados relacionados con la transformada de Riesz en [27] para el se-
migrupo de Ornstein-Uhlenbeck, en [28] para el semigrupo de Hermite,
y en [41] para las series de Laguerre.

Como tltimo objetivo, se definiran las gi-funciones relacionadas
con el semigrupo de Poisson de las series de Fourier-Bessel para cada
k > 1. Probaremos que estas g,-funciones son operadores de Calderén-
Zygmund cuyo espacio asociado es de tipo homogéneo, y después de-
duciremos propiedades funcionales a partir de la teoria general. Este
ultimo resultado es el primer paso hacia un teorema muy general sobre
multiplicadores para las series de Fourier-Bessel, y por lo tanto queda
abierto un problema para su futura investigacion.

La memoria se divide en tres capitulos. El primero es de naturaleza
introductoria y describimos alli el sistema de funciones ortogonales que
serd analizado en este trabajo. Ademads, en este capitulo trataremos
varios aspectos sobre el operador suma parcial. Se presentaran resul-
tados conocidos para las sumas parciales relacionadas con las series de
Fourier-Bessel multidimensionales, en el caso general y radial.

El Capitulo 2 esta dedicado al estudio de la convergencia, para fun-
ciones radiales, de las medias de Bochner-Riesz de la serie de Fourier-
Bessel multidimensional. En la primera seccién comenzamos compro-
bando que este hecho es equivalente a la acotaciéon con pesos de las
medias de Bochner-Riesz para la serie de Fourier-Bessel. Antes de in-
troducir los resultados principales, necesitaremos mostrar nuestras con-
diciones sobre los pesos, y varias definiciones. Procederemos enuncian-
do el resultado principal, una desigualdad con pesos generales, y su
corolario principal, un resultado similar con pesos potenciales. En la
segunda secciéon obtendremos una estimaciéon puntual para el nicleo
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de las medias de Bochner-Riesz de las series de Fourier-Bessel. La Sec-
cion 3 contendra la demostracién del Teorema Principal. En la cuarta
seccion se prueba el Corolario Principal. En la Secciéon 5 se obtienen
algunas consecuencias del Corolario Principal, tales como la convergen-
cia de las medias de Bochner-Riesz y la acotaciéon de otros operadores
relacionados con la serie de Fourier-Bessel. Probamos desigualdades de
tipo débil para p = 1 en la Seccién 6 y, en la iltima seccion, estudiamos
la convergencia en casi todo punto.

En el tercer capitulo llevamos a cabo un estudio de las gi-funciones
para las series de Fourier-Bessel. El principal resultado es una caracteri-
zacion de la norma LP de una funcién en términos del comportamiento
de la integral de Poisson correspondiente a la serie de Fourier-Bessel, in-
cluyendo pesos. Antes de enunciar nuestro resultado sobre gg-funciones,
introducimos algunos conceptos concernientes a estos operadores y, por
otro lado, sobre la teoria Calderén-Zygmund. En la segunda seccién,
afirmaremos que las gi-funciones pueden tratarse como operadores Cal-
derén-Zygmund vector-valorados y de este hecho concluiremos la aco-
tacion buscada. El resto del capitulo esta dedicado a demostrar este
hecho, mostrando varios lemas técnicos y proposiciones necesarias pa-
ra comprobar que el nicleo asociado a las gg-funciones es un nicleo
estandar en el espacio de Banach apropiado.






Resumen de los capitulos

Presentamos a continuacién un breve resumen de cada uno de los
capitulos de esta memoria.

1. El sistema de Fourier-Bessel

En el primer capitulo de la memoria describimos el sistema de
Fourier-Bessel multidimensional. Aunque los resultados principales se
centran en una generalizacién del caso radial, presentamos la fami-
lia completa de funciones. Este sistema ortonormal estd constituido
por las autofunciones del operador de Laplace sobre la bola unidad d-
dimensional, con d > 2. A continuacién, tratamos diversos aspectos de
los operadores suma parcial respecto de este sistema. Para ello, presen-
tamos varios resultados conocidos para las sumas parciales asociadas
a la serie de Fourier-Bessel multidimensional, tanto en el caso general
(ver [4]), como en el caso radial (ver [62, 7, 25]).

2. Convergencia con pesos de las medias de
Bochner-Riesz para las series de Fourier-Bessel

El Capitulo 2 esta dedicado al estudio de las medias de Bochner-
Riesz de las series de Fourier-Bessel. En primer lugar, definimos dichas
medias y mostramos el resultado de acotaciéon con pesos relacionado
con ellas. Este resultado se basa en una estimacién puntual apropiada
para el nicleo de las medias.

Como corolario, obtenemos que las condiciones impuestas sobre
nuestros pesos son necesarias cuando estos pesos son potenciales. A
partir de aqui deducimos otros resultados, como la convergencia en
L? y la acotaciéon de otros operadores relacionados con las medias de
Bochner-Riesz, como son el semigrupo del calor, el semigrupo de Pois-
son y las integrales fraccionarias.

De la acotacion puntual para el nicleo de las medias de Bochner-
Riesz obtenemos también desigualdades de tipo débil para p = 1y
acotaciones para el supremo de las medias de Bochner-Riesz.
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3. gi-funciones de Littlewood-Paley-Stein para las
series de Fourier-Bessel

En el dltimo capitulo de la memoria definimos y estudiamos, para
k > 1, las gi-funciones relacionadas con el semigrupo de Poisson de las
series de Fourier-Bessel. Probamos que estos operadores son operadores
de Calderén-Zygmund cuyo espacio asociado es de tipo homogéneo, por
lo tanto, sus propiedades funcionales se derivan de la teoria general.
Para ello, necesitamos demostrar una serie de resultados técnicos muy
precisos, que utilizaremos para probar condiciones que aseguran que
el nicleo asociado a los operadores de las g,-funciones es un nicleo
estandar en el espacio de Banach adecuado.



Conclusiones y trabajo futuro

Este trabajo nacié con el espiritu y la intencién de investigar la
convergencia en la norma LP del operador de las medias de Bochner-
Riesz para las series de Fourier-Bessel multidimensionales. Hasta ahora,
los logros que hemos obtenido en relacién a este hecho en el caso de
funciones radiales se muestran en el segundo capitulo de esta memoria,
y cubren un interesante hueco en el estudio de métodos de sumacion
en el andlisis armdnico. Al menos, este es otro pequeno ladrillo en la
construccion del vasto campo del andlisis matematico.

Existe una puerta abierta para continuar con el examen de mas
cuestiones relacionadas directamente con esta investigacion, tales como
el estudio de la convergencia de las medias de Bochner-Riesz para las
series de Fourier-Bessel multidimensionales en el caso general. Esto
implica el analisis de acotaciones vectoriales del tipo

> |BR A <O 1Ak
k=0 k=0

LP((0,1),dr) N L?((0,1),dr)
Como generalizacién de la desigualdad de arriba, podria ser de gran in-
terés el estudio de estimaciones vectoriales para las medias de Bochner-
Riesz del tipo

i ’Bféy+kfk

k=0

1/2 1/2

‘ 2

1/q

q o0
<O DI
k=0

LP((0,1),dr) LP((0,1),dr)

1/q

Mientras desarrollabamos el trabajo inicial, tuvimos que superar di-
versos problemas que requerian técnicas mas sofisticadas y ampliamos
nuestro primer objetivo al estudio de otro tipo de operadores relacio-
nados con las series de Fourier-Bessel. Esto nos condujo a la definicién
y estudio de las gi-funciones relacionadas con nuestras series. Mos-
tramos nuestro resultado sobre esta cuestién en el tercer capitulo de
la tesis. Esta investigacion se basa en calculos muy finos y nada tri-
viales. Tenemos presente la continuacion de esta linea de trabajo, y
el siguiente paso deberia ser la obtencion de la definiciéon apropiada
de las denominadas g;-funciones, asi como el estudio de su acotacion
con pesos. Ambas herramientas, g, y g;-funciones son esenciales para
obtener un teorema sobre multiplicadores para las series de Fourier-
Bessel satisfaciendo condiciones de tipo Hormander. Con un resultado
de esta naturaleza podriamos deducir, entre otras cosas, la acotacién de
las medias de Cesaro asociadas a las series de Fourier-Bessel, a partir
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de nuestro trabajo sobre las medias de Bochner-Riesz, y usando una
férmula de subordinacién que relaciona ambos tipos de medias.

En nuestro trabajo futuro también consideramos el estudio de otros
operadores relacionados con las series de Fourier-Bessel. De hecho, es-
tamos desarrollando la investigacion sobre las transformadas de Riesz
de orden superior para las series de Fourier-Bessel, que se definen como
sigue: para cada d > 1,

(0.9}
Ru(fr) =D siulF.e5)aue (),
j=1
donde §% es un operador diferencial de primer orden definido de manera
adecuada. Esta investigacion extiende los resultados para el operador
conjugado relacionado con las series de Fourier-Bessel (que es la trans-
formada de Riesz de orden uno) dados en [18].
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publicaciones a las que ha dado lugar el trabajo presentado en esta
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e Oscar Ciaurri y Luz Roncal, The Bochner-Riesz means
for Fourier-Bessel expansions, Journal of Functional
Analysis 228 (2005), 89-113.

En este trabajo se analizan las medias de Bochner-Riesz
para las series de Fourier-Bessel. Demostramos una acotacién
uniforme con dos pesos potenciales para dichas medias. El re-
sultado nos proporciona condiciones necesarias y suficientes
para la acotacién. Ademads, obtenemos algunos corolarios acer-
ca de la convergencia de estas medias y la acotacién de otros
operadores relacionados con las series de Fourier-Bessel.

e Oscar Ciaurri y Luz Roncal, Weighted inequalities for
the Bochner-Riesz means related to the Fourier-Bessel
expansions, Journal of Mathematical Analysis and
Applications 329 (2007), 1170-1180.

En este articulo probamos desigualdades para las medias
de Bochner-Riesz de las series de Fourier-Bessel con pesos més
generales u(r) que los pesos potenciales previamente conside-
rados. Estas estimaciones vienen dadas mediante la utilizacion
de la teorfa A, local y las desigualdades de Hardy con pesos.
Ademas, también obtenemos desigualdades de tipo (1, 1) débil.
La estimacion en el caso u(r) = r® se obtiene como corolario.

e Oscar Ciaurri y Luz Roncal, Bochner-Riesz means for
Fourier-Bessel expansions: almost everywhere conver-
gence, Preprint.

En esta ocasién analizamos el supremo de las medias de
Bochner-Riesz para las series de Fourier-Bessel. Estudiamos
una desigualdad en la norma LP con pesos potenciales pa-
ra este operador cuando 1 < p < o0; las condiciones de las
hipotesis resultan ser necesarias y suficientes para la desigual-
dad. Aparte de esto, obtenemos una desigualdad de tipo débil
para p = 1. A partir de estos hechos obtenemos un resultado
de convergencia en casi todo punto para estas medias. Final-
mente, a través de una féormula de subordinacién, estudiamos
el semigrupo del calor para las series de Fourier-Bessel.
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e Oscar Ciaurri y Luz Roncal, Littlewood-Paley-Stein
gi-functions for Fourier-Bessel expansions, Preprint.
Definimos las gg-funciones relacionadas con el semigrupo
de Poisson de las series de Fourier-Bessel, para cada k > 1. Se
demuestra que estas gg-funciones son operadores de Calderén-
Zygmund cuyo espacio asociado es de tipo homogéneo y, por
lo tanto, sus propiedades funcionales se deducen de la teoria
general.
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