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1 Introduction

There are several popular identification schemes for structural vector autoregressions (SVAR),
including short- and long-run homogenous restrictions (see, e.g., Sims (1980) and Blanchard
and Quah (1989)), sign restrictions (see, e.g., Faust (1998) and Uhlig (2005)), time-varying
heteroskedasticity (Sentana and Fiorentini (2001)) or external instruments (see, e.g., Mertens
and Ravn (2012) or Stock and Watson (2018)). Recently, identification through independent
non-Gaussian shocks has become increasingly popular after Lanne, Meitz and Saikkonen (2017)
and Gouriéroux, Monfort and Renne (2017).! The signal processing literature on Independent
Component Analysis (ICA) popularised by Comon (1994) shares the same identification scheme.
Specifically, if in a static model the N x 1 observed, square-integrable random vector y — the
so-called signals or sensors— is the result of an affine combination of N unobserved shocks €* —
the so-called components or sources— whose mean and variance we can set to 0 and Iy without
loss of generality, namely

y = p+ Ce’, (1)

then the matrix C of loadings of the observed variables on the latent ones can be identified (up
to column permutations and sign changes) from an i.i.d. sample of observations on y provided

the following assumption holds:?

Assumption 1: ICA Identification
1) the N shocks in (1) are cross-sectionally independent,

2) at least N — 1 of them follow a non-Gaussian distribution, and
3) C is invertible.

Failure of any of the three conditions in Assumption 1 results in an underidentified model.
In particular, suppose that €* follows a non-Gaussian spherically symmetric distribution, such
as the standardised multivariate Student ¢, so that the marginal distribution of each shock is
also a standardised Student ¢ but there is tail dependence among them. The problem is that
any rotation of the structural shocks generates another set of N shocks e** = Qe*, where Q is
a special orthogonal matrix, which share not only their mean vector (0), covariance matrix (I)
and margins, but also the same non-linear dependence structure, rendering C underidentified.

In Amengual, Fiorentini and Sentana (2022a), we proposed simple to implement and inter-
pret specification tests that check potential cross-sectional dependence among several shocks by
comparing some integer product moments of those shocks in the sample with their population

counterparts. Specifically, we assessed the statistical significance of their second, third and fourth

!See Fiorentini and Sentana (2022a) for a selected list of recent SVAR papers that exploit the non-Gaussian
features of the structural shocks.
?The same result applies to situations in which dim(e*) < dim(y) provided that C has full column rank.



cross-moments, which should be equal to the product of the corresponding marginal moments
under independence. Although our Monte Carlo simulation results indicated that the tests we
proposed have non-negligible power against a variety of empirical plausible forms of dependence
among the shocks, tests based on a fixed number of cross-moments are not consistent because it
is possible to create examples of tail-dependent shocks for which all those cross-moments are 0.

The purpose of this paper is to provide alternative moment tests of independence which are
consistent against any alternative to the null hypothesis under the maintained assumptions that
at least N — 1 shocks are non-Gaussian and C is invertible. Effectively, our proposed procedures
check that the joint cumulative distribution function (cdf) of the shocks is the product of their
marginal cdfs. For pedagogical reasons, we first develop our tests for a finite grid of values of
the arguments of the cdfs, but then we explain how to extend them to the entire range of values
by exploiting a generalisation of the continuum of moments inference procedures put forward by
Carrasco and Florens (2000), which results in a consistent test. Interestingly, we can relate our
discrete grid test to the classical Pearson’s independence test statistic for categorical variables
in contingency tables.

Importantly, though, we focus on the latent shocks rather than the observed variables because
Assumption 1 is written in terms of €* rather than y. If we knew the true values of p and C, p,
and Cy say, with rank(Cpy) = N, we could trivially recover the latent shocks from the observed
signals without error. In practice, though, both g and C are unknown, and the same is true of the
autoregressive coefficients in the SVAR case, so we need to estimate them before conducting our
tests and take into account their sampling variability in computing the asymptotic covariance
matrix of the influence functions in the discrete grid case, or its operator counterpart in the
continuous one.

Although many estimation procedures for those parameters have been proposed in the lit-
erature (see, e.g., Moneta and Pallante (2020) and the references therein), in this paper we
consider the discrete mixtures of normals-based pseudo maximum likelihood estimators (PM-
LEs) in Fiorentini and Sentana (2022a) for three main reasons. First, they are consistent for
the model parameters under standard regularity conditions provided that Assumption 1 holds
regardless of the true marginal distributions of the shocks. Second, they seem to be rather
efficient, the rationale being that finite normal mixtures can provide good approximations to
many univariate distributions. And third, the influence functions on which they are based are
the scores of the pseudo log-likelihood, which we can easily compute in closed-form. As is well
known, these influence functions play a crucial role in capturing the sampling variability result-

ing from computing the shocks with consistent but noisy parameter estimators. In this respect,



we derive computationally simple closed-form expressions for the asymptotic covariance matrices
and operators of the sample moments underlying our tests under the null adjusted for parameter
uncertainty. Importantly, we do so not only for the static IcA model (1) but also for a SVAR,
which is far more relevant for economic and financial time series data.

In many empirical finance applications of SVARs, the number of observations is sufficiently
large for asymptotic approximations to be reliable. In contrast, the limiting distributions of our
tests may be a poor guide for the smaller samples typically used in macroeconomic applications.
For that reason, we thoroughly study the finite sample size of our tests in several Monte Carlo
exercises. We also discuss some resampling procedures that seem to improve their reliability. Fi-
nally, we show that our tests have non-negligible power against a variety of empirically plausible
alternatives in which the cross-sectional independence of the shocks no longer holds.

The rest of the paper is organised as follows. Section 2 discusses the model and the estimation
procedure. Then, we present our moment tests for independence for a finite number of grid
points in section 3, and a continuum of points in section 4. Next, section 5 contains the results
of our Monte Carlo experiments. Finally, we present our conclusions and suggestions for further
research in section 6, and relegate proofs, auxiliary results and some technical material to the

appendix.

2 Structural vector autoregressions

2.1 Model specification

Consider the following N-variate SVAR process of order p:
yi =T+ Z?:l Ajyt,j + CE:, €Z|It71 ~ 1.9.d. (0, IN), (2)

where I;_; is the information set, C the matrix of impact multipliers and e} the “structural”
shocks, which we normalise to have zero means, unit variances and zero covariances under our
maintained assumption that they are square-integrable.

Let e, = Ce} denote the reduced form innovations, so that e;|[;_; ~ i.i.d. (0,%) with
3 = CC'. Asis well known, a Gaussian (pseudo) log-likelihood is only able to identify 3, which
means the structural shocks e} and their loadings in C are only identified up to an orthogonal
transformation. Specifically, we can use the QR matrix decomposition of C’ to relate this matrix
to the Cholesky decomposition of ¥ = X3/ as C = X,Q, where Q is an N x N orthogonal
matrix, which we can model as a function of N(N —1)/2 parameters w by assuming that |Q| = 1
(see e.g. Golub and van Loan (2013)). While Xy, is identified from the Gaussian log-likelihood,

w is not. In fact, the underidentification of w would persist even if we assumed for estimation



purposes that € followed an elliptical distribution or a location-scale mixture of normals.
Nevertheless, Lanne et al (2017) show that statistical identification of both the structural
shocks and C (up to column permutations and sign changes) is possible under the ICA identifi-
cation Assumption 1, which we maintain henceforth. Popular choices of univariate non-normal
distributions are the Student ¢ (see Brunnermeier et al (2021)) and the generalised error (or

Gaussian) distribution, which includes normal, Laplace and uniform as special cases.

2.2 Going beyond integer moments

The Lanne et al (2017) identification result, though, critically hinges on the validity of
Assumption 1. As a consequence, it would be desirable that empirical researchers who rely on it
reported specification tests that would check this assumption. In this paper, we focus on testing
that the structural shocks are indeed independent of each other.

As is well known, stochastic independence between the elements of a random vector is equiv-
alent to the joint cdf being the product of the marginal ones. In turn, this factorisation implies
lack of correlation between not only the levels but also any set of single-variable measurable
transformations of those elements. Thus, a rather intuitive way of testing for independence
without considering any specific parametric alternative can be based on influence functions of

the form
N N
cn(ef) = ngthi - H E(Sfth")» (3)
i=1 i=1

where h ={hy, ..., An}, with h; € Zo4, denotes the index vector characterising a specific product
moment. This is precisely the approach that we followed in Amengual, Fiorentini and Sentana
(2022a), where we paid particular attention to third and fourth cross-moments. Nevertheless,
this type of moment test suffers from two problems. First, standard asymptotic theory provides
poor finite sample approximations for tests based on higher-order moments, whose estimates
are quite sensitive to outliers. Second, for any choice of h, one can find joint distributions
of the shocks for which (3) is zero on average even though the shocks are cross-sectionally
dependent. For example, Figure la displays the contours of the copula corresponding to a
spherically symmetric fourth-order Hermite expansion of the bivariate normal such that all
second, third and fourth cross-moments satisfy this condition even though the shocks are not
stochastically independent.

To avoid these criticisms, in what follows we propose to assess the potential cross-sectional
dependence among two or more shocks by comparing their joint empirical cdf to the product of
the marginal empirical cdfs. We do so not only for a discrete grid of values of the arguments

of the joint cdf, which provides the intuition for our approach, but also for a continuous grid of



values using an extension of the continuum of moments inference procedures in Carrasco and

Florens (2000), which provides a consistent test.

2.3 Consistent parameter estimation

Importantly, we focus on moment conditions for the latent shocks rather than the ob-
served variables because Assumption 1 is written in terms of the £*’s instead of the y;’s. Let
0 = [T, vec (Aq),...,vec' (Ap),ved (C)]' = (7/,a],...,a),,c') = (7/,a’,c) denote the structural
parameters characterising the first two conditional moments of y;. If we knew the true values

of By, we could easily recover the true shocks from the observed variables using the expression

/(0) =C ye — 7= XJ_ Ajyij)- (4)

In practice, though, all those mean and variance parameters are unknown, so we need to
both estimate them before computing our tests and take into account that we will be working
with estimated shocks in deriving the asymptotic covariance matrices of the average influence
functions underlying them.

Maximum likelihood estimation (MLE) and inference in SVAR models with independent
non-Gaussian shocks is conceptually simple: the joint log-likelihood function is the sum of N
univariate log-likelihoods plus the Jacobian term |C|. As is well known, MLE leads to efficient
estimators of all the structural parameters if the assumed univariate distributions are correctly
specified. Unfortunately, while Gaussian pseudo maximum likelihood estimators (PMLE) remain
consistent when the true shocks are not Gaussian, the same is not generally true for other
distributions (see e.g. Newey and Steigerwald (1997)). In this context, though, we cannot use a
Gaussian PMLE because we lose identification.

Fiorentini and Sentana (2022a) showed that if the univariate log-likelihoods are based on an
unrestricted finite Gaussian mixture, then all conditional mean and variance parameters will be
consistently estimated under standard regularity conditions when Assumption 1 holds and the
shape parameters of the mixtures are simultaneously obtained.? Let o = (0),...,0%) denote
those shape parameters, so that ¢ = (8',0')’. Appendix C provides detailed expressions not
only for the relevant pseudo log-likelihood function, but also for its score and Hessian, as well as
the conditional variance of the former and the conditional expected value of the latter, on the
basis of which we can obtain closed-form expressions for the asymptotic variances of the PMLEs
of ¢.

3The rationale is that the discrete normal mixture-based PMLEs of the unconditional mean vector and covari-
ance matrix of a random vector coincide with the corresponding sample moments, just like in the Gaussian case,
as shown by Fiorentini and Sentana (2022b).




3 Discrete grid tests

For pedagogical reasons, in sections 3.1 and 3.2 we first assume that 8y is known but later
explain how to correct the covariance matrix of the relevant influence functions for the PML

estimation of these parameters.

3.1 An event-based approach

Our first test is based on the joint probability of events defined before the sample is observed
that involve two or more elements of €5, which should coincide with the product of the marginal
probabilities under the null of independence. Specifically, we begin by defining H points, k1 <

- < kp < --- < kg, so that we can then form a partition of the support of €}, into H + 1
segments, namely kj,_; < e}y < kj, for h = 1,..., H + 1 after suitably defining kg = —oo and
kgi1 = 0ot We then collect the indices of the shocks involved in the set I = {i,d’,...,'},
where 1 denotes the cardinality of the set I, so that we can test for pairwise independence,
joint independence of the entire vector of structural innovations, and any other intermediate
situation. Next, we define the dummy variables Pf; = i, | 5, (€5), where 14(x) denotes the
usual indicator function for z € A. Finally, we denote by v}, the difference between

Pr (ﬂ (P = 1}) )
i€l
which is the joint probability of the event defined by the vector h with typical element h;, and the
product of the marginal probabilities 7§ = Pr(Ps’, = 1), so that v°(h) = 0 under independence.
Using this notation, we could in principle test the null on the basis of the following influence

function:

pi(er) =[] Pl = [T i — v (). ()
iel el
However, (5) is not computable unless one knows the marginal probabilities, as in Fisher’s (1922)

famous tea cup classification example. Therefore, in practice those probabilities will in turn be

estimated from the exactly identified moment conditions

Elpy, (€i)] = 0, .., Elpj,  (€5,)] = 0,

where

po(er) =P — x5l foric I, h=1,..., H, (6)

*For notational simplicity, we maintain the assumption that the number of intervals and their limits are
common across shocks. Although this assumption is plausible when a researcher has no prior views on the
marginal distributions of the different standardised shocks, it would be straightforward to relax it.



which results in the analogue estimator 7§’ = % Ethl PPl a fact that we need to take into
account in computing the asymptotic covariance matrix of the feasible version of (5) that ade-
quately reflects the sampling uncertainty in frzi for all intervals and shocks.

If we then consider an N-dimensional contingency table whose cells are the Cartesian product
of the different marginal partitions, we will end up with a GMM version of Pearson’s joint (or
multi-way) independence test, which is in fact numerically identical to Pearson’s original test

statistic (see Sentana (2022)).5

3.1.1 A re-interpretation in terms of cdfs

Consider now replacing the partition of the support of €}, into the H 41 segments discussed
above by the sequence of overlapping increments €5, < kj, for h = 1,..., H + 1. Two things are
immediately obvious regardless of the independence between the shocks. First,

h;
Fi(kn,) = P(e}y < kn,) = Y Plhj1 < &5y < ky),
Ji=1

which implies that the frff will be replaced by the values of the empirical cdf at the chosen grid

points, say ﬂz And second, that

hi
Fh(khiakhim ...,k‘hil) =Pr [ﬂ {52} < khl}] = Z Z Pr

il icl ji=1

m {kjifl <ep < ka‘} .
i€l

In addition, it is also easy to see that under the independence null

hi
Fn(knys kny s oo kny ) = Pr [ﬂ {eir < khi}] =TI 1D Pr(kja <ei < k)| =[] Filkn,)

iel iel |j=1 il
because
Pr [ﬂ {kji1 <& < kji}] = [IPr(kji 1 <ef < k) VielandVky,je€ H.
il el
Thus, the usual Pearson test for independence can be easily re-written in our context as a
moment test of independence of the cdf at a finite grid of points because the influence functions
of the latter are a simple full-rank linear transformation of the former with known coefficients.

This re-interpretation will allow us to extend our tests to a continuous grid in section 4.

’The adding up restrictions of the elements of the contingency table by rows and columns imply that the
information in some of the cells is redundant, so we can avoid using generalised inverses in computing the test
statistic by getting rid of them. We would suggest excluding all the cells involving a specific category for each of
the I shocks, but the choice of excluded category for each shock is arbitrary.



For practical purposes, let us define

Plf:t = 1(—00,1@)(62(15)7

and
pr(e) = Py — uj, (7)

where u}, = E(P},) = Fi(k), as the new dummy variables and marginal influence functions,
respectively, which trivially give rise to the analogue estimator

T

1 .
iy, = T ZP;&- (8)
t=1

Let us also define the joint influence function
pc(er) = [T Phe — [T vk — v(k), (9)
icl icl

where k = (k;, ky, ..., ki)', which is such that v(k) = 0 under the independence null.

Importantly, the fact that the estimating moment conditions (7) exactly identify the relevant
u}’s implies that there is no efficiency loss in sequentially estimating the v(k)’s from (9) by
replacing the marginal cdfs by their sample counterparts relative to estimating them jointly
from (7) and (9), which in turn implies that the non-centrality parameters of corresponding
moment tests that impose v(k) = 0 will coincide.

The following proposition is crucial to compute the relevant test statistics:

Proposition 1 If the shocks defined by I are stochastically independent, then the asymptotic
covariance of the influence functions px(ef) and pw (€}) evaluated at the estimated values of u},
and vy, in (8), will be given by

Hmin(u?ci, v,i,_) +(1-1) Hu}clvz, — Z min(u};i,v}i/_) H u%}, H v,i/,_, ,  (10)
iel ' icl Y Ger "o \veri£i delil#i
where u}ﬁ = Fi(kn,) and v,’ig = Fi(k:h;).
As we show in the proof of the proposition, expression (10) coincides with the covariance
between versions of the influence functions px(e}) and py (e}) linearised with respect to u} and

v,i,, respectively. This linearised versions are particularly useful when 6 is unknown and has to

be estimated, a topic to which we turn next.

3.1.2 Adjustments for the estimation of 0

Let m[e;(0)] denote a vector of influence functions that depend on €;(8), a parameter-

dependent transformation of the data given by (4). Similarly, let sg:(¢) denote the score vector



used for simultaneously estimating 6@ and the finite mixture shape parameters g. Finally, let
po = (0p,v))" denote the true values of the parameters characterising the true DGP, and
Do = (0, 0,) the pseudo-true values of the estimated parameters. We can then use the theory
of moment tests (see Newey (1985) and Tauchen (1985)) to derive the asymptotic covariance
matrix of the (scaled) sample averages of m[e} ()] that appears in Lemma 1 in Appendix B by
combining the joint asymptotic covariance matrix of the (scaled) sample averages of mle}(00)]
and sgi(¢.,) With the limiting expected value of dmle;} (6)]/96'.

Let us now apply this general result to pi[e?(8)] and py[e}(8)]. Specifically, if we combine
the expressions in Proposition 1, Lemma 2 and Lemma 3 with the expressions for the covariance
matrix of the pseudo log-likelihood score and the expected value of its Hessian in appendix C,
we can easily obtain the adjusted covariance matrix of these influence functions evaluated at
the estimated values of u}c and fu,i/ in (8). Thus, our proposed test will differ from Pearson’s
independence test in that it takes into account not only the estimation of the marginal cdfs, as
in Proposition 1, but also because those probabilities will be computed on the basis of estimated
e}’s that replace 8y with its PMLE 6.

Unfortunately, the choice of H is crucial for both small sample performance and power
considerations even though the asymptotic distribution under the null is always a yx? with H'
degrees of freedom. Intuitively, a too fine partition relative to the sample size may introduce
size distortions because the joint probability of some individual cells will be poorly estimated.
Even in large samples, a fine partition will generate substantial correlation between the influence
functions, potentially causing numerical instability, an issue which we will revisit in section 4.
Finally, there is also a power trade-off between the size of the non-centrality parameter and the
number of degrees of freedom of the limiting distribution.’

In turn, the choice of the k’s will also crucially affect power even though it does not affect
the (first-order) asymptotic distribution of the test under the null. Therefore, it would be useful

to adapt the grid to the marginal distribution of the shocks. For that reason, in the next section

we suggest a simple way to choose the partition which achieves precisely that goal.

3.2 A copula-based approach

Suppose that, instead of fixing arbitrarily the grid points at which we evaluate the cdfs of
each of the €’s, we chose them so that they correspond to specific quantiles of the marginal

distributions. Specifically, we begin by collecting the relevant indices in I = {i,4’,...i'} as in

%Tn principle, we could further deviate from Pearson’s test by not necessarily including all cells in the contin-
gency table, but unless one has a priori knowledge of which specific subset of intervals is likely to capture larger
departures from the null, it is not clear that the consequent reduction in degrees of freedom will translate into
power gains.



section 3.1, and select H probabilities 0 < u; < --- < ug < 1.7 Let »i(up) be the up-quantile
of ¢, for h = 1,..., H after suitably defining up = 0 and upg41 = 1, with 5;(0) = —oo and

#;(1) = oco. Next, we define the dummy variables

Qiuh (g%kt) = 1(—007%1'(11}1)) (5;})

for each ¢ € I. In this notation, a straightforward independence test for the shocks could be
alternatively computed on the basis of the influence functions
qu(el) = [ [ Quun () = [ [ un: —v(w) (11)
iel iel
because vy = 0 under the null, where u = (u;, uj, ..., u;). Intuitively, a moment test based on a
collection of such influence functions will effectively assess that the copula linking the different
marginal distributions is flat, which corresponds to the independent one.
However, (11) is not computable unless one knows the marginal quantiles. Therefore, in
practice the quantiles s (up,) for the chosen probabilities wuy, for each ¢ € I will usually be

estimated in turn from the exactly identified moment conditions

E[th (g;kt)] =0,..., E[qhil (Ez}t)] =0,

where

Qup, (€32) = Qiuy,, (€5) —up, fori€ I, and h=1,... . H (12)

which yields the sample marginal quantiles of the shocks involved as the natural analogue esti-
mators.

Once again, the fact that the estimating moment conditions (12) exactly identify the relevant
quantiles implies that there is no efficiency loss in sequentially estimating the v(u)’s from (11)
by replacing the marginal quantiles by their sample counterparts relative to estimating them
jointly from (11) and (12), which in turn implies that the non-centrality parameters of the
corresponding moment tests that impose v(u) = 0 will also coincide.

An obvious question at this stage is whether practitioners should rely on the event-based
approach in section 3.1 or the copula-flavoured test in this one. A priori, it might seem that
the former should dominate the latter because the asymptotic variance of the estimators of the
probabilities of an interval only depend on the probability of said interval, while the asymptotic
variance of the estimators of the quantiles depend not only on the quantile probability (directly),

but also on the value of the density at said quantile (inversely). Somewhat surprisingly, though,

"For notational simplicity, we again maintain the assumption that the number of intervals and their limits are
common across shocks even though it would be straightforward to relax it.
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it turns out that

Proposition 2 If the shocks defined by I are stochastically independent, then the asymptotic
covariance of the influence functions qu(e;) and gv(e}) evaluated at the estimated values of
si(un;) and 55 (vy) in (12) will be given by (10).

In particular, this means that if we chose the limits of the intervals of the test in section 3.1
so that they exactly matched the theoretical quantiles of the test in the 3.2, or in simpler terms,
so that the two population partitions were identical, the moment tests for independence based
on (9) and (12) would be asymptotically equivalent because the asymptotic covariance matrices
that correct for the estimation of the marginal probabilities or the marginal quantiles would also
be identical.

As we show in the proof of Proposition 2, expression (10) also coincides with the covariance
between versions of the influence functions gy (ef) and gy (e;) linearised with respect to s (up,)
and %,-(vh; ) when these are in turn linearised with respect to u}l and v};,. Once more, these
linearised versions are particularly useful when 6y is unknown and has to be estimated, a topic

to which we turn next.

3.2.1 Adjusting for the estimation of 6

Although in this case we know the marginal probabilities by construction, our proposed test
will once more differ from Fisher (1922) exact independence test because it takes into account
not only the estimation of the quantiles of the marginal densities, but also that those quantiles
will be computed on the basis of estimated e}’s that replace 8y with its PMLE 6. To do S0, we
can again apply Lemma 1 in Appendix B to qu[e?(8)] and ¢y [e}(8)]. Specifically, if we combine
the expressions in Proposition 2, Lemma 4 and Lemma 5 with the expressions for the covariance
matrix of the pseudo log-likelihood score and the expected value of its Hessian in appendix
C, we can obtain the adjusted covariance matrix of these influence functions evaluated at the
estimated values of 5¢;(up,) and 5 (vy) in (12).

Importantly, it turns out that the sampling variability in estimating the mean parameters
or the diagonal elements of the matrix C, which characterise the scale of the different shocks,
is totally irrelevant. Intuitively, the reason is that a contingency table based on quantiles is
numerically invariant to affine linear transformations of each shock because the new quantiles

are the same affine transformation of the original ones. Therefore, the only parameters whose

sampling variability matter are the off-diagonal elements of C.

11



4 A continuous grid

Unfortunately, the tests discussed in sections 3.1 and 3.2 are not consistent for any specific
finite partition of the domain of the shocks because one could always find joint distributions such
that the probability of each joint interval is exactly the product of the marginal probabilities
even though the shocks are stochastically dependent. In fact, any spherically symmetric bivariate
distribution for the shocks, like the one in Figure 1a, will provide an example of such a situation
if we only considered two equally likely intervals for each shock. More interestingly, Figure 1b
relies on another spherically symmetric Hermite expansion of the bivariate normal to illustrate
the same issue if we considered three equally likely intervals per shock. For that reason, we now
extend our procedures to a continuous grid.

Consistent tests of independence based on comparing the joint cdf to the product of the
marginal cdfs for all possible values of the arguments go back at least to Hoeffding (1948), who
considered a Cramér-von Misses type-test based on the integral of the square differences between
the joint cdf and the product of the marginal cdfs, and Blum, Kiefer and Rosenblat (1961), who
also considered Kolmogorov-Smirnov-type tests based on the maximum absolute discrepancy.®
However, those tests rely on specific functionals of the difference, while the discrete grid tests
that we studied in the previous section also take into account not only the asymptotic variance
of the influence functions for each value of the arguments, like an Anderson-Darling (1961) test
would do, but more importantly, the covariance between those influence functions for different

values of the arguments.

4.1 Moment tests with a continuum of moments

In principle, we could try to find the limiting distribution of our discrete grid tests in a
double asymptotic framework in which the partitions get finer and finer as the sample size
increases. However, this is really unnecessary because the influence functions indexed with
respect to the arguments of the joint cdf over R' give rise to a continuum of moments in an L?
space. As a result, we can readily extend Carrasco and Florens (2000) and directly construct a
Hansen (1982) overidentifying restrictions-type test based on the same influence functions as in
the discrete grid case, but with a covariance operator playing the role of the usual covariance

matrix.

8See Kheifets (2015) for an application of these procedures to the probability integral transforms of the con-
ditionally standardised residuals of a fully parametric univariate time series model for the purposes of testing its
correct specification taking into account the estimated character of those residuals.

12



Specifically, we can regard (9) under Hy : v(k) = 0 as the sample version of

p(k) = Fu(k) — [] k).

el
which should be identically 0 for all k if and only if the underlying random variables are inde-
pendent for any random vector with continuous joint cdf. In practice, the marginal cdfs F;(x;)
will typically be unknown, but we can similarly estimate them by regarding the expected value
of (7) as yet another continuum of exactly identified moment conditions, which effectively lead
to the empirical cdf of the " shock.

Importantly, a straightforward extension of the arguments in section 3.2 implies that the
continuum of moments test that looks at (9) over R' will be numerically equivalent to the one
that looks at the difference between the empirical copula and the unit hyperplane over the unit
hypercube. For that reason, in what follows we simply focus on the copula-based version of the
moment tests for overidentifying restrictions. In effect, we can do so by transforming €}, into its

empirical uniform rank
T
1
€ = T Z 1(700,5;})(5;5)7
s=1

so that 1(_ c(u,))(€];) becomes 1(g ) (€i). Thus, we can define

qit(ui) = Lo.u,)(€5r) — s, (13)

a(w) = [T tow () = [T ws (14)

icl i€l

and , .
gr(w) = = > ai(u). (15)
t=1

Let @w be a probability density function with support the unit hypercube. Then, the function
¢¢(u) may be regarded as a random element of L? (xw), the space of real-valued functions which
are square integrable with respect to the density . For any functions f and g in L? (w), the
inner product on this Hilbert space is defined as

(f.9) = f () g(u)w (u) du.
[0,1]'

By the central limit theorem for iid random elements of a separable Hilbert space (see e.g.
proof of Theorem 9 in Rackauskas and Suquet (2006)), we have that under independence, as T’
goes to infinity

VTgr(u) = N (0, K)
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in L? (w), where N (0, K) denotes a Gaussian process of L? (w) fully characterised by its co-
variance operator K, which is an integral operator from L? () to L? (ww) such that
KN = [ K= )i (16)
0,1]!
whose kernel k (u,v) = E[p:(u)p(v)] is given by (10).

As we mentioned before, we are interested in applying an overidentifying restrictions to
our continuum of moments, but replacing the usual covariance matrix by the aforementioned
covariance operator K, which has a countable infinite number of positive eigenvalues Aj; and
associated eigenfunctions f;;,. Specifically, Blum, Kiefer and Rosenblat (1961) proved that in the
bivariate case, the eigenvalues \j, and the complete set of orthonormal eigenfunctions ()

of K, which are the solutions to the functional equation

1 1
Kip(w) = [ [ Kvmu)ay = Aug(w)

are given by 1/(7*j2k?) and 2(sin 7juq)(sin mkug) for j, k = 1,2,....7 This covariance operator
is compact, meaning that its inverse is not bounded. Consequently, its smallest eigenvalues will
converge to zero as j or k go to infinity, as can be clearly seen in the bivariate case we have just
discussed, so taking the inverse of K is problematic. In terms of the spectral decomposition of

K, the direct analogue to the .J test statistic would be written as
_ 1 1 _ 2
<\/TQT7K 1QT> ZZZMK\/TQT,M]’;:H : (17)
7k

Unfortunately, this expression will blow up because of the division by the small eigenvalues. This
is related to the problem of solving an integral equation K f = g where ¢ is known and f is the
object of interest. This problem is said to be ill-posed because f is not continuous in g. Indeed,
a small perturbation in g will result in a large change in f. To stabilise the solution, one needs
to use some regularisation scheme (see Kress (1999) and Carrasco, Florens, and Renault (2007)
for various possibilities). As in Carrasco and Florens (2000), we use Tikhonov regularisation,
which consists in replacing K ~'g by the regularised solution (K 24 al )_1 Kg where a > 0 is
a regularisation parameter. In what follows, we use the notation (K®)~* for (K?+al )_1 K,
which is the operator with eigenvalues )\jk()\?k + a)~! and corresponding eigenfunctions ks

and (K O‘)71/ 2 for the operator with eigenvalues )\;IQQ(AJZ,C 4 a)~%/? and the same eigenfunctions.

Tt is not worth extending their results for 1> 2 because they apply to observed variables rather than estimated
shocks.
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Thus, the regularised version of the J-type test will be

(CRCE B ot
ik

ik
2

{(VTar.n)| (18)

Comparing the expressions (17) and (18), it is easy to see that we have effectively replaced )\;kl
with Aj (A%, +a) 7!, which is bounded.

For computational reasons, it is convenient to rewrite the test statistic (18), which uses as
eigenvalues and eigenfunctions those of K, in terms of certain matrices and vectors (see Carrasco
et al (2007) for analogous expressions for K under time series dependence). Specifically, we use

the following computationally convenient expression for (18):

W' {alr + [(Ir — bply)T)D?*(Ip — oty /T)* Y IW (19)

tth element is wy = [q (u)gr ()@ (u)du, Disa T x T

where W is a T x 1 vector whose
matrix whose (¢, s)th element is dis = (q¢,qs) /T, and {7 is a T x 1 vector of ones. In practice,

only D is needed in order to compute the test statistic since (19) is equivalent to
TD(Ir — bply/T){dr + [(Ir — brly/T)D?(Xr — brly/T))?} (Ip — Lply/T)DLr.

The following proposition provides analytical expressions for the elements of the matrix D:

Proposition 3 If the 1 shocks in I are stochastically independent, then

d= {Hu ~mastens i) - (3) TIo - - (3) TIa- )+ (;)} ,

el el iel

fort,s=1,...,T.
4.2 Adjusting for the estimation of 6

Although in the previous section we have already considered the effects of estimating the
marginal cdfs of the shocks on the covariance operator, in practice we must take again take into
account the sampling variability in estimating @ by PML. The only difference with the discrete
grid case is that the expected Jacobian will now be a function of the values of the arguments
of the cdf, and the same will be true of the covariance between the influence functions and the
score of the Gaussian PMLE. Otherwise, all the expressions that we have derived in sections
3.1.2 and 3.2.1 continue to be valid. In effect, the only thing we need to do is to apply the
Carrasco and Florens (2000) procedure to the residuals from projecting the influence function
(14) on the linear span generated by the influence functions defining the marginal cdfs and the

scores of the pseudo log-likelihood function for each value of u (see Khmaladze (1981) for an

15



analogous transformation). As we explained in section 3.2.1, though, the only parameters whose
sampling variability matter are the off-diagonal elements of C.

In this context, we can obtain the adjusted covariance operator by combining the expressions
in Proposition 3 with Lemma 6 in Appendix B. To use this result in practice, though, we need
to replace the integrals in (B20) by sums over the empirical cdfs of the shocks. For example,
if we denote by €(8) = [€}(8),...,€(8)] the vector containing the empirical ranks of the ¢t
observation of each of the estimated shocks that appear in I, we can estimate the scalar C that

appears in Lemma 6 as

~ r T Onyle*; (6 sy €51 ) oA Al -1 4 Onyle*, (6 s eeey €54 1
c- ZgE{ ik T“’”}A 1(6)5(6)4 1(0)E{ :0). T<9>]}7

Ti=1

where n:(-) denotes the linearised version of (14) that accounts for estimation of the quantiles

through (15), whose explicit expression is given by (A6) in the proof of Lemma 6.

5 Monte Carlo analysis

In this section, we evaluate the finite sample behaviour of the independence tests discussed
in the previous sections by means of several Monte Carlo simulation exercises. We also compare
the power of our proposed tests to that of the integer moment based tests in Amengual, Fiorentini

and Sentana (2022a).

5.1 Design and computational details

To keep CPU time within bounds, we focus on bivariate and trivariate static models, as the
sampling variability of estimating the VAR coefficients is irrelevant for the copula-based tests

that we propose. Specifically, we generate samples of size T" from the following static processes

()= )+(o ) () 20)

Y1t 1 1 1/2 0 €7y
ye | = -1 |+ 0O 2 0 e |- (21)
Y3t 0 0O 0 1 €34

Our PML estimation procedure, though, assumes that the matrix of the impact multipliers is
fully unconstrained and does not exploit the restriction that the loading matrix of the shocks
is upper triangular. Importantly, given that we can easily prove that the estimated shocks
are numerically invariant to affine transformations of the y’s, and that the same is true of the
different test statistics, our results below do not depend on our choice of 7 or C.

We consider both 7' = 250, which is realistic in most macro applications with monthly or
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quarterly data, and T' = 1,000, which is representative of financial applications with daily data.
In the next subsection, we describe in detail our estimation method. Next, in section 5.1.2, we
characterise the precise DGPs we consider for the shocks. Finally, we outline the resampling

procedures that we use in section 5.1.3.

5.1.1 Estimation details

To estimate the model parameters, we assume that each shock ¢}, is serially and cross-
sectionally identically and independently distributed as a standardised discrete mixture of two
normals, or €, ~ DM N (0;, 5, \;) for short, so that

o Nui(0;),032(0;)] with probability \; (22)
7\ Nlus(e), 03%(e;)] with probability 1 —A;

where @; = (0;, 56, \i)',

pile;) = : : o pa(ey) =
I+ - \)
14 Xi(1— \;)o?
o) = S

i i)

B Sids
1+ 21— \)

)

and  03%(e;) = 707 (2:).

Thus, we can interpret s; as the ratio of the two variances and §; as the parameter that regulates
the distance between the means of the two underlying components.'’
As a consequence, the contribution of observation (i,t) to the pseudo log-likelihood function

will be

Uei(0); 0] = In{X; - $lefy(0); 11 (i), o1 (@0)] + (1 = No) - Blefo(0); 13 (). 057 (20)]},

where ¢(g; i1, 0%) denotes the pdf of a Gaussian random variable with mean p and variance
o2 evaluated at . We maximise the log-likelihood with respect to the N elements of 7, the
N? elements of C, and the 3N shape parameters. Without loss of generality, we also restrict
s; € (0,00) which in turn ensures the strict positivity of 032(g;). Finally, we impose ); € (0, 1)
to avoid degenerate mixtures.!!

We maximise the log-likelihood subject to these constraints on the shape parameters using a

derivative-based quasi-Newton algorithm, which converges quadratically in the neighbourhood

of the optimum.'? To exploit this property, we start the iterations by obtaining consistent initial

10We can trivially extend this procedure to three or more components if we replace the normal random variable
in the first branch of (22) by a k-component normal mixture with mean and variance given by u} (@) and o32(0),
respectively, so that the resulting random variable will be a (k + 1)-component Gaussian mixture with zero mean
and unit variance.

" Specifically, we impose s; € [, 1] with 3 = .0001, and A; € [\, A] with A =2/T and A =1 —2/T.

12This maximization can be made effectively unconstrained by a suitable reparametrisation. In particular, we
consider A = 2/T + (1 — 4/T)(1 + e ")~ and 3 = 3 + e 2% where hy and hs are arbitrary constants that

17



estimators of 7 and C, Trproa and Crroa say, using the FastICA algorithm of Givert, Hurri,
Sireld, and Hyviirinen.!? In addition, we obtain initial values of the shape parameters of each
shock by performing 20 iterations of the expectation maximisation (EM) algorithm in Dempster,
Laird and Rubin (1977) on each of the elements of &} ;o4 = 6;}0.4 (yi — Trica).
Assumption 1 only guarantees the identification of C up to sign changes and column permu-
tations. We systematically choose a unique global maximum from the different observationally
equivalent permutations and sign changes of the columns of the matrix C using the selection
procedure suggested by Ilmonen and Paindaveine (2011) and adopted by Lanne, Meitz and
Saikkonen (2017). In addition, we impose that diag(C) is positive by simply changing the sign
of all the elements of the relevant columns. Naturally, we apply the necessary changes to the

shape parameters estimates, and in particular to the sign of §;.

5.1.2 DGPs under the null and the alternative

The DGPs for the standardised shocks that we consider under the null of independence are:

DGP 0: In the bivariate case, €], follows a Student ¢ with 10 degrees of freedom (and kurtosis
coefficient equal to 4), and €3, is generated as an asymmetric ¢t with kurtosis and skewness
coefficients equal to 4 and —.5, respectively, so that § = —1.354 and v = 18.718 in
the notation of Mencfa and Sentana (2012), while in the trivariate case, €}, follows an

asymmetric ¢ with the same kurtosis but opposite skewness coefficient as €3,.

In turn, we simulate from the following three standardised joint distributions under the

alternative of cross-sectionally dependent shocks:

DGP 1: Standardised scale mixture of two zero mean normals with scalar covariance matrices in
which the higher variance component has probability A = 0.2 and the ratio of the two

variances is sz = 0.05.

DGP 2: Multivariate discrete mixture of two normals with parameters

0.5 02 0 0
8y = ( _%5; > and Ny — ( 8'3 002 ) cords=| 05 | andNg={ 02 02 0
: 2 0. 0 02 0.2 0.2

for the bivariate and trivariate cases, respectively. In both cases, the mixing probability is

set to A = 0.7 (see Appendix D in Amengual, Fiorentini and Sentana (2022b) for details).

control the slope of the functions, which we set to 1.

3See Hyvirinen (1999) and https://research.ics.aalto.fi/ica/fastica/ for details on the FastICA package.

" As is well known, the EM algorithm progresses very quickly in early iterations but tends to slow down
significantly as it gets close to the optimum. After some experimentation, we found that 20 iterations achieves
the right balance between CPU time and convergence of the parameters.
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DCP 3: Asymmetric Student ¢ with skewness vector 3 = —10£x and degrees of freedom parameter

v =12 (see Mencia and Sentana (2012) for details).

Panels A-D of Figure 2 display the contours of the copula densities associated to DGP 0-3

in the bivariate case.

5.1.3 Resampling procedures

The theoretical results in Beran (1988) imply that if the usual Gaussian asymptotic approx-
imation provides a reliable guide to the finite sample distribution of the sample version of the
moments being tested, critical values obtained by resampling should not only be valid, but also
their errors should be of a lower order of magnitude under additional regularity conditions that
guarantee the validity of a higher-order Edgeworth expansion. For that reason, we explicitly
analyse the performance of applying resampling methods to our proposed tests.

Specifically, we follow Matteson and Tsay (2017) and Davis and Ng (2022) in reshuffling
the estimated standardised residuals as follows. For each Monte Carlo sample, we generate
another Np,; samples of size T that impose the null by generating NT' draws R;s from random
permutations of the vector (1,...,7T") independently drawn for each shock, which we then use to
construct

¥s = #r + Cré:,
where &}, = &/ and & = ef (O7) = C;l (yt — 7r) are the estimated residuals in said Monte

Carlo sample.'?

5.1.4 Simulation results

To gauge the finite sample size and power of our proposed independence tests, we generate
5,000 samples for the designs under the null and 1,000 for those under the alternative. For each
sample, we also compute Npyor = 99 random permutation samples, as explained in the previous
subsection.

In Table 1 we report the results on the finite sample size of the independence tests proposed
in sections 3.2.1 and 4.2 for T' = 250 and T" = 1,000 in the bivariate case, and 7" = 250 in
the trivariate one. As can be observed, overall, the size of the tests is quite accurate and the
resampling procedures tend to adjust the slight size distortions of the discrete grid test when
T = 250. In particular, the Monte Carlo rejection rates are not significantly different from

the nominal ones in all cases, although the continuous grid test with N = 3 and T" = 250

15 Two implications of this approach is that the marginal empirical cdfs do not include jumps of size bigger than
1/T and that the tails of the shocks are the same in the actual and simulated data.
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is moderately undersized. Interestingly, the size of discrete @) test does not deteriorate when
the dimension of the partition becomes larger. For example, when N = 3 and H = 5, the
size of the test is acceptable when T' = 250 even though it is effectively based on H3 = 125
moment conditions. Remarkably, the continuous ) test is not very sensitive to the choice of
the regularization parameter « either, with stable results over the interval of values we have
experimented with, namely o € [le™5, 1e78].

In turn, Tables 2, 3 and 4 display the simulation results on finite sample power for the cases
N =2,T =250, N = 3,T = 250, and N = 2,7 = 1,000, respectively. For comparison, we
have also included the power of the integer moment tests based on the influence functions (3)
in Amengual, Fiorentini and Sentana (2022a). Once again, we use the resampling procedures
described in the previous subsection to effectively size-adjust the critical values of all tests.

Under DGP 1 (scale mixtures of normals), our contingency table tests with estimated quan-
tiles have substantially more power than the tests based on integer cross-moments of third-
and fourth-order. The discrete grid test is better than the continuous one when H < 3, but it
becomes worse for larger values of H. The tests based on integer cross moments largely fails
to detect the dependence among the structural components when 7' = 250, and only displays
limited power for T" = 1, 000.

When the true distribution is a mixture of two multivariate Gaussian components (DGP 2),
the power of the continuous @ test is very close to 1 in all cases. Still, the discrete grid test
performs very well, especially when H > 3. The integer moment test is again the worst, as it
only has an acceptable power when 7" = 1, 000.

Under DGP 1 (asymmetric Student t), the integer moment test is the most powerful, with
most of its power coming from the co-skewness component. This is perhaps not surprising given
that the integer moments that this test uses coincide with the ones underlying the LM tests
for copulas in Amengual and Sentana (2020). Nevertheless, the continuous @ test performs
reasonably well and it is better than the discrete grid version. When 7' = 1,000, both quantile-
based tests have power close to one.

Finally, notice that the power of the tests is larger in the trivariate case than in the bivariate
one in most cases, a fact that is most evident for the continuous () test, which on average, is

the best of the three reflecting its consistency property.

6 Conclusions and directions for further research

Identification of SVAR models through independent non-Gaussian shocks is a very power-

ful tool. At the same time, it is not without concerns, as forcefully argued by Montiel-Olea,
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Plagborg-Mgller and Qian (2022). In particular, given that the parametric identification of
the structural shocks and their impact coefficients C in the SVAR (2) critically hinges on the
validity of the identifying restrictions in Assumption 1, as we illustrated in section 5.3 of Amen-
gual, Fiorentini and Sentana (2022a), it would be desirable that empirical researchers estimating
those models reported specification tests that checked those assumptions to increase the empir-
ical credibility of their findings. The specification tests that we propose in this paper can be
very useful in this respect.

Our tests effectively check that the joint distribution function of some or all of the struc-
tural shocks is the product of their marginal distribution functions. We do so first for a finite
grid of values for the arguments of the distribution functions, explicitly relating our proposed
test to Pearson’s test for independence in contingency tables. But then we extend them to a
continuum of values, which results in consistent tests. Importantly, we explicitly consider the
sampling variability resulting from using shocks computed with consistent parameter estima-
tors. We study the finite sample size of our tests in several simulation exercises and discuss
some resampling procedures. We also show that our tests have non-negligible power against a
variety of empirically plausible alternatives.

An obvious extension of our work would be the calculation of our proposed tests in some of
the increasing number of empirical applications that rely on the cross-sectional independence of
the shocks. Before doing so, though, it is important to remember that most of those applications
rely on two-step estimators for the parameters of the static IcA model (1) or the dynamic SVAR
(2) which differ from the discrete mixture of normals-based PMLEs we have considered in this
paper. Although the specifications tests that we have proposed could also be applied to shocks
computed on the basis of those alternative estimators, the asymptotic covariance matrices that
take into account their sampling variability will differ from the ones we have derived.

The moment conditions that we consider for testing independence could also form the basis
of a GMM estimation procedure for the model parameters 8 along the lines of Lanne and Luoto
(2021), although with either a much larger but finite set of cross-moments or a continuum of
them. The overidentification restrictions tests obtained as a by product of such procedures could
be used as a specification test of the assumed cross-sectional independence assumption.

Similarly, we could consider related tests of independence that exploit the fact that the
joint characteristic function is the product of the marginal characteristic functions under the
independence null, along the lines of Csorgé (1985), but using an overidentification test for a
continuum of moment conditions, as in Amengual, Carrasco and Sentana (2020), rather than

the Cramér-von Mises and Kolmogorov-Smirnoff functionals that he used.
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The fact that the only parameters whose sampling variability matter for our discrete or
continuous grid copula-based tests are the off-diagonal elements of C suggests that our approach
may be robust (in the statistical sense of the word) to the presence of outliers in shocks with fat
tails, which will affect mostly the estimation of the mean parameters and the scale of the shocks
rather than their quantiles. Studying this issue in more detail along the lines of Davis and Ng
(2022) constitutes an interesting topic for further research.

Another important question is what would happen to our proposed tests in the other extreme
case in which the true joint distribution of the shocks is Gaussian. If the parameters in 8 were
known, our independence test will continue to work without any problem, as the assumption
of mutually independent shocks will be automatically guaranteed by the combination of multi-
variate normality with the orthogonality of the shocks. However, the parameters in C will no
longer be identified, which will affect the distribution of their estimators, as Hoesch, Lee and
Mesters (2022) have recently shown. The extent to which this will also affect the independence
tests remains unknown.

Finally, it should also be of interest to apply our independence tests to the shocks of SVAR
models identified using some of the more traditional methods mentioned in the introduction
even when they have been estimated by Gaussian PMLE because most of the theoretical macro-
economic models that justify those identifying strategies implicitly assume the independence of
the underlying economic shocks. We are currently pursuing some of these interesting research

avenues.
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Appendices
A Proofs of Propositions
A.1 Preliminaries
Given that

O(ook) (i) _ ODk(e}) _ i
Oej, Oe}, (el =k

where 0.y denotes the Dirac delta function, we have

N oplE)]
o [Pty

This is due to the fact that 1(_ y) (¢}) is a shifted and flipped Heaviside step function, i.e. the
indicator function of the one-dimensional positive half-line, whose distributional derivative is

equal to the Dirac delta function. Specifically, since 1(g o) (%) = d(x) and

| @i = 10,
then
Eo[d(x i3] = fi(k). (A1)
We will also exploit the fact that, analogously,
Eolej0(er, —xy) = kfi(k). (A2)
Proposition 1

To simplify the notation, let u; = u}h and v; = u},. Linearising the influence function (8)

yields
f[ (kh Zl( ookh ui—+-0p(1).

Regarding the influence function (9), we have that

Hl ook:h) zt Hullz— H Ug! .

el Vel i #i

0
ou;

Elpk(e7)]

Then, the linearised influence function that takes into account the estimation of w;, for ¢ € I,

becomes

[H L(—oo k) Huz] -3 [ (—o0kn, ) (Eit) — Ul} IT v (A3)

i€l i€l i€l el i’ #i

26



Next, we have to compute

Elmi(w)m(v)] = E{ T oo, (E3) Huz] {Hl —o0.kn) (Ejt) H%]}

Liel el jel jel
. [rp i) Huz] S [ty -] TI o
L el el jel j'elj’#j
B |33 [isemp i) — ] TT we g [T] corn &0 = [T o
| | €l i el,i’#i Jjel Jjel

+E {2[1(00%)(5;;)%} I1 u}

iel Vel £i

X {Z |:1(—oo,khj)(€;t) —Uj} 11 Uj'H

Jel J'elj'#j

Regarding the first term,

E{ H 1( 00,k ] zt Hull |:H 1(*007khj}(€;t) o ij] }

Liel el Jel J€el

- ol e - (0-) ()
E{ (};[1 vj) [g 1(—oo7khi}(5ft)] } —-E { (g uz) |:jl;[[1(°°vkh]}(€;t)] }

= Hmin(ui, v;) + H uiv; — 2 H Ui

el el el
= H min(ui, UZ‘) — H U;V;
el el

where the second equality follows from expanding the product, and the last one from the fact
that
E[L(—coky,)(€ir)] = u; for i € I,

and

E[l(,oo’khi)(aft)l(,oo7kh(_)(5ft)] = min(u;, v;) for ¢ € I. (A4)
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Similarly, the second term becomes

Hl( oo,kn,) HUZ] Z[ oo,khj)(E;t)—Uj} H vy

i€l iel jel €L j'#]

= _ZE

Hl(—oo,khi)(ffft)] [1(—00,1@%)(85)—%] I v

icl icl irelil#i
= IHuivi — Z min(u;, v;) H Uy H vy
el el el i’ #i el i’ #i
where the first equality follows from the fact that
E[l(—oo,khi)(gz(t) -] =0 for i€, (A5)

and the last one from (A4). By symmetry, the third term is equal.

Finally,
E Z |:1(foo,khi}(5rt) — ul] H (7 Z [1(,007]{%](6;15) — Uj] H Uj/
| e i'eli'#i jer J'ELj'#j
= B3 [1coom () — ul wir ¢ [coopy (€5 =] T o
| el i'€l,i'#i ! i€l il #i

= E min(ui, Ui) H (' H Vit | — IH U;;,

i€l el il #i el il i i€l
where we have used (A5) in the first equality and (A4) in the second one.

Collecting the four terms, we get the desired result. O

Proposition 2
As in Proposition 1, linearising the influence function for 7;(u;) yields

1

f [%z Uz

T
V) =00 = = 2 | 5 D ot 6) ] 1)

Regarding the influence function (11), we have that

0 o1 —00,53 (u; (E;k)
P TT Lcooeiuny (e Hu] = I w E[ ( 8};)) t]

il icl Tl

= 1T we | filei(u).

Vel il #i
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Then, the linearised influence function that takes into account the estimation of s; becomes

el

[H 1 —00,7;(u;)) H uz] - Z oo,/l(uz))(g;kt> - uz] H Uy’ - (A6)

iel il Ve #i

Next, we have to compute

+E

H 1( o0 %,(ul) 'Lt H ul] |:H 1(*007%1'(”1')) <E;t) a H vj }

Licl icl Jel Jel

[Hl(—oo,m(um(ﬁ?t) - H“i] {Z PG AR YT | | vjf}]

| Lier iel jeI T jlel 'y

{Z[1<oo7%z<ul))(éft)uz‘] I[ « }{Hl (=00,565(0)) HUJ]]

i€l i eli!#i jeI jerI

{Z [1(_007%(%))(55) - Uz] H ui/}

iel i'el il #i

Z [1(*007%3'(%))(5%) - v]} H vj’}]

Jel J'elj'#j

Regarding the first term,

Liel

E { H 1(—007%1'(111')} (€i) — Hu’] |:H Loo 155 (v;)] HUJ] }

1€l jel Jjel

el )

| (m

”J‘) [H L(—o0(uo) (52})] } —E { <H u> {H L(—00,56(0,)] (E;t)] }
i€l el jeI

= Hmin(ui, Ui) + Huivi -2 H U;V;

el

= H min(u;, v;)

el

1€l el

- | |Uivz‘

el

where the second equality follows from expanding the product, and the last one from the fact

that

and

E[l(—oo,%i(ui))(ez%‘kt)] =u; fori el

EI:]‘(—OO,%i(Ui))(Ej;t)]‘(—OO,Xj(’Uj))(g‘);t)] = min(ui,vj) for 1,7 € 1.

29



Similarly, the second term becomes

H 1( oo Ml(ul)) zt HUZ] Z |: oo,%j(vj))(g;t) B Uj] H vy’

i€l i€l jel €L j'#]

= -) E H1<—oo,m<ui>)(€?t)] [coosawn(E) —v] [ v

il i€l Vel i’ 4

= IHuivi—Zmin(ui,vi) H Uyr H vy

el el el i #i el i £

where the first equality follows from the fact that
E[l(—oov%i(uyz))(gft) —u;] =0 foriel,

and the last one from (A4). By symmetry, the third term is equal.

Finally,
E Z [1(700,,41(%))(&;‘,) - UZ] H Uy Z [1(700,%](1@)) (E;ft) - vj] H vy
| el i'eli'#i jel Jj'el,j'#j
= B9 Mm@ —u] T] wirg [Lcomnleh) —uv] ] v
| er i'el,i'#i i€l il #i
= Z min(u;, v;) H Ugr H vy | —1 H U;V;,
iel el il #i el il #i i€l

where we have used (A5) in the first equality and (A4) in the second one.

Collecting the four terms, we get the desired result. O

Proposition 3

Let uy denote the vector containing all the u;’s such that ¢ € I. Using the independence

copula as weighting function, so that w(u) = 1 Yu, we have to compute

(qt,qs) = / gt (ur) gs (uy) duy,
[0,1]!

with

q H 1 (0,u) fzt (0,u;) Ezs Huz Oul) ezt Huz (0,u;) 67,5 + Hu“ (A7)

i€l el el el

where we have used (14) evaluated at the observations ¢ and s. Next, we have to compute the

integrals for each of the four terms of the right-hand side of (A7). Regarding the first term,
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under the independence null,

1
/[‘0 1 [H 1(0,u¢)(eit)l((),ui)<€is)] dur = H I:/o 1(0,u¢)<max{€it7eis})dui:|

el iel

1
= du;
g [\/max{eit,eis} B ]

= H[l — max (€, €s)]
i€l
di (€, €5).

As for the second and third ones,

/ [H 1(07ui)(€it)ui] duy =
0.1 |7

el

Next, integrating the fourth term,

/[0,111 (lj__v[lﬁ) du; = H ( /0 1u?dui>

ds.

Finally, collecting them in dis = di (€, €5) — da(€) — da(€s) + d3 delivers the desired result. [

B Lemmata

Lemma 1 Let m[ef(0)] denote a K x 1 wvector containing a collection of influence functions
and 6 a consistent estimator of 0. Under standard regularity conditions

VIS et (B)] > N0 (i )],
T Za—1

where

+‘7:(¢ooﬂ cAOO)'A_:L(¢007 UO)jI(¢oo; QOO) + j(¢oo? (PO)A_l(d)oo; ¢O)fl(¢oov 900)7

V(¢;¢) =V {mle;(0)] ¢},

7601 = {20 o},
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Figr0) = con { PO o) o}
with
A(Pooi o) = —E[08¢t($os) /09| p0] (B8)
and
B(booi Po) = Vset(Poo)lol- (B9)

Proof. It follows from applying the same steps as in Proposition 1 in Amengual, Fiorentini and

Sentana (2022a). O

Lemma 2 Suppose that model (2) satisfies Assumption 1. Then, the non-zero elements of the
expected Jacobian matriz of the linearised pxle; (0)] evaluated at Oy and the estimated values of
ul in (8) are be given by

Jphc“/ 9007900 Z Z H W ﬁui,f[khiL fOT i#i/7

i€l i/eli'#1 \i"eli"#i'#1

where 1y, , = Eo[ejtl(,oqkhi)(sft)] foriel.

Proof. From (A3), we have that

amff *
90 = F {89 [H L0, (us) Eit) Hu2] ~ a9 {Z [1(—w,%(ui))(€it) - ul] H uz’}}

iel iel iel i€l il #i

b * 91 —00,x(U; (5f)3f
= | I tecortunm ) | Mcoomu (E) —ui] =2

iel \#'el,i'#i deiy 90
Moreover, notice that
05, (0) .
o =
93,(6) L
8;; - _(yg_] ®c ) fOI‘ J = 17 Ry
and
0e%(0 .
WO ey o (B10)

oc’

Hence, under the independence null,
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except for the off-diagonal elements of C, namely,

oy | O(—ooseui)) (€3r) e
E Z Z 1(—00,%(ui/))(5i’t) 66’)}} 8C,t

i€l \i'eli'#i

* 81 —00,x Uy (5?) * 7
= B Y Lt (i) | — ag(ft)) t[st’<9)®cl}

iel \i'=1,i'#i

= —Z Z E H 1(700,;{(11,1-//))(5;?"15)

i€l i€l i'#i i el il £ i

01 —00,2¢(u; ;(
XE[l(—oo,%(ui/))(gz’t)gz’t]E |: ( A Z))(g t)

*
Oe},

= Y S T we |, e

i€l 'eli'#i \i el il £ £i

(ef ®c”)

where the first equality uses (B10), the second one follows from cross-sectional independence of
the shocks, and the last one implicitly defines 1,; = E[e},1 (oo s (u;)) (€]0)]- O
Lemma 3 Suppose that model (2) satisfies Assumption 1. Then, the non-zero elements of the
covariance matrixz between the linearised influence function py[e;(0)] evaluated at at 6y and the

estimated values of u}z in (8) and the pseudo log-likelihood scores evaluated at the pseudo true
values ¢, 1s given by

cov{pk[e; (00)], 8,1 (¢00) |00, vo} = E[Kpyi(Poo, v0)],

where
0
Z,(0 Z.(0 0
kat(¢m7v0) = |: lt(() 0) (0 O) Iq :| ’Cpk(gooa'UO) )
0

where Kp, (0o0s Vo) i a N? x 1 vector whose entries s = N(i — 1) +1i' fori,i’ =1,..,N are

8111 5*, oo
KILS(QOWUO) = - ZZ H win | Ny B { 1(€§‘t§khi) ) f(agig)' 007U0} s

i€l /el \i"€el i+ 4! i

fori #1', and zero otherwise.

Proof. We start by computing the covariance of the influence functions underlying our testing

procedure with the pseudo log-likelihood scores evaluated at the pseudo true values ¢, namely

cov{pk[€; (600)], 8¢t (Poo) |00, Vo } = Kp, (Pogs V0) = E[KCp,t(Poos v0)],

and

COU{pk[E:(eo)], S¢t(¢oo) |007 UU} = K:pk((boo’ UO) = E[kat(cbooa UU)]?
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where

’Clt(goovv(])
]Ct((boovl’O) = I: thE)BO) ZSE)GO) ](:; :| IC-St(QOO7U0) )

’Clrt(gooa UO)

Exploiting the cross-sectional independence of the shocks, we get for the mean parameters

* d1ln E?; 100
Kyt (80s V0) —cov{met),fw\eo,vo} (B11)

*
Oe}

Oln 8*, 00
= _E{I(E:t<khi)f(agzi e )‘007’170}
]

and

* dln 5?; 100
plecron) = oo { o), Z2LE ) gy, 0, (B12)

8111 5*7 oo
= | I = E{1<szts1fhi>"f(”g)'90700}’

Oe*
IR i

and zero otherwise.

Similarly, K.s(0.,,v0) is a N2 x 1 vector whose entries are such that for i with j; > 0,

* 8111 5*,9 *
Ko (@sern) = —cor{ pulen), 1+ PIEE) oy, v (B13)
%
Oln f(e¥; 0,
= —F { L, >kn,) [1 + W : 5:t:| 9071)0},
;
N Oln f(e}y; 0;
Kpis1 (@0, V0) = —COU{Pk(Et),lJFW'?EZ 90700} (B14)
7
* d1n 5*;9' *
= —| I] = E{Eitl(aft<khi)' |:1+W'€it:| 90,00},
i'el,i'#i i
* J1n 5*79 *
Kpra(@seron) = —co {pufei) 1+ ) s gy 0o (B15)
7

dln f(e%; o;
= — H Ut T]Z/E{]_(E;ktgkhz) . W‘eo,vo},
i ET il £, i0 i %

and zero otherwise.

Kir(0s0, v0) =K}, vecd(I,,), where Ky, another block diagonal matrix of order N x ¢ with

typical block of size 1 x g;,

o 0In f(e5; Bioo
kar(gooav[)) = COU{pk(Et),f(aQig)‘eo,Uo} (Blﬁ)
8ln 5*, 00
= F { 1(57’;‘t§khi) ' ‘f(a;t/g) 007U0}
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« O0In f(e}; 0i00
Kpir(@oos V0) = cov{pk(et),nf(agt(g)lemvo} (B17)

= H uy | B { Ler<hn,) - 81nf(a€gt,; Do) ‘ 90,’00}
i€l il i i
and zero otherwise, again because of the cross-sectional independence of the shocks and the fact
that E[01In f(e}; 05)/0c |00, vo] = 0.
Next, to obtain the covariance of the influence function evaluated at 8y and the estimated
values of u}L in (8) and the pseudo log-likelihood scores evaluated at the pseudo true values

00, vo, we can make use of (A3) to write
cov{my’, spt(¢oo) |00, v0} = cov{pi(ef), s¢i(do0) |00, vo} (B18)

ST TT wr | cov (o (€4). 5u(ho0) 60, w0} -

i€l \&€l,i'#i
Then, substituting (B11) and (B12) into (B18), we get
CO’U{m?: STt(¢oo)’007 UO} =0

and

cov{my', Sa;t(¢oo)|00,vo} =0, for j=1,...p

Similarly, substituting (B13) and (B14) into (B18), we get
cov{my, s¢,;t(Pso)|00,vo} =0, for i=1,...,N;
and substituting (B16) and (B17) into (B18), we get
cov{my’,s¢.t($o0)|00,v0} =0, fori=1,..,N.

Finally, substituting (B13) and (B15) into (B18), we get result stated in the proposition. O

Lemma 4 Suppose that model (2) satisfies Assumption 1. Then, the non-zero elements of the
expected Jacobian matriz of the linearised influence function qulef(0)] evaluated at 8y and the
estimated values of »;(u;) evaluated are given by

Jquc“/ QoovSOO Z Z H g nullf[%l<ul)]7 for i # 7;,’ (Blg)

i€l el i’#1 \i"el " #i'#i

where gui/ = Eo[gztl(foo,%i/(ui/)] (E;(’t)]'

Proof. The proof is analogous to the one of Lemma 2 by virtue of the symmetry between (A3)

and (A6). O
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Lemma 5 Suppose that model (2) satisfies Assumption 1. Then, the non-zero elements of the
covariance matriz between the linearised influence function qule;(0)] evaluated at O¢ and the
estimated values of »;(u}) and the pseudo log-likelihood scores evaluated at the pseudo true
values ¢, s given by

cov{qu[e; (00)]; Sc,st(Po0)100, Vo } = E[Kgui(doo, v0);

where
0
Z,.(0 Z.(0 0
le]ulf(¢007”0) = |: lt(() 0) E] O) I :| ,CQu(Qooa'UO) 5
q 0

where Kgy (000, V0) is @ N2 x 1 vector whose entries s = N (i — 1) + 4’ fori,i’ =1,...,N are

8lnf(5;k ; ono)
Kgs(oor00) = =D ) [[  w|wE { Lercnui)) —gar | G000 s

i€l i'el \iVel il i, #i! i

fori #1', and zero otherwise.

Proof. The proof is analogous to the one of Lemma 3 by virtue of the symmetry between (A3)
and (A6). O

Lemma 6 Suppose that model (2) satisfies Assumption 1. Then, the adjusted covariance oper-
ator that accounts for estimation of @ is given by

<qt7 QS> /T + C7

where 3 3
- [ e[ oo are [

Proof. From 4, the Jacobian of the linearised (with respect to s’s) influence function with

respect to @ can be written as
onyg (uy ,
R e DD Dl B | 7 P AR A
i€l el i’ \i" el i £+

We are after

/{071]1_ {nt(uj) - E {8113(9111)} VT (0 - 90)} {ns(ul) B [(91158(0111)] VT - 00)} du,.

Let us consider each of the four terms separately. The first one, namely

/ “ni(ur)ns(ur)duy,
[0,1]¢

is given in Proposition 2. Next, we have the cross-terms, which are of the form

_ /[071}i 5 [anasgfﬂ} VT(® — 09)ny (ur)duy.
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If we then use the fact that
VT(B 1 - -1 VT d
T(B_GO) = \/TA (¢oo;900)59 +0p(1) :A (¢oo;¢O)TZSGt+OP(1)7
t=1

we can see that

1 ans(uI) _ ‘ T -
7% [0,1]¢ E [ag’} ('A "(@oos #0) ZSB»r) ne(uy)duy = o,(1)

=1
because of the scaling factor 1/v/T and the fact that the £’s entering into sg,(¢) are asymp-
totically independent of the ones in n¢(us) and E [Ons(us)/00'] . Hence, the covariance of the
linearised influence function with the pseudo log-likelihood scores evaluated at the pseudo true
values ¢, is asymptotically negligible.

Finally, regarding the last term, we obtain (B20), as desired. O

C ML estimators with cross-sectionally independent shocks

In this appendix, we derive analytical expressions for the conditional variance of the score
and the expected value of the Hessian of SVAR models with cross-sectionally independent non-
Gaussian shocks when the distributions assumed for estimation purposes may well be misspeci-
fied, but all the parameters that characterise the conditional mean and covariance functions are
consistently estimated, as in the case of finite normal mixtures. Fiorentini and Sentana (2022a)

consider the general case.

C.1 Log-likelihood, its score and Hessian

Given the linear mapping between structural shocks and reduced form innovations, the con-

tribution to the conditional log-likelihood function from observation ¢ will be given by

Li(yt; ) = —In[C| +1[e1:(0); 01] + ... + l[en(0); on ], (C21)

where €f(0) = C Yy — 7 — Ajyi—1 — ... — Apyi—p) and I(e};; 0;) = In f(g};; 0;) is the log of
the univariate density function of €,, which we assume twice continuously differentiable with
respect to both its arguments, although this is stronger than necessary, as the Laplace example
illustrates.

Let s;(¢) denote the score function 9l;(¢)/0¢, and partition it into two blocks, sg:(¢) and

sot(¢), whose dimensions conform to those of 8 and g, respectively. Given that the mean vector
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and covariance matrix of (2) conditional on I;_; are

pw(0) = THAyi1+ .. F Ay, (C22a)
¥.(0) = CC, (C22b)

respectively, we can use the expressions in Supplemental Appendix D.1 of Fiorentini and Sentana

(2021b) with Etl/Q(B) = C to show that

0
0
/
010) _ 0l peecy= | | veel ) = 2y Opecty)  (C23)
0
IN2
and
Oei (6) _1014(0) / _1,0vec(C)
- _C —le*
= —{Z,,(0) + [e(0) ® IN|Z,(6)},
where
Iy
, Vi1 ®@In
zue) = M5 e = e, (C25)
Yt—p & IN
On2x N
Oy N2
0N2><N2
Ovecd [34+(0 _
za0) = Oy om = favec™), (o)
ON2><N2
IN2

which confirms that the conditional mean and variance parameters are variation free. In addition,

o =[]0 =0 ][9]

sot(®) 0 0 Ll
[ Zu(8) O eq(d) | e
- [ 0 Iqurt(qﬁ)}Zt(a) ) o
where
dln f1[e1,(6); 011/0<3

OIn fuled, (8): ox] /0%

38



esi(¢p) = —vec {IN + amf[s;<(o9);g]€*,(0)}

Oe* t
14 MmhEL Ol oy ) . OhEL Okl ()
= —wvec : : (C29)
DLy 0) .. 14 PibpOied )
and
9In f1[<7,(0);e1] er ()
" dgq
_ 0l flei(0): o) - ert(9)

ert(¢) = : = . (030)

aQN eTNt(¢)

by virtue of the cross-sectional independence of the shocks, so that the derivatives involved

o

correspond to the assumed univariate densities.
Let h;(¢) denote the Hessian function ds:(¢)/0¢" = 9%l;(¢)/0¢0¢’. Supplemental Appen-
dix D.1 of Fiorentini and Sentana (2021b) implies that

hoo: (@) = th(e)aeég,(b) + Zst(o)aegt;fb)
Ovec|Z; (0 Ovec|Zg (0
+[eh(6) @ Ly raye] ZON L el (9) @ T yayme] 2O e

where Zj(0) and Z(0) are given in (C25) and (C26), respectively. Therefore, we need to obtain
Ovec(C™1) /00" and dvec(Iy @ C~V)/00'.

Let us start with the former. Given that
dvec(C™V) = —vec[CVd(C")CV] = —(C' @ CY)dvec(C') = —(C™ ! ® CV)K yndvec(C),

where Ky is the commutation matrix (see Magnus and Neudecker (2019)), we immediately

get that

dvec(C~V
8(0'> = [ On2x(N4pN2) —(C ' C MKy |,

so that

Iy

11
Ovec|Z;(0)] v 1. Y

06’

dvec(C~Y)

= |Wve 26’

Yi—p @In
Onzx
Iy
yi-1 ®In
= Iy ® [ ON2><(N+pN2) (C_1®C_1/)KNN ] .
Yit—p & IN
Onzy
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Similarly, given that
vec(In ® C7V) = {[(Iy @ Kyn)(vee(In) @ In)] @ Iy tvec(C™Y)
so that

vec(Iy @ C™V) = ((In ® Kyn)(vee(Iy) ® Iy) @ Iy)dvec(C™Y)
= —{[(IN X KNN)(UBC(IN) X IN)] X IN}(C_l ® C_I/)KNNdUGC(C),

we will have that

dvec[Zst(6)]  Ovec [ [ Onipn2yxn2 U
00 06 Iy Ive®C™)| .

But

0 2 N2 Ovec(In ® C_ll)
(N+pN2)x N
e (g )] 2

= — |:IN2®( O(N+fN2)XN2 ):| [ 0 {[(IN®KNN)(’U€C(IN)®IN)]®IN}(Cfl®Cfl/)KNN ]
N2

In addition,

Geu(0,0) __0"InJlei(0):0) 061 (0) _ 9S00l 0 o) o) o 110} (C32)

06’ a Oe*Oe*! 0o Oe*Oe*!
and
dew(d) _ . 9 In flef (0); o] Ot (0) Oln flef(0); 0] | Oef (0)
0o~ @) eI oy Ive =5 20’
- . 9%In fle}(0); o] dln fle;(0); o]
_ {[st(9)®IN] I +{1N®8E*H

x{Zy;(0) + [e7(0) ® In|Z5,;(0) }. (C33)

The assumed independence across innovations implies that

r 2 n * .
%ﬁgﬁ%eﬂ 0 .. 0
In f[¢7(9): €] 0 5
_ - . 7 — 4
Jlei(0); 3 . : (C34)
9% In fy e}, (6):0n]
i 0 “ee 0 ](Vasg§2 =

which substantially simplifies the above expressions.

Moreover,

hou(@) = Zu(0) ) + 2,,(0) 7512
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where

with

o°In fle;(0); 0] _
Oe*00’

_9*In f[ef(0); 0]

Oe*00

= —[e(0) ® In]

I

9?In f[(0); o]

Plnfiler,0se]
Oej00]

0

0

because of the cross-sectional independence assumption.

As for the shape parameters of the independent margins,

3 Infle; 8); el
0000

hggt(¢>

r 921 fi[e},(6);04]
891893

0

0

0

Oe*0o’

0

0

0
0%1n fn (e (0);0N]

ey 0aly J

0
02 1n fn ek, (0);0n]

‘991\7695\/

(C35)

(C36)

Finally, regarding the Jacobian term — In |C|, we have that differentiating (C23) once more

yields
0 0
0 0
— : dvec(C™V) = (C e CYKyydvec(C),
0 0
Iy Ty
S0
0
0
0%dy(0)

9000’ = [ ON2><(N+pN2) (Cil ® C71/)I<NN ]

Iy
As usual, the pseudo true values of the parameters of a globally identified model, ¢,
are the unique values that maximise the expected value of the log-likelihood function over the
admissible parameter space, which is a compact subset of RY™(®) where the expectation is
taken with respect to the true distribution of the shocks. Under standard regularity conditions
(see e.g., White (1982)), those pseudo true values will coincide with the values of the parameters
that set to 0 the expected value of the pseudo-log likelihood score.

More formally, if we define v as the true values of the shape parameters, and ¢, = (89, vo),
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we would normally expect that

Elst(¢o0)lp0] = 0.

Given that the parameters 7, a; = vec(A;) (j =1,...,p), j = veco(J) andp = vecd(¥) are
consistently estimated regardless of the true distribution, e;(¢.,) will be serially independent

and not just martingale difference sequences. Moreover, given that

cv On N2 Onxq
(LRIN)CTV  Onaune Onoyg
Z(8) = E[Z4(8)| o) = 5 f 3
(L@IN)CTY  Onaynz Opzyg
Onzxn In®@CY) Opzy,
Ogxv 0,2 I,

has full column rank,

E[et((:boo)ut—lv ‘PO] =0 (038)
because
0 = Elsi(doo) 0] = E{E[st(Poo) Lt-1, Pollpo} = Z(0)Eler(doo) | LIi—1, o] = Z(0)Eler(d) o).

Furthermore, the diagonality of ¥ means that the pseudo-shocks e} (0~) will also inherit
the cross-sectional independence of the true shocks ;. In addition, given that the estimators of

0 that we consider are consistent, we will have that under standard regularity conditions

e1(0) — Ele;(0c0)|po) = 0 and (C39)

M=

Tfl

o~
Il

1

e(0) — Elef (0s0)lg] = 1, (C40)

M=

Tfl

t=1

where 8 are the PMLEs of the conditional mean and variance parameters.

C.2 Asymptotic distribution

For simplicity, we assume henceforth that there are no unit roots in the autoregressive
polynomial, so that the SVAR model (2) generates a covariance stationary process in which
rank(In — Ay — ... — Ap) = N. If the autoregressive polynomial (Iy — AL — ... — A,LP)
had some unit roots, then y; would be a (co-) integrated process, and the estimators of the
conditional mean parameters would have non-standard asymptotic distributions, as some (linear
combinations) of them would converge at the faster rate 7. In contrast, the distribution of the
ML estimators of the conditional variance parameters would remain standard (see, e.g., Phillips
and Durlauf (1986)).

We also assume that the regularity conditions A1-A6 in White (1982) are satisfied. These

42



conditions are only slightly stronger than those in Crowder (1976), which guarantee that MLEs
will be consistent and asymptotically normally distributed under correct specification. In par-
ticular, Crowder (1976) requires: (i) ¢, is locally identified and belongs to the interior of the
admissible parameter space, which is a compact subset of RIm(®). (ii) the Hessian matrix is
non-singular and continuous throughout some neighbourhood of ¢y; (iii) there is uniform con-
vergence to the integrals involved in the computation of the mean vector and covariance matrix
of s¢(¢); and (iv) —E~1 [-T713, hy(9)] T~ 3, hy(p) & L1y, where E-1 [-T13, hy(9)]
is positive definite on a neighbourhood of ¢y.

We can use the law of iterated expectations to compute

AP, o) = El—hggi(9e0)[00, 0] = E [Ai(deo, p0)]

and

V[S¢t(¢oo)|900] = B(¢oov 900) =F [Bt(¢w’ QO)] :

In this context, the asymptotic distribution of the PMLEs of ¢ under the regularity conditions
A1-A6 in White (1982) will be given by

ﬁ(& - ¢oo) - N[07 Ail(qsooa QOO)B(d)oo? 900>A71(¢oov ‘PO)]

As we explained before, analogous expressions apply mutatis mutandi to a restricted PML
estimator of @ that fixes p some a priori chosen value to p. In that case, we would simply
need to replace 0 by O.(2) and eliminate the rows and columns corresponding to the shape
parameters g from the A and B matrices.

If we write C = JW, then the chain rule for first derivatives implies that the gradient with
respect to the parameters in C will be a linear combination of those corresponding to j = vec(J)
and ¥ = vecd(W).

Therefore, we can invoke Proposition 3 in Fiorentini and Sentana (2022a), which shows the

consistency of the Gaussian mixture-based Pseudo MLEs of j and ), to show that

O¢}
and
> |:1 n Oln f[&lta(ezoo)» Qoo]ngt(eoo)‘ 0o, 'U0:| =0 (C41)

for ¢ = 1,..., N. Moreover, the maintained assumption of cross-sectional independence of the

shocks also implies that

. [aln flEq(00); 000)

85* E;t(aoo)’ 00, 'U()] = O
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As a consequence,
E[elt(¢w)|00700] =0 and E[eSt(¢w)|007v0] =0.

C.3 Variance of the score

If we maintain that 8., = @y because of the aforementioned consistency, and adapt Propo-

sition D.2 in Fiorentini and Sentana (2022a) to a PMLE context, we can show that

Viset(¢o0)|60, vo] = B(@os, vg) = E [Bi(Poos )]

where
Bi(hoo, Vo) = Zit(000) 0000, V) Zt (00,
_ th(e) Zs(e) 0
Zt(e)( 0 0o I,)’

and

O11(0s0,v0)  O15(050:v0)  On(000sv0)

O(Qooa’UO) = 25(9007'00) OSS(QOQ7UO) OST‘(QOQ7UO) )

OET(QOO,’UO) O;r(gooy'UO) Orr(gooa'UO)

with

I
<

( ) = Vlew(do)|00, vol,

( ) = Eleit(¢oo) €t (h0) |60, v,
Oss(@00, v0) = Vest(9o) |60, V0],

( ) = Elew(doo)€)i(Ds0) |00, vo],

( ) = Elest(¢os)er4(hs0) 100, Vo], and

( ) = Vler(éoo)|00, vol.

I
<

On(050,v0o) will be a diagonal matrix of order N with typical element

Oln f(e}; 0ino) Uo}

on(o; =V
ll(gzooavﬂ) |: 86:
Oi5(056, Vo) =05 Ey, where E/ is the so-called diagonalization matrix and O, is a diagonal

'UO:| 3

Oss(000, Vo) 18 the sum of the commutation matrix Kyy and a block diagonal matrix Y

matrix of order N with typical element

Ols(Qiooa UO) = Ccov |: 88} ) 851 Eit

i

of order N2 in which each of the N diagonal blocks is a diagonal matrix of size N with the
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following structure:

[ oy1 O 0 0 0 0 0
0 0 0 0 0 0
0 0 Opit 0 0 0 0
Yi(0uos Vo) = 0 0 0 055(0jo0, Vo) — 1 0 0 0 ,
0 0 0 0 onis1 00
0 0 0 0 0 . 0
0 0 0 0 0 0 ouwy |

where 071, =01(0;50, Vo) to shorten the expressions and

Oln f(g};; Oioo)
Oe¥

7

OSS(Qiooavo) =V |:

UO:| y

O1-(0005v0) 18 an N x ¢ block diagonal matrix with typical diagonal block of size 1 X g;

01 *: 0. o1 .
Olr(giooa ’UO) = —cCov |: - fg:;; QIOO), - f(agg; ono) 'UO:| ’
Or (050, v0) = ENOyg;, where Oy, another block diagonal matrix of order N x ¢ with typical

U0:| ’

and O, (04,v0) is a ¢ X g block diagonal matrix with typical block of size ¢; X g;

01 ’F; 100
nf(aegig )'U():|‘

*
Eit

block of size 1 x g;

alnf(grt; Qioo>€>g< 8111‘]0(5;5; Qioo)
Oe¥ w do;

OST(QiomUO) = —cCov |:

Orr(Qiooa'UO) =V |:

C.4 Expected Hessian

We can also show that

El—hggi(9e0) |00, v0] = AP, vg) = E [At(doo, vp)]

where
Ai(Poo, V) = Zi(80)H (0005 V) Zi(00),
Hi(00o>v0)  Mis(0oosv0)  Hir(0o0sv0)
H(Qoovv[)) = Hgs(gooav()) Hss(gooav()) HST(QOO7UO)
;r(gomUO) HIST(QOO,U()) HTT(QomUO)
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with

Hu(0o,v0) = —FE :W‘Uo]

Hulowvo) = —8 | TBIEE0) gy, vo}

Hss(Qoosv0) = —FE :{[Ef ® IN]W + [IN ® W] } [et" ® In] ’Uo]
Hir(0oosv0) = FE [W' Uo}

Hor(@o0sv0) = E [[slk ®IN]W' ’Uo}

Hii (000, Vo) Will be a diagonal matrix of order N with typical element

2 * .o
0 lnf(giﬁgzoo) U0:|a

Hy(0; =-F
ll(gzoovv()) |: (86:)2
His(000, Vo) =HsE'y, Hjs is a diagonal matrix of order N with typical element

0?In f(g4; 0ics)
His(Qjo0s V0) = —E [ {(9(8:329 ) Eit Uo} )
(2
vo} =Knn,

Given (C41),

~-E H {IN ® 3111]"8(6;";%&} } lef ® In]

80 Hss(000, Vo) Will be the sum of the commutation matrix Ky and a block diagonal matrix
I of order N? in which each of the N diagonal blocks is a diagonal matrix of size N with the

following structure:

i Hyi O 0 0 0 0 0
o . 0 0 0 0 0
0 0 Hyig 0 0 0 0
(00, v0) = 0 0 0 Hss( 000, Vo) 0 0 0 ,
0 0 0 0 Hiiv1 O 0
0 0 0 0 0 . 0
L 0 0 0 0 0 0 Hyn |

where Hy; ; =H}; (000, Vo) to shorten the expressions and

9?In f (e} 05)
Hys(0io0, V0) = —FE { W

i

(1)

o},

Hir (000, Vo) is an N x ¢ block diagonal matrix with typical diagonal block of size 1 x ¢;

0?1n (%3000 ) ’ ’Uo]

H ; =F
lr(gzomv()) |: 86:89;

46



block of size 1 x g;

Hsr(0s, v0) = EnHg,, where Hg, another block diagonal matrix of order NV x ¢ with typical
0%In f(€}4; @ioo)

eflv
Jerdo) ! 0] ’
and H,r (040, V0) is a g X g block diagonal matrix with typical block of size ¢; X ¢;

82 In f(é—;kt; Qioo)
Vol .
391‘092

Hs’r”(Qiooa'UO) =F [

HT‘T(QiomUO) =-F |:
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Table 1: Monte Carlo size of independence @ tests

Discrete Q tests Continuous @ tests
Asymptotic Bootstrap Bootstrap
critical values critical values critical values
10% 5% 1% 10% 5% 1% 10% 5% 1%
Panel A: N =2, T = 250
H=2 83 38 0.6 9.2 45 0.8 a=1le % 9.3 4.7 1.1
H=3 81 4.0 0.7 9.0 49 1.1 a=1e % 96 4.6 1.0
H=141 81 4.1 0.9 9.3 4.8 1.0 a=1le V7 94 45 1.0
H=5 84 44 0.9 99 48 0.7 a=1e08 9.3 46 1.0
Panel B: N =3, T = 250
H=2 80 39 0.6 87 42 1.0 a=1e 84 39 0.7
H=3 84 39 0.6 95 50 0.8 a=1e 86 4.0 0.7
H=14 86 4.1 0.8 9.2 48 0.9 a=1e07 85 39 0.7
H=5 8.0 3.7 0.8 9.1 43 0.8 a=1e 86 4.1 0.7
Panel C: N =2, T = 1,000
H=2 9.9 42 0.7 10.1 4.8 0.8 a=1le® 10.5 5.3 1.2
H=3 10.2 5.1 0.9 10.6 5.7 1.1 a=1e"9 104 5.6 1.3
H=41 9.8 4.6 0.9 10.7 52 1.1 a=1e07 10.7 5.8 1.3
H=5 9.7 49 09 103 5.6 1.0 a=1e 10.7 5.7 1.3

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 5,000 replications.
Details on the data generating processes: DGP 0: e, follows a Student ¢ with 10 degrees of freedom
(and kurtosis coefficient equal to 4), and 3, is generated as an asymmetric ¢ with kurtosis and skewness
coeflicients equal to 4 and —.5, respectively; in addition, in the trivariate case €3, follows an asymmetric
t with the same kurtosis but opposite skewness coefficient as €5,. See section 3.2 and 4 for a detailed
description of the Discrete and Continuous () test statistics, respectively. The asymptotic distribution
of the Discrete @ test statistic is chi-squared with HY degrees of freedom. We describe the sampling
procedure we use to implement the bootstrap for both, Discrete and Continuous () test statistics, in
section 5.1.3.

48



Table 2: Monte Carlo power of bivariate independence moment tests: Sample size T' = 250.

DGP 1 DGP 2 DGP 3
Scale mixture Finite normal Asymmetric
of two normals mixture Student ¢

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete @) tests
2 69.0 56.8 27.0 71.1 57.1 30.0 31.5 21.3 55
3 54.8 41.7 179 90.3 83.6 57.5 36.7 249 85
=4 39.2 272 7.6 92.4 87.1 64.5 37.1 25.7 8.8
5 38.7 26.2 8.4 91.0 82.9 57.7 34.7 236 7.3

Panel B: Continuous @ tests
a=1le 55.4 39.9 16.2 96.9 93.0 75.9 46.7 33.4 13.6
a=1e 9 51.9 389 14.9 96.7 91.8 74.1 46.3 335 13.4
a=1e7 51.4 375 14.6 96.0 91.5 73.5 46.0 33.1 12.7
a=1e 98 51.1 37.5 14.6 95.8 91.8 73.9 45.9 329 125

Panel C: Integer moment tests

Co-cov 8.6 42 0.8 2v.8 20.7 8.1 63.1 56.0 35.6
Co-skew 89 45 0.7 329 226 6.8 90.6 83.0 54.0
Co-kurt 143 70 19 299 190 5.7 61.4 473 23.0
Joint 116 63 1.6 376 243 7.0 84.8 69.8 25.9

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 1,000 replications.
Details on the data generating processes: DGP 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and
the ratio of the variances is » = 0.05; DGP 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference d2 = (0.5,-0.5)" and relative-covariance difference such that
Ny is lower triangular with vech(Ra) = 0.2¢3 (see Appendix D in Amengual, Fiorentini and Sentana
(2022b) for details); and DGP 3: Asymmetric Student ¢ with skewness vector 3 = —10£; and degrees of
freedom parameter v = 12 (see Mencia and Sentana (2012) for details). See section 3.2 and 4 for a detailed
description of the Discrete and Continuous @) test statistics, respectively, and Amengual, Fiorentini and
Sentana (2022a) for a description of the Integer moment tests. See section 5.1.3 for a description of
the sampling procedure we use to implement the bootstrap for both, Discrete and Continuous @ test
statistics.
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Table 3: Monte Carlo power of trivariate independence moment tests: Sample size T" = 250.

DGP 1 DGP 2 DGP 3
Scale mixture Finite normal Asymmetric
of two normals mixture Student ¢

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete @) tests

H=2 95.7 923 T75.7 92.1 86.3 65.0 202 11.8 3.3
H=3 95.3 91.8 70.5 99.1 98.1 90.7 233 132 3.1
H=4 79.9 672 37.6 99.8 99.0 944 176 99 1.8
H=5 71.3 574 29.1 99.3 98.9 879 6.1 78 1.7

Panel B: Continuous @ tests
a=1e " 79.0 66.7 32.9 100.0 99.5 95.1 55.4 42.1 16.1
a=1e0 79.2 66.4 32.0 99.9 99.6 94.6 58.2 439 18.7
a=1e7 78.1 64.7 31.5 99.9 99.6 94.2 60.1 46.3 20.6
a=1e0 76.9 62.5 29.2 99.8 99.5 94.2 59.5 45.6 20.8

Panel C: Integer moment tests

Cov 10.1 4.0 0.8 34.7 251 11.6 73.8 65.7 43.3
Co-skew 11.8 6.0 0.7 415 282 114 96.0 92.3 65.6
Co-kurt 148 82 1.6 39.7 256 8.3 741 614 33.2
Joint 136 84 1.6 48.2 333 9.7 89.8 749 31.3

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 1,000 replications.
Details on the data generating processes: DGP 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and
the ratio of the variances is > = 0.05; DGP 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference §3 = (0.5,-0.5,0)" and relative-covariance difference such
that N3 is lower triangular with vech(R3) = 0.2¢5 (see Appendix D in Amengual, Fiorentini and Sentana
(2022b) for details); and DGP 3: Asymmetric Student ¢ with skewness vector 3 = —10£3 and degrees of
freedom parameter v = 12 (see Mencia and Sentana (2012) for details). See section 3.2 and 4 for a detailed
description of the Discrete and Continuous @) test statistics, respectively, and Amengual, Fiorentini and
Sentana (2022a) for a description of the Integer moment tests. See section 5.1.3 for a description of
the sampling procedure we use to implement the bootstrap for both, Discrete and Continuous @ test
statistics.
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Table 4: Monte Carlo power of bivariate independence moment tests: Sample size 1" = 1, 000.

DGP 1 DGP 2 DGP 3
Scale mixture Finite normal Asymmetric
of two normals mixture Student ¢

10% 5% 1% 10% 5% 1% 10% 5% 1%

Panel A: Discrete @) tests

H=2 100.0 100.0 99.7 100.0 100.0 98.5 88.3 80.7 554
H=3 100.0  99.8 99.2 100.0 100.0 100.0 95.7 91.7 75.2
H=14 99.9 99.6 96.0 100.0 100.0 100.0 96.9 94.1 80.7
H=5 100.0  99.7 96.5 100.0 100.0 100.0 97.6  95.3 80.9
Panel B: Continuous @ tests
a=1le® 99.3 98.1 91.8 100.0 100.0 100.0 97.2 931 774
a=1e0 97.9 96.4 85.2 100.0 100.0 100.0 95.4 90.5 72.2
a=1e07 97.3 946 80.8 100.0 100.0 100.0 94.3  89.1 70.7

a=1e 08 97.2  94.0 79.3 100.0 100.0 100.0 93.8 88.6 70.1

Panel C: Integer moment tests

Cov 11.5 5.8 1.3 324 255 121 86.1 83.3 75.9
Co-skew 11.1 6.3 1.2 87.0 79.7 529 100.0 100.0 99.6
Co-kurt 49.1 382 14.8 80.1 72.0 41.9 93.8 90.7 70.4
Joint 41.5 287 10.7 92.8 8.7 573 100.0 100.0 94.9

Notes: Monte Carlo empirical rejection rates of SVAR specification tests based on 1,000 replications.
Details on the data generating processes: DGP 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and
the ratio of the variances is > = 0.05; DGP 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference d2 = (0.5,-0.5)" and relative-covariance difference such that
Ny is lower triangular with vech(Ry) = 0.2¢3 (see Appendix D in Amengual, Fiorentini and Sentana
(2022b) for details); and DGP 3: Asymmetric Student ¢ with skewness vector 3 = —10£; and degrees of
freedom parameter v = 12 (see Mencia and Sentana (2012) for details). See section 3.2 and 4 for a detailed
description of the Discrete and Continuous @) test statistics, respectively, and Amengual, Fiorentini and
Sentana (2022a) for a description of the Integer moment tests. See section 5.1.3 for a description of
the sampling procedure we use to implement the bootstrap for both, Discrete and Continuous @ test
statistics.
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Figure 1: Copula contours for spherically symmetric, Hermite polynomial expansions of

bivariate normal

Figure la: do = 0 and d3 = —0.35

1.4
1.2
m
1
L 08
&y
0.6
1/4 04
0.2

1/4 112 3/4
Fi(e)

Figure 1b: d2 = 0.61 and ds = —0.39
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Notes: The copula density is given by

FolFT M (ur; do, ds), Fy ' (u2; o, ds3); do, ds)
FFT  (ur; da, ds); do, ds] f1[Fy (us; do, ds); do, ds)

c(uy, ug;do, ds) =

where f; and fo denote the densities of spherically symmetric univariate and bivariate Hermite expansions
of univariate and bivariate Gaussian distributions, respectively, which are obtained as Laguerre expansions
of the corresponding generating y% random variates ¢, namely

1 N/2-1 1
hn(s) = W(N/Q)gt exp <—§§> Py(s), for N=1and N =2,
and where Py(s) = [1 +dapnja—1,2() + dgpN/g,l’g(g)] , with py/2—1,;(.) denoting the generalized La-
guerre polynomial of order j and parameter N/2 — 1 (see Amengual, Fiorentini and Sentana (2013) for
the detailed expressions). In turn, F; *(u; dz, ds) denotes the corresponding inverse cdf of the univariate
distribution.
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Figure 2: Bivariate copula contours associated to the DGPs in section 5

Figure 2a: Independence (DGP 0) Figure 2b: Scale mixture of normals (DGP 1)
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Notes: Details on the copula densities: DGP 0: ¢}, follows a Student ¢ with 10 degrees of freedom
(and kurtosis coefficient equal to 4), and €3, is generated as an asymmetric ¢ with kurtosis and skewness
coefficients equal to 4 and —.5, respectively; DGP 1: Standardised scale mixture of two zero mean normals
—with scalar covariance matrix— in which the higher variance component has probability A = 0.2 and the
ratio of the variances is » = 0.05; DGP 2: Multivariate discrete mixture of two normals with mixing
probability A = 0.7, relative-means difference § = (0.5,-0.5)" and relative-covariance difference such that
N, is lower triangular with vech(Ry) = 0.2¢5 (see Appendix D in Amengual, Fiorentini and Sentana
(2022b) for details); and bGP 3: Asymmetric Student ¢ with skewness vector 3 = —10£2 and degrees of
freedom parameter v = 12 (see Mencia and Sentana (2012) for details).
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