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1 Introduction

Maximum likelihood and minimum chi-square methods have been competing for the estima-
tor throne for a long time. At the turn of the 19th century, Legendre (1805) and Gauss (1809)
put forward least squares estimation as a Gaussian-based alternative to Laplace’s (1774) least
absolute deviation method, which relied on his eponymous distribution. Almost a century later,
Pearson proposed not only the method of moments (see Pearson (1894)), but also the chi-square
criterion in the context of matching theoretical and empirical frequencies (see Pearson (1900)).
In turn, the development of maximum likelihood estimation (MLE) by Fisher (1922, 1925) was
one of the most important achievements in 20th century statistics. Under standard regularity
conditions, MLE asymptotically achieves the Cramér-Rao lower bound (see Cramér (1946) and
Rao (1945)), which makes it at least as good as any minimum x? estimator. In addition, it
achieves second-order efficiency after a bias correction (see Rao (1961)). Moreover, the imposi-
tion of valid equality restrictions on the parameters systematically leads to efficiency gains (see
Rothenberg (1973)).

However, not everybody was convinced (see Neyman and Scott (1948) on the incidental
parameter problem, as well as the inconsistent MLE examples in Basu (1955), Kraft and Le
Cam (1956) and Bahadur (1958)), and minimum y? methods remained popular. In fact, Berk-
son (1980) argued that ML often was just a special case of minimum x?2, and not necessarily
the best one. Soon afterwards, White (1982), building on earlier work by Huber (1967), and
Gouriéroux, Monfort and Trognon (1984) studied the properties of Pseudo MLEs, characterising
their consistency and general inefficiency. Arellano (1989a) put another nail on the ML coffin
by showing that valid equality restrictions could result in efficiency losses for Gaussian PMLEs.
Arguably, the wooden stake to the heart was driven by Newey and Steigerwald (1997), who
described the inconsistency of non-Gaussian PMLE procedures under distributional misspecifi-
cation. Since then, graduate students with non-Bayesian teachers learn the normal distribution
only, and Gaussian PMLE is just an example of Hansen’s (1982) GMM. In this paper, though,
we argue that non-Gaussian PMLE, like a B-movie vampire, deserves a second life (or death).

We do so by revisiting the two-equation textbook example in Arellano (1989a),! except that
instead of basing PMLE on the Gaussian distribution, as he did, we use discrete mixtures of
normals. The reason is twofold. First, Fiorentini and Sentana (2022b) show that under stan-

dard regularity conditions such estimators are consistent for the conditional mean and variance

! Surprisingly, Arellano (1989a), which should be mentioned in all graduate econometric textbooks, has received
very few citations: Pollock (1988), Islam (1993), Monés and Ventura (1996), Calzolari, Fiorentini and Sentana
(2004), and Sentana (2005), plus a handful of self-citations, and two more which really meant to cite Arellano
(1989b).



parameters regardless of the true distributions of the shocks to the model and the number of
mixture components, thereby nesting the results for Gaussian PMLE in Gouriéroux, Monfort
and Trognon (1984) while simultaneously avoiding the concerns raised by Newey and Steiger-
wald (1997). Second, finite normal mixtures with a sufficiently large number of components can
provide good approximations to many distributions (see Nguyen et al (2020)), so it is reason-
able to expect that PMLEs based on them can get close to achieving the semiparametric (SP)
efficiency bound, and therefore exploit the potential adaptivity of some of the parameters when
it exists, at least asymptotically.?

The rest of the paper is organised as follows. Section 2 introduces the example in Arellano
(1989a) and summarises his main results. Then, section 3 derives the relevant semiparametric
efficiency bounds, which we use to benchmark the different estimators. Next, section 4 contains
the results of our extensive Monte Carlo experiments while section 5 concludes. Proofs and

auxiliary results are relegated to the appendices.

2 The example

Consider the following textbook example:

y1 = y+ay+ Bz +u, (1)

Y2 = Mo+ 121 + HoZ2 + Uz, (2)

with

U1 0 a% 012
(o 2 |(0) (20 %))

As is well known, the unrestricted Gaussian PMLE of « and (8 coincides with the IV estimator

that uses a constant, z; and zo as instruments in the first equation. In turn, the restricted
Gaussian PMLE that imposes 012 = 0 coincides with the OLS estimator of the first equation.
When the joint conditional distribution of u; and us is Gaussian, OLS is at least as efficient
as IV, which justifies the Durbin-Wu-Hausman test.> But Arellano’s (1989a) counterintuitive
result says that when the true conditional distribution is not Gaussian, IV may be more efficient
than OLS for o and S even though 012 = 0. Specifically, he showed that IV will beat OLS if

and only if

M22 2 ]' + p:l?g222.217 (3)

?See Fiorentini and Sentana (2022a) for a related discussion in the context of structural VARs.
SWu (1973) compared OLS with IV in linear single equation models to assess regressor exogeneity unaware
that Durbin (1954) had already suggested this. Hausman (1978) provided a procedure with far wider applicability.
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is the co-kurtosis coefficient between the two structural shocks and p,, ., ., is the correlation
coefficient between yo and 29 after partialling out the effect of z;. Intuitively, py, affects the
correct sandwich version of the asymptotic covariance matrix of the OLS estimators of the slope
parameters.

Appendix A contains detailed expressions for the asymptotic variances of the OLS and IV
estimators of a and 3. We have used those expressions to create Figure 1, which displays in
(Pysz.21 5 Ho2) sPace (minus one plus) the ratio of the asymptotic variances of the OLS and IV
estimators of « for positive values of p,, 2n.z-+ We do so for the special case in which the R? of
equation (2) coincides with pfn +».21» Which allows this parameter to vary freely from 0 to 1.° As
expected, OLS is more/less efficient than IV to the left/right of the boundary line (3).

This figure also shows the locus of (py,,, ., tlo2) combinations for which the IV estimator
of a reaches its maximum asymptotic efficiency relative to the corresponding OLS estimator,

which is given by the curve

2 _ Ha2
Prazaar = 2 (pge — 1)

Further increases in p,, ,, ., for a given py, result in decreases in relative efficiency, with OLS and
IV becoming indistinguishable as p,, ., ., — 1, in which case 22 becomes a perfect instrument
for ys.

In this context, Arellano’s (1989a) proposed solution is to replace Gaussian PMLE by Min-
imum Distance estimators (MD), a special case of minimum chi-square methods popularised in
econometrics by Malinvaud (1970). The rationale is as follows. Let 8 = (v, a, 3, fig; fi1, f2, 03, 03)

denote the vector of structural parameters. Given that the reduced form of model (2) is

()
(o, 20:0) = [(’Y+auo)+(ﬁ+au1)zl+au2zz] 5)

Mo + p121 + gz

U% + 04203 + 201000 aa% + 012 )
)

21,22~ Dlu(z1,2;0),Q(z21, 22; )] (4)

2 2
aos + 012 lop

Q(z1,22;0) = (

which is exactly identified, the unrestricted MD coincides with IV, which is Indirect Least
Squares. Then, Arellano (1989a) shows that imposing the restriction o012 = 0 leads to an

overidentified optimal MD (weakly) more efficient than both IV and OLS for o and f.

4The plot would be the mirror image of Figure 1 for negative values.
% As we shall see in Proposition 1 below, though, this special case is such that, asymptotically, the diffference
in efficiency between the IV and OLS estimators affects o exclusively.



This optimal MD requires an asymptotic covariance of the reduced form parameter estimators
which recognises that the third- and fourth-order multivariate cumulants of u; and us are not
usually 0 when they are jointly non-normally distributed.

Appendix A also contains detailed expressions for the asymptotic variances of the optimal
MD estimators of o and 8. We have used those expressions to create Figure 2, which depicts
in (py,zy.2,5 Hoo) Space (minus one plus) the ratio of the asymptotic variance of the restricted
optimal MD of « to the asymptotic variance of either the OLS estimator (to the left of (3)) or
the IV one (to its right) in the same set up as Figure 1. As can be seen, the efficiency gains are
relatively small over the displayed range, and they vanish when either the partial correlation
goes to 0 or 1 or the co-kurtosis term goes to 0.6

Although the main focus of the analysis in Arellano (1989a) was o and f3, it is of some interest
to study the asymptotic efficiency of the optimal MD estimators of the remaining structural
model parameters relative to their OLS and IV counterparts. Given that the number of different
bivariate cumulants of orders three and four is 4 and 5, respectively, we focus on the special
case in which the joint distribution of the (standardised) structural shocks conditional on the
instruments is spherical, or s(0,Iy,n) for short, where 7 is the possibly infinite vector of shape

parameters. More formally,

Assumption 1

—_—, —

i 1 21,29;0,m ~ ii.d. s(0,Ix,1m) (7)
o1 02

To simplify the expressions further, we are going to follow appendix B in Fiorentini and

Sentana (2019) and reparametrise the unrestricted covariance matrix of the structural residuals

0’2 012 - 1 0 ew 0 1 ¢
(o %)= D0 2)G), ®

where 115 is the coefficient in the least squares projection of us on wuj, and ¢% and w the

as

geometric mean of their variances and the natural log of the ratio of the standard deviations of
these shocks, respectively, under the maintained assumption that they are uncorrelated.” Let
0" = (v, v, B, g, 11, g, w, 02)' denote the vector of structural parameters implied by (8).

We can then show under standard regularity conditions that:
Proposition 1 Let (11,72) and (02,,02,,02,.,) denote the means, variances and covariance of

z1 and zy. If Assumption 1 holds, then:
(a) The difference between the asymptotic covariance matrices of the OLS and MD estimators

% Again, Proposition 1 below implies that the differences in asymptotic variances between the MD, IV and OLS
estimators affect « exclusively in the special case in which the (squared) partial correlation of y2 and 22 given z1
coincides with the R? in the regression of y2 on z1 and 2z

"More generally, 0% = /0202 — 02, and w = In (01/\/05 - 0%2/0%).



of 67, 925 and 934 ps respectively, is positive semidefinite of rank 1 at most, with a basis for its
mmage given by

{_[MO + (T2 - 021220,;1271)”2]> 1’ —M1 + O-lezaz_f:uﬂa 01><5} ) (9)

and a basis for its kernel by

[17 Mo + (7—2 - 02122021271)U27 07 01><5], y (10)
[Ml + JZ1z20z_12M2: 0, o + (T2 — 0—21220—2_127—1):“27 01x5]/ (11)

and
(05x3,15)". (12)

(b) The difference between the asymptotic covariance matrices of the IV and MD estimators of

07, éjv and 9}L\4D, respectively, is positive semidefinite of rank 1 at most, with the same basis
for image and kernel.
(c) The difference between the asymptotic covariance matrices of the OLS and IV estimators of

o', 925 and é;V: respectively, is positive/negative semidefinite of rank 1 depending of condition
(8), with exactly the same basis for image and kernel.

This proposition considerably sharpens the results in Arellano (1989a) for the special case of
spherically symmetric disturbances by showing that the asymptotic efficiency gains concentrate
in a single linear combination of the parameters of the first equation v, o and g given by (9).
In contrast, any other linear combination of the parameters orthogonal to this one does not
generate any efficiency gains. Specifically, the parameters of the second equation as well as the
residual variances are estimated just as efficiently by the three procedures.

The predictable reaction of an ML believer to Figures 1 and 2 would be to argue that condi-
tion (3) requires the combination of a very good instrument (a high p2,_ ) with a substantial
amount of non-normality (a large pg9), in which case the Gaussian assumption would be very
inappropriate. For example, a joint Student ¢ distribution for w; and us cannot satisfy this
condition when the number of degrees of freedom is six or more, and the requirement becomes
increasingly difficult for poor instruments.

A naive ML solution would be to assume that u; and usg follow a bivariate Student ¢ distri-
bution and estimate the model parameters together with the degrees of freedom, which should
dominate MD. In this respect, we have used the expressions in Appendix A to create Figures
3a and 3b, which display in (p,,,, ., #t22) space (minus one plus) the ratio of the asymptotic
variances of the t-based MLE of o and § that impose 012 = 0 to the asymptotic variances of
the corresponding restricted optimal MD. As can be seen, these figures confirm that ML does
indeed dominate MD in this case.

The problem with this naive approach is that if the assumed joint distribution is incorrect,

the resulting PMLEs may be inconsistent, as forcefully argued by Newey and Steigerwald (1997).



However, this does not mean that all parameters will be inconsistently estimated. Specifically,
Proposition 3 in Fiorentini and Sentana (2019) implies that the unrestricted ¢-based PMLESs of
« and (§ are always consistent irrespective of the true distribution. Similarly, their Proposition
1 implies that the restricted ¢t-based PMLEs of o and [ will remain consistent when (7) is
true even though it does not coincide with the distribution assumed for estimation purposes.
Besides, it may be possible to obtain two-step consistent estimators in closed-form along the
lines of Fiorentini and Sentana (2019).

More importantly, Fiorentini and Sentana (2022b) show that all parameters will always be
consistently estimated if one assumes for estimation purposes that u; and us follow a finite
mixture of bivariate normals regardless of the true distribution of those innovations and the
number of components of the mixture. Thus, the consistency of the Gaussian PMLE is just a
special case.

The ability of finite Gaussian mixtures to approximate many other distributions mentioned
in the introduction means that we can relate these finite mixture PMLESs to SP estimators which
simply exploit the independence of the shocks and the conditioning variables without making
any parametric assumptions. For that reason, in the next section we take SP estimators as our

benchmark to study:
1. the efficiency of the OLS, IV, MD and correct ML estimators relative to the SP ones,
2. the relative efficiency of restricted and unrestricted versions of these SP estimators, and
3. the relative efficiency of finite mixture-based PMLEs relative to the SP estimators

in the context of model (2).

3 Semiparametric estimation and efficiency bounds

The optimal instruments theory of Chamberlain (1987) implies that Arellano’s (1989a) MD
estimator achieves the SP efficiency bound which exploits the correct specification of the condi-
tional mean and variance functions for y; and y, in the reduced form model (2) when the joint
third- and fourth-order cumulants of w1 and uy conditional on z; and z9 are constant. However,
if this last maintained assumption is true, one can in principle obtain an even more efficient MD
estimator of the model parameters after augmenting it with equations for the third- and fourth-
order cumulants of the reduced-form residuals under the assumption that the joint cumulants
of w1 and us conditional on z; and z9 are constant up to the eighth-order.

In fact, the results in Bickel et al (1993) allow us to obtain the SP efficiency bound that

exploits that the joint distribution of u; and wus is independent of z; and z,. Moreover, we can



also consider a restricted version of this SP bound under the maintained assumption that (7)
holds, as in Hodgson and Vorkink (2003), which will be bigger in the usual positive semidefinite
sense. Henceforth, we shall refer to this bound and its associated estimator as SS.

An interesting question in this context is the possibility that some but not all of the para-
meters of model (2) can be partially adaptively estimated, in the sense that their SP estimators
are as asymptotically efficient as the infeasible ML estimators which exploit the information of
the true distribution of the shocks, including the values of their shape parameters. The fol-
lowing proposition provides a precise answer to this question under sphericity for the restricted
estimators that impose o192 = 0:

Proposition 2 If Assumption 1 holds, then:
(a) The difference between the asymptotic covariance matrices of the restricted SS and infeasible

ML estimators of 07, éirgs and @LL(T?), respectively, is positive semidefinite of rank 1 at most,
with the basis for its image given by (O1x7,1), and a basis for its kernel by (I7,07x1)".
(b) The difference between the asymptotic covariance matrices of the restricted SP and infeasible

ML estimators of 67, éLP and 9;/[[1(7_7), respectively, is positive semidefinite of rank 5 at most,
with the basis for its image given by (1,01x7)’, (0,—1,p; + 02122(7;12u2,01X5)', (01x3,1,01x4)
and (01x6,12)’, and a basis for its kernel by (0, pu; + Uzlzzaz_fug, 1,005) and (02x4,I2,02x2)".
(¢) The difference between the asymptotic covariance matrices of the MD and SP estimators of
o7, éij and égp, respectively, is positive semidefinite of rank 4 at most, with the basis for its
image given by [—(ug + 1171 + 1972),1,0,01x5)", (—=71,0,1,01x5)", (01x3,—71,1,0,01x2)" and
(01x3, —T2,0,1,01%2), and a basis for its kernel by (O2xe,12), (1, g + p171 + f1972,71,01x5)
and (01><3, 1, T1,7T2, 01><2).

The first part of the proposition implies that all the structural model parameters except the
overall residual scale 02 can be (partially) adaptively estimated by the SS estimator, as expected
from Proposition 12 in Fiorentini and Sentana (2021).

More interestingly, the second part of the proposition implies that in addition to p; and g,

the coefficient of the linear projection of y; onto a constant and z;, which is given by

/B + (Ml + Uz1220,;12///2)a7

will be adaptively estimated by the SP estimator. In this respect, a very important by-product
of this proposition is that the model parameters that can be partially adaptively estimated often
continue to be consistently estimated under distributional misspecification of the innovations,
as shown by Fiorentini and Sentana (2019, 2021) in the context of mutivariate location-scale
models such as (2). We will revisit this issue in the Monte Carlo section.

Finally, the last part of the proposition says that the variances of the structural residuals, as
well as E(y1) = v+ E(y2)a+ E(22)5 and E(y2) = po + E(z1)1q + E(21) 19, are asymptotically
equally efficiently estimated by the MD and SP estimators, and that the efficiency gains are



concentrated in o — E(y2)y, 5 — E(z1)7, 11 — E(z1)pg and pgy — E(22) -
Motivated by the seemingly counterintuitive result in Arellano (1989a), it is also of interest
to analyze the effects of imposing the valid restriction 12 = 0 on these different estimators:

Proposition 3 If Assumption 1 holds, then:
(a) The difference between the asymptotic covariance matrices of the unrestricted and restricted

ML estimators of 01, é;rWL and é;er, respectively, is positive semidefinite of rank 1 at most, with
the basis for its image given by (9), and a basis for its kernel by (10), (11) and (12).
(b) The difference between the asymptotic covariance matrices of the unrestricted and restricted

SS estimators of 67, éTSS and é]:gs, respectively, is positive semidefinite of rank 1 at most, with
the basis for its image given by (9), and a basis for its kernel by (10), (11) and (12).
(c) The difference between the asymptotic covariance matrices of the unrestricted and restricted

SP estimators of 07, éTSP and @gp, respectively, is positive semidefinite of rank 1 at most, with
the basis for its image given by (9), and a basis for its kernel by (10), (11) and (12).

Therefore, the imposition of the valid covariance restriction o12 = 0 always leads to (weak)
efficiency gains for exactly the same linear combination of the parameters of the first structural
equation for which MD leads to an efficiency gain relative to both OLS and IV.

Finally, we study the extent to which PMLEs based on finite mixtures of normals with
an increasing number of components could constitute the basis for a proper sieves-type SP
procedure, as we argued in the introduction. To do so, we have conducted a simple exercise in
which we look at the case the shocks to model (2) follow a bivariate Student ¢ with 0 means,
unit standard deviations, no correlation and 5 degrees of freedom but whose parameters are
estimated by finite scale mixture-based log-likelihood functions with K = 2,3 and 4 components.
For comparison purposes, we consider four different benchmarks: (i) the MLE based on the
correctly specified log-likelihood function that fixes the number of degrees of freedom to 5, (ii)
the SS estimator, (iii) the OLS estimator, and (iv) the optimal MD estimator.

We compute the expected value of the Hessian and variance of the score of the scale mixture-
based PMLEs using the expressions in Fiorentini and Sentana (2021) evaluated at the true values
of the mean and variance parameters in € and the pseudo true values of the shape parameters,
which we numerically obtain from samples of 40 million simulated observations.

The results, which we report in Table 1, show that the scale mixture-based PMLEs of all the
model parameters except the overall residual scale o2 quickly approach the asymptotic efficiency
of the infeasible MLE based on the Student ¢ with 5 degrees of freedom despite the fact that
finite Gaussian mixtures are thin tailed. In fact, although panel (a) in Figure 3 of Gallant and
Tauchen (1999) clearly illustrates that a more complex misspecified model does not necessarily
lead to more efficient estimators because one is not simply adding new elements to the score,

but also changing the pseudo true values of the shape parameters at which one evaluates the



original components of the score, we find that the efficiency improvements occur monotonically.

In contrast, the asymptotic variances of the scale mixture-based PMLEs of o2 coincides with
the asymptotic variances of the OLS estimators irrespective of the number of components, which
reflects (i) the block diagonality of the different asymptotic covariance matrices in Proposition
12 of Fiorentini and Sentana (2021) because the determinant of (8) is precisely o, and (ii) the
fact that the ML estimators of the mean in a scale mixture of K gammas is numerically the

same regardless of K, as explained in Fiorentini and Sentana (2022b).

4 Monte Carlo analysis

In previous sections, we have derived several asymptotic results regarding the relative effi-
ciency of the LS, IV and MD estimators, as well as the finite mixture-based PMLEs and the
feasible and infeasible MLEs. In this section, in contrast, we make use of an extensive Monte

Carlo simulation exercise to asses the small sample behaviour of all those estimators.

4.1 Design

We consider three different parameter configurations:

a. flgg = 3 and py,.. . = (Hg — 1)7% = 1/4/2 ~ 0.71, which is such that the IV and OLS

estimators of @ and (8 have the same asymptotic efficiency (see the solid line in Figure 1);

b. pgy = 3 and py,,, ., = 2_%\//@2/(/;22 —1) = v/3/2 ~ 0.87, which is such that the ratio

of the asymptotic variance of the IV and OLS estimators of « is maximum for the chosen

value of L9y (see the dotted line in Figure 1); and

C. pigg = 7/3 and py,.. .. = (Hog — 1)_% = V/3/2 ~ 0.87, which is another case of equal
efficiency of IV and OLS, but with lower co-kurtosis.®

As for the distribution of the structural shocks, we consider four non-Gaussian possibilities

in which (uq,us) follow a:

1. Student ¢ distribution with v = 5 or v = 5.5 degrees of freedom corresponding to fi9e = 3

and f199 = 7/3, respectively;

2. scale mixture of two normals in which the higher variance component has probability
A = .05 and the ratio of the variances is either s = 0.094 or s = 0.122 corresponding to

loy = 3 and pyy = 7/3, respectively;

*We do not consider the case in which iy, = 7/3 and p,,., .. = 5v/i5y/(s1ay — 1) because the maximum
efficiency of IV relative to OLS for « is just 1.02 in that case.



3. asymmetric Student ¢ distribution with negative tail dependence b = (—1, —l)l but degrees
of freedom v = 9.65 or v = 10.38, respectively;

4. location-scale mixture of two normals in which the higher variance component has proba-
bility A = .05, gy is as in 1., and the marginal skewness of u; and ug is as in 8., which is

achieved with
—1.01 —1.16 032 0 0.38 0
0= ( —1.06> or o= ( —1.24) and NL_( 0 032 ) o ( 0 0.38)’
respectively (see Appendix D for further details on this parametrisation).

For illustrative purposes, we display the joint densities and contours for standardised versions
of these distributions in comparison to the bivariate spherical Gaussian distribution in Figures
4 and 5 for the spherically symmetric and general cases, respectively.

In all simulated samples the exogenous variables z = (21, 23)’ are generated according to a
bivariate Student ¢ distribution with 8 degrees of freedom with mean vector 7 = (1,1)’ and an
9

identity variance covariance matrix.

Next, for each choice of the partial correlation p,, ., ., mentioned above, we choose

2 _ 2
RQ pygzg.zl
1 )

B pl/222-21

2 2py222-Z1

2= and py,.. = Pyoz, =
1 + py222-21 v vz

so that the two slope coefficients of the second equations coincide. If we fix the variance of both
y1 and 2 to 1 without loss of generality, these restrictions implicitly determine the variance of
the error term of the second equation as 03 = 1— R3 . We also impose the same balancing

restriction on the slopes of the first equation by choosing

(1+ py,., ) B2

a=0= 5

Then, we fix R? to 0.5, which implies 63 = 1/2, an arbitrary choice that simply scales the
asymptotic variances of all the different estimators of & and 8 by the same amount.'’ Finally,
we choose the values of the intercepts v and p so that E(y1) = E(y2) = 1 (see Appendix C for
further details).

Notice that the choice of 02,29 = 0 considerably simplifies some of the eigenvectors in Propositions 1, 2 and
3. For example the linear combination that according to Proposition 2.b can be adaptively estimated by the SP
estimator and consistenly estimated by a distributionally misspecified ML estimator becomes 8 + 1, c.

"Tn design a., we then have R3 = 2/3, 03 = 1/3, v = 0.20, @ = 8 = 0.40, py = 0.16, and p, = p, = 0.58. In
turn, in designs b and c., R3 = 6/7, ok = 1/7,v=0.22, « = 8 =0.39, gy = —0.31, and p; = pu, = 0.66.

10



4.2 Simulation results

We simulate 10,000 samples of length N = 250 and N = 1,000 for each of the above
designs. For each simulated sample, we compute the IV, LS and MD estimators, together with
unrestricted and restricted versions of PMLE estimators that use either a discrete mixture of
two normals ~-UPML(mn), RPML(mn)- or a Student ¢ distribution ~-UPML(t) and RPML(t).

We display the finite sample results by means of the box-plots in Figures 6 to 11, which
concentrate on o and 3, the two parameters of interest.

Figures 6 to 8 show the Monte Carlo results for 250 observations for cases a., b. and c.,
respectively, while Figures 9 to 11 contain the results for 1,000 observations in the same order.

Our findings indicate that OLS is better in finite samples than what the asymptotic theory
suggests because the sample co-kurtosis coefficient is downward biased for p,y. In fact, the
asymptotic efficiency of the IV estimator of « relative to LS can only be observed in panels b
and d of Figure 10 when the sample length is large and the distribution of the shocks is either a
spherical or a general finite mixture of normals, which is when there seems to be a lower small
sample bias for figs.

They also confirm that optimal MD dominates both OLS and IV in finite samples, but
the need to estimate third- and fourth-order multivariate cumulants to compute the optimal
weighting matrix handicaps it somewhat (see Altonji and Segal (1996) for analogous results in
the context of optimal GMM estimators when the shocks are fat tailed)

Our results also indicate that non-Gaussian PML based on a restrictive parametric distri-
bution like the Student ¢ works well when the true distribution is spherical, but it generates
inconsistencies otherwise. Notice though that the RPML(t) estimator seems to be consistent
for 8 + pya despite being inconsistent for both o and [, which is in line with our theoretical
discussion following Proposition 2.

More importantly, we find that non-Gaussian PMLEs based on a flexible distribution like
finite mixture of normals works well in practice regardless of the true distribution, systematically
dominating MD. In addition, the version that imposes the valid covariance restriction 19 = 0

is systematically more efficient than the the unrestricted one.

5 Directions for further research

Although we have seen that our proposed finite mixture-based PMLEs get close to achieving
the SP efficiency bound, an obvious extension of our Monte Carlo experiments would be to
consider standard two-step SP estimators that starting from a consistent estimator such as OLS

carry out one BHHH iteration using the efficient SP score estimated non-parametrically. The

11



curse of dimensionality in estimating multivariate densities, though, might reduce the theoretical
advantages of such methods in finite samples.

Another worthwhile exercise would be to extend the analysis in this paper to the general
simultaneous equation model with n endogenous variables and k instrumental ones considered by
Arellano (1989a). Aside from involving more complex analytical expressions than in the bivariate
example we have considered, the main practical complication would be that the number of free
parameters of a standardised multivariate mixture increases with the square of the cross-sectional

dimension, as we explain in Appendix D.

12
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Appendices

A Asymptotic covariance matrices

A.1 Instrumental Variables (IV)

Let v; = (v1;,v2;)" denote the reduced form innovations
—Cz; = Bilui,
where y; = (y1:,92:)" and z; = (214, 22;)', so that E(v;|z;) = 0 and V(v;|z;) = BT!ZB'~! = Q,

with
1l «
-1 __
B _<O 1).

In this context, the unrestricted Gaussian PMLE of « and £ coincides with the IV estimator
that uses a constant, z; and z9 as instruments in the first equation. To consider both equations

at once, let ¥ = (6',012)" and

Z5,(9) = [Z,(9), Z5;(9)], (A1)
where
opi(9) 1
ZU — i Q /
ll(’ﬂ) 8'19 2 (,"9)7
10ved [2I)] [, 1 _1
U _ I /
Z59) = ;o [T W) e W),
1 0 0 0O 0 O
Mo + py21i + pozoi 0 2(ao3 +012) 0% o2 0
22i 0 0 0 0 O
O (9) o ) X SO
8’19 = [0 Y41} 214 5 T == 0 0 0 0 y
azZo; Z294 0 0 0 0
0 0 1 0O 0 O
0 0 a? a o 1
0 0 2c 1 1 0
and
0
1 \o +a202+2aa12
Q 2(19) = _ ao%—i—olg o2 02 0'12 o'%+a20'§+2aa'12
0'%-‘1—0420'%-"-20[0'12 +a203+2a012 0%03—0%2

is the inverse of the (lower) Cholesky decomposition of €.
We can then exploit Proposition C2 in Supplementary Appendix C of Fiorentini and Sentana
(2021) to obtain

AVar(vnd1v) = [Aue9(9)] " Buss(9, @)[Av.ee(9)) ", (A2)
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where
Av0(9) = E [Z5;(9)K(0)2]/(9)] and By (9, 0) = E [Z5(9)KY (9, @) 25 (9)] ,

with
12 ‘I)v(’l9, Q)
®V'(9,0) YV(Y,0) |’

®V (99, 00) = Elvived (vivY)], XYV(99,00) = Elvec(vivy — L)ved (viv}y —I,)] and v} =
Q1/2v;, so that ®V(0) = 0 and YV(0) = (I + Ka2) if we use @ = 0 to denote normality and

KY(9,0) = Ve (9,0)] = (A3)

K, for the commutation matrix of orders m and n (see e.g. Magnus and Neudecker (2019)).

Given that the assumption of constant conditional higher-order cumulants applies to the
structural model, though, we need to relate the higher-order moments of the reduced form
residuals to those of the structural ones. Defining

1 2a o
FO)=L,B 0B '@Dy=|0 1 « |,

0 0 1
where Ly and Dy are the elimination and duplication matrices of order 2, respectively (see

Magnus and Neudecker (2019)), we will have that
Elvived (vivh)] = —=B71(0)2(0)2 8" (0)[£(0) 7' © =(6)'|F'(6)
and

© £(0)2]T1(0)[Z(6)%' © £(6)2']F'(6),

N

Elvec(vivi — Iz)ved (vivi — I2)] = F(0)[2(0)

where ®%(g,) = Elufved (uful’)], Y(gy) = Elvec(uiu} — Iy)ved (ufu} — I )] and uf =
271/2111‘.
After some tedious calculations, it is straightforward to prove that

2 2
Ulazl

AVar(Vnary) = —5—5— 5

25 (Uzl Oz = 0Zi29 )

and
o} (pio?, + p302, + 24 902, 2y )

p3(0%,02, = 0%,.,)

AVC”“(\/EBJV) =

For our purposes, it is convenient to rewrite these expressions as

AVar(vnary) = (- R2)p2
Y2z22.21
and . R%(l - R%)(l - 1032/222-21)
AVar(vnfpy) = (1— R2)p2 ’
Yoza.21
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where R? and R are the population coefficients of determination in equations (1) and (2),
respectively, and p,, ., ., the correlation coefficient between y2 and zo after partialling out the

effect of z1.

A.2 Ordinary Least Squares (LS)

As mentioned in Section 2, the restricted Gaussian PMLE that imposes 012 = 0 coincides

with the OLS estimator of the first equation. To consider both equations at once, let
Z5(0) = (Is, 081)Z5; (9, 0). (A4)
Then, analogous calculations to the ones in the previous subsection imply that
AVar(vnLs) = Ay loe(0)Br e (0, 0) AL 9o (6), (A5)
where
Are0(0) = E [Z{(6)KV(0)Z{(6)] and Bree(6, ) = E [Z(0)K" (6, 0)Z§(0)] ,

After some straightforward calculations, it is easy to show that

AVaT(\/ﬁdLs) — O-%Uzl (0-51 0-32 - Uglzz)ug 0%030;11”22
(1302,., — 0% (05 + p302,)1? (502, — 02, (05 + p302,)]?
and
AVar(ViBys) — o {02, 13(0%, 1] + 202, (03 + 0z i i) — 03,5, 3] + 0%, 0%, 113}

[G%Ugl + ,LL%(O'%I 0-32 - 0-21ZQ)]2

U%(U% + M1M2UZ122)[030§1 — Oz129 (0-21#1#2 + 20_2@2“%)]

0302, + p3(02,02, — 02,

2 92(.2 2
0105(05, 1y + 0220 119) " oo

[03021 + H%(O—% 032 - 0-31,22)]2 .

Again, it is convenient to rewrite these expressions as

(1 - R%)(l - p32;222,z1)[“22(1 - p?/ng.zl) + p12/222.z1]
1-R2

AVar(y/nérg) =

and
(1 - R%)<1 - ngzz.zl)[l + (M22 - 1)(R% - 1032/222.21)]

AVar(\/fﬁﬁLS) = R ,
2
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A.3 Optimum Minimum Distance (MD)

Let ¢ = vec(C) and w = vech(2) denote the parameters of the unrestricted reduced form

model. From equations (5)-(6), we will have that

2
c10 = 7Y + alig, C20 = [ho, w11 = 011 + o092 + 20012,
ci1 =B +au, c1=p, w2 = o+ o012, ,
C12 = Qlg, C22 = Ug, w22 = 022.

Let &LS: (€10, €11, €12, G20, Ca1, Ca2, W11, D12, W22)" denote their unrestricted Gaussian PML
estimators, which coincide with equation by equation OLS. To obtain the asymptotic distri-
butions of these estimators, we need the first derivatives of the conditional mean vector and

covariance matrix with respect to the unrestricted reduced form parameters, which are given by

OCzi
oc’

:z§®12 and M = Ds.
ow’

In this notation, the contribution to the Gaussian log-likelihood scores for ¢ and w corresponding

to observation 7 will be given by
sei(c,w) = z; @ @ H(O)v,(c)
and
1
SwilC,w) = 513’27160[9(9)*1vi(c)vg(c)n(e))*l - Q).

Consequently, the outer product of the scores will be

sci(c,w)sk;(c,w) = 7z, ® 9(9)_1vi(c)v§(c)ﬂ(0)_l,

7

Swi(C, w)sei(c, w) = %D’zvedﬂ(@)_lw(C)V’-(0)9(0)_1 —(6) ][z © vi(c)2(6) ]

and

Swi(C, w)sl(c,w) = %ngec[n(e)*1vi(c)vg(c)n(9)*1 —-Q(6))
xved [Q(0) vi(c)vi(c)(0) "t — Q(0) ! |Ds.

7

Similarly, we can easily adapt the expressions in Amengual, Fiorentini and Sentana (2022)

to write the contribution of observation ¢ to the Hessian matrix he wi(c,w) as

__ { (ziz; @ Q(0) ") [2:vj(c)271(6) © Q(6)'|Dy
DL [(6) 'vi(c)z; @ Q(6) ] Dy{Q(0) ' @

(6)"vi(e)vi(c)2(8) " — 592(6)']}D2 } '

Thus, we have all the ingredients to compute AVar(\/ﬁc}.") 1g) using the standard sandwich for-
mula in White (1982) and Gouriéroux, Monfort and Trognon (1984).

On this basis, we can show that the asymptotic variance of Malinvaud’s (1970) optimum MD
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estimator will be given by

AVar(ﬂéMD) = {6¢I(0) [AVar(\/ﬁ(.Z)LS)} 1 99(9) }_17

00 00’
where
C10 — 77 — Qlip
c11 — B — apy
C12 — Qllip
C20 — Mg
() = C21 — M1
C22 — Hg
wi1 — o011 — &’
W12 — (022

w22 — 022
Specifically, we obtain that
22
. 0710z Ha2
AVar(y/néyp) = ) 3 ;1 3 3
Gzl 03 + (Ozl 0'22 - Uzlzz):UQ:u22

and
27 2 2 02, 2 9
AVar(vaByp) = o1log + (0%, 41 + 0%, 15 + 2022 f1 o) oo

2 ;2 2 52 2 2
Uzl 02 + (Uzl UZQ - 0'2122),&2#22

which, rewritten in terms of the population coefficients of determination, become

(1 - R%)(l - pg%gzg.zl)lu’22
(1 - R%)[l + p%QZQ.Zl (/1’22 - 1)]

AVCLT‘(\/’E&MD) =

and
(1= R} = pZyay o)1+ R3(p22 — 1)]

AVar(Vibn) = =4 s - 1)

A.4 Maximum likelihood with spherical innovations

(A6)

Let exp[c(n) + g(s¢, )] denote the assumed conditional density of v} given z;, where c¢(n)

corresponds to the constant of integration, g(s¢,m) to its kernel and ¢; = vi'v}.

Invoking

Proposition C1 in Supplementary Appendix C of Fiorentini and Sentana (2021), we can obtain

the asymptotic variance of the ML estimator that imposes o125 = 0 when the true distribution

of the shocks is spherically symmetric by

AVar(vnbr) = Iz (0,m), where Ip(0,n) = E[Z{{(0)M(n)Z{"(0)],

R My (n) 0 0
zi0) = (%47 1) M= 0 Matw) M) |,
! 0 M(n) Myn)

20
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My(n) = Myly,
Ms(n) = Mgs (Iy2 + Kyn) + [Mgs — Hvec(Iy)ved (Iy),

M () = vee(In)Mgp,
with

My =F [52(%77)2} ;

N
B N 200(si,m) (6i\2
MSS_1+N+2E[ ds (N) !
oo p [ 0050
N  oOn

and 6(i,n) = —209(ci,m)/ 5.
Similarly, we can compute the asymptotic variance of the unrestricted ML estimator which

also estimates 019 as
AVar(vn@ur) = ;' (0,m), where Ty(6,n) = E[ZY (0)M(n)Z{"(6)], (A8)

with

zi0) - (“4% D).

As a consequence,

o202

. . z1

AVCLT(\/ﬁaML) = M 2 o M 2( 2 2 _ 9 )
350-20-,21 ll,LL2 0-210-,22 Uzlzg

and
03Mss03 + My (302, + p3o?, + 20111902, 2, )]

2.2 2 2 2 2
My [Mss0502, + Myps(o2 02, — o2 )]

AVar(vVnfy) =

Analogous calculations but using ZV (@) in place of Z{*() for the unrestricted ML estimator

yield
2 2
o710
AVar(yv/nég) = L
MzzM%(U%O’EZ —0%2,)
and

2/ 92 2 92

01(p102 + p50%, + 2011 1902, 2)

5 .
1\/[”/‘1’2(0-210-22 - 0-2122)

Once again, we can write these expressions as

(1 - RH(1 = phyzyzy)
(1- R%)[(l - p12/222~21)MSS + pgzzz.lell]

AV@T(\/EBML) =

AVCLT(\/E@ML) =

and
(1 - R%)(l - ngzg.zl)[‘R%Mll + (1 - R%)Mss]

(1 - R%)I\/Ill[(l - pg%gzz.zl)lwss + p%zzz.zllwll] ’

AV@””(\/EBML) =
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for the restricted estimator, and as

(1 - R%)(l - ngzz.zl)
(1-R3) My

AVar(y/néayr) =

2
Pyaze.21

and

AV Brr) =
ar(\/’ﬁ/BML) (1 o R%)p§2z2.zll\’lll

for the unrestricted one.

A.5 Spherically symmetric semiparametric estimator (SS)

From Proposition C3 in Supplementary Appendix C of Fiorentini and Sentana (2021), the

spherically symmetric SP efficiency bound is given by

$6) = Tiao(o0) - WHO)WL(0) {2~ 11— 2}

where r( denotes the population coefficient of multivariate excess kurtosis (see Mardia (1970)
for details),
W () = Z7(8)[0,ved (I)) for j=R,U,

and
To0(0,p) = E [Za:(0)Maa(0, p)Zy,(0)] -
Under suitable regularity conditions, we have that

AVar(v/nbss) = [Sr(0)] ™ (A9)

and

AVar(vnBss) = [Su(0)] " (A10)

Tedious but otherwise straightforward calculations show that for the restricted estimator

that imposes 012 = 0 we obtain

AVar(y/négs) = AVar(y/néy ) and AVaT(\/ﬁBSS) = AVar(\/ﬁBML),
while for the unrestricted one we get
AVar(v/nags) = AVar(y/néayn) and AVar(vnfgs) = AVar(v/nByr).

A.6 Maximum likelihood with general innovations

Let f(v}, @) denote the joint density of v; conditional on z;, where g are some ¢ additional

parameters that determine the shape of the distribution. If we use Proposition D3 in Supple-
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mentary Appendix D of Fiorentini and Sentana (2021), we can obtain the asymptotic variance

of the ML estimator that imposes 012 = 0 by computing

AVCL’I“(\/’E@ML) = 1—6}2(07 9)7 where IGR(ea Q) = E[ZZGR(O)M(Q)Z?R,(B)]’

where
zG1(0) = (2[/(0), 25" (0)], (A11)
dved' [ (0)] 1
GR _ 1
zGR(0) = = — Lo Q7¥(0)],
i 0 0 0 0 i
ao2 5202 o o202 \3/2
\/a§+2az7§ (U§+;0§)3/2 0 a3 (a%iaa%)
0 0 0 0
i L 0 0 0 0
Jvec [aféz(a)] _ 0 0 0 0 ,
0 0 0 0
1 . ao% 0 a2ag o%cr%
2,/03+ac?  2(07+ac3)3/? 2(ci+a?0i03) \| oi+ao]
a2 2(10%—}—0430% 0 0'% a%a%
| 2y/0%+aod  2(0i+ac3)3/? 2(cfo3+a?03) \| o+ao] |
and
Myu(e) Mis(e) Mi(0)
M(Q) = ES(Q) MSS(Q) MST(Q) s
w(e) My (o) M. (o)
with
Mu(e) = E[8*In f(v}; 0)/0v*OvY| @] ,
Mis(@) = E [0°In f(v];0)/0viovY - (v'* @ I)] o] ,
Mss(@) = E [(vi ®Ly) - *In f(v]; 0)/0Oviovy - (vi’ @ I1)|o] — Koo,
M (@) = —E [0*In f(v]; 0)/0v*0¢'|o] ,
Mg (@) = —E [(vi ®15)0%In f(v]; 0)/0v*0d|e] ,
and

M, (0) = —E [0 In f(v];0)/0000|¢] .

Analogously, we can obtain AVar(\/ﬁé ML) = 151(0, o) by exploiting the expressions for

the derivatives of the unrestricted model that we obtained when we discussed the IV estimators.
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A.7 Semiparametric estimator (SP)

We can make use of Proposition D3 in Supplementary Appendix D of Fiorentini and Sentana

(2021), which indicates that the SP efficiency bound for j = R, U will be given by
8i(e) = Zoo(8, 0) — 25 (8) [Maa () — K(0)KV* (2)K(0)] 257 (), (A12)

where + denotes the Moore-Penrose inverse, with

_( Mule) Mis(o)
Mdd(g)_< 1s(0) Mss(9)>

and the matrix of third and fourth order central moments KV(g) in (A3). Then, under suitable

regularity conditions, we will have that
AVar(vidse) = [Sr(©)] ! (A13)

and

AVar(v/nBsp) = [Sy(8)] L. (A14)

The expression for KV (p) simplifies considerably in the spherically symmetric case because

ENivI@vl) =0, (A15)

A 7

E(IvI @vivl)=Evec(vivved (viv)] = (ko+1)[(Ls+ Kaz) +vec (I2) ved (I2)].  (A16)

As a result, after some tedious calculations we obtain that for the estimator that imposes
the restriction o192 = 0,

O'%O'zl(l +K)

0302, +Mu(1+ k)p5(02,0%, = 0%,.,)

AVar(y/nagp) =

and

oilos + (1 + r)Mu(pio?, + p302, + 24111902, 2,)]

AVar(v/nBgp) = ;
° Myloso?, + (1 + r)u3(0? 02, — o2,,)]
while for the unrestricted one,
2 2
~ 010,
AVar(y/na = L
(\F SP) M”,u%(ogl 022 - Uglzz)
and
AVCLT(\/EBSP) _ 1\H7 21 Ha 22 H1H20 21 29 )
Mllﬂ%(azl 022 - 02122)

Once again, we can rewrite these expressions as

(1= RN = p,pz) (1 +K)

AV i5p) =
ar(\/ﬁOZSP) (1 — R%)[(l - pgzzz.m) + '0?2/232'211\1”(1 + R)]
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and
(1= R = P2y ) (1 + )1 — RS + RoMy (1 + K)]

(1 - R%)Kl - p§222.z1) + ngzz.z1MU<1 + ’%)]Mll(l + "i),

AVar(vnBgp) =
in the restricted case, and as

(1 - R%)(l - p§222.z1)

AV&T(\/H&SP) = Mll(l _ RQ)
2

2
Pyazg.z1

and
Mll(l - R%)p%/zzz.zl

AVar(vnBgp) =
when o019 is also estimated.
A.8 Reparametrisations

The results in the previous subsections can be used to derive the asymptotic distribution of
alternative parametrisations. In the case of an estimator 6 that imposes 012 = 0, the asymptotic

covariance of the reparametrisation in (8) is simply

AVar(\/ﬁéT) = JpigAVar(v/n)J,

ote’
where
90" Is O 0
1 1
Joto = 57 = | 0 27 "33 |- (A17)
0 22 o
201 2092

In contrast, for an unconstrained estimator 9 that also estimates 012, we would have that
9" = (¥ ,4,,) so that
AVar(\/ﬁ@T) = J g1 g AVar(y/nd)J

oty
with

I 0 0 0

1 UQ%U§722U%22 5052 Uﬁ 2 -

J . ov . 2‘71(‘71‘722_‘712) 2(01029.—‘712) 010270712 (A18)
oty — 99 | o I3 71 _ J12
2\/0'%0'%—0%2 2\/0%03—0'%2 2\/0'%1(7%—0%2

0 — 212 0 =5
of o7

B Proofs of Propositions

Proof of Proposition 1

Computing in Mathematica the spectral decomposition of AVar(\/ﬁéTLS) - AVaT(\/ﬁéJ]rV[D)
using the expressions (A5) and (A6), as well as (A17) to go from @ to @', we find that it has
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only one eigenvalue different from zero, namely,

(a2 — 1)?p30to3{0? (1 + 71)ud + [1+ 43 + (o + T2ps))o? Y02 02, — 02 )
[IU’ZQ/’LQ(OgngQ - 02122) - 0-30-2 ][O-%O- :u2(0-21 0-22 - U§1z2)]2
2(#22 - 1) M201020z1zzﬂ2[71(ﬂo + Tapig) — py]o, (031022 - 02122)
[/“1’22#'2(0-210-%2 - 0-2122) U%JZI][U%JZI - ”2(021022 - 02122)}2 ’
which is non-negative, with
<‘721(1 + HaT2) — 021z oT1 — Oz 1, 01><5>/ (B19)
Oz 1 + Oz 25 o O 1+ 02250

as associated eigenvector.
Analogously, after computing the spectral decomposition of AVar(\/ﬁéJ;V) —AVar(\/ﬁéL D)
using the expressions (A2) and (A6), as well as (A17) to go from @ to @7, we find that it has

only one eigenvalue different from zero, namely,

0103{02, ., (1 + T3 — 202 2o [T1 (1o + T2pto) — py)o2, + [1+ pf + (po + 7'2M2)2]U§1}

[/‘1’2211’2(0%1 ng - 0-21,22) - J%Ugl}l[’LZ(o_gl 0-3’2 - 0-21,22)

)

which is non-negative, with (B19) being again its associated eigenvector.
Finally, doing the same for AVaT(\/ﬁé;V) — AVar(\/ﬁézer) by combining (A2) and (A5),
as well as (A17) and (A18) to go from 6 to 8" and from ¥ to 97, respectively, we find that it

has only one eigenvalue different from zero, namely,

(/1’22 - 1) NQO-Zl 32 (031052 - 021Z2){02122(1 + T%)/’L% 202122/’L2[(/’L0 + /’L2T2)T1 - /"Ll]0§1}

[”2( 21 22 - Uglzz) - 0-%0— ] [MQQ/"LQ( z1 22 - 0—2122) 0—30-2 ]

(/’L22 - ]‘)2 3 31032 (021032 - 03122){[1 + lu’l + 021 (/’LO + MQTZ)Q]}

+ 2
[/’LQ( 21 22 - 0-%122) - 0'10' ] [M22/,62( 21 22 - 0-2122) - 0—20—21] ’
which can be positive or negative depending on 199, and with the same eigenvector. O

Proof of Proposition 2

Computing in Mathematica the spectral decomposition of AVar(\/ﬁégs)—AVar[\/ﬁéLL(ﬁ)]

using the expression in (A9), as well as (A17) to go from @ to 87, and exploiting the fact that

AVar[\/nBu ()] = [Zoo(0, 7)) ",

where Zgg(0,mn) denotes the block of the information matrix of the mean and variance parame-

ters, we find that it has only one eigenvalue different from zero, with associated eigenvector
(01><7a 1), .

Similarly, we find that the spectral decomposition of AVar(\/ﬁég p) — AVar[\/ﬁéJ]rM (M),

which we obtain using also (A13), as well as (A17) to go from @ to @', has five eigenvalues
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different from zero. By looking at the orthogonal basis for its null space, which is given by

2 2 /
(0’ Oz H1 + Oz o, ) 01><5)

and

(02x4, I3, 02x2),

we can immediately see that the parameters that are estimated adaptively are pq, pq, and the
linear combination of o and S indicated by the first eigenvector. In turn, the orthogonal basis
for its image is given by

(1,01x7)’,
!
(0, —O'zl,/.,élo'gl +0'zle,U/27Ol><5) )
(01x3,1,01x4)’

and

(01x6,1o)".

Finally, using an entirely analogous procedure with (A13) and (A6), together with (A17) to
go from @ to 07, we find that the spectral decomposition of AVar(ﬁ@LD) - AVar(\/ﬁ@Tgp)

has four eigenvalues different from zero, and its null space is defined by

i
g
(07M1+ ;;Z2M271701><5) ’

21

(01x4,1,01x3)" and (01x5,1,012)". U
Proof of Proposition 3

Computing in Mathematica the spectral decomposition of AVar(\/ﬁé}LWL) —AVar(\/ﬁé}LV[L)
using the expressions (A7) and (AS8), as well as (A17) and (A18) to go from @ to 8" and from ¥
to 97, respectively, we find that it has only one eigenvalue different from zero, namely,

0303M {02, 13 (1 4 73) — 2022002, o[ (1o + pom2)T1 — 1] + 0% [1 4 13 + (1o + p972)?]}

2 2 52 2 2.2 2 2 52 2
/"LQI\/IZZ(O—Z1 UZQ - UZ1Z2)[1\/[55020z1 + ,LL21\/[[[(0'210'ZQ - 0-2122)}

with associated eigenvector (B19).
Using (A9) and (A10), as well as (A17) and (A18) to go from 0 to O' and from @ to 97,
respectively, we find that the same turns out to be true for AVar(\/ﬁéTgS) — AVar(\/ﬁéj;S).
Finally, if we do the same for AVar(\/ﬁégp) — AVar(\/ﬁéirqp) using (A13) and (Al4), as
well as (A17) and (A18) to go from @ to @ and from 9 to 91, respectively, we also find that it
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has only one eigenvalue different from zero, namely

0303{02, ,1u3(1+73) — 2022502, pol(po + paT2)T1 — pa] + 0% [+ 13 + (1o + pa72)?]}
2

N%l\lll(gz’lagQ - 0212’2)[020—%1 + (1 + ’{)Mgl\{ll (0-210%2 - 02122)]

)

and that its image is given by the same eigenvector as in the previous cases.

C Simplifying the DGP
C.1 Standardised variables

We start by assuming that:

b 0 1 Pyiys  Pyrzi Pyrzo

Y2 1 o 0 Py1ya 1 Pyszr  Pyazo

1 0 7 Pyrz1 Pyzz 1 Pzizy ’
“2 0 ’Oyl z2 py222 P29 1

where the correlation matrix is positive definite.

In this notation, the coefficients of the least squares projection of y; onto yo and z; are

1 —1
< a ) _ < Pyaia ) ( Py >
ﬂ 'Oy2z1 1 py121
— 1 ( Pyrya — Pyrz1Pyazy ) 7

_ 2 _
L= piozi \ Pyizi = PyryaPyon

the corresponding projection errors

Pyrys ~ PyrziPyazi  Pyrzi — PyiyePyaz 5
_ 2 _ 2
L=pyz L= Py

up =y —ayz — Bz =y —

and the residual variance

-1
1 z
V(u1> — 1 - ( pylyg py1z1 ) ( pyi ! > < py1y2 )

prZl pylzl
2 2 _
_ Pyiys T Pz~ 2Pyaz Pyrys Py
— 2
S

=1

)

so that the R? becomes

2 2

_ Py T Pz~ 2Py Pyiys Py

— — '
L= pyozy

In turn, the coefficients of the least squares projection of ys onto z; and 2o are

-1
( M1 > — ( 1 pzlzz ) < py221 )
25 pzlzg 1 py222

— # < Pysz1 — PyszaPzizs )
1- p§1ZQ pyzzz - prlezlzz

R}
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the corresponding projection errors

pygzl - py2Z2p2122 o — py222 - py221p2122 2

U2 = Y2 — {121 — H2R2 = Y2 —
1- pglzz 1- pglzz

and the residual variance

-1
1 z1z p z
V(UQ) = 1- ( py2z1 py2Z2 ) < pi 2 ) < Y21 >

Pzizo Pysz
_ pyzzl py222 p2122py221py222

=1
1- p21Z2

)

so that the R? becomes
Pyszy T Pyszs Pz129Pyaz1 Pyszs
1- pglzg

Finally, the covariance between the previous projection errors is

RS =

E[(y1 — ayz — Bz1)(y2 — p21 — poz2)]
- E [<y1 ~ Pyiye T PyiziPyaz Yo — Pyiz1 ~ PyryzaPy2z1 2’1>

17/)?2!221 1*P321221
<y2 _ Pyoz — py2222p2122 2 — Pyzzo — py2221p2122 22>:|
1-— 102122 1- pzlzz
= _ Pyazi T PyszaPziz _ Pyazy T PysziPzyz
Y1y2 1 — Pgm Y121 1 — ,03122 Y122
_ Pyrys T PyiziPyaz | Pyiys T PyiziPyazi Pyazi — PyszaPaiz
1- pZZZl 1- p?2J221 1 - pglzZ e
+pyly2  Pyrzi Pyazi Pyaze py221p2122p Py pylyzpy221p
1- '05221 1= '02122 v 1- p3221 e
+py121 — pylyzprZl p?JQZl — py222p2122 pylzl — py1y2py221 py222 B py221p2122
1— p? 1— p? 1—p? 1— p? 122
Y221 2122 Y221 z122
2
o (pyzzg - py2Z1p21Z2) [pylyg (prZQ - pygzlpzlzz) + pylzl (pZ]_ZQ - pygzgpygzl) - pylzg(l - ongzl)]
o 2 2
1- Pz 2o 1- py2z1
Therefore, for y» to be exogenous in the first equation, we need either
Ly = pyzz21_ py;zlpzl@ -0,
- pZ1Z2
which seems very restrictive, or
_ Pyiys (pyzz2 B py221p2122) + Py 2 (p2122 B py221py222) o 1- pglz2 5 C
Pyizo = 1_ 2 T 12 HM2Puye +0py,,» (C20)
py221 Y221

where ¢ is the coefficient of z; in the least squares projection of zo onto ys and z;, whose

coeflicients are given by
< v ) — ( 1 Pyazy > < Pyszs ) _ < Pysza = Pz129Pyozn ) )
0 Pyszi 1 Pzizo 1- pgzm Pzrz0 = PyazaPysz
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Therefore, if we assume p5 # 0, then we need to choose p,, ., so that (C20) holds.
C.2 Original variables

Let us now consider the least squares projection of y§ onto a constant, z{ and 29, which is
given by
Y3 = po + K127 + pgzg +ug.
We can then individually centre and standardise each of the variables involved as follows

ys — g — niE(27) — p3E(29)

Y2 =
VHPV (20) + 57V (28) + 2088 Cov (28, 25) + V (uf)’
0 _ F(z° 0 _ F(z0
2 = 1 (:1)’ and 2y = %2 (:2)’
V(27) V(23)

which leads to the following transformed equation

Y2 = K121 + Moz + U1,

where
po o= K Vi)
/fl’2V(zf) + g V(zz) +2p8pu3Cou(22, 29) + V(ug)’
Ho = 3 Viz)
B2V (29) + SV (29) + 2ppugCou (28, 29) + V (ug)’
and
V (o]
V() = (uf) 1R

PV () + 152V (28) + 203 usCov (27, 28) + V (ug)

The coefficients p; and u, are sometimes called the standardised regression coefficients, as
they explain the ceteris paribus change in y§ (measured in standard deviation units) resulting
from a unit standard deviation change in z{ or z9.

Thus, once we standardise the three variables involved, the crucial ingredients of the first
equation are the coefficient of determination R3, the correlation between the regressors Pz 2o

and the partial correlations between yo and each of the regressors, which are given by

. E[(y2 - pyngZQ)(zl pzlzgz2)] . py2Z1 - pzlzgpygzg . %
Pysz1-z2 = - 2 5 =t 1— p2 )
\/V(y2 - pyzzzz2)v( pz1z222) \/(1 - py2Z2) (1 - pZ1Z2) Yy2z2
- E[<y2 ~ Pysz 2’1)( pzlzgzl)] - Pysze = Pzi20Pysz1 - 1- pglzg
Pyaza-z1 - M2 ’
2 2 1—p2
\/V(y2 — Py 1)V (22 = P2y 25 21) \/(1 —d?) (1 - pzwz) vaz

In fact, there are only three underlying parameters that determine these four quantities:
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Pyszrs Pysz, a0d p .. because

2 2
2 _ R2 Pyszs
py221'22 - 1 — p2 ’
Pyazs
2 2
2 _ R2 Pys 2
py2z2-z1 - 1— 2 ’
Pyazy
or alternatively
2 9
2 _ R2 py221-z2
py2z2 - 1 — p2 )
Pyoz1-20
2 2
2 _ R2 Pysza-21
pyzzl - 1 — p2 ’
py222'21

. 2 2 2
Thus, we can either select p,, . , py,., and p,, ,,, or we can select R3, py,., .., and py, ... .

D On multivariate discrete mixture of normals

Consider the following mixture of two multivariate normals

N { N(vy,T) with probability A,

Y ™ N(vy,Ts)  with probability 1— . (D21)

Let s; denote a Bernoulli variable which takes the value 1 with probability A and 0 with
probability 1 — A. As is well known, the unconditional mean vector and covariance matrix of

the observed variables are:
E(u}) =7 = E[E(u|st)] = \wv1 + (1 — Nvy,

V(u)) =% = V[E(u}|s)] + E[V(u;|st)] = M1 = N8 + A1 + (1 — \) Xy,

where § = v — vs.

Therefore, the random vector uy will be standardised if and only if
v+ (1 =AM =0
and
AML=AN)(v1 —va)(v1 —ve) +AT1+ (1 = AT = A1 = N)dd + AT+ (1 - ), =1

To see how we can achieve these two conditions, let us initially assume that v; = vy = 0,
so that § = 0. Let I'; LI"l ;, and I's LF’2 ;, denote the Cholesky decompositions of the covariance

matrices of the two components. Then, we can write

AT+ (1= ANy =T\ + (1 — T T T, T IT = Tip AL + (1 — MRLRETY
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where

_ 0
I Do =8 = { u }
1 92

is a lower triangular matrix. Thus, it is not difficult to see that choosing
Ty = A+ (1— AMRN )™ and Ty =T RpN T,

or, equivalently,

iz = M+ (1 = AORRP]7Y2 and Typ =Ty

we can indeed obtain a standardised vector uj.

Now consider the case § # 0, and let ¥ = A\(1 — A\)88 + Iy. Then, it is easy to see that

/_1

1 1 —1 1 r_1
vi=Y 2, v;=" 2vy, I1=0,°T1Y "2, and I'5 =" 207 "2

continue to generate a standardised vector. As a result, the vector of shape parameters of a
standardised finite mixture distribution reduces to @ = (91,02, 7011, 521, 2022, A)’ in the bivariate

case.
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Tables

Table 1: Asymptotic variances of alternative estimators

PML-SMN g
Parameter OLS K=2 K=3 K=14 SS ML MD

Mean parameters of equation la

¥ 1.268 0.931 0.905 0.902 0.901 0.901 1.201
o 1.500 0.782 0.731 0.725 0.723 0.723 1.125
B 1.000 0.656 0.631 0.627 0.627 0.627 0.875
Mean parameters of equation 1b
o 1.000 0.792 0.775 0.772 0.771 0.771 1.000
i 0.333 0.264 0.258 0.257 0.257 0.257 0.333
Lo 0.333 0.264 0.258 0.257 0.257 0.257 0.333
(Reparametrised) variance parameters of structural innovations
w 3.000 1.493 1.313 1.290 1.286 1.286 3.000
o? 0.833 0.833 0.833 0.833 0.833 0.300 0.833

Notes: DGP for structural innovations: bivariate Student ¢ with 0 means, unit standard deviations,
no correlation and 5 degrees of freedom. Parameter values: v = 0.204, a = § = 0.398, p, = 0.155,
py = pp = 0.577, 0F = 1/2, 03 = 1/3, p,, = p,, =1, 02 = 02, =1, and 0.,., = 0. OLS denotes
the usual ordinary least squares estimator, PML-SMN denotes Pseudo-ML based on a bivariate scale
mixture of K normals, SS denotes the spherically symmetric SP estimator, ML denotes MLE which
exploit the information of the true distribution of the shocks, including the degrees of freedom, and MD
denotes the optimum minimum distance estimator. We compute the expected value of the Hessian and
variance of the score of the finite mixture-based PMLEs using the expressions in Fiorentini and Sentana
(2021) evaluated at the true values of the mean and variance parameters in € and the pseudo true values
of the shape parameters, which we numerically obtain from samples of 40 million simulated observations.
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Figures

Figure 1: Relative efficiency OLS/IV for «
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Notes: When the R? of equation (2) coincides with piQZQ.ZI, the relative efficiency of the OLS/IV
estimators of « is given by

= [(1 - pzzzz.zl)lj’22 + p:l2/222.21]p§222.21'

The solid line denotes the boundary line py, = 1 + p;QQZQ_Z , while the dotted line denotes the locus of
(Pysz.21» H22) combinations for which the IV estimator of « reaches its maximum asymptotic efficiency

relative to the corresponding OLS estimator, which is given by p2 .. = Jp99/(pigy — 1).
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Figure 2: Relative efficiency MD/OLS-IV for «
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Notes: When the R? of equation (2) coincides with p? _ . the relative efficiency of the MD/OLS
and MD/IV estimators of « are given by

V(éwmp) _ Hao
Viars) [+ (pag = 1)pf, o0 2 ) [(1 = 07,252 122 + P72 2]
and
V(émp) _ :u22:0§222.21
V(arv) L+ (pog = 1)p2,.0 2 ’
respectively. The solid line denotes the boundary line ji99 =1+ p;zzzz_ i

35



Figure 3: Relative efficiency Student ¢ ML/MD for « and

Figure 3a: Relative efficiency ML/MD for «

Notes: When the R? of equation (2) coincides with p? ., the relative efficiency of the MD/OLS
and MD/IV estimators of a and 3 are, respectively, given by

AVar(y/nanre) 1+ (pg — 1)02, 2, 2,

AVar(y/nanp)  [(1—p2,., ) Mss + 02, o Mu] s

and ) )
AVGT(\/ﬁﬂMLt) _ py222~21
AVG’T(\/EIBMD) [(]‘ - p72J2Z2-Z1)MSS + p324222.21Mll]1u‘22’

and where My =v(2+v)/[(v —2)(v +4)] and Mgs = (v + 2) /(v + 4) with v =229y — 1)/ (lige — 1).
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Figure 4: Monte Carlo spherical data generating processes versus Gaussian distribution

Figure 4a: Bivariate standard Gaussian Figure 4b: Contours of a bivariate
distribution standard Gaussian distribution
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Figure 4c: Bivariate standard Student ¢ Figure 4d: Contours of a bivariate
distribution density standard Student ¢ density
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Figure 4e: Bivariate standard scale Figure 4f: Contours of a bivariate standard
mixture of two normals scale mixture of two normals
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Notes: In all panels, E(u};,) = E(ul;) =0, V(uj;) = V(u};) = 1, and cov(u};,us;) = 0. Panels c-d:
Student ¢ distribution with v = 5 degrees of freedom. Panels e-f: Scale mixture of two normals with scale
parameter » = 0.09 and mixing probability A = 0.05.
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Figure 5: Monte Carlo non-spherical data generating processes versus Gaussian distribution

Figure ba: Bivariate standard Gaussian

distribution density
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Figure bHc: Bivariate standard asymmetric
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Figure be: Bivariate standard
location-scale mixture of two normals
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Figure 5b: Contours of a bivariate
standard Gaussian distribution
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Figure 5d: Contours of a bivariate standard
asymmetric Student ¢ distribution
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Figure 5f: Contours of a bivariate standard
location-scale mixture of two normals
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Notes: In all panels, E(uj;) = E(us;,) = 0, V(u},) = V(u};) = 1, and cov(uj,,us;) = 0. Panels
c-d: Asymmetric Student ¢ density with v = 9.65 degrees of freedom, skewness parameters b; = —1.
Panels e-f: Location-scale mixture of two normals with mixing probability A = 0.05, location vector
4 = —(1.01,1.06)" and scale parameter » = 0.32 (see Appendix D for details).
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Figure 6: Monte Carlo results: T' = 250, f1p9 = 3 and p,,., ., = (tigy — 1) (Tie)

Figure 6a: Student ¢ innovations Figure 6b: Scale mixture of two normals
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Figure 6¢: Asymmetric Student ¢ innovations Figure 6d: Location-scale mixture of two

normals
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (o12 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 5 degrees of freedom; Panel b: scale mixture of two normals with scale parameter » = 0.09 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 9.65 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing proba-
bility A = 0.05, location vector § = —(1.01,1.06)" and scale parameter » = 0.32 (see Appendix D for
details). In all DGPs, we set 03 = 1 so that R? = 1/2. In order to have a tie between IV and LS, we set
= 1/v/2 so that 0% = 1/3 and, therefore, v = 0.20, a = 3 = 0.40, iy = 0.15 and 1y = pt5 = 0.58.
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Figure 7: Monte Carlo results: T' = 250, pyy = 3 and p,,,, .,

Figure 7a: Student ¢ innovations
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (012 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 5 degrees of freedom; Panel b: scale mixture of two normals with scale parameter » = 0.09 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 9.65 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing probability
A = 0.05, location vector § = —(1.01,1.06)" and scale parameter » = 0.32 (see Appendix D for details).
In all DGPs, we set 03 = 1 so that R? = 1/2. In order to have a maximum relative efficiency of IV
versus LS, we set p,, ..., = V/3/2 so that 03 = 1/7 and, therefore, v = 0.22, a = # = 0.39, u, = 0.31
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and py = py = 0.65.
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Figure 7b: Scale mixture of two normals
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Figure 7d: Location-scale mixture of two
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Figure 8: Monte Carlo results: 7' = 250, p1py = 7/3 and p,,., .. = (pgy — 1)~ " (Tie)

Figure 8a: Student ¢ innovations

Figure 8b: Scale mixture of two normals
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Figure 8c: Asymmetric Student ¢ innovations Figure 8d: Location-scale mixture of two
normals
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (o12 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 11/2 degrees of freedom; Panel b: scale mixture of two normals with scale parameter > = 0.12 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 10.38 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing proba-
bility A = 0.05, location vector § = —(1.16,1.24)" and scale parameter » = 0.38 (see Appendix D for
details). In all DGPs, we set 03 = 1 so that R? = 1/2. In order to have a tie between IV and LS, we set
=/3/2 so that 03 = 1/7 and, therefore, 7 = 0.22, a = 8 = 0.39, o = 0.31 and p; = p, = 0.65.

py222'21

41



Figure 9: Monte Carlo results: T' = 1,000, fi99 = 3 and p,,, ., = (tgy — 1)~ (Tie)
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Figure 9c: Asymmetric Student ¢ innovations Figure 9d: Location-scale mixture of two

normals
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (012 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 5 degrees of freedom; Panel b: scale mixture of two normals with scale parameter » = 0.09 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 9.65 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing proba-
bility A = 0.05, location vector § = —(1.01,1.06)" and scale parameter s = 0.32 (see Appendix D for
details). In all DGPs, we set 02 = 1 so that R = 1/2. In order to have a tie between IV and LS, we set
= 1/4/2 so that 02 = 1/3 and, therefore, v = 0.20, a = 3 = 0.40, iy = 0.15 and p1; = p5 = 0.58.
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Figure 10: Monte Carlo results: T'= 1,000, p9o = 3 and p,,,, .,

Figure 10a: Student ¢ innovations
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (012 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 5 degrees of freedom; Panel b: scale mixture of two normals with scale parameter » = 0.09 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 9.65 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing probability
A = 0.05, location vector § = —(1.01,1.06)" and scale parameter » = 0.32 (see Appendix D for details).
In all DGPs, we set 03 = 1 so that R? = 1/2. In order to have a maximum relative efficiency of IV
versus LS, we set p,, ..., = V/3/2 so that 03 = 1/7 and, therefore, v = 0.22, a = # = 0.39, u, = 0.31
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Figure 10b: Scale mixture of two normals
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Figure 11: Monte Carlo results: T = 1,000, pipy = 7/3 and p,,,., ., = (g — 1)~ (Tie)

Figure 11a: Student ¢ innovations

Figure 11b: Scale mixture of two normals
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Figure 11d: Location-scale mixture of two
normals
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Notes: IV denotes the instrumental variables estimator, LS denotes the ordinary least squares estima-
tor, MD denotes the optimum minimum distance estimator, UPML(mn) and RPML(mn) [UPML(t) and
RPML(t)] denote the unrestricted and restricted (012 = 0) Pseudo-ML estimators based on the mixture
of two normals (mn) [Student-t (t)] structural innovations. DGPs: Panel a: Student ¢ distribution with
v = 11/2 degrees of freedom; Panel b: scale mixture of two normals with scale parameter > = 0.12 and
mixing probability A = 0.05; Panel c: asymmetric Student ¢ density with v = 10.38 degrees of freedom,
skewness parameters b; = —1; and Panel d: location-scale mixture of two normals with mixing proba-
bility A = 0.05, location vector § = —(1.16,1.24)" and scale parameter s = 0.38 (see Appendix D for
details). In all DGPs, we set 02 = 1 so that R = 1/2. In order to have a tie between IV and LS, we set
Pysza-zs = V3/2 so that 03 = 1/7 and, therefore, v = 0.22, v = 8 = 0.39, iy = 0.31 and i, = p1, = 0.65.
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