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1 Introduction

Rao’s (1948) score test and Silvey’s (1959) numerically equivalent Lagrange multiplier (LM)
version completed the classic triad of classical hypothesis tests (see Bera and Bilias (2001) for
a survey). Under standard regularity conditions, Likelihood ratio (LR), Wald and LM tests are
asymptotically equivalent under the null and sequences of local alternatives, and thus they share
their optimality properties.

A standard regularity condition is a full rank information matrix of the unrestricted model
parameters evaluated under the null. Nevertheless, there are situations in which this condition
does not hold despite the fact that the model parameters are locally identified. In non-linear
instrumental variable models, Sargan (1983) referred to those situations in which the expected
Jacobian of the influence functions is singular but the expected Jacobian of their derivatives
has full rank as second-order identified but first-order underidentified. In a likelihood context,
a singular information matrix implies that there is a linear combination of the average scores
which is identically 0, at least asymptotically. In their seminal paper, Lee and Chesher (1986)
provided several examples of this situation: i) univariate type II Tobit models with selectivity,
ii) stochastic production frontier models, and iii) mixture models. In all their examples, in fact,
the average score with respect to one of the parameters of the alternative evaluated under the
null is identically 0 in finite samples.

Lee and Chesher (1986) proposed to replace the LM test by what they called an “extremum
test”. Their suggestion is to study the restrictions that the null imposes on higher-order opti-
mality conditions. Often, the second derivative will suffice, but sometimes it might be necessary
to study the third or even higher-order ones. Lee and Chesher (1986) proved the asymptotic
equivalence between their extremum tests and the corresponding LR tests under the null and
sequences of local alternatives in unrestricted contexts. Using earlier results by Cox and Hinkley
(1974), this equivalence intuitively follows from the fact that their extremum tests can often be
re-interpreted as standard LM tests of a suitable transformation of the parameter whose first
derivative is 0 on average such that the new score is no longer so. In contrast, Wald tests are
extremely sensitive to reparametrization under these circumstances. Bera et al (1998) provide
some additional insights. In turn, Rotnitzky el al (2000) rigorously study the asymptotic distrib-
ution of the maximum likelihood (ML) estimators in those contexts. Finally, Bottai (2003) looks
at the validity of confidence intervals obtained by inverting the three classical test statistics in
this setup.

However, in the existing literature the nullity of the information matrix is assumed to be 1.

When the information matrix is repeatedly singular, in the sense that its nullity is two or more,



the number of second-order derivatives exceeds the number of parameters effectively affected by
the singularity by an order of magnitude. The unbalance gets worse when it becomes necessary
to look at higher-order derivatives. Unfortunately, in general there is no reparametrization
that leads to a regular information matrix. In particular, transforming each of the parameters
individually along the lines suggested by Lee and Chesher (1986) does not usually give rise to
a test asymptotically equivalent to the LR. On the contrary, different reparametrizations will
typically give rise to different test statistics.

The purpose of our paper is precisely to propose a generalization of the Lee and Chesher
(1986) approach which leads to extremum-type tests asymptotically equivalent to the corre-
sponding LR test.

To illustrate our proposal, consider the estimation of the p x 1 parameter vector g charac-
terizing the probability density function (pdf) of the i.i.d. random vector y, f(y;@).! In what

follows,

o Oli(e)  Olog f(yi; @)
ngz<g) - agj - 8@]

denotes the contribution of observation i to the score with respect to g;, 1 < j < p. To keep the
notation to a minimum, we begin by considering the simplest possible case. Let us partition o
into two blocks: 1) ¢, which contains the (p — ¢) x 1 vector of parameters estimated under Hy;
and 2) 19, which is the ¢ x 1 vector of parameters such that the null hypothesis can be written
in explicit form as Hp : ¥ = 0. We maintain throughout the assumption that the first p — ¢
scores, Syi(¢p,0), are linearly independent under the null. In contrast, we initially assume that

the remaining scores are a linear combination of those, so that

M(p)syi(p,0) + svi(9,0) =0 (1)

for some ¢ X (p — ¢) matrix M, whose elements may be functions of ¢. In this context, the rank
of the information matrix E[sei(p, 0)s,;(¢,0)|(s,0)] is p — ¢ and its nullity g.

The first thing we do is to reparametrize the model so that the singularity is confined to
the last elements of a new parameter vector. Specifically, we can reparametrize from o to
p=(¢,0) as

p=¢d+M ()0, and V=0, (2)

so that ¢ = ¢ under the null. Defining 1;(@) = l;(p) and assuming that this transformation is a

continuous second-order diffeomorphism (which needs to be verified for each example), we can

! Although we could easily generalize our results to explicitly deal with dependent data by using standard
factorizations of the log-likelihood function, we maintain independence to simplify the expressions.



easily use the chain rule for first and second derivatives to show that evaluated under the null

ol ol
ol oL Al -
29 M(¢)% Tog T M(p)s,,; +s9; =0, (4)
0l; 0% ([ M'(¢)
oeog ~ M@l 5050 ( 1, > '

Assuming that the variance of {sg;(¢,0),vech[0%l;(¢,0)/0006']} has full rank under the
null, the number of different elements of §%1;/0000’ is (qgl): q(q+1)/2 > q for ¢ > 1 even if
the Clairaut-Schwartz-Young theorem holds.

Let Vgg denote the asymptotic residual variance of vec(9%l;/0008’) after orthogonalizing
these influence functions with respect to sg;. In this context, we can define the extremum

statistic for a given value of 0 as

ET,(60) = - [0'(6°L,/0006)6]*1[6' (9°L,,/0086')0 > 0]
T (60 © 6)'Voe(6 2 6) ,
where 7 denotes the sample size, L, = >7;_;l; and 1[A] the usual indicator function that

takes the value 1 if the event A happens, and 0 otherwise. Importantly, the expected value
of 6'(0%L,,/0080")8, which is proportional to the second-order term in the expansion of the
log-likelihood function, is zero under the null rather than negative, as it happens in the regular
case.

By analogy to the LR test, our proposed test statistic is simply the supremum of ET,(6)
over 6. In fact, under suitable regularity conditions, we show in Theorem 1 below that

LRy =2[Lu(p) ~ Lu(p)] = sup ET,(6) + Op(n”5),
lel#o

where p denotes the unrestricted ML estimator (UMLE) and p the restricted one (RMLE). In
what follows, we shall refer to the sup statistic above as the generalized extremum test (GET).

In the case of a single parameter, Theorem 1 collapses to the results obtained by Lee and
Chesher (1986) and Rotnitzky et al (2000). However, when the information matrix is repeat-
edly singular, our result provides an asymptotically equivalent but computationally convenient
alternative to the LR test, which requires the estimation under the alternative of a model whose
log-likelihood function is extremely flat under the null. In addition, the maximization of ET,,(8)
over 6 takes place on a space of dimension ¢g—1 because we can alter the norm of 8 without chang-
ing the value of this statistic, while the maximization of the unrestricted log-likelihood function

of the sample L, (p) is over a space of dimension p, which is usually much larger.? Importantly,

2Obviously, both procedures require the estimation of the model under the null, but the RMLE p is often
available in closed form.



although the common asymptotic distribution of the GET and LR test is often non-standard,
there are examples, such as the multiplicative seasonal ARMA model in Supplemental Appendix
D.1, in which it will be x?-like.?

The structure of the paper is as follows. In section 2 we obtain our theoretical results
first in the baseline case in which all the underidentified parameters have the same degree of
underidentification r > 1, and then when the degree of underidentification may be different for
different parameters. Then, in section 3 we illustrate our testing procedure in detail through
three examples of interest in financial econometrics: 1) testing a multivariate normal distribution
against a skew normal alternative, 2) testing a multivariate normal copula against a Hermite
expansion, and 3) testing for predictability in a purely non-linear regression model. We assess
the finite sample performance of our proposals in those examples through an extensive Monte
Carlo analysis in section 4. Finally, we conclude in section 5, relegating proofs and additional

results to the appendices.

2 Theoretical results

2.1 Notation and regularity conditions

Consider the estimation of the parameter vector p characterizing the distribution of an i.:.d.
random vector y, where p = (¢',0') = (¢,0/,0.), where ¢g; = dim(6;) and ¢, = dim(0,), so
that ¢ = dim(@) = q1 + ¢ < p = dim(p). This parameter vector is such that ¢ contains
those parameters estimated under the null hypothesis Hy : @ = 0, so that @ only appears
under the alternative. As we mentioned in the introduction, we assume ¢ is always first-order
identified. Further, we generalize the setup in the introduction by assuming that 61 is first-order
identified too, while the elements of 6, concentrate the singularity of the information matrix.*
More specifically, we assume that the log-likelihood function contribution from observation 4,
li(p) = log f(yi; p), is differentiable up to order 2r, and that the information matrix under Hy is
such that its top (p—¢,) X (p — g) block is regular and the rest contains zeros, so that its nullity
is precisely ¢..° In fact, we initially assume that 6, is only r*"-order identified, a definition that
will become precise after we introduce Assumption 2 below.

Let j € N? denote a p x 1 vector of indices, j! = [[t_; 5!,

I\ — =B L) =519 (p),
. (p) i o (p) ;:1 (p)

3 A standard asymptotic distribution is usually associated to the existence of some regular reparametrization.

4We consider an even more flexible structure in section 2.3.

®One often needs to reparametrize the model to make sure it satisfies these conditions, an issue mentioned in
the introduction that we discuss in detail in Supplemental Appendix B.1



where ¢, is a vector of p ones,

s1(0) = 5 s0,(0) = . Snp) = 3 s0i(p) and Soin(p) = D ssi(p)

~—

Finally, let |.| and ||.|| denote absolute value and Euclidean norm, respectively. Throughout
the paper, we assume the following conditions hold:
Assumption 1 Regularity
(1.1) p takes its value in a compact subset P of RP that contains an open ball N of the true

value py which generates the observations.
(1.2) Distinct values of p in P correspond to distinct probability distributions.

(1.3) Elsuppep i(p)]] < oo.

(1.4) With probability 1, the derivatives ll[j] (p) exist for all p in N and ¢,j < 2r and satisfy
E[suppepr |ll[-j] (p)|] < oo. Furthermore, with probability 1, f(yi,p) >0 for all p e N.

(1.5) Forr < u3,j < 2r, E{[lm( o))} < oo.

(1.6) When ty,j = 2r there is some function g(y) satisfying Elg 2(y)] < oo such that with proba-

bility 1, |3 (p) — L) (p)| < ||p — PNl i 9(yi) for all p and pl in N
(1.7) For all j1,j2 € {(e,OqT),(Op 4136, )! _pe =1t jp, =1, € RPTU g GR‘?T} we have

0
sup E

B Sn80.0)-17(6.0)]6.0] <

We borrow Assumptions 1.1-1.6 from Rotnitzky et al. (2000) with some modifications. The
main difference is that they require (2r 4+ 1) differentiability for the Taylor expansions they use
to analyze the distribution of the MLE, while we only need 2r*" differentiability to study the
asymptotic distribution of our tests. The compactness of P in Assumption 1.1 together with
the continuity of [;(p) and Assumptions 1.2 and 1.3 guarantee the existence, uniqueness with
probability tending to 1, and consistency of the UMLE of py, p (Newey and McFadden 1994,
Theorem 2.5). The “open ball” part of Assumption 1.1 is just used to simplify the expressions
and their derivation. Extensions to situations in which the parameters lie at the boundary of
the parameter space are feasible, but at the expense of complicating the notation and blurring
the message of the paper.

Assumptions 1.4 and 1.6 guarantee the existence of derivatives and the stochastic equiconti-
nuity of the sample mean of lm(p) with L;)j < 2r. In turn, Assumption 1.5 allows us to apply a
central limit theorem to ! [J]( o), while we use Assumption A1.7 to prove that the estimated co-
variance matrix of the influence functions under the null converges to the true value at the usual
n~% rate. This last assumption is not in Rotnitzky et al (2000) because they were interested in

estimation, not testing.



2.2 Repeated singularity of the same order

k times

and define

Let B?k =0,20,®..%80, denote the k" order Kronecker power of the ¢, x 1 vector 8y,
O Lu(p) { 0
= vec

/!
0 1 L,(p)
ol 20, | 5e2>k—1) '

Moreover, let I denote the asymptotic covariance matrix of the relevant influence functions,

which may be understood as a generalized information matrix. Specifically,

Lop(®) Lo, (@)  Igo,(#) 1 Sgn(9,0)
(®) = | lo,p(P) lo10,(D) lo0,(d) | = lim V NG So.n(#,0) $,0
lo.¢(®) lo,0,(®) lo.0,.(9) 0" Ln(¢,0)/007"

so that

_ | Ve,0,(@) Voi0.(P) | _ | lo16,(®) Io,0.(®) | | lo,p(®) | -
Vo0~ [0 ) Voni) | =L ioeie) Taarior || Ioeie) |1od(®len, ) 1sa,6]

coincides with the asymptotic residual variance of S, (¢, 0) and 9" L, (¢, 0)/00%" after orthog-

onalizing these influence functions with respect to sg.

Assumption 2 Rank conditions q. > 1 :
(2.1) With probability 1
8Lf".i9,. lz(q’); 0) B
06%"
for all v, jo, <7 —1 such that jo, = (j1, -, Jg,.)"-
(2.2) For all 8, € R : 0, # 0, the asymptotic covariance matrixz of the (scaled by \/n) sample

averages of
0"l;(,0
{S(ﬁi((pa O)a Seli(¢a 0)’ 0§Tlaé(§7")}

has full rank.

Intuitively, the rationale for looking at

"l () 87li(¢,0)
o — L — A gix | P )
T ae?’r Z j@,«' (H Tk) 89‘1{%

%rjer =qr k=1

is that it coincides with the r*-order term in the expansion of the log-likelihood function. In
that regard, note that although the higher order derivatives 8"l; /002" will usually contain many
repeated elements because of Clairaut’s theorem, the rank deficiency condition in Assumption
2.2 applies to the inner product of 8" with those influence functions, so the requirement is that
those linear combinations of the elements in 8"1;/06%" be linearly independent of sg;(¢,0) and
s9,i(¢,0).

Finally, let

08" Dy, ()DL, (¢p)0Z"
’I’L07’7 - 5 )
8- ®) = G o (8~ Voron @)V L (@)Voro, (IO ®

6



where

" L (b, B
Drn(¢) = aae(g):fo) - V9r01(¢)V01é1 (d))S@ln(d)? O)

is the residual in the least squares projection of 8" L, (¢,0)/00%" on Sg,, (¢,0).5
Theorem 1 If Assumptions 1 and 2 hold, then:

LRy = 2[Ln(p) — Ln(p)] = GET, + Op(n"27),
where

1 Qu(0r,9) if 7 is odd,
Qn(0;, é)l[engm((]ﬁ) > 0] if r is even.

1 ~ - ~
GET, = =Sp,,(#,0)V, 4 (¢)Se,, (¢,0) + — sup
n ™ 9,70

An important implication of Theorem 1 is that the rate of convergence of the difference
between the LR and GET tests is inversely proportional to the order of identification.

Expression (5), which can be understood as a generalized Rayleigh quotient evaluated at the
restricted ¢~ x 1 vector 82", does not effectively depend on 6, when the nullity of the information
matrix is 1, so Theorem 1 generalizes the results in Lee and Chesher (1986) and Rotnitzky et al.
(2000) by allowing for the presence of the “nuisance” parameters ¢ and 0; that can be estimated
at standard rates.

Since ||@,|| is irrelevant, we can without loss of generality set 6, to lie on the unit circle.
This allows us to intuitively link Theorem 1 to those earlier results when ¢. > 1. Specifically,
consider the reparametrization 8, = n\, with A € R% ||A|| = 1 and n > 0, so that n and A
represent the magnitude and direction of the parameter vector 6,, respectively. Given that

$0,IN 120 Fnl@ 01 A1) = S, n($,01,01):
we could rewrite the null hypothesis as Hg : 81 = 0,7 = 0, where X is a nuisance parameter that
only appears under the alternative. If we considered the rt" derivative of I;(p) along a specific
direction A, which would effectively coincide with the r*" derivative with respect to 7, then we
could directly apply the Lee and Chesher (1986) approach to obtain the relationship between
the LR and ET tests along that direction. Next, we could look at the suprema of those tests
over all possible directions, as suggested by Davies (1987), which would effectively yield GET,,.

Nevertheless, this intuitive explanation in terms of 7 and A has some limitations. First, Lee
and Chesher (1986) would yield a pointwise result for a given A, while Theorem 1 relies on

uniform convergence. More importantly, Davies (1987) method is designed for models in which

SImportantly, Assumption 2.2 guarantees that the denominator of Q. (0, @) is positive for all 8, # 0 because
Voo is the variance of the residuals from the least squares projection of sg, (¢,0) and %((ﬁ, 0) on s4(¢,0)
while Va,.0, — V97,91V9:(191V9191, is the residual variance of the projection of the second residual on the first one,

which by the Frisch-Waugh theorem coincides with the residual in the projection of %(dy 0) onto the linear
span of s4(¢,0) and se, (¢, 0).



the log-likelihood function is absolutely flat for some parameters under the null, so regardless
of its analytic nature, no higher order derivatives will provide moments to test. In contrast, we
consider situations in which the log-likelihood function written in terms of @ only has a finite
number of zero derivatives, so a test statistic can be based on the first round of non-zero ones.
In this regard, the underidentification of A is an artifact of the 8, = n reparametrization that
would persist even if the information matrix had full rank, in which case the supremum over A
of the test of Hy : 81 = 0, = 0 will yield the usual LM test. In any event, in the next section we

shall derive GET,, in a more general context without resorting to any such reparametrization.

2.3 Repeated singularity of different orders

Theorem 1 provides a substantive generalization over existing results. Specifically, it covers
situations in which all the partial (cross) derivatives up to a given order are identically 0. It
also says that tests will be one-sided for even ordered derivatives and two-sided for odd ordered
ones. However, there are situations in which the degree of underidentification of the different
elements of 6 is heterogeneous.

In what follows, we use the vector inequality jg > jp if and only if j, > j;, for k =1,....¢q
and jg # jp. Let C C N7 denote a finite set of index pairs. With these notational conventions,

we state the following assumption:

Assumption 3 1) There exists a set C = {jg1, ..., jox } such thatVk < K (i) lgoy*q’m’“}(Q 0) #0
with positive probability but (ii) lz[o”_q’”]((b, 0) =0 for all jo < jor with probability 1.

2) For all i < q, there exists an a; € N such that a;e; € C, where e; is the ith element of the
canonical basis of order q.

3) The asymptotic covariance matriz of the sample averages of s¢;i(¢,0), lz[»o”_q’jel](cﬁ,O),...,
ZZ[OT'_‘“MK](cj), 0) scaled by \/n has full rank.

Assumption 3.3 is stronger than required. For example, it does not necessarily cover all the
cases allowed for Assumption 2, such as the multiplicative seasonal AR example we study in
the Supplemental Appendix D.1, in which the covariance matrix of the influence functions that
appear in its statement is singular. Nevertheless, we maintain it to simplify the notation of our
most general theorem.

Let Ly(¢,0) = [LI (g 0), ... LI oxl(p o)), 03 = (@901, ... 0%0x), with @ior —

q Joki
=1 0:°*" and

o= fold) ) |-v{ [ Tia J|eo}-

where Vgo(¢p) = Igo(¢p) — Ig¢(¢)l(;é(¢)l¢g(¢), so that once again we can interpret I(¢) as a

generalized information matrix.



Theorem 2 If Assumptions 1 and 3 hold with r = max{t;je1, .., tyjex } and C = {je1,---,jox },
respectively, then

LR, = 2[Ly(p) — Ln(p)] = GET, + Op(n” ),
where GET,, = ET,(0FT), 6T = argmaxg ET, (),

ET,,(8) = 2n26%n 2Ly, ($,0) — n767 Voo ()n? 6, (6)
and a = max{az, ...,aq}, with a; defined in Assumption 3.2.
It is informative to relate this more general theorem to Theorem 1 in the previous section.

Under Assumption 2, it is easy to see that C' = C; U C, with C; = {(e,0,,) |L’qle =1} and
CT = {(0q17j07‘)

¢, jo, =1}, so that

1 1 Soyn (4,0 1, y ~ 1
BT,(6) = 20 (6},07" [ oo ] k(6,08 Wao( e’ ().

BEH

Let n = ||0,] and 8, = nA. When r is odd, the values of 8; and n that maximize ET,(0)

s0PT i n"25p,($,0)
( y éT)r ) = V001(¢) [ %n’% (AFT%T)/WL”((Z)?()) ] :

1
nz (n 965"
This expression also gives the maximizers of those parameters when r is even provided that

(AETSY [ La (¢, 0) — Vo, 0, (4) Vg, 6, (#)S0,n(#,0)] > 0. Otherwise,

are such that

1 1o — ~ 1
207" = Vyi, (@) /*Sp,u(6,0) and n2 (n"")" =0.
Introducing these expressions in ET, (@), we can easily verify that when we evaluate all the

expressions at the RMLE q?)

Qn(X, @) if 7 is odd

1, o~ - : 1
GET,, = E‘Sbl (d)a 0>V01é1 (¢)SG1(¢7 0)+Esup||)\H:1 { Qn(Aa &)1[)\®TIDT”($) > 0] if r is even

because A7 is the maximizer of the second summand. Thus, Theorem 2 coincides with Theorem
1 regardless of the parity of 7.

Importantly, the previous derivations show that we can formally interpret the sum of Ln(q~b, 0)
and ET,(0) as a Taylor approximation of order 2r to the log-likelihood function around p, which
means that GET,, is effectively a LR-type test that compares the log-likelihood function under
the null to the maximum of its approximation under the alternative.

Finally, it is worth mentioning that although GET,, cannot be directly understood as a
moment test, a by-product of Theorem 2 is a set of influence functions L,, that can be used for
that purpose after taking into account the sampling uncertainty in estimating ¢ under the null.
In fact, it is easy to see from (6) that such a test provides an upper bound to GET,, because

sup 27 L($,0) — 7'Voo(B)T = L4 (,0)V5g! (D)Ln($,0) 4 X under Ho. (1)

TERK



3 Examples

Given that LM tests only require estimation of the model parameters under the null, in
the late 1970’s and early 1980’s they became the preferred choice for many specification tests,
as reflected in the surveys by Breusch and Pagan (1980), Engle (1983), and Godfrey (1988).
In addition to computational considerations, an important advantage of LM tests is that they
are often easy to interpret as moment tests, so that rejections provide a clear indication of
the specific directions along which modelling efforts should focus. As we mentioned in the
introduction, though, standard LM tests cannot be computed when the information matrix
is singular. In what follows, we discuss the application of our proposed tests as specification
tests of two models of empirical interest. In addition, we consider a third example in which
the objective is to detect non-linear predictability. Moreover, in Supplemental Appendix D we
consider testing for multiplicative seasonal serial correlation in univariate time series and study

a bivariate generalization of the Tobit II model with selectivity in Lee and Chesher (1986).

3.1 Testing Gaussian vs Skew Normal

The skew-normal distribution is a generalization of the normal distribution introduced by
O’Hagan and Leonard (1976) in the univariate case and Azzalini and Dalla Valle (1996) in
the multivariate one, which allows for asymmetry and positive excess kurtosis but retains a
fair amount of analytical tractability with a relatively small number of additional parameters.
Among its many applications, this distribution is increasingly popular in finance and insurance,
and also stochastic frontier models (see Adcock et al (2014) and Amsler et al (2016), respec-
tively).

The pdf of a K-dimensional skew-normal random variable y is given by

fsn(yi0) = 2fn(y — @ar ov) @[ dg 2 (0p)(y — ear)],

where fyi(y—¢u;9y) denotes the pdf of a K-variate Gaussian random vector with mean ¢,
and covariance matrix 3(¢y) such that ¢y = (@), ¢} ) with ¢ = vecd[E(py,)] and ¢ =
vecl[X(py )], dg(ep) is a diagonal matrix with ¢ in its main diagonal, and ®(.) the univariate
standard normal cumulative distribution function (cdf). This joint distribution simplifies to the
K-variate normal when the shape parameters 1 are equal to O.

For illustrative purposes, we use the bivariate case here but consider a trivariate example in
the Monte Carlo experiments too. Let ¢ = (©ps,, €0 €Dy €Dy 01,) and ¥ = (J1,92)" denote

the vectors that contain the two mean and three covariance parameters, and the two shape

10



parameters, respectively, so that

Y1 — Pum YD, PL 11— P Y2 — P,
e, 0) =2 L I ! VD | ——— |+ | ——= || -
fsn(yip,9)=2fnk [( v — on ) ( or o )} [ 1( D, ) 2( e )]

It is easy to see that

2¢p 2 ¢
S91 (907 0) - T ! S(le (‘1070) - \/;\/554,01%2 (90’0) = 07
1

/2 ¢r [2¢p
3192(9070)_ ;\/ﬁsgle(cp,O)— ﬂ_zssﬂMg(Lp’O) = 0.
2

As explained in the introduction, we can consider the following reparametrization

20p, ot \/5 Pr, + \/5 Pr, 20p, At
— —=thl — — L 9 , © — ¢ _ 1 9 20
\ o Y2 T oD, 2 My = P2 T /7D, -/ 22

D1 = ¢;7 SOLl = ¢jl7 SODQ = ¢57

which is easily seen to be a sufficiently smooth continuous diffeomorphism. In this context, the
chain rule immediately implies that 89£1(¢T’ 0) = 3922(¢T, 0) =0.

Unfortunately, the Hessian under the null, which we denote by hgg(¢,0), is such that
40} 19} t o
e 9.0

49}
] 3 i T
hgglggl((:b ,0) + T ngg((ﬁ 70) + S¢Z(¢ ,0) +

\f P304 61.0) + (¢3¢5+¢ (60 f .

hot ot
921922 ’ ( ¢3 / / ¢)4 / ¢5
and
t 4 TZ ' 0 A0h g 49} t
h@;Q@;Q (¢ 0) +— (¢ ) S¢T (¢ 70) + 78¢T (¢ 70) =
7r¢5 s 4 v 5

For that reason, we must carry out one further reparametrization:

2 44/
¢1:¢17 ¢£:¢27 ¢3 ¢ + ¢3 031 + ¢49 1032 + ¢4932:
77\/ 5

20, 2012 2 (¢3¢5 + (ﬁ)

Kl NN

2
631032 + %932

¢ = (z) + 05, + 031039 + (9 , 05, =80 , 05 =0 ,
5 5 f 31 — U31VU32 32 21 31 22 32

which is another sufficiently smooth continuous diffeomorphism. This reparametrization simul-

taneously achieves 5931(¢a 0) = 5932(¢a 0) = h931931(¢7 0) = h931932(¢a 0) = h932932(¢7 0) =
Therefore, we must consider the third-order derivatives 1039 (¢, 0), 1[0-21 (¢, 0), 11012 (¢, 0) and
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110:031(,0).” Fortunately, we can show that the (asymptotic) covariance matrix of the sample

averages of
sp(¢,0), 192%(9,0), 11021)(9,0), 11%12(¢,0) and 1190%(g,0)]

scaled by /n has full rank, so that Assumption 2 holds with r = 3 a fortiori.

Next, we must purge the third derivatives from the sampling uncertainty in estimating
the mean vector and covariance matrix under the null. We can do this by orthogonalizing
the third derivatives with respect to the scores of the first and second moment parameters ¢.
Straightforward calculations show that the resulting influence functions coincide with the four
bivariate Hermite polynomials of order three for y; and ys defined in (8) (see Supplemental
Appendix C.1.1 for further details).

We can then apply our proposed test by combining these four influence functions with weights
(A3, A2X09, A\1A2, A3) because

;g;ﬁw, 0,3) = A0 (6,0) + XAl (6, 0) + X AFIO1 2 (,0) + A0 (9, 0),
with £(¢,n, X) = (¢, An). Moreover, let L,,(¢p,n,A) = Ly,(¢p, An), and define V, (¢, A) as the

asymptotic variance of g—zg(qﬁ, 0, A) adjusted for parameter uncertainty in estimating ¢. Then,

[0°L/01°(¢,0, M)
V(@ x)

A convenient property of the skew normal distribution that it shares with its Gaussian special

1
GET,, = SUp|x|j=1

case is that it is closed under affine transformations. In this regard, we show in Supplemental
Appendix C.1.2 that our tests are numerically invariant to a full rank affine transformation of
the vector y. Effectively, this means that our test is pivotal in finite samples. Therefore, we can
estimate the sample mean and covariance matrix of the original data, create some orthogonalized
residuals e; and eo, and apply our test directly to e; and es as if they were the observed variables.

In particular, if we define e; as the standardized value y1; and es; as the standardized value

of the residual in the OLS regression of y2; on a constant and y;;, we can show that the test

"For any cross-sectional dimension K, we can combine the two reparametrizations that we have used in the
following single transformation:

Py =¢u+ \/gzw’v)dg_lp(qu)e
Spy) = B(dy) + 2By )de($,)00'dg ™ (9,)5 (1)
V=20

where X(py,) (3(¢y)) is a ¢ X ¢ matrix whose diagonal and strict lower triangular elements are in ¢, (¢) and
@ (¢r), respectively. This combined reparametrization ensures that all relevant scores and Hessian elements are
zero at once, and leads to the same influence functions.
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statistic becomes

GET, = sup - A 2?2:1 Hy(exi) + 3A P2 Y, Haferi) Ha(e2i)

=1 6n [ +3MA3 D0 Hi(ewi) Ha(ezi) + A5 300 Hs(e2i)
where H3(e) = €3 — 3e, Ha(e) = €2 — 1 and H;(e) = e are the first three univariate Hermite
polynomials. As can be seen, the first and last of the four terms effectively check the asymmetry
of the marginal distributions of e; and es by looking at their third-order Hermite polynomials
Hs(e1) and Hs(eg), respectively. In contrast, the two middle ones check the co-asymmetries

between those two random variables by focusing on Ha(e1)Hi(e2) and Hy(eo)Ha(es).®

3.2 Testing Gaussian vs Hermite copulas

The validity of the Gaussian copula in finance has been the subject of considerable debate.
As a result, it is not surprising that several authors have considered more flexible copulas. For
example, Amengual and Sentana (2018) consider the Generalized Hyperbolic copula, a location-
scale Gaussian mixture which nests the popular Student ¢ copula discussed by Fan and Patton
(2014), which in turn nests the Gaussian one. In this section, we consider Hermite copulas,
which provide a rather flexible alternative.
As is well known, Hermite polynomial expansions of the multivariate normal pdf can be
understood as Edgeworth-like expansions of its characteristic function. They are based on mul-
tivariate Hermite polynomials of order p*, which are defined as differentials of the multivariate

normal density:

_a v .
Hy(x,¢) = fnr(x; R)_1 <8X> Ing(x;R), tv =p with v € NK, (8)

where ¢ = vecl(R) and R is a positive definite correlation matrix.

To keep the expressions manageable, we only consider explicitly pure fourth-order expansions
in the bivariate case. We could also include third-order Hermite polynomials, but at a consider-
able cost in terms of notation. Similarly, extensions to higher dimensions would be tedious but
straightforward.

We say that (z1,z2) follow a pure fourth-order Hermite expansion of the Gaussian distribu-

tion when their joint density function is given by

T2 p 1

fu(x1,m2;0,9) = frno K o ) ; < Lo )} P(x1,12;0,9), 9)

8The asymptotic distribution of GET,, in this example is bounded below by a x? distribution because it
coincides with the extremum test of Lee and Chesher (1986) for Ho : n = 0 for a specifc A. At the same time,
expression (7) implies that it is bounded above by a x3 distribution, which is the asymptotic distribution of the
moment test that uses as influence functions Hs(e1), Hs(e2), H2(e1)Hi(e2) and Hi(e2)Ha(ez).
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where

4
P(x1,w050,9) = 1+ Y 051 Hajj(a1, 3 0),
§=0
 is the correlation between x; and x5, which we assume is different from 0, and 91, ..., 9J5 the

coefficients of the expansion. The leading term in (9) is the normal pdf and the remaining terms
represent departures from normality. Indeed, fr(z1, z2; ¢, ) reduces to a Gaussian distribution
when 9 = 0.

We can easily show that the corresponding marginal distributions are given by

fu(z1;91) = ¢(21)[1 + V1 Ha(z1)] } (10)
fr(z2;05) = ¢(22)[1 + I5 Hy(z2)]

where Hy(z) = x* — 622 + 3 is the fourth-order univariate Hermite polynomial and ¢(.) the
standard normal pdf.

Hermite expansion copulas are based on Hermite expansion distributions. Specifically, if
y = (y1,y2) denotes the original data, we can define u = (uy,u2) = [F1(y1), Fa(y2)] as the
uniform ranks of y, and finally x = (21, 22) = [Fj;" (u1;91), Fi;' (u2; 95)], where Fj;'(.;9;) are
the inverse cdfs (or quantile functions) of the univariate fourth-order Hermite expansions with
parameter 9; in (10). When the copula is Gaussian, x; coincides with the Gaussian rank ®~!(u).

The pdf of the pure fourth-order Hermite expansion copula is

fu(z1,22; 0) _ Ga(mr, @ 9)[1+ ij:o Vjr1Ha—jj(z1, 22, 90)]
fr (e 01) frr (w23 95) ¢y (w1)[1 + 91 Ha(21)] ¢y (22)[1 + 95 Ha(z2)]

Straightforward calculations show that in this case

s9, (0, 0) + 39, (10, 0) + 39?59, (,0) + ©s9,(,0) = 0,

S5 (907 O) + 3905194 <§07 0) =+ 38023193 (907 0) + ()033192 (907 O) =0.
Our proposed reparametrization, namely

©=¢, U1=0g, VU3=~011+300 + >0,
V3 = 012 + 32091 + 302022, V4 = 013 + 3P0 + 021, V5 = 029,

confines the singularity to the scores of 627 and 629. Therefore, we need to obtain the second
order derivatives with respect to #3; and 699. In this case, we can prove that the asymptotic

covariance matrix of

a9l Al o Pl DA ond 921
¢’ 0011" 012" 9013 063, 063, 0010022

scaled by y/n has full rank. Although the algebra is a bit messy, after orthogonalizing those
second derivatives with respect to the score of ¢ to eliminate the effect of the sampling un-

certainty in estimating this correlation coefficient under the null, we can express those three
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second derivatives as linear combinations of all the even-order multivariate Hermite polynomials
of (z1,2) up to the 8" order, with coefficients that depend on the correlation coefficient (see
Supplemental Appendix C.2.1 for details).

Let 021 = A\imp and 029 = Ao with )\% + )\g = 1, and consider the simplified null hypothesis
Hy : 011 = 012 = 013 = n = 0. Then it is easy to see that the GET statistic will be

1 _ 1 _ _
~S1u Vi1 S1n + o Sup Dy (Van = Vi Viy Vig) "' Dyl [Dy > 0]
[All=1

where

Dn(p.n,A) = Hyn(d.n,A) = Vir(é, 1, M)V (#)S1n (9, 0),

- R0s16021,i(P)  1os1000,i(P) } < A1 )
H n , ,A — )\ A 21V21, 21022, ,
K (¢ 7 ) g( ! 2) |: h9219227i(p) h022022,i(p) A2

Sln(¢v O) = [8911 (¢v O)v S912 (¢’ 0)’ 3913 (¢a 0)],7

and the omitted arguments are (g?), 0,A) for D, ((Nﬁ, A) for Vi, V1 and Vi, ((2), 0) for S, and
<~ﬁ for V1.9

3.2.1 Positivity

The foregoing derivations, though, ignore that the positivity of the Hermite copula density
for all values of y imposes highly nonlinear inequality constraints on the elements of 8 = (67, 65)’
with @1 = (011, 012,013)" and O3 = (021, 022)".10 Fortunately, given that under the null hypothesis
of a Gaussian copula the UMLE estimators of 8; and 62 converge at rates n~2 and n_%,
respectively, the elements of the sequence 81, are negligible, in which case we simply need to
find the asymptotes of the feasible set for (0a1,622). Let 021 = nA1 = nsin(w) and O3 = e =
ncos(w) with w € [0,27) to ensure a unit norm for A = (A1, A2)’. As we show in Supplemental
Appendix C.2.2, these parameters lead to a positive density when 7 is small enough if and only
if w e (wy, wy), with w; and w,, defined in (C17).
Therefore, an asymptotically equivalent GET statistic that imposes positivity of the Hermite
expansion copula under admissible alternatives local to the null will be given by
1, 1 / 1 -1
ﬁmVn Stn + —we(szl?wu)pn (Van = Vi Vii Viy)  Dnl[D, > 0]. (11)
This test is asymptotically equivalent to the LR test, which implicitly imposes positivity

because a zero density gives rise to an infinitely penalized log-likelihood. Nevertheless, our

9In view of equation (7), in this case the asymptotic distribution of GET,, is bounded above by a Xé distribution
because of the six influence functions. In addition, it is bounded below by a 50:50 mixture of xg and xi because
011, 012 and 613 are first-order identified parameters and an even-order derivative of 7 is involved.

10This is an example in which Assumption 1.1 fails because po lies at the boundary of the admissible parameter
space, and yet we can still derive a LR-equivalent test.
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test is far more computationally convenient than the LR test because the positivity constraints

effectively become linear under local alternatives.

3.3 Purely non-linear predictive regression

Consider the following extension of the nonlinear regression model in Bottai (2003), in which
the data consist of n observations y = (y1,y2,y3) drawn from a joint distribution characterized
by

f(y:0) = f(yslyr, y2:0) f(y1,92),

where f(y1,y2) is fixed and known, while

1
F(Wsly1,y2;0) = ¢ |y3 — exp (O1y1 + O2y2) + O1y1 + O2y2 + 5953/% , (12)

with @ = (61,62)" unknown. This model has an interesting interpretation in the context of
predictive regressions. Specifically, a Taylor expansion of the exponential function immediately
shows that the mean predictability of y3 does not come from the terms that also enter outside
the exponent (viz y1, yo and y3) but rather, from higher order powers of the two regressors
as well as their cross-products. Therefore, model (12) provides an interesting functional form
for predictive regressions of variables such as financial returns when a researcher believes in
predictability but not through standard linear terms (see for example Spiegel (2008) and the
references therein for a discussion of return predictability).

In the case of a single regressor, Bottai (2003) showed that the nullity of the information
matrix is one when the regressand is unpredictable. Not surprisingly, the information matrix
has several rank deficiencies under the null hypothesis Hp : @ = 0 in the multiple regressor case.

The relevant derivatives of log-likelihood function with respect to 61 and 0, evaluated at the

null hypothesis are

0l ol

00, 0, 00y 0,
2l 021 021
2= ~ 1), - —1), =5=0
oF yi(ys — 1) 96,00, y1y2(ys — 1) 202

and

Pl

o -1

263 Y5 (ys — 1)

Therefore, we have a situation in which the degree of underidentification is different for the

two regression coefficients. But since Assumption 3 is satisfied with C' = {(2,0), (1,1),(0,3)}, a
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straightforward application of Theorem 2 implies that

LR, = GET,, + Op(n"5)

Ly’ Ly Ly Lg\ [ 6 1
—=sup 2(6%,0102,03) | LI | —n(62,0102,03)| o1 o Ioz || 6162 | +0,(n75), (13)
61,02 03] I31 Izp I33 03
where
I e It3 112:9]
Iy Iy Iy | =V [ 11bY
I3y I3z I33 1[0:3]

Unlike in the two previous examples, in this case we would need to obtain the maximum with
respect to A1 and s over the entire Euclidean space of dimension 2 rather than over the unit

circle. Nevertheless, we can provide a much simpler but asymptotically equivalent statistic. Let
p1 = Vn(0FT)2, py = /nbFTOLT and p3 = /n(65FT)3. 1t is then straightforward to show that
1 2 2
nopip; = pa.

As a result, we must have that either p; or p3 are negligible when 7 is large because py is Op(1)

from Lemma 7 in Appendix A. If p; is negligible, then (13) is asymptotically equivalent to

[1,1]
_ 3y [ Ln _ 3y [ I22 I3 616
supETy, = 98392 2(0162,05) ( L[T?’B] ) n(0162,05) Iy Iss 0%

-1
_Loony sy [ L2 12 LY
- (Ln ’ Ln ) [0,3] :
n I3y 33 Ly
If instead p3 is negligible, then (13) becomes asymptotically equivalent to

L") In I 63
_ 2 n o 2 11 12 1
supE Ty, = sup 2(07,01602) ( iR} n(07,0102) ( Lot Loy > ( 8,0, )

01,02 n

I Iy — T1oly' Iy

1 {(Lg’l])z (Lv[ﬂ?’o} - 11212’21LL1’1])2
n

1L — o1t p > 0]} .
Consequently, we could obtain an asymptotically equivalent statistic up to a term of order o,(1)
by simply retaining GET,, = max {supET1,, supETs, }.

In addition to computational advantages, it turns out that the asymptotic distribution of

our test is easy to obtain. Specifically, let

Zin = n-% LE,O} — 11212_21L£1171} , Lop = n=3 LnLl] and Zs3, = n=3 LL?M — 13212_21&[1171] ;
/11— Lol Iy iz \/-733 — Ialyy Ing
where
Zln Z1 0 1 0 713
Zom | S zo | ~N{l 0 ]:[ 0 1 0
Zgn Zg 0 13 0 1
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and
L3 — 215y Iog

13 = :
\/111 - 1121521121\/133 — I3ol50' Ing

Then supETy, = Z3, + Z3, and supETy, = Z3, + Z2,1[Z1, > 0]. As a consequence,

r

GET, % max{Z21 {7, > 0}, 7%} + Z2.

In other words, the asymptotic distribution of GET,, will be a x3 50% of the time (when Z; < 0)

and the sum of a x? with the largest of two other possibly dependent x?'s (when Z; > 0).!!

4 Simulation evidence

In this section we study the finite sample size and power properties of the testing procedures
we introduced in section 2 by means of several extensive Monte Carlo exercises. We do so in
the context of the three different examples discussed in the previous section. For each distribu-
tional assumption, we generate 10,000 samples of size n and compute the parameter estimators

and tests.12

When no nuisance parameters are involved, we compute the exact finite sample
distribution using 10,000 simulated samples. Otherwise, we employ a parametric bootstrap pro-
cedure based on the same number of simulated samples, so that we can automatically compute

size-adjusted rejection rates, as forcefully argued by Horowitz and Savin (2000).

4.1 Testing Gaussian vs Skew Normal

As we explained at the end of section 3.1, we can set the true unconditional mean vec-
tor and covariance matrix of the simulated data to 0 and Ig, respectively, under the null and
alternative hypotheses without loss of generality. As expected, the RMLE of the mean and

variance parameters that impose the Gaussian null are the sample mean and covariance ma-

trix. As alternative hypotheses, we consider ¥ = (@,@) (Hyp) and 9 = (1/%,21/1%)

(H,2) in the bivariate case, and 9 = (%, @, ?) (Hy1) and ¥ = (%, %, %) (Hg2) in the
trivariate one.

Given that the test statistics are numerically invariant to the estimated values of means,
variances and covariances, we can compute exact critical values under the null for any sample

size to any degree of accuracy by repeatedly simulating samples of i.i.d. bivariate and trivariate

spherical normal random vectors.

Tf we further assume that the regressors 31 anf y, are two independent normals with 0 means and variances
0% and o3, respectively, then Z1, Zo and Zs will be three independent N(0,1) random variables.

12Given the number of Monte Carlo replications, the 95% asymptotic confidence intervals for the Monte Carlo
rejection probabilities under the null are (.80,1.20), (4.57,5.43) and (9.41,10.59) at the 1, 5 and 10% levels.
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In Table 1 we compare the results of our tests with a standard LM test based on the score
of the skewness parameters under the parametrization proposed in Arellano-Valle and Azzalini
(2008), which we denote by LM-AA. Effectively, this procedure applies the Lee and Chesher
(1986) expansion on an individual parameter basis. Hence, asymptotically this test will follow
a standard X%{ distribution because it only considers K influence functions, as opposed to the
K(K + 1)(K + 2)/6 influence function underlying our tests, which we list in Appendix C.1.1.
We also consider the moment test of all those influence functions, which we label GMM, as
well as tests on marginal skewness a la Jarque-Bera based on the third-order univariate Hermite
polynomials of all the components simultaneously, which again reduce the number of degrees of
freedom to K at the cost of ignoring all the different co-skewness terms.

Panels A and B of Table 1 report the results for bivariate and trivariate models, respectively.
The first columns of Table 1 report rejection rates under the null at the 1%, 5% and 10% levels,
confirming that our simulated critical values work remarkably well for both sample sizes. In
turn, the last six columns present the rejection rates at the 1%, 5% and 10% levels for the
alternatives we consider. Our proposed test is more powerful than the LM-AA test for both
alternatives. It also beats by far the test based on the skewness of the margins only. Interestingly,
the moment test based on all the underlying influence functions and our test have similar power
in the bivariate case. Still, our proposed test clearly dominates GMM in the trivariate case for
n =1, 600.

Finally, our results for the bivariate and trivariate cases also indicate a Gaussian rank corre-
lation of .97 (.98) between our proposed test statistic and the LR across Monte Carlo simulations
of 400 (1,600) observations that satisfy the null, which is in line with the asymptotic equivalence
result in Theorem 1. In addition, they indicate that the LR takes between 12 and 75 times as
much CPU time to compute as GET does.

4.2 Testing Gaussian vs Hermite copulas

For simplicity, we assume the marginal distributions are known, so that we can directly
work with the uniform ranks, which we immediately convert into Gaussian ranks (see Amengual
and Sentana (2018) for further discussion of this topic). We estimate the correlation parame-
ter, whose true value we set to 0.5 under both the null and alternative hypotheses, using the
Gaussian rank correlation in Amengual, Sentana and Tian (2019), which effectively imposes
the null. As alternative hypotheses, we consider two Hermite expansion copulas: one with
9 = (0.04,0,0,0,0) (H,,) and another with ¥ = (0.02,0,0,0,0.02) (H,2). While the second
one generates a copula density which is symmetric around the 45 line, the first one does not.

In any event, both departures from the Gaussian copula are rather mild, as they only involve
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one or two parameters different from 0.

If the correlation coefficient were known, we could again compute exact critical values under
the null for any sample size to any degree of accuracy by repeatedly simulating samples of i.i.d.
bivariate normals with correlation ¢. In practice, though, we fix the correlation coefficient to
its estimated value in each sample in what is effectively a parametric bootstrap procedure (see
Appendix D.1 in Amengual and Sentana (2015) for details).

In Table 2 we compare the results of our tests with three alternative procedures: KS, which
denotes the non-parametric Kolmogorov—Smirnov test for copula models (see Rémillard (2017)),
KT-AS, which is the Kuhn-Tucker test based on the score of a symmetric Student ¢ copula
evaluated under Gaussianity (see Amengual and Sentana (2018)), and GMM, which refers to
the moment test based on the underlying influence functions in GET.

Following the same structure as in Table 1, the first three columns of Table 2 report rejection
rates under the null at the 1%, 5% and 10% levels for n = 400 (top) and n = 1,600 (bottom).
The results make clear that the parametric bootstrap works remarkably well for both sample
sizes. In turn, the last six columns present the rejection rates at the same levels for the two
Hermite expansion copula alternatives. By and large, the behavior of the different test statistics
is in accordance with expectations. In particular, when the sample size is large our proposal is
the most powerful given that it is designed to direct power against Hermite expansion copula
alternatives. In contrast, its non-parametric competitor has close to trivial power in samples
of 400 observations, a situation that improves marginally when n = 1,600. Interestingly, the
Kuhn-Tucker version of the Gaussian versus Student ¢ copula test in Amengual and Sentana
(2018) performs quite well when n is large in spite of not being designed for the alternatives
we consider. Importantly, GET does a better job than the moment test based on the influence
functions L,, implied by the higher-order expansion of the log-likelihood on which it is based,
which is partly due to the fact that it takes into account the partially one-sided nature of the
alternatives.

Finally, it is important to mention that in this example the log-likelihood function under the
alternative is particularly difficult to maximize over the five parameters involved. In fact, we
systematically encounter multiple local maxima in samples of up to 100,000 observations even
if we fix the correlation parameter to its true value and use global optimization methods, which
forced us to repeat the calculations over a huge grid of initial values. For that reason, we have
only computed the Gaussian rank correlation coefficient between the LR test and GET across

ten such simulated samples, obtaining a high value of .96.
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4.3 Non-linear predictive regression

As alternative hypotheses, we consider 61 = 0.3, 62 = 0 (Hy1) and 61 = 0, 03 = 0.5 (Hy2) in
specification (12). And like in the skew normal example, we can compute exact critical values for
any sample size to any degree of accuracy by repeatedly drawing i.i.d. spherical normal vectors
(y1,y2,y3), which effectively imposes the null hypothesis.

In Table 4 we compare the results of the two versions of our tests discussed in section 3.3
with the GMM test mentioned at the end of section 2.3 and two simple alternative procedures.
First, a standard LM test based on pseudo-Gaussian ML that checks the joint significance of
y%t and y1.y2¢ in the OLS regression of y3; on a constant and these two variables, which are the
transformations of the predictors missing from the part outside the exponent in the conditional
mean specification. And second, a closely related LM test based on pseudo-Gaussian ML which
augments the previous regression with the following four cubic terms y3,, y3,y2:, y1:y5, and y3,.
We refer to these tests as OLS; and OLSs, respectively.

As in previous examples, the first three columns of Table 3 report rejection rates under
the null at the 1%, 5% and 10% levels for n = 400 (top) and n = 1,600 (bottom). The
results make clear that our simulated critical values are reliable for both sample sizes. In turn,
the last six columns present the rejection rates at the 1%, 5% and 10% levels for the two
previously mentioned alternatives. Once again, the behavior of the different test statistics is in
accordance with expectations. In particular, our proposed statistics are the most powerful in
both cases. Part of the reason has to do with the fact that the linear regressions only provide
an approximation to the true non-linear conditional expectation. However, the fraction of the
theoretical variance of y3; explained by y%t, Y1yt yi”t, y%tygt, ylty%t and yg’t is essentially the
same as the fraction explained by the true conditional mean in H,o. As a result, the superior
power of our tests relative to OLSs comes from the reduction in degrees of freedom.

Given that in this case our test has a relatively standard asymptotic distribution —namely,
a 50:50 mixture of y2 and the sum of x? with the larger of two other independent y%'s— we can
also compute Davidson and MacKinnon (1998)’s p-value discrepancy plots to assess the finite
sample reliability of this large sample approximation for every possible significance level. Figure
1, which displays those plots for the two sample sizes we consider, confirms the high quality of
the asymptotic approximation.

Finally, our results indicate a .94-.95 Gaussian rank correlation between our proposed test
statistic and the LR across Monte Carlo simulations generated under the null, which is in
line with our asymptotic equivalence results in Theorem 2. At the same time, they con-

firm that the LR test typically takes about 200 times as much CPU time to compute as the
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max {supETy,, supETs,} version of our test.

5 Conclusions

We propose a generalization of the extremum-type tests in Lee and Chesher (1986) to models
in which the nullity of the information matrix under the null hypothesis is larger than one. In the
case of a single singularity, our results are consistent with theirs, as well as those in Rotnitzky et
al. (2000). However, when the information matrix is repeatedly singular, our procedures provide
a computationally convenient alternative to the LR test. Our proposed test statistic is a sup
type test over a space whose dimension is the nullity of the information matrix minus one when
all parameters show the same degree of underidentification, and the nullity otherwise, while
the maximization of the original log-likelihood function is over a space of the same dimension
as the vector of parameters, which is usually much larger. In addition, the fact that several
log-likelihood derivatives are 0 under the null implies that the LR requires the estimation of all
the parameters that appear under the alternative in a model whose log-likelihood function is
extremely flat. Intuitively, the substantial computational gains that we find arise because GET
is a LR-type test that compares the log-likelihood function under the null to the maximum of
its 2rt"-order expansion under the alternative.

Interestingly, the asymptotic distribution of our test statistic is similar to the asymptotic
distribution of the usual overidentification test statistic in a GMM model in which the expected
Jacobian of the moment conditions is of reduced rank but the parameters are second-order
identified (see Supplemental Appendix E for a formal link to the results in Dovonon and Renault
(2013)). An application of our approach to GMM contexts in which not only the expected
Jacobian matrix is singular but some higher order Jacobian matrices are singular too would

constitute a very valuable extension.
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Appendices
A Proofs

We first state and prove several lemmas that we will use in the proofs of our main theorems.
To shorten notation, let w = (¢, 07,1, X’)".

Lemmata

Lemma 1 (a) Under Assumption 1 and 2, for all (¢,,,01n,1n,) = 0p(1) and || A,]| =1,
LR, ('wn> =&T, ('wn) + Op[h(¢na 01, Un)],

where
LRn(w) =2[Ln(p+ },01,m,X) — Li($,0,0,N)], with L,(w) = L(¢h, 01, A),
1 ! 1
n12 ¢ 10 1 I¢¢ [¢01 I¢0T n12 ¢
ETn(w) =2| n26, n25¢, | =5 | lewp o0, Zose, n26; ||,
n%nT n-1/2 0] Zo,.¢ Zo.0, Zeo.0, n%nr

h(¢,0,m) = max{1, ||n2 |, ||n26]3, (n21")},
and [Ierqb((pa A)vz-erel (()bv )‘)51—97~9r(¢) A)] g’l;’UETL by
E{LL(¢,0,0,X)[s,(,0),55,(¢,0), LI (¢,0,0, M)]| (¢, 0)},

and where the omitted arguments are ((2), 0), o, ((2), 0,0,A) and ((2), A) for Se,, (Ipp, Ipe,.10.0,).
£ and (Zo,4:Z6,6,,L0,0,), respectively.
(b) Moreover, when (n%(bn,néé’ln,n%n;) = 0p(1), we have

LRy (wn) = ET y (wy) + Op(n~27).

Proof. To simplify the notation, in the proof we assume ¢ and 8, are both scalar and we drop
the subscript n of the arguments. To show (a), first notice that by the chain rule

£ )= ST N LA (9,01,0). (A1)
Lg,.jt‘)r:jn
Next, a 2rt"-order Taylor expansion of £, (w) around the restricted MLE yields

Lo(¢+6,00,m,X) = Lo = 027" [Avy + Azy + 127" (Asy + Rin)]
+ 13601 [Agy, + Aspnz0y +n20; (A + Rop)]
+n¢? [Azy + Asy + Rsn] + 1016 [Agy + Aron + Ran)
+n201[Ar1y + A12an20” + 031" (Arzn + Rsn) + 1201 (Aran + Ren)]
+ n%¢>[A15n + Avenn2n” + 020" (Arm + Ron) + 026 (Argn + Rgn)]
+ npbq [Argn, + Ronl,

with (q~§, 0,0, ) as omitted arguments, and where the leading terms are

r—1
1 1 , , 1
— [0,0,7] _ [0,0,744] L, j _ 1 L pl0,020]
R b B M E R TR P ¢

Jj=1
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2r
1 1 1 . i
A4n - {\/77[’7[?7170]} ) A5n = {nﬁgj’lo]} ’ Ab’n = § {nﬁg?’]m} 9]1 27

j=3
1 2r 1 . ) 1
Apy = {nﬁgo,o]} , Agp = Z {nﬁg,o,o]} G2 Agy = {nﬁg,lm} ’
j=3
-2 1 . . . R r—1 1 ) ) 1
Aton = Z {n£g1+17]2+1,0}} 07 2, Ay, = Z {\/ﬁﬁi’?,l,]]} . Ay — {n['%)’l’r]} ,
j1+j2:]. ]:1
J120, j220
=1 ey i G TR R
Aizn = Z {nﬁg’l’ﬂ}n%r, Ay = Z {nﬁ[r?’]l+1’j2]} o7 12,
J=r+l J1tj2=2
‘]1>17 ]2>1
=l 1 21 (4 } ‘
Aisn = Z {\/ﬁﬁ[nl’ou]} v, Aien = {nﬁ,ﬂf’o’r]} A = Z {nﬁgvodl} e,
7=1 j=r+1
2r—1 1 A A A A 2r—1 ‘ ' ‘ 1 o
Argn = Z {nﬁgﬁl’om]} P2, Argn = Z @ Lg e {nglimzm]} 7
J1tje=2 J1+j2+js=3
5121, 221 121, 521, s>1

while the remainder terms are

Ry, = {155),0,211}7 Ry, = {15£(L),2r,0}}9%7’—27 Ry, = {15£L2r,0,0}} $22,
n n n

Ry, = Z {25g1+17]’2+1,0] } 9]11 ¢j27 Ry, = {7115%),1,21”1} } nrfl,

J1+je=2r—2
Jj120, j2>0
. L si0g1+1500 | gin=1, 5o _ S Lm0yl e
Rﬁn — 5 n 1 e, R?n - E n n )
J1t+je=2r—1
J12>1, jo>1
. L stint1.02) | gin—1, 72
RSn - E n ¢ 77
Jitje=2r—1
J121, ja>1
and
Ra, — J1—1gi2—1 js 1(5[j1,j27j3]
In — ¢ 1 n 5 n )
Ji+j2+js=2r
Jj12>1, jo>1, j3>1
with

6%4&:]’017.7'7]] — E’gtﬁ’j@lv]’n](&s _‘CLZQSJBPJ"’]]

+ €4,€0,,€,,\)

for some € between 0 and (¢, 01,7).

Next, we look at each of the above terms, having used curly brackets around an expression
to emphasize that the term inside is Op(1) when (¢, 81,71) = op(1).

The remainder terms Riy,, Rop,... Roy are clearly o,(1) by virtue of Assumption 1.6 together
with the fact that (¢,61,1) = 0p(1) and ||A|| = 1.

On the other hand, notice that nilLJ;l(p) is stochastic equicontinuous for ¢;,j = 2r by As-
sumption 1.6 and Theorem 21.10 in Davidson (1994). Similarly, Assumption 1.4 and Theorem
21.10 in Davidson (1994) also imply n‘leil(p) is stochastic equicontinuous for ¢,j < 2r — 1.

Therefore, n‘lLJ;L(p) is stochastically equicontinuous for 7,j < 2r.
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In turn, (A1) together with Assumptions 1.4 and 1.5 imply that by the law of large numbers:
n= LYH238(g,0,0,, X) = Op(1) for j1 + ja + js < 2r.
Further, we have that
n=LLlnI23l (0,0, X) = n L LII233) (60 0,0, A) + 0p(1) = Op(1) for ji + ja + ja < 2r

by stochastic equicontinuity together with the fact that &5 — ¢ = Op(n_%) because the RMLE
has an asymptotically normal distribution under our assumptions. As a result, Ag,, Asn, A1on,
A13n, Atan, Ar7n, Aign, Argn are op(1).

Next, notice that

1 i 1 A
%4907 Hl(¢9,0,0,A) = O,(1), ﬁc,@vlvﬂ(%, 0,0,A) = O,(1)

and
1

NLD
for j = 1,...,r — 1 under Assumptions 1.4, 1.5 and 2.1, together with Corollary 1 in Rotnitzky
et al. (2000, page 268). Consequently, the Taylor expansion

‘CE’OJ](QSOa Oa Oa )‘) = Op(l)

1 q o~ . 1 . ~
ﬁ [‘C'E?’O’T—FJ] (Qb, O’ 0’ A) - ‘C'E)’O’TJ’_]] (¢07 Oa Oa A)] = 5'67[1170’T+]} (¢0 + Ea 07 07 )‘) \/’E((zS - d)O) = Op(l)

implies that

1 q o~ 1 .
%LE’O’T—FJ](Qm 07 07 )‘) = %LL(L)’O’T—FJ](QSO) 07 07 A) + Op(l) = Op(l)a

so that A, = 0,(1). An analogous argument implies that A1, and Ajs, are also op(1).
Regarding As,, we have that

1
n71££?7072r} (¢07 07 07 )‘) = _5 0,0 <¢07 A) + Op(nié) (Az)

because of Corollary 1(c) in Rotnitzky et al. (2000). On the other hand,

1

] £9921(5,0,0,0) — £09%7(90,0,0,0)| <15 - - 3~ 9(¥) = Oyl )
by virtue of Assumption 1.6. As a consequence,
L00(5,0,0,0) = — 00194, 0,0,3) + Opn3). (A3)
If we then combine (A2) and (A3), we end up with
Agn = L921(3,0,0,X) = =3 T5,0,(60, ) + Oyl ™) (A1)

Next, given that
81.07‘97‘ (¢7 A)

sup ’ ‘ < 00
(6,0,0)EN ¢
in view of Assumptions 1.7, if we take a Taylor expansion we obtain
979,06, (¢, A

To,0,(6N)  To,0, (0. M) < No-al=o0h. ()

(¢,0,0)eN ’ a¢,
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Therefore, if we combine (A4) and (A5) we get

1 ~ 1
Agn = =5T0,0,(6: ) + Oyl ).

Similarly, we can also show that

1 ~ 1 ~
Asp, = —519101(@ + Op(n7%)7 Ay = —§I¢¢(¢) + Op(nf%),

1 1 1
AQn = _191<Z>(¢) + Op(n_§)7 A12n - —Igr¢(¢) + Op(n_i) and Alﬁn = _1019r (¢) + Op(n_i)-
Regrouping terms, we obtain
Lo(d+ 6,00, A) — Lo = 020" (A1n + 021" Agy) + 0201 (Agy + Asan261) + ng* Az,
+ 01 ¢ Agy + 2010 Aygy + nem” A + oplh(e,01,1m)]

1 ! 1
n12 ¢ 1 0 1 I¢¢ I¢91 I¢gr n12 ¢
= | n3g — | So. |—3| Loy lower Zoso, nz6,
1, vn o] 2 T T T 1,
nanm n ol 28 616, 0r-0r nanm

+ 0p[h(¢,01,7)]

as desired. ) ) )
Regarding (b), when (n2¢,n2601,n2n") = O,(1) we have that part (a) trivially implies

LRy (wy) = ET, (wy) + Op(n~27)

because (i) the remainder terms are Op(n_%) by Assumption 1.6; (ii) A2n, Aen, Asn, Alon,

At1n, A13n, Atan, Aisn, A1, A1sn and Aqg, are Op(n_i) as all the terms inside curly brackets
are Op(1); and (iii) Asy, Asn, A7, Aogn, A12, and Aje, converge to the asymptotic variance
function evaluated at (¢, A) at the rate n=1/2, O

Lemma 2 Let wPT = (¢FT, 07T nPT AET) = arg max,, ET (w). If Assumptions 1 and 2 hold,
then ("7, 67T, ") £ 0 and h(¢"", 07", nFT) = O,(1).

Proof. In this proof, we omit all arguments when evaluated at the RMLE, except A when
necessary. Given that

. 1
nz¢ Y 1 1ee  Igo0  Zge. nie

ETn(w)=2| n36, n 28, | = 5| loie loer Zose, n261
’I’L%n"' n_§££?7r] 1—97,4) Ie?“ol Ie’”er n%nr

! /
o ’I’L%@l TL_%Sgl n%ﬂl < Ig,0, Zo,0, > n%Gl
= L _
nzn" n_iL’L?’T] nzn" To.0, Zo,0, nan”

1 1 /
1 1 1 nz6 n20 I
_nz¢/[¢¢,n2¢—n2¢/( Ipo, Zge. )( n%ni )—( n%ni ) (I?j) ) n2¢o

N

is a quadratic form in ¢, its maximizer ¢ will be given by

1 3 OET
nz pFT (08T pFT) = —Iyy [ 1o, Zgo, ] [ ("77“1) ET ] . (A6)
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/
ET (,wET) _ ?%QFT 5 777%561 _( Vo,0, Vo0, ) ?%ng
' n2 ()" =2 L0 (APT) Voo, Voo, )| nz ()T | [’

where Vp.0,(A) = (A®") Va,0,, Vo,0,(A) = (A7) V5,0, A%".
When r is odd, the maximizer is trivially

{ TL%H{ZT()\ET) } N |: Vglgl VQIQT(AET) :|_1 [ nfé.S'gl

2 | = 0,(1). (A7
nz [T (AFT)) Vo,.o,(A"") Vo,0,(A"T) n—4 21071 (AET) p(1)- (A7)

By (A6) and (A7), we have h(¢T,0F7 nFT) = O,(1). We can also show that

n-1/28, ! -
1 Veel()‘ET)

nf1/2d?ﬂ (}\ET)

nfl/2501

ETY _
ETn (w™) = [ nfl/QEL?ﬂ()\ET)

1 ~1 1 ET

1 _ 1
= =S5, Va,6,50, + —suprj=1Q(N).

n n
When r is even, " is non-negative. Hence, if D, (AFT) = [,L?’T}()\ET) —Veo,0, (/\ET)V‘g_lé,ISQ1 >0,
then the maximizer will be the same as before. In contrast, when D, (AF7) < 0,

n%OFT = 1/9:91171*1/2591 = 0p(1) and nz (nET)T =0. (A8)
As a consequence,
1 Lip, AED)21 [D,(AFT) > 0
n ! Ve,0, — V9T91V0191V9T
1 _ 1
= b, Vs, S0, + QAPTILDLAPT) > 0

1 _ 1
= 5581‘/91(191591 + ESUPHAH:l{Q()‘)l[Dn()‘ET) > 0]},

so by (A6) and (A8) we have that (¢F7, 0T nFT) 2 0 and h(¢FT, 08T nFT) = 0,(1). O

Lemma 3 Let wlf = (¢, @18 nlB AR — arg max,, LR(w). If Assumptions 1 and 2 hold,
then [n%¢LR,n%0fR,n% (nEE)"] = 0,(1).

Proof. First, Assumptions 1.1, 1.2, 1.3 combined with Theorem 2.5 in Newey and McFadden
(1994) allow us to prove that p— py = (¢ — b, 01, 0,) = 0,(1), and @ — ¢y = 0,(1). Therefore,
we have (¢ — ¢,01,0,) = 0,(1), which implies that (¢=F, L% nlB) = o (1). Again, in what
follows we omit the arguments when evaluated at the RMLE. Recall that,

1 ~
LR(w)=2]| n26, 28, | —Z(dA) nz6,
n%nT n*%d?’ﬂ n%nr

+ Op[h(¢> 917 77)]
= 2t/l — t/It + Op[h(¢7 017 77)]7
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where

Ty (@) Ipo, (@)  Zgpo. (P, A)
I(¢7 A): IO1¢(¢) 10191 (¢) I@ler(¢7 )‘)
Zo,$(d,A) Zo,0,(P,N) Zg.0,.(d,N)

n%qﬁ n%qﬁLR 0
1
t= n%@l , tLR = n%OILR and [ = n_§5’91 . (Ag)
n%n'r TL% (nr)LR ’I’L_%ELO’T]

Next, we want to show that Ve > 0, 3M > 1 such that Vn, Pr (HtLRH < M) >1—e€ Orin
other words, that Ve > 0, 3N such that ¥n > N, Pr(||t/f|| > M) < e.

First, let 7 = (71,...,7k) and define m as the smallest value of 27/Z(¢, A)7 that satisfies the
following three conditions: [|A|| = 1, maxy |7x| = 1 and (¢,0) € N. It is then straightforward
to see that m > 0 because Z is positive definite for all |A|| = 1 and all feasible ¢. Let R, (w) =
LR (w) — ET ,(w) be the remainder. As discussed before, (¢™%, 07F, nEE) = o,(1).

As a consequence, we can use Lemma 1 to prove that

Rn(’wLR) _
max {1, || t/F[[2} = op(1)-

Thus, we have proved that Ve > 0, 3N such that for all Vn > N,
LR
Pr (‘ Bo(w>") | 2m> <

max {1, HtLRHz}
On the other hand, given that lis Op(1), 3M > 1 such that for all n,

(A10)

DO

Pr (), 1Y = mM) < 5. (A11)
Let t3; = maxy ‘téR}. We then have

Pr (||t*f|| > M) = Pr (|[t*F|| > M, LR, (w"") > 0)
< Pr(tm > M, ET,(w"?) + R, (w™) > 0)
LR LR

t t

M M
ETn(wh?) Ry (whf)

2 + 2

M M
ET n(whh) n Ry (whf)

2 2
tM tM

ta > M,

Rn('LULR)
t2

< 2m)
M
Rn(wLR)

> 2m>
th

LR
(t%w ) >2m>, (A12)

ta > M, >0,

>0,

+ Pr <tM > M,

ET LR
gPr<tM>M,”t(2w)+2m20) +P(tM>M,
M

mn
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where the first equality follows from Pr (LR,(w’®) >0) = 1, the first inequality from the
definition of tp; and R, (w’!), and the rest are trivial. But then,

(A12)<Pr tM>M — 1 I—+m>0
tM QtM tymr

> 2m)

1 tLR/ 1 tLR LR >

max{l HtLRHQ}

1 LR LR c
<P tM>M,zpq+1\l|><2 tMItM_m>tM}+2
< Pr(v,_g 41 |1 >mM) +
S
-2 2

where the first inequality uses the definition of £7 and M > 1, the second one follows from
(A10), the third one from the definition of m and the last one is implied by (A11). O

Lemma 4 Under Assumptions 1 and 2, LR, (wr?) — ET,,(wFT) = Op(n~2r).
Proof. We want to show that for all € > 0, there exists a constant K, such that
infPr (\LRn(wLR) — ET,(w"h)] < Kn‘?) >1—e
To do so, first notice that we can find a constant M such that for all n,
Prih(¢"", 077 1) < M (™" 0T y™T) < M) 21— 3,
because h(p™R, 11 nlR) = 0,(1) and h(pPT, 0T nFT) = 0,(1). Defining

S ={(¢,01,m) |M(},01,m) < M},

we have that

1- < < infPr <|£Rn — ET o (w” )‘ = |supLR,(w) — supETn(w)')
2 n weS wes
< infPr <|L’Rn — ET p(w¥ )} < |supLR,(w) — supSTn(w)')
n weS wes
< infPr |[,7?,n — ET p(w? )} < sup [LRp(w) — ETn('w)|>
n weSs
= infPr(4,), (A13)

with
A, = {}men(w”f) — ETn(w"")| < sup [LR,(w) — 8Tn(w)!} :

weSs

where the first inequality follows from

Pr (w'? € S, w"" € 5) <Pr <|£Rn( By — T, (w"")| =

sup LR (w) — supETn(W)D

weS weS

the second inequality is trivial, and the third inequality is a property of the sup operator.
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Next, we have to prove that
1
sup |LRp(w) — ETp(w)| = Op(n” 2r).
wesS

To do so, assume instead that sup,,cq |[LR(w) — ET (w)| # Op(n_%). Let

w* = sup |[LR,(w) — ET p(w)].
wesS

Since S = {(¢,01,n) |h(¢,01,n) < M}, we have h(w*) = Op(1), but then,

(LR (w?) = ETn(w?)| = sup [LRn(w) = ETn(w)] # Opln ).

which contradicts Lemma 1. Thus, we have that for all € > 0 there exists a constant K. such
that

inf Pr(B,) = (sup LR (w) — ET n(w)| < Kn‘l) >1- o, (A14)
n weS

where

B, = {sup |ILRy(w) — ET p(w)] < Ken_;r} )
weS

As a consequence,

inf Pr (\cnn(wm) — ET(w )| < Kn*2*> > inf Pr (A, N By)
> inf (Pr(A,) + Pr(By,) — 1) > inf Pr(A,,) + inf Pr(B,,) — 1

€ €
> 1—7> (1—7)—1:1—,
_< 5 + 2 €

where the first equality follows from the definition of A, and B,, the second inequality from
1> P(AUB) = P(A)+ P(B) — P(AN B), the third inequality is a property of the inf operator,
and the fourth inequality is a consequence of (A13) and (A14). O

Lemma 5 Multivariate Faa di Bruno’s formula (see Constantine and Savits (1996) for
details) The arbitrary partial derivative of a composition of functions

Wz, ...,xq) = log[f(z1, ..., zq)]

s given by
o] ht1 v 1 [ flea "
-y ey I ()
1<h<d)v s=1:h a=1
pS(vvh)
where

a=1 a=1

ps(v, h) = {(ml, sy k1, kg img >0,0< k1 <. < ks,Zma:h and Zmaka:'v} , (A15)

with < being defined as in Constantine and Savits (1996, p. 505).

To simplify notation, in what follows we shall only present proofs without nuisance parame-
ters and only two @'s. Thus, C = {(i1, 1), ..., (ix, jx)}. When we say that (i,j) > C, we mean
that 3(i’,5') € C such that (i,5) > (#,4"). By (i,5) < C we mean I'"7'1(Y o) = 0 ¥(#, ') such
that (¢/,7") < (4,7). And we can verify that V(7,5), we have (i,5) € C, (i,7) < C or (i,j) > C.
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Corollary 1 Under Assumption 3, for (i,j) € C or (i,j) < C, we have 1l3] = f[;;j] evaluated
at the null.

Lemma 6 Let t be a K x 1 vector such that its k' element is tj, = n20 i 9%’;” with (ig, ji) € C.
Under Assumptions 1 and 3, if 01, = 0p(1) and 02, = 0,(1), then:

LR (0r) = ETn(0,) + Op(max{l, HtHQ}>> (A16)

where
and

niopoy )’ n‘%L%”j niopoy )’ ni6! 6

n§9129]2 —§LT;€27]2 n§0Z29]2 n§9120]2
ET(6) =2 e s - B I C BONT!

lgi.}(gjl( -1 .[Z'K’jK] lgi;(ejk %9&(9]’1(

nzty by n-2Ly n2vy" vy nzty by

Moreover, if ||t|| = Op(1), then
LR (0,) = ET 1(0,) + Oy(n/29),
where a = max{ay, az}, with a1, as defined in Assumption 3.2.

Proof. Let M = max{i; + j1,...,ix + jx} and consider a 2Mt™ order Taylor expansion of
L(6,) around 0 in terms of (01,,02,). In what follows, we omit the subscript n from 8,, for

simplicity, and the omitted argument is 0. For terms (7, j) such that (i, j) < C, we have Ll — g
by the definition of C. Further, E(I%]) = 0 for (i,) € C because of Lemma 5 and Corollary 1.
In the Taylor expansion, the corresponding term is

i+J L.
n_%a 4 er néaﬁeg,
00’00

which belongs to the first summand of £7,,(8,,) in (A17).
For those pairs (i, j) such that (i, ) > C, if 1?7 2 0 and E(11%7]) = 0, then the corresponding
term in the Taylor expansion is again

i+iT, o
n3 9 L) i (A18)
00’00/,

Since (i,7) > C, we can find (i, j') < (4, j) such that the associated term

i'+5' T, L
p-39 L ) a9l )
007 00,

dominates the (4, ) term because 61,02 = 0,(1), which means that (A18) is o,(max{1, ||¢||*}).
On the other hand, when E(I%]) # 0, Lemma 5 implies that

y 1 [ fleal\™
B =g Y (="t > HW 7

1<h<i+j s=1:h a=1
L ps[(i,5),h]
_ 5 1 f[ka] MMa h+1 1 Ma
Bl- > I\ ) + X2 1 Z Hm* ,
s=1:2 a=1 & 2<h<i+j 1h a=1
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where ps[(i,7), h] is defined in (A15). The first equality is a direct consequence of Lemma 5,
while the second one follows from splitting {1 < h <i+j}into {1 < h <2} and {2 < h < i+j},

together with the fact that when h =1,
[4,5]
R
s=1:1 f

o1 R\ ™
_1\h+1 -
o s e (G
ps[(i,5):h] ps[(i,5),1]

s=1:h a=1

In this context, the law of large numbers and Corollary 1(c) in Rotnitzky et al (2000) imply
that the (i,7)"" term in the Taylor expansion will be given by

1 [id]\ i 0 o1 (N

s=1:2 a=1
pS[(ZJ)?z]
ht1 1 flkal e o
B SRR o) s
2<h<i+j s=1:h am1 Ma: f

ps[(4.5),h]

+ O, (n~2 max{1, |nfi03|}).

Consequently, if h =2 and s = 1 then m; = 2. If either 7 or j are odd, then p1[(i, 7),2] = 0.

If instead i, j are both even, then p1[(3,7),2] = {[2; (%, %)]}, see (A15). When (%,2) € C, then
the corresponding term is

(N
—_E nd’ 0, = —§V(z[2v21)negeg, (A19)

which belongs to the second summand of (A17). In turn, if (%, %) ¢ C, then either (i) (%, %) > C,
which means that 3(i’, j') € C such that (/',5") < (5,%), in which case the LHS of (A19) is
dominated by —%Var(l[i/7j,])n9%i,0§jl; or (ii) (4, %) < C, in which case the LHS of (A19) must
be equal to zero because l[%’%] = 0.

Consider next h = 2, s = 2, m; = mg = 1, (i,5) = k1 + ka. If k1,ka € C, then the

corresponding term is

k1] flko] o o
-E (ff ff ) nd0% = —Cov(1lF1], 1*2))npi 07 (A20)
which also belongs to the second summand of (A17). If either C' > k; or C > kg, then the LHS
of (A20) is equal to zero. Next, we look at the cases in which k; > C and ko > C or ky > C
and k; > C. Specifically, if we can find a pair (i/,j") € C such that k; > (i/,j') and another
pair (i”,7") € C such that ko > (i", 5") so that ke > (i, ") if k1 = (¢, ") and vice versa, then
the LHS of (A20) is dominated by the largest of ng%" 05 " and ng¥" 63’ " Consequently,
flkal flke] o
E nd,6?
(505 ) e

= op[max(1, ng] 64+

= op{max]1, n(Q%ilﬁgj/ + H%illﬁgj//)]} (A21)
= op[max(1, ||#]*)].
Finally, consider h > 3. In this case, either there exists a j such that k; < C, in which case
B[ (f“;f]>mj} =0, or kj > C for all j, in which case B [[[}_, ;1 (@)m”} n916)
will be dominated by the second summand of (A17), as in (A21).
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The remainder terms, which correspond to all those indices that satisfy (i+j) = 2r, are such
that

(811 = [0t (L3 7)(8) — Li7N]|[n8163] = op(max{1,n8163}) = op(max{L, ||¢]*}) (A22)

because [n[LE7(8) — LI < 118]|n1 32, g(y:) = 0p(1) since [|B]] = O,(n~1/%), where a =
max (a1, az) and [n"t > g(yi)| = Op(1) by Assumption 1.6. But given that (A22) contains the
last terms in the 2M " order Taylor expansion of L(8,) around 0, (A16) holds.

Let us now turn to the second part of the lemma, in which we further assume that ||¢|* =
O,(1). We then have 0; = O,(n~1/291) and 6y = O,(n"1/2%2) because (a1,0) € C and (0,az) €
C, which has important implications for the different terms of the expansion. First, notice that
we do not make any approximation for the leading terms with (i 4 j) < 2r in the first summand
of (A17). In addition, we can write those (i,7)"" terms that are not included in the first two
summands of (A17) as O,(1)-0% 652 with k; + &, > 1, which implies that they are O,(n=1/?). As
for the rest of the leading terms, i.e. those whose (i, j)-th term belongs to the second summand
of (A17), we can approximate %L[i’j] by its expectation, where the convergence rate is Op,(n~1/2)
as shown by Rotnitzky at al (2000). Finally, we can easily see that Assumption 1.6 implies that
519l = 0,(n1/%) for the remainder terms of (A17). Therefore,

LR(0) = ET,(0) + Op(n~ )
when ||t|| = Op(1), as desired. O

Lemma 7 Under Assumptions 1 and 3, t*T = O,(1), where

T = %(QET)% (OFTYE and 6FT = argmaxET,(0).
7]

Proof. We want to show that Ve > 0, M > 0 such that inf, Pr(HtETH < M) > 1 —e.

Spemﬁcally, let t = nzﬁlk%’“, t= Iegt Iy = n~ 1200kl ] = 1'902l T = {t|ty = n29““9]’€}
T= {I59t|t € T} and = IgotET, so that
11 11 g e
ETn(0) =20 12, 1o 2 L — VI3 I3t =21t t. (A23)

Then, it is sufficient to show that {7 = O,(1) for all k.

It is easy to see that [N N(0, I) by the central limit theorem, so that Iy = Op(1) Vk. As a
result, we will have that Ve > 0, 3M; such that for all n,

Pr(|lp| < Mp) > 1 — % (A24)

In addition, we have

sup <22taa )

t kGT k —k

ehxf/l

up (Z oly — ﬁ) <1, ,=0,01),
—k

—k

where the last equality follows from 7_ki_k 4, X%(—l' Hence, there exists My > 0 such that

inf Pr [ sup (Z Ualy — iﬁ) < M2] >1- g (A25)
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Next, choose M large enough such that % (M — %) > M;. We then have that

Pr(|F7| < M) > Pr ( sup  ET,(t) < sup STn(i)>
teT, || >M teT, || <M

> Pr ( sup  ET,(t) < O)

teT|tx|>M

- Pr{ sup lszik By (2£aia - t?l)] < 0} , (A26)
—k

teT |tk |>M

where the first inequality follows from the definition of EET, the second one exploits the fact
that Pr(sup;. || <1 ET,(t) > 0) = 1, and the last one follows directly from (A23).

In addition, we can write

(A26) > Pr sup 20l — f,% < —Msy | A sup Z 2tfll~a —thty < Mo
teT |t |>M teT |tk |>M

> Pr sup kaZNk — t~,2C < —-Msy | +Pr sup Z 2t;l~a — t;ta < M| -1
teT |t |>M teT |tx|>M
> Pr sup  20lp —p < —Ma | A (Jlk] < M)
teT |tx|>M
+Pr sup 200, — 12 < —My | A (|lx] > M)
teT |ix|>M
+Pr ( sup Z(?faia — ) < Mg) -1
i,kET,k —k
> Pr sup 2blp — T < —Ma | A (Jlk] < M) (A27)
+Pr sup 2l — 12 < =My | A (|lx] > M) | — E, (A28)
ikl >M 2

where the first inequality is trivial, the second one makes use of Pr(AA B) > Pr(A)+Pr(B) —1,
the third one is also trivial, and the last one changes the domain of the first two terms and uses
(A25). Thus,

(A27) + (A28) > Pr { [ﬁky <1 (M - MQ) — %

5 7 )| A gM}+Pr[(Z,2§—M2)A|Zk| > M|

\Y
0
H
—N
=
| —
VR
=
|
5
N—
>
§z
A
=
——
_l’_
(an)
|
| ™
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where the first inequality is a consequence of replacing ¢ with its optimal value, the second
inequality follows from the fact that Pr[(I < —Ma) A|lg| > M] = 0, the third and fourth ones
follow from M; < 4 (M — 42) < M and the fifth inequality from (A24). By (A26), (A27) and
(A28), we can easﬂy show that for all k, 3IM > 0 such that Pr (|[tE7| < M) > 1 — e. Therefore,

M=o ,(1) and ¢£M = 0,(1) because of the proportionality between M and ¢M, O
Lemma 8 Under Assumptions 1 and 3, t*® = O,(1), where
t’%R % (HLR)zk (HLR)

Proof. The regularity conditions in Assumptions 1.1 and 3 guarantee that 077 5% = o,(1).
Consequently, the proof is same as the part of the proof of Lemma 3 that follows (A9) with
w = (A1,02) and wl? = (AFF LR but invoking Lemma 4 instead of Lemma 1. O

Lemma 9 Under Assumptions 1 and 3, we have that

LR(OM) = ET(0FT) + 0,(n™1/?), a = max(ay, ag).
Proof. The proof is entirely analogous to the one of Lemma 6, but replacing (¢, 81,7) with
(01,02) and h(¢,01,n) with max {1, ||||}. O
Theorem 1

We can apply Lemma 1 because of Assumptions 1 and 2. The same assumptions allow us
to apply Lemma 2 so that

Qr (0y) if 7 is odd

1
ET\ _ * ¢ —1
ETn(wy™) = 56,1 Ve,0,501, + ~ sup { Qn (6,)1[657' Dy, > 0] if 7 is even.

n 9,40
Moreover, by definition we have that,
LR (W) = 5upy2 [Lu(d + 6, 01, M0) = Ln(B)] = 2 [Ln(p) — Ln(p)]
Finally, invoking Lemma 4,
LRA(wER) = £T , (wlT) + 0p(n~ ),

which is equivalent to
LR, = GET,, + Op(n~ 2r),

as desired. ]
Theorem 2
Again, notice that by definition LR(6%%) = 2[L(p) — L(p)]. Then, we have
nrgior \’ n*%LE’P‘“’j*’” nigior \' nz gler
ET(wy, ) = supg2 : : - : Voo :
n3@iex n_%LEP’q’jHK] n3 QoK n3 @Qiex
Finally, invoking Lemma 9, we obtain
LR(wiR) = ET(w)") + Op(n20),

which is equivalent to LR, = GET,, + Op(n_%). O
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Table 1: Monte Carlo rejection rates (in %) under null and alternative hypotheses for the
multivariate Gaussian versus skew normal test

Null Alternative hypotheses
hypothesis Hg, H,,
1% 5%  10% 1% 5%  10% 1% 5%  10%

Panel A: Bivariate

n = 400
GET 1.0 4.9 10.2 99 242 353 10.1 25.0 35.8
LM-AA 0.9 5.0 9.9 55 16.4 26.2 8.8 224  33.3
GMM 1.0 4.9 9.7 9.4 237 350 9.4 245 356
Margins 1.1 4.9 10.2 2.1 80 154 5.3 14.6 23.9
n = 1,600
GET 1.0 53 104 619 794 85.5 61.8 80.4 86.8
LM-AA 1.0 5.2 10.2 30.5 54.5 65.6 47.2 70.4  79.5
GMM 1.0 5.4 9.5 56.5 77.7 85.3 56.1 77.7 854
Margins 1.2 5.0 9.8 5.8 16.6 25.3 22.6 43.2 55.5

Panel B: Trivariate

n = 400
GET 0.7 4.5 9.5 6.2 185 28.7 5.8 182 283
LM-AA 1.1 5.2 10.0 3.1 105 18.2 3.7 126 20.6
GMM 1.1 4.7 9.4 5.6 17.0 26.0 5.5 163 255
Margins 1.2 5.0 10.0 1.8 6.3 114 1.6 6.2 121
n = 1,600
GET 1.0 4.9 10.0 51.6 70.7 79.9 50.6 70.6 80.2
LM-AA 1.2 5.1 9.8 124 283 394 18.2 373 485
GMM 0.9 4.8 9.4 382 614 T71.8 379  61.7 721
Margins 1.1 5.0 9.8 2.2 8.1 145 3.5 105 181

Notes: Results based on 10,000 samples. Panel A and B report rejection rates for bivariate and trivariate
models, respectively. The mean and variance parameters ¢,, and ¢y are estimated under the null
using the sample mean and covariance matrix, respectively. LM-AA denotes the Lagrange multiplier
test based on the score of the skewness parameters under the parametrization proposed in Arellano-
Valle and Azzalini (2008). GMM refers to the J-test based on the influence functions underlying GET.
Margins denotes tests on marginal skewness —a la Jarque-Bera— for each of the components. Finite
sample critical values are computed by simulation. DGPs: the true mean and covariance matrix of the
generated data are set to 0 and Iy, respectively, under both the null and alternative hypotheses. As for

the alternative hypotheses, in the bivariate case H,, : 9" = (ﬁ ﬁ) and H,, : 9 = (w/%,%/%) ,

27 2

while H,, : 9 = (?, g, @) and H,, : 9 = (%, %, %) in the trivariate case.
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Table 2: Monte Carlo rejection rates (in %) under null and alternative hypotheses for the
Gaussian versus Hermite expansion copula test

Null Alternative hypotheses
hypothesis H,, H,,
1% 5%  10% 1% 5%  10% 1% 5%  10%

n = 400
GET 1.1 5.0 10.2 22.6 55.8 69.7 23.9 55.8 69.8
KS 0.8 4.6 9.4 1.1 54 10.8 1.1 5.6 10.7
KT-AS 1.0 5.0 9.7 27.7 50.8 63.5 30.0 53.6 66.0
GMM 1.0 52 10.1 5.6 43.0 62.0 52  45.0 62.7
n = 1,600
GET 1.0 4.8 9.6 95.3 99.5 99.8 94.6 99.2 99.8
KS 1.1 51 10.4 2.0 7.7 14.5 2.4 94 17.0
KT-AS 1.1 4.9 10.0 79.8 934 96.5 83.8 951 97.6
GMM 1.1 5.0 9.8 55.9 97.9 99.6 57.1  97.8 99.3

Notes: Results based on 10,000 samples. Margins are assumed to be known. The correlation parameter
@ is estimated under the null using the Gaussian rank correlation estimator described in Amengual,
Sentana and Tian (2019). KS denotes the Kolmogorov—Smirnov test for copula models (see Rémillard
(2017) for details) while KT-AS is the Kuhn-Tucker test based on the score of the symmetric Student ¢
copula (see Amengual and Sentana (2018) for details). GMM refers to the J-test based on the influence
functions underlying GET. Critical values are computed using the parametric bootstrap. DGPs: The
correlation parameter ¢ is set to 0.5 under both the null and alternative hypotheses. As for the alternative
hypotheses, H,, and H,, correspond to Hermite expansion copulas with ¥ = (0.04,0,0,0,0) and 9" =
(0.02,0,0,0,0.02), respectively.
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Table 3: Monte Carlo rejection rates (in %) under null and alternative hypotheses for white
noise versus a purely nonlinear regression

Null Alternative hypotheses
hypothesis H,, H,,
1% 5%  10% 1% 5%  10% 1% 5%  10%

n = 400
GET 1.0 51 10.1 9.3 244 36.7 33.0 56.3 68.9
GET, 1.1 53 10.1 8.0 21.8 324 31.5  54.7 66.2
OLS; 1.0 4.9 10.0 5.3 16.7 25.6 1.7 7.8 14.0
OLS, 1.1 51 10.0 3.6 12.1 19.8 20.1 404 53.1
GMM 1.0 5.2 104 6.9 19.8 30.1 27.9 51.6 64.0
n = 1,600
GET 1.1 5.3 9.5 70.3 88.0 92.8 82.7 939 96.6
GET, 1.0 5.3 9.7 68.8 86.5 91.7 81.8 93.1 96.2
OLS; 0.9 4.9 9.9 489 724 81.9 0.8 5.1 10.2
OLS, 1.1 4.9 9.9 33.7 57.6 69.4 66.1 84.0 90.3
GMM 1.2 5.0 10.0 66.5 84.3 90.5 79.8 919 953

Notes: Results based on 10,000 samples. GET and GET; are defined in section 3.3. OLS; denotes a
standard LM test that checks the joint significance of y#, and y1;42; in the OLS regression of ys; on
a constant and these two variables while OLSs is the LM test which augments the previous regression
with the following four cubic terms 43, y2,y2:, y1:y5, and y3,. GMM refers to the J-test based on the
influence functions underlying GET. Finite sample critical values are computed by simulation. DGPs:
(y1y2) ~ i.i.d. N(0,I5) under both the null and alternative hypotheses. In turn, ys|ys, y1 is .i.d. standard
normal under the null but under the alternative we consider 61 = 0.3,05 = 0 (H,1) and 6; = 0,65 = 0.5
(Ha).
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Figure 1: p-value discrepancy plot for the white noise versus nonlinear predictability test
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Notes: Results based on 10,000 simulated samples of size n of (y1,y2,y3) ~ i.i.d. N(0,I3). GET is
computed as defined in section 3.3. To compute the exact distribution for each sample size, we simulate
(Z1,Z2,7Z3) ~ N(0,13) 107 times, calculate T = max{Z71{Z; > 0}, Z2} + Z3 each time, and obtain the
ot quantile of T, Qr 4.
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B Reparametrization
B.1 Sequential reparametrization method

In this section, we show how to obtain the reparametrization described in the main text in

a sequential manner under the following:

Assumption 4 1) The asymptotic variance of the sample averages of (S, 89,) evaluated at
(¢,0) scaled by \/n has full rank.

! .
8L117"]9'r 1

5" =0, for all index vectors such that thjgr <r—1.
" p,0)

3) There exists a set of coefficients {mj;ger}Lg,,jer=r71,k:1,...,pfqr which may be functions of @ such
that \V/thjgr =r—1
Jo, Jo, Q*artor]

io, Jo, _
My S My Se TSy e M se,, T+ =0,

P= Hyier

where the default argument is (¢, 0).

In this context, a convenient way of reparametrizing the model from (¢,?) to (¢, 8) is
o,

Jo
my i mier .
1 =¢1 + E j1'0fn6r,,_,7¢p_q:¢p_q+ E: P qeﬂf”,

|
L:Z'rjer:r_l JGT‘

Y11 =0+ Y

3 —
L4, 36, =r—1

" L;Tjgr:’r‘—l
o, jo,

m : m .
p—q+1 ple P—qr plo
.7'93~r7~-7191q1 :01q1+ g #%Ta

Jo,: Jo,.:

3 —
Ly, Jo, =r—1

U1 =01, ..., 297"qr = 97’(]7"

Then, if we use the chain rule we can show that

o _, Jor Jor Jor Jor 9tarlor] —0
o0ior M 8oy F e F M8, M lg 1 S0 T T g, Sy, ovier
beh jo, =7 — 1 as desired, where the default argument is again (¢, 0).
Finally, we need to check whether ), io.—r ?;BT agiré evaluated at (¢, 0) is linearly inde-
qrdYr L T

pendent of (sg, sg,) for all A4 Agr = 1. If so, Theorem 1 applies.

If not, we should check whether either:

tie,

1) there is a new set of coefficients {m,’ }L&rjerzr,kzlywp,qr which may be functions of ¢ such

that ..
Qtardor]

Tior Tior tior tior _
my® se + ...+ mpqu¢p7q + mpfq+13911 +...+ mpr301q1 + e 0 (B1)

when evaluated under the null, in which case we can do further reparametrization from (¢, )

to (¢T, GT) that sets all the 7" partial derivatives with respect to 8% to zero, or

2) we can use Theorem 2, which covers far more general cases.



B.2 Invariance to reparametrization

Let us now prove that the GET statistic that we proposed in Theorem 1 is invariant to
reparametrization, exactly like the LR test or the usual LM tests that rely on the information
matrix rather than the sample average of the Hessian. For simplicity of notation, we will do so in
a simple case in which » = 2 and 8 = 65, so that we can omit the subscript 2 from 6 henceforth.
Define g = (¢, ) as the original parameter vector of dimension p, where ¢ is (p — ¢q) x 1 and 9
a ¢ x 1 vector. In what follows, (¢, 0) are the omitted arguments for all the relevant quantities
that depend on (¢, ).

We maintain that Assumption 2 holds with » = 2 for the original parameters g, so that
1) the asymptotic variance of the sample average of s, has full rank, 2) there is a ¢ x (p — ¢)

matrix M(¢) of possible functions of ¢ such that (1) holds, and 3) the asymptotic variance of

M/ " 921 M/
X — A
[Sg;, ( I > olifed ( I > ]
has full rank under the null V||A|| # 0.

As usual, if we reparametrize from g to p as in (2), then, we can easily check that (3) and

(4) hold when evaluated under the null, with

021 M\ 921 1Y 4
/ RV
Aaeae’)‘_)‘ < I, ) 6989’< I, )A

the sample average of

linearly independent of 91/0¢, which implies that Assumption 2 is satisfied with r = 2 for the
transformed parameters p = (¢, 0) too. Consequently, we can apply Theorem 1, which yields

GETY, = sup| |20 ETF (A), where

[NH(@)A]® 1 [NH(@)A > 0]

ETP(A) = YOh %) :
_( M(p) \ &Le) M(ep)’
H(p) = ( I, ) 9090 (¢,0)< I, > (B2)

and
V(A ) = VINE(9)A] — CooNH()A, 55(9)]V [s()]Covlsg (), NE() A

is the adjusted variance of N'H(¢p)A.

Consider now an alternative reparametrization from o to p' characterized by
d(Ht OF
@ g?(¢',0") ] i
e= = =8lp
()= Sigran | =)
where g(-) is some second-order continuously differentiable vector of functions which represent
a one-to-one mapping, at least locally around the null. Such an alternative reparametrization

must also ensure that: (I) s, has full rank, (II) sy is identically 0 at Ho : 6" = 0, and (III)

NS ZLoX is linearly independent of s,,: V|| Al # 0.
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Given that the first order derivative of ¢! under the null is given by

9ot adt T gt ' \ gl ot 4

where we have used the chain rule in the first equality and (1) in the second one, we need to

assume that

@/ 0/
det <(‘3g _%
d¢' 0
for 1/0¢' to have full rank. Similarly, given that (1) and the chain rule imply that

ol B 8g¢/ 8g0' <8g¢>/ agal ) .
®>

M> £0 (B3)

— = =5, + ——89 = —
a0t — a0t ¢ et " \set o6t
we must also assume that o o
og _ og (B4)
oot oot

to ensure that 9/ 00" = 0 under the null irrespective of ¢! because s, has full rank.
Let us now turn to condition (IIT), for which we first need to compute the corresponding
second order derivatives. Applying the chain rule once again, we obtain
0%l ol 0%g®?  og? 921 o0g® og? 9% og?
a0fo0T — ¢’ a9i00! - a01 9p0¢’ 96 - o01 999" 961
ol 9%g? og? 0921 og? og? 0% 0g?

09 o6lod | o6l 9009 og] | 061 0909 o]

In this context, (B4) and (1) imply that

9%l _y 0%g® N og? 9% ,0g?  og? 9% ,0g?

oofoot  “oelost oot 0pde’ T ool - agl 900¢" T op]
2 50 0/ 2 (2] o/ 2 (7]
S,M,ag +8g 81,8g +(9g allag
v o0lot a0t 0009 gp] o0l 0pdd oyl

o 82g‘7’ Y 62g0 N 3g9/ ( M >’ 921 ( M/ > a;ge
#\ o000 oofoot ) o0t \ 1o ) 000" \ 1 ) oo}
when evaluated at the null, so
2] 2 ,.¢ 2.0 o 0
% =% 8Tg P M 8Tg il agﬁHaigf'
06100 06100t o6loe} ) ) . 00" 06

Hence, (B2) implies that

0%l

N——
007661

A =s,a+ AHAT, for all A#£0

when evaluated at the null, where a = (a1, ...,a,)" with

o 0%g? a2
’ 00101 ootoet | 7




and
6g9

T
A 90"

In this context, if we further assume that

g
0o (2) 0, .

then it is easy to see that X’ A will be linearly dependent of s of v H)\TH # 0 because (i)

oTaoT
AHAT is linearly independent of Se and (ii) s,i is a linear combination of s,.
In sum, once we guarantee that (B3), (B4) and (B5) hold, the parametrization from g to p

satisfies the rank deficiency condition in Assumption 2 with r = 2.

A as

Finally, let us define the adjusted asymptotic variance of \’ 5 BT 5 eT

Vi ¢ =V (X o’ }\) — Cov (A' Gl A, s >V_1(S )Cov <s )\'821)\)
nt 06" 06' 06" 00' ¢! ¢ 7 Hetoet
= V(s,a+ APHEA) — Cov(s,a + APVHAT, a's,)V!(a's,)Cov(as,, s,a + APHAT
= VOAPHAY — Cov(ATHAT s,)V " (s,)Cov (s, ATHAT)

Then, we will have that

N 3981‘23[91‘ (ﬁT))‘} i 1 [)‘/ 3981‘2[9T (pT))\ 2 0}
V(A 81)
s, (@)a + A'H(2)AT21 [sgp(:p)a FAVH(@)AT > o]
Vy(AT, ¢)
 AMH@ATL [ AVH(@)AT > 0]
Vy(AT, ¢)
= BTP(A),

ETP'(A) =

where the third equality follows from the fact that s, (¢) = 0. Given that the mapping from A
to AT is bijective, taking the sup will finally imply that

t t
GETY = supxz0 BT (A) = SUPHA”#OETJL’()\T) = GET?,

as desired.

C Implementation details

C.1 Skew normal distribution

C.1.1 Influence functions

If we call




then we can show that

1 1
55, = —=—=Hio(21, 22;p), 8¢, = —=—=Ho1(21,22;p),
1 /d)3 2 /¢5

1 1 1
S4., = — Hog(21,22;p), S, = ——=H11(21, 22;p), S4. = — Hpa(z1, 22; p),
% = 24s 20(21,22; 0); S¢, v 11(21, 225 ), S, 20 02(21, 22 p)
2(4 —
3ILI30) =f(3/2”) (1.3p.30%, p*) - H(21, 22: )
T
CBEr-2VE . BVAr— 205
13/2 5¢1 3/2 ¢
V24—
917[02.1] :iw) (p.20° +1,p (0> +2) ,p°) - Ha(z1, 223 p)
V2p (20% + 37 — 8) \/o3 V202mp% = 2 (p? + 2) + 7]\ /s
B 3/2 51~ 3/2 8¢5
V24—
211012 =7(r3/2) (P% 0 (P> +2),20> +1,p) - Hy(21, 22; p)
_\/5[27rp2—2(p2—|—2)—|—7r]\/¢3 _\/ip(2p2+37r—8)«/¢5
32 5¢1 —3/2 55
and
V24—
3!L[0’073} :7(_‘_3/2) (:037 3p27 3p7 1) . H3(Zla 22, p)
3V2(m — 2)py/¢5 3(V2r —2v2) /o5
- 3/2 51 372 562
where

H, (21, 22; ¢) = [Hp,o(21, 22; 8), Hp—11(21, 225 0), ..o, Hop(21, 225 9)]',

with the bivariate Hermite polynomials H) 4(z1, 22; ¢) defined in (8).

Analogous expressions for the trivariate case are available upon request.

C.1.2 Affine transformation invariance

(C6)

Consider the full-rank affine transformation of a skew-normal random vector y of dimension

K given by y* = a+ By, where B is a K x K invertible matrix. As we mentioned in the main

text, a useful property of the skew normal distribution is that y* will also be skew normal.

Specifically, we will have that
*, ok *, % * 3 —1/20 * * * 1 /
Iy 0") = ln{2fzv(y ;%)@ | 97dg ™ (ep)(y —soM)” =(y;e) — 5 In (BB
with o* defined by

@i =a+ By, o = BeyB', and 9* = dg'/?(¢})B' " dg ™2 (¢ ).

(C7)



Let us now consider the relationship between p and p* after applying the combined repara-
metrization in footnote 7. Specifically, (C7) implies that
, (C8)

Bhi+1[ S U(G1)0" =a+ B oy +1/ 2 U118

2(67) + ()00 (67) = B[ S(00) + 206100V (0)| B (9
and
0* = dg'?(¢})B''dg*(¢p)0

for ¥(¢y,) = Z((ﬁv)dg_%((ﬁD). Further, let @ = An and 8* = X*n*, and define the following

one-to-one mapping from A* to A
A" = dg"?(h)B Mg 2 (ep)A, so that 5t = 1. (C10)

From now on, we treat A and A\* as constant, so that we can focus on the derivatives of n
and n*.

The chain rule implies that the score of ¢* spans the same vector space as the score of ¢ under
the null. As a result, there exists an invertible matrix M such that s+ (¢*,0) = Msg(¢,0). On
this basis, equations (C9) and (C10) imply that

S(67) = BS(¢y)B + -

~[BU(Gy ) ANV (¢y)B' — W(p7 )N N"W ()], (C11)
which implicitly defines ¢j as a function of n* and ¢y, ¢}, = D (n?; ¢y,). Next, we can easily
verify that X[D (0; ¢, )] = BX (¢, )B’. If we take derivatives with respect to n? on both sides

of (C11) and evaluate them at n = 0, we get

Cs(gt)| = 2BUG AT (6,)B — U(gANT(61)]| =0  (C12)
d(n?) n=0

because

n=0

U(BY)A" = B(¢h)dg 2 (¢h)dg () B ' dg ™2 (0 p)A
= S(¢})dg 2 (¢)dg"/2(¢%)B " dg (¢ p)A = BU(¢)A.

—o0. (C13)

Furthermore, (C8) and (C10) imply that

\/ZB‘I’@V))\ - ﬂw*vw

=a+Bgy + C(n*; dy)m,

oy =a+ By + n




where

Clt:ay) = | 2Bu(g0 A | 2ugix =\ TBu(sx -\ 2uD (s

But given the relationship between A and A*, we can easily verify that
C(0;y) = 0. (C14)

Let us consider next the derivatives with respect to 1 of the log-likelihood contribution for
a single observation. Once again, the chain rule implies that
ot or Oy, o o¢y, o0 dn*
On  O¢h; On  ddy In - On* dn

ol aC (11%; ) ol* D (% ¢y)  or*
=—— |C (% 2n°
o, |C V) T2 500 ogy" o) o
and
82¢ o | 9C(n*ey) . 40°C (1% ¢y)
= 6 4n° —8m———~
onon oy | 0(n?) M A(n?)0(n?)
ac (i éy) ] o2 9C (1% ¢v)
C 2. 9 2 C 2. ) 2
FOWE D250 | Bgsaan | OO AT a0p)
o | 9D (n%; y) | . ,0°D (0% ¢y)
2 N T Y/
* aqs*v'[ o) T aR)a)
» oD (% y) | x| 9D (nZey)] 0%
T | agvosy | o) o om*

: : : : ol __ oer 9% _ 9%
On this basis, we can easily exploit (C13) and (C14) to show that 5= = 5= and 575 = 555+
evaluated at 7 = 0. Furthermore, given that (i) the reparametrization from p to g in footnote 7
is such that the components of the score vector and Hessian matrix corresponding to 6 will be

identically 0 at n = 0, and (ii) g—g and 8877—28{7 are linear combinations of g—é and % for fixed A,

it follows that g—f] = 8‘2;677 = 0 when evaluated at n = 0, and the same is trivially true of gf]i and

82€*
on*on* *

On the other hand,

030 ol 9C (n? 030 30"
_ i (n 2¢V) it =m'sg+ ————— , (C15)
OMondn|,—o 0Py On?) o O On*on . onom*on* |,
7]:
where m satisfies
oC (n?;
m'sy (¢, 0) = m'M s+ (¢*, 0) = 65+ (¢, 0) W
7)o
As for the omitted “...” terms in equation (C15), we can easily prove that all the other third

derivatives are 0 under the null because of (C13) and (C14).



The GET statistics for the original variables y and the transformed ones y* will be

2

03¢
Onondn

)

2 -

~ n 83£* ~ %
L0, ,  su - ,0, A
(¢ )] van*@ B [377*377*377* (¢ )

5 n
up =
Vﬂ(¢7 }‘)

where the overbar denotes sample averages.

In this context, we can immediately notice that the numerators of GET and GET* will be

such that

#Bl - 03e*

o ~x

057,
As for the asymptotic variance that accounts for parameter uncertainty under the null, we have
that

Vo(p,A) =V <831> — Co’ (s 83l> Vl(sg)Cov (s (‘93l>
m 9ndndn ®” Omomon ¢ ®” Onomon
=V (63l* +m's )
on*on*on* ¢
- Co' {s <83l* +m's )] V1(sy)Cov [s (83[* +m's ﬂ
b3 On*on*on* é ¢ ¢ On*on*On* ¢

=V —ﬁz—f—cw/Ms44®zf V~Y{(Msg4)Cov Ms, — OV
- an*an*an* @ 877*877*877* ¢ @ 877*077*877*
= Vn* (¢*7 A*)

&5*,0, A*) because ,0) =0.

Hence, we will have that

n (G0N n @ oN]
Vo(@.A) | ammdn | T v (6T A [ On*On*on*
and ~ ) I
ipy " PU(¢,0,0) | _ ipy (0N |
Vy(é,A) | Ondndn | Vi@ ) | Onronon

which confirms that GET is indeed invariant to affine transformations, as we had claimed.

C.2 Hermite expansion of the Gaussian copula

C.2.1 Influence functions

Tedious but straightforward algebra implies that

éi; = (0,1,0) - Hy(x1, 93 ¢),
8(211:]{31(@,1:2;@7
82; = Hoy(z1,22; ¢),
82; = Hisz(z1,22; 9),



O 0,66,0)- Ha(wr, 22 9)
80%1 - ) ) 2(L1, L2,
+(0,18¢,36¢°,18¢%,0) - Hy(z1, 72; )

+ (0,99, 3602, 54¢°, 36¢*,94°,0) - Hg (21, 72; ¢)

+ (0, ¢,60%, 15¢°, 209, 15¢°, 64°%, ¢7,0) - Hg(x1, 22; ¢),

9%l s
00210022 —(0,6¢",0) - Ha(z1, 22; ¢)

— [0,18¢%,18 (¢* + ¢%) ,18¢°,0] - Hy(z1, 225 )

— [0,9¢°,18 (¢* + 6%) ,9 (¢° + 4¢° + ¢) , 18 (" + ¢°) ,9¢%,0] - Hg (21, 72; ¢)
—[0,0%,3 (¢* + ¢%) .3 (¢° + 3¢% + ¢) , ¢ + 9¢*

+9¢% + 1,3 (¢° + 3¢° + ¢) .3 (¢" + ¢°) ,¢”,0] - Hg(x1,32; ¢)

and

0l
an2 - (Oa 6¢7 0) : H2<$1, T2; (b)—i_
(0,18¢% 366%,18¢,0) - Ha (a1, 22; ¢)
+ (0,9¢°, 369, 54¢°, 36¢%, 96, 0) - He (w1, v2; )

+ (0,097,645, 154,209, 15¢°, 667, ¢,0) - Hg(x1, 22; ¢),

where the bivariate 4"-order Hermite polynomials Hz (1, x2; ¢), Hao (21, 22; ¢) and Hiz(x1, z2; @)

are defined in (8) and the H’s in Supplemental Appendix C.1.

C.2.2 Positivity of the Hermite expansion of the Gaussian copula

In the original parametrization, P(z1,x2; ¢, d) is equal to
L+ 91 Hyo(x1, 225 ) + 92 Hz1 (21, 225 @) + 93 Hoo (w1, 225 @) + V4 H13 (w1, 225 @) + U5 Hoa (w1, 225 ).

But as described in section 3.2, after reparametrization the marginal distributions only depend
on @3 or f99. For that reason, it is convenient to consider two groups of parameters, namely
01 = (611, 012,013) and O3 = (021, 622). In addition, the positivity constraint depends mainly on
05 because 051 and Oy are Op(n_%) under the null while 911, 012 and ;5 are Op(n_%). Therefore,
01 is dominated, at least asymptotically. For that reason, we first discuss the positivity constraint
on O when 0; = 0, and then explain how to simplify the asymptotic positivity constraint and
the extremum test statistic.

Let xo = tx1, 020 = kOy1, kK > 0 so that the polynomial that multiplies the Gaussian pdf

simplifies to

p($1,¢,]€,t7021) - P[xlvtx1;¢7 (0217070707k021)l]
30 0
= 14 3602:Co(k) + ﬁ(]g(k:,t, ¢)a? + . _21¢2 Culk, t,d)at,




where
Co(k) = k+1, Co(k,t,¢) =k (¢* — 2) *+(k + 1) pt+¢*—2 and Cy(k,t, ¢) = kt' —kot’ — gt +1.

It is easy to see that the minimum of P(z, ¢, k,t,02;) is finite if and only if (i) Cy(k,t, ) > 0
or (i) Cy(k,t,¢) = 0 and Cy(k,t,¢) > 0. In addition, when 6a; is very small under either (i) or
(i), we have min, P(z, ¢, k, t,01) is greater than 0. Thus, we need to find a set K (¢) such that
for all ¢ # 0, for all k € K(¢) C [0,400) and for all t € R, we have either (1) Cy(k,t, ¢) > 0 or (2)
Cy(k,t,¢) = 0 and Co(k,t,¢) > 0. In other words, we need Cy(k,t, ¢) = kt* — k¢t — ot +1 >0
for all ¢.

To guarantee the positivity of this expression, we need k > 0. If the discriminant of Cy(k, t, ¢)
is positive, then Cy(+,t,-) = 0 has either only real or only complex roots, while if the discriminant
is negative, then Cy4(-,t,-) = 0 will have both two real and two complex roots. Finally, if the
discriminant is zero, then at least two roots must be equal. Therefore, we want the discriminant
of Cy(k,t, ) to be non-negative. Indeed, we can find two functions, Ib(¢) and ub(¢) such that
Ib(¢) < k < ub(¢) if and only if the discriminant is positive while k € {Ib(¢), ub(¢)} if and only
if the discriminant is zero. Moreover, lb(¢) € (0,1), ub(¢) € (1,400), and Ib(¢)ub(¢) = 1. The
proof of these statements is as follows.

We can easily show that
Disci[Ca(k, t,¢)] = —k*[27k*¢* + 2k (26° + 3¢ + 9692 — 128) + 2747,

so that the solution to
Disci[Ca(k,t, ¢)] = 0

is

26° 439" + 9667 + 2(y/ (2~ )° (2~ 1) (¢ +8)° — 64)

Ih(6) = 5
26° + 39" + 9692 — 2(1/ (¢7 — 4)° (6> — 1) (¢* +8)” + 64)
Ub(¢) = - 27¢4

Thus, when k € [Ib(¢), ub(¢)], the discriminant is positive and we simply need to check whether
Cy(k,t,¢) > 0. First, consider ¢ > 0 and Cy(k,t,¢) = kt3(t — ¢) — ¢t + 1. When t > ¢,
Cy(k,t, ¢) is increasing in k. In this context, we can prove that ming>4Cy[lb(¢),t,¢] = 0. In
contrast, when t € [0, ¢), Cy4(k,t,¢) is decreasing in k, and we have min>4Cylub(¢),t, ] = 0.
Finally, when ¢ < 0, it is obvious that Cy(k,t,¢) > 0. To summarize, k € [Ib(¢), ub(p)] is
sufficient for Cy(k,t, ») > 0 and the same is true for ¢ < 0.

However, when either k = [b(¢) or k = ub(¢), we have t;,t, defined by C4[lb(¢),t;,¢] =0
and Cy[ub(¢),ty, ¢] = 0, respectively, so that

Callb(¢), 11, ¢] <0 and Calub(¢),ty, ¢] <0 for all ¢,

which in turn implies that k£ € {lb(¢), ub(¢)} does not hold.
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In sum, we have shown that when 6; = 0, the asymptotes of the feasible set near 0 are
922 = lb(¢)921 and 022 = ub(gb)@m

Next, we know from Theorem 1 that

LR = BT(0F7) + 0,(n%), <1
where

1 1 ~ 1 )
nio, n~456,(5,0) nio, nto,

1 _1 ~ 1 1

ET(6) =2 ?2931 n"2Hypg,, (6,0) | _ 7;2931 Voo(®) ?2051 |
n2«9121t922 n 3H¢921922(?, 0) n2€21922 n29121922
7?/50%2 n_§H022922 (¢7 0) n2 9%2 niegz
oFT = argmaxgco ET(0),

and O is the set of parameters that satisfies the positivity constraint. Unfortunately, ET(OET)
is not very easy to calculate because O is difficult to characterize explicitly. For that reason, we
will show that

ET(0T) = GET + 0,(1),

where

1, e 1 D2(¢, \)1[D($,A) > 0]
GET, = —Spy (6,0)V;1*(¢)Se, (¢,0 —— - = —
n 50 (0 OV (0050, (0,00 Sup S VB, MV () Va6 )

with A\; = sin(w) and A2 = cos(w) so that ||A| = 1, and

w; = arctan([lb(¢)], w, = arctan[ub(¢)]. (C17)

Let 021 = A1m and 0a9 = Aan), then
_ o 1 501@7 0) )_ ( 0, > [ V11~(<;5) V12(¢:57 A) ] < 0, )
ETn(61,m,3) 2( P )( 50,000 ) 7" ) vm@n) vm@n) [\ ) O

with ,
_ A1 Hg,, 0, (¢’ 0) Heg,, 05 (¢a 0) A1
892((;5’0’)\) B ( A2 > [ H921922(¢a 0) H922922(¢a 0) ] < A2 ) .
1

Similarly, let 7 = max{n®",n~*} with + <k < }. Then it is easy to see that

i.
ET (08T 7, NET) = £T,,(0FT nFT XFT) + 0,(1). (C19)

Next, consider (67, 7", A*) =argmax, _k}ETn(Bl, n, A), where pc={(01,7A1,n)\2) € O}.

It is easy to see that with probability approaching 1,

c/\{nZn

ETTL (01ET7 UET, AET) Z 57”( ){7 77*7 )‘*) Z ng(elETa 7~7> )‘ET) (C2O)

because (OFT pFT AET) = argmax,.£7 ,(01,7,A) has a larger feasible set, and the event
(OFT 7, AFT) € pc and {77 > n_k} happens with probability approaching 1. Combining (C19)

and (C20), we have
ETn(07, 1%, X°) = ET (07T, 0T, APT) + 0y(1), (C21)
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so we only need to calculate (07, 7%, A*).

In this context, note that there exists a &’ € (k, 1) such that

lim, P(||0%]| < n™* <n*F <p*) =1 C22
1

Therefore, this confirms that 07 is asymptotically irrelevant for the positivity constraints because
it is effectively unrestricted. Consequently, (C22) implies that the only relevant restriction will
affect the direction of 0.

In view of (C18), the first order condition for 87 for given n* and A* implies that

(7)?].

N

1w/ % y# -1/ -1 7 Tk
n207(n", X*) = V7' (9)[n72 50, (9,0) — Vi2(¢, A)n
Hence, if we substitute 67 (n*, A*) in the expression for £7 (61,71, ), we end up with

1 ~ - -
ETn(07m", A7) = S, (6, 0)V11' (¢)Se, (¢, 0)
— 3 V(A7) — Var (9, NIV (B)Vaa (6, Ao
+ 232 [ 3 Sp, (6, 0, A*) — Var (6, A*) Vi1 (§)n "% Sp, (6, 0)]. (C23)

Given that (C23) is quadratic in 7*2, if take into account the restriction 7* > n™*, we obtain

n*(A*)zmax{n‘MVm(&s, ) V1 (6. N)Vii (@) Vaa(d A)ln~$D(6, A%)1[D (3, A*)zom—k},

where D(¢, A) = Sp, (6, 0,A*) — Va1(d, \)V;;1(6)Se, (¢, 0).

Thus, if we replace the previous expression for n*(A*) into (C23), we end up with

1 s . s
ng( T’n*’)‘*) = 55/01(92370)‘/1;1(9%))591((;570)

I DG ANDE@A) 20 gy (o
Voo (6, A*) — Var (&, X)WV (@) Via (6, X))
part 2

But since part 2 in (C24) is a function of A*, which by definition is a maximizer of £7, we will

finally end up with

ETWOL 1) = -5b,(5,0)V;;(3)50,(5,0)
D(9, M1[D(9,A) > 0]

+ — = = = =
w;g},)wu)n Vaz(d, A) — Vor (6, Vi1 (9)Vi2(0, N)

+ Op(l)a
which confirms that

ET(OF 0™ NT) = L}, (5,0)V;(9)S,(5,0)
D*(¢, M)1[D(4, ) > 0]

+ sup — = = = =
we(wpwa) ™ Vaz(0, ) = Va1 (¢, \)Vi1 () Vi2(0, A)

+0p(1)
in view of (C21).
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D Additional examples
D.1 Testing white noise versus multiplicative seasonal AR

Box and Jenkins (1970) introduced the popular multiplicative seasonal ARIMA model to
capture the autocorrelation of series with strong seasonal patterns, such as their famous airline
passenger example. Suppose that after taking regular and seasonal differences of an observed
time series, a researcher would like to formally assess the need for a more complicated dependence
structure. Assuming the data is observed at the quarterly frequency, one of the alternatives that

she might consider is the following AR(2)-SAR(2) process:
(1 =91 L) (1 = 92L) (1 = O3L) (1 = aLh) (yr — 1) = &1, (D25)

with F(g;) = 0 and V(&) = @9, where y; = AAyx; and x4 is the original data. In this context,
H02191:192:193:’l94:0.
As usual, non-linear least squares estimation coincides with Gaussian ML, so that the crite-

rion function will be

Ty — (e, 9))2

T T
— = In(27) — = Ingp, —
AT

9

where the conditional mean under the alternative is

pe(p1,9) =1 + (V1 +I2) (ye—1 — 1) — D192 (Ye—2 — 1) + (V3 + Ja) (y1—1 — 1)
— (U1 +Y2) (V3 +94) (Yye—5 — 1) + V192 (V3 + V4) (Yyi—6 — 1)
— 9304 (Yi—s — 1) + (V1 + U2) 9304 (y1—9 — 1) — 129304 (Y4—10 — 1) -

Hence, the scores evaluated under the null will be

2
LA (yt_SD ) — @
seol(CP,O): - 17 3%(4‘070): 2;% 2’
Yt — Y1 —
59,(9,0) = 59,(9,0) = (4 ‘Pl);; 1 @1),
595(,0) = s9,(4,0) = (Yt — (pl);zt_4 — <p1)'

As a result:
S, (907 0) — 59, ((707 0) = 07 S93 ((707 0) — Sy, (()07 0) = 07

which shows that the nullity of the information matrix is 2.
Consider the reparametrization from @ = (1, @9, V1, ..., %1)" to p = (¢, P9, 011, 012, 021, 022)’
defined by

P1 = G1, Yo = P9, V1 =011 — b1, V2 =021, U3 =012 — 0 and V4 = O22.
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The corresponding derivatives under the equivalent hypothesis Hy : 011 = 021 = 015 = 025 = 0

are
ol _ (ye — 1) (Yye—1 — ¢1) Ol _0
9011 (o5 " 0091 ’
Ol _ (yt — &1) (Ye—a — 1) Ol —0
0012 ®9 " 0022 ’
02l _ 2 (Yt — &1) (Ye—2 — ¢1) %, _ 9%l _ 2 (Yt — 1) (Yye—8 — 1)
003, o3 T 00210022 7 003, o)) '

Let 021 = A1n and 095 = Aon with /\% + )\% = 1 and consider the simplified null hypothesis

Hy : 011 = 012 =0, n = 0. In this context, the only relevant quantity associated to 7 is

Dl 2 (yt — 1) (yt—2 — 1) 2 (yt — 1) (yt—s — 1)
877’/2 == 2)\1 0_2 + 2)\2 0_2 .

Moreover, given that under the null

oly Ol \ % , 02l B
E<8¢80'1>_0 and E[a¢vech <80280'2 =0,

we can ignore the parameter uncertainty in estimating ¢; and ¢,, at least asymptotically.

In view of the discussion in section 2, the GET statistic will be given by

GETr = |‘§1|1|ng—1[5/91<<2>,0>,%”<<?>, 0, )]V, N)[Sp, (&, 0), Hy (6,0, )],

where

Se, (P) = [5911( ) S (P)]/,

2
(pa ’ Zalt ;

t=1

V(g A) = Var{T/2[Sy(¢,0), Hy (6,0, N)]|p, 0}

Interestingly, in this example GET7 can be computed analytically. Specifically, straightforward
algebra shows that

(X275 + A37g)?

GETr =T sup {F% + 72 4 TR 1[A27y + \37g > 0]} )
[IAl1#0 A1+ Ay

where

Ty =

TZ Z/t ¢1 y;g &1)

is the jt"-order sample autocorrelation of ;. In addition, when 75 > 0 or 7g > 0, we can show

that the value of A that maximizes the above expression will be proportional to the vector

(\/Tal[fe > 0], \/Ts1[fs > 0]), if 72 >0 or 7g >0
(1,1), otherwise.

As a result, GET7 will be
T(72 4 73 + 731 > 0] + 721[Fg > 0]), (D26)
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Therefore, the GET statistic is simply focusing on the first two regular sample autocorre-
lations and the first two seasonal ones, which is very intuitive in view of (D25). The partially
one-sided nature of the test arises from the multiplicative nature of the alternative, which forces
the roots to be always real. Additive alternatives, which allow for complex roots too, give rise
to two-sided tests. Given that these estimated autocorrelations are asymptotically independent
under the null, the asymptotic distribution of (D26) will be a mixture of x3, X% and x? with
weights i, % and i, respectively. Not surprisingly, we would obtain exactly the same test statistic
if we consider multiplicative M A alternatives instead.

Furthermore, we can show that a test of white noise against multiplicative AR(k)-SAR(ks)
for k > 3 or ks > 3 will numerically coincide with the statistic in (D26). The intuition is as
follows. We can show that when the null is true, the MLE of an additive AR(3) is such that all
three roots of the lag polynomial are real with probability tending to 0, unless one of the roots
is forced to be 0. Consequently, the LR for multiplicative AR(3) is asymptotically equivalent to
the LR for ArR(2), and the same applies to the corresponding GETs.

Finally, it is important to mention that our proposed test, which is based on sample autocor-
relations, is numerically invariant to affine transformations of the observed series ;. Effectively,
this means that the finite sample distribution of our test is pivotal with respect to (¢;, @s).
Therefore, we can estimate the sample mean and variance of y;, and apply our test directly to

the standardized series as if they were the observed variables.

D.1.1 Monte Carlo simulations

Without loss of generality, we set the unconditional mean and variance of the innovations
€t to 0 and 1, respectively, both under the null and alternative hypotheses. We also estimate the
mean and variance parameters ¢, and @y with the sample mean and variance, respectively, which
effectively impose the null. As alternative hypotheses we consider the covariance stationary
models (1 — .1L — .1L? — 1L3 — 1LYy = & (Hy,) and (1 — 4L)(1 + 4L)(1 — 4AL*)(1 +
AL*y; = € (H,,). Note that two of the roots of the first process are complex conjugates,
so our tests is not ideally designed for it. We approximate the exact finite sample distribution
using 10,000 simulated samples under the maintained hypothesis that the innovations are normal.
Alternatively, one could consider a non-parametric bootstrap procedure that randomly draws
with replacement from the observations, which would eliminate any time series dependence while
allowing for any marginal distribution. As in section 4.1, either way we do not need to take
into account the sensitivity of the critical values to ¢ because the test statistics are numerically
invariant to the values of this estimator.

In Table D.1 we compare the results of our tests with three alternative procedures: LM-
AR(1) and LM-SAR(4), which denote standard LM tests based on the score of an AR(1) and
a Wallis (1972)-style seasonal AR(4), respectively, and the GMM test described at the end of

section 2.3.
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Following the same structure by columns as in the previous tables, we report the results we
have obtained for n = 100 (top) and n = 400 (bottom). The first three columns make clear
that the our simulated finite sample distribution works remarkably well for both sample sizes.
In turn, the last six columns present the rejection rates at the 1%, 5% and 10% levels for the
two AR alternatives. Once again, the behavior of the different test statistics is in accordance
with expectations. In particular, our proposal is the most powerful for H,,, which is not very
surprising given that it is designed to direct power against such multiplicative alternatives with
real roots. But it is also the top performer for H,, even though the process has two complex
roots.

Given that in this case our test has a relatively standard asymptotic distribution, we can
also compute p-value discrepancy plots to assess the finite sample reliability of this large sample
approximation for every possible significance level. The results displayed in Figure D.1 confirm

that the asymptotic distribution is also reliable in this context.

D.2 Testing for selectivity in a bivariate type II Tobit

Consider the following bivariate generalization of the type II Tobit model in Lee and Chesher
(1986):

Y1 = X141 + i,
Ys = Xopy + us,
Y3 = X543 + us,
y1 =1{y; = 0},
y2 = ya1{y; > 0},
ys = y31{y; = 0},

Ul 1 Y14/ P4 P2./P5
ug | ~N |0, | Y104 4 P6y/PaPs
u3 192\/ 5 L6/ PaPs Y5

(see Amemiya (1984) for a taxonomy of Tobit models). Under Hy : U1 = 99 = 0, there is
no selection bias, and one can jointly estimate ¢4, ©3, ¢4, @5 and g by Seemingly Unrelated
Regression Equations (SURE) using the non-zero observed values of y3 and y3, while ¢, can be
obtained from a univariate probit for yj.

Observation ¢’s log likelihood contribution is

(1 — y1;) log ®(—x1,;41)

x;01 + V' (@)X Hp)u(ep)
V1—v'(0) Y p)v(0)

1 1 _
+Y14 {—2 log[(1 — @%)@4905} - iu;(go)T Y(@)u;(p) + log @

where

i_X/i 9
(585} - (5] o0t 5)
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Consider the case when x1; = 1 and both x9; and x3; contain a constant term. Straightfor-

ward algebra shows that if we evaluate all the scores at ©7 = 99 = 0, then

S9; — \/<P4M1(<P1)3<p21 =0,
S¥93 7/ 905M1(901)3<p31 =0,

where o and @3, are the constants in the conditional means of 3, and y3;, respectively and
M (¢1) = @ 1(z101)d(z101). Such a singularity also arises when x; is a set of dummy variables
and xo and x3 contain the same set of dummy variables. Intuitively, the problem occurs when
Heckman’s (1976) selectivity correction is perfectly collinear with the regressors that appear in
the conditional means of yj; and y3,.

In this case, the three elements of the Hessian corresponding to 1; and 99 are all 0 too, so we
need to do a second reparametrization to get the desired results. We can show that a suitable

combined reparametrization would be

©1=¢

Po1 = ba1 — /4 Mi(¢1)031
P2 = Poy

P31 = b31 — /b5 M1 ()02
P32 = P39

p1 = 04+ G4 M1(61)[Mi(1) + 61]63

p5 = 5 + o5 Mi(d1)[M1(61) + ¢1103,

P6 = d6 — S[M1(¢1) + ¢1]Mi(¢1) (46031 + P63 — 2031032)
U =03

U9 = O39.

Then, we can show that

aiJrj l

W =0, 7=0,1,2, 7=0,1,2, and 1 <i+j<2.
319032 |, _

¥2=0
In addition, we can also show that the asymptotic variance of

oL oL ol oL ol dl &l 9% 9% and 31
b1 Oy’ O3 0¢y" Ods” Odg’ 003, 002,0035 0031003, 003,

has full rank. Therefore, the features of this model closely resemble those of the skew normal

example we discussed at length in sections 3.1 and 4.1.

E Relationship to Dovonon and Renault (2013)

As we mentioned in the concluding section, the results of our paper can be extended to

other extremum estimators, such as GMM. In that regard, the purpose of this appendix is to
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compare the results in Dovonon and Renault (2013) with the implications of our Theorem 1 for
the particular case of » = 2. To simplify the notation, in what follows we will omit the nuisance
parameters ¢ from p = (¢',6’)".

Let @ be the normalized objective function of some extremum estimator 0 e arg maxgee Q(0).
Specifically, QMM (9) = —nap’ (0)W,,3(0) in GMM, where () denotes a vector of H influ-
ence functions and W,, 5 W, while QM~(0) = 2L(0) in a likelihood context. For brevity of
exposition, we assume that either our Assumptions 1 and 2 hold (likelihood), or Assumptions
1-5 in Dovonon and Renault (2013) hold (GMM).

Let us start by comparison of the rank deficiency conditions. Regarding first-order under-
identification (Condition E1 henceforth), we have that a‘z,E[w(Bo)] = 0 [see Proposition 2.1
in Dovonon and Renault (2013)]. In turn, our Assumption 2.1 implies that g—é‘ 0 = 0. As
for second-order identification (Condition E2 hereinafter), Lemma 2.3 in Dovonon and Renault
(2013) implies that <X 3933/ o0 )\)h o # 0 for all [|A]| # 0. In the likelihood context

instead, we have X' 52 86, A # 0 for all ||A|| # 0 whenever Assumption 2.2 holds.
)

Using a fourth-order Taylor expansion of the normalized objective function () around the

true value of the parameter vector, we can show that

A 8@ o 1~ ! 62@ 0
Q(B) ~ Q(6s) = ae,w W+ 5(0 —00) 20— 00) (527)
L1 1'Q ,, ;
3 23 (‘997 — 6o 0 4@(9 — 60)7 + 6,
%] vpd=

where ¢, is a remainder term, which is zero in the Dovonon and Renault (2013) setup because
) is a second order polynomial in 8, while we have shown it to be 0p(1) in the likelihood context
of our paper.

Next, we look a each of the other terms of the RHS of (E27) in detail.

Regarding the linear term in (E27), we have aQG = —2(/n, )W (ﬁ%g’,) in the GMM
context, which is Op(1) by virtue of Condition E1, Whlle the analogous condition in the likelihood

ML ~
context implies that 6%0 = 0. Moreover, 8 — 0y = o0,(1) due to the usual regularity conditions,

which implies that the first-order conditions are negligible in both cases.

As for the quadratic term in (E27), we can show that \}X 6%8%,}\ converges in distribution
to a non-degenerate normal distribution with zero mean. In Dovonon and Renault (2013),
specifically, this fact follows from the form of the GMM criterion function, which implies that
1 0%Q P, o dved (0,,/00")
—X A= 2N""CW, 2 -2 ”
Vn' 0000’ 00 Vo 00’ 00

while it is a consequence of the information matrix equality in our setup.

[Iq ® (\/ﬁwn{bn)]A

In turn, the third-order term in (E27) is dominated by the quadratic one in both cases.
Specifically, ﬁ% = Op(1) holds in MLE by virtue of Lemma 5, while it holds in GMM thanks
to Condition E1. This, together with the fact that @ — 68y = o,(1), allows us to neglect the

third-order term.
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Finally, regarding the fourth-order term of the expansion (E27), which is the one character-
izing the asymptotic variance of the tests, we have that in the GMM context
Z 84Q C 60) = —lvec(\“f\“/')’ [G'WG + 0,(1)] vec(¥¥')
4' GMM —U0) = 4 D

o 803

where v = ni(égMM —0p) and G = [vec <§9§0’) vec <§;gg,) ye. ., VEC (gzgg,)]/ (see Dovonon
and Renault (2013, p. 2,576)).
Similarly, if we denote (Oarr, — 60)' 2 (Barr, — o) = Zvee[(Barr, — 00) (Oarr, — 60)'], we will
have that in the likelihood context
= Z azan O —00) & _ivec(ﬁ')’var (Z) vec(¥¥')

o 007

by virtue of Lemma 5.

As a consequence,

R 1
QMM (@anrnr) — QMM (6y) = vec(vV) | G'WX -1 G'WGvec(¥¥) | +0,(1),  (E28)
Ay Ao

where X ~ N[0,3(6p)] and X(8y) is the asymptotic variance of \/nap,, (o).

In turn,

QME@rrn) — QME(By) = vec(v) TZ” —% V (Z) vee( ') | + op(1) (F29)
1 Bs

where Z ~ N[0,V (Z)]. Importantly, the term Ay in (E28) is the variance of A; only if
one chooses the optimal GMM weighting matrix W = X71(6p). In contrast, By in (E29)
is always the variance of B; because of Lemma 5. Therefore, the asymptotic distribution of
QMM (Bnrnr) — QMM (9y) and QME(Byrr) — QME(8y) will be the same when W = X1(6y).

While the rank deficiency condition and the asymptotic distribution of Q(8) — Q(6o) look
quite similar for a likelihood function and an optimal GMM criterion, there are some differences.
First, the expected Jacobian is zero with rank deficiency ¢ in GMM, while ¢ linear combinations of
the score vector are numerically zero in the likelihood context. An additional difference between
GMM and MLE is that in the latter 0 is the parameter we want to test, while in the former the
objective is to test some H > q overidentified moment conditions, with 8 being the parameter

vector estimated from those conditions.
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F Additional tables and figures

Table D.1: Monte Carlo rejection rates (in %) under null and alternative hypotheses for the
white noise versus multiplicative seasonal AR test

Null Alternative hypotheses
hypothesis H,, H,,
1% 5%  10% 1% 5%  10% 1% 5%  10%

n = 100
GET 1.0 4.7 9.4 26.7 437 54.1 246 472 604
LM-AR(1) 1.2 5.7 10.7 14.6  28.8 38.3 3.2 9.9 164
LM-SAR(4) 0.9 4.8 9.9 12.8 273 38.2 2.8 9.5 16.0
GMM 1.0 5.2 10.1 244 404 494 20.8 40.0 51.5
n = 400
GET 1.0 4.8 9.9 88.1 95.1 97.0 92.0 98.0 99.1
LM-AR(1) 1.2 4.4 9.7 60.2 764 84.1 3.3 9.9 168
LM-SAR(4) 1.1 5.4 9.8 09.2 T78.6 86.4 5.6 15.0 22.6
GMM 0.9 5.0 9.9 86.1 93.7 96.1 89.0 96.5 98.5

Notes: Results based on 10,000 samples. The mean and variance parameters ¢; and ¢, are estimated
under the null using the sample mean and sample variance. LM-AR(1) and LM-SAR(4) denote the
Lagrange multiplier tests based on the score of an AR(1) and a seasonal AR(4), respectively. GMM
refers to the J-test based on the influence functions underlying GET. Finite sample critical values are
computed by simulation. DGPs: the true unconditional mean and the variance of the innovations are set
to 0 and 1, respectively, under both the null and alternative hypotheses. As for the alternative hypotheses,
Hy :(1—.1L— .1L% — 1L — 1L*)y; = &y and H,, : (1 — 4L)(1 + 4L)(1 — AL*)(1 + 4L*)y; = &;.
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Figure D.1: p-value discrepancy plot for the white noise versus multiplicative seasonal AR

test

n =100
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Notes: Results based on 10,000 simulated samples of size n of y ~ i.i.d. N (0,1). GET is computed
as defined in section D.1. Given that the asymptotic distribution of the GET statistic is a mixture of x3,
X3 and x? with weights i, %, i, we compute the p-values as a linear combination of the p-values of those
three random variables with the same weights.





