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Generic Behaviour of One-Dimensional
Blow up Patterns

M.A. HERRERO - J.J.L. VELAZQUEZ

1. - Introduction

This paper is concerned with the Cauchy problem
(1.1) Ut — Ugy = UP when z€R, t >0
(1.2) u(z, 0) = ug(x) when z € R,

where p > 1 and wug(z) is a continuous, nonnegative and bounded function. By
standard results, (1.1)-(1.2) has then a unique positive classical solution u(z,t)
(the solution, for short, in what follows), which exists at least for small times. A
remarkable (and well known) fact is that the solution may develop singularities
in finite time, no matter how smooth ug(z) is. More precisely, we say that u(z,t)
blows up in a finite time T if u(z,t) satisfies (1.1), (1.2) in Sy =R x [0,T) and

lim sup (sup u(z,t)) = +oo
t—T p(:ce]ll() )

Notice that this definition does not preclude the possibility of u(z,t) re-
maining bounded at any fixed z € R as t — T. A point z; € R is called
a blow up point if there exist sequences {z,}, {t»} such that lim z, = z,

lim ¢, = T, and l1m w(Ty,t,) = +oo. The set of blow up points (if any) is

n—00

then termed as the blow up set.

Since the seminal paper by Fujita ([Fu]), great attention has been devoted
to determining when do solutions of (1.1), (1.2) exhibit blow up, and in such
case, what are the asymptotics of solutions as the blow up time is approached.
To mention but a few results, conditions ensuring the existence of a single
blow up point have been obtained in [W], [MW] and [FM] for various bound-
ary value problems associated to (1.1). It was then shown that, if uo(z) is not
constant, under our current hypothesis the blow up set is bounded and consists
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of isolated points (cf. [CM] — where boundary value problems in finite intervals
are considered — as well as [HV3]; see also [V] for a discussion of the relation
between local and global — in space — properties of blowing up solutions).

In view of these facts, it appears that a basic problem in the study of
blowing up solutions u(z,t) of (1.1) consists in describing the asymptotics of
u(z,t) as t — T and z tends to any blow up point. To describe all the possible
cases which may appear, we need to introduce some notation. Following [GP],
[GK1], we define self similar variables as follows. Let T be a blow up point
of u. We then set

. u(z, ) = (T — &) # Dy, 7)
where z — T = y(T — t)'/?, r=—log(T —t)
so that in the new variables, @ satisfies
(14) @, =0, - —;—y(by +®+ fi(®),  where fi(®) =P — 1% ®.
Notice that, for any T > 0, the function
(1.5) ur(z,t) = ((p — (T - 1))

is an expllicit solution of (1.1) for t < T, which corresponds to ®(y, ) = (y) =
(p— 1)"#7 in the new variables. Let us linearize about @ by setting

(1.6) Dy, 7) = (p — 1) 7 +(y,7).
Then 1 solves

1
1.7 Yo =ty — S Uy + 0+ FW) = A+ @)

L P _r ps
where f(s) = ((p— 1)"#1 +s) —(p-1)"71 a—
For 1 < ¢ < +oo and any integer k > 1, we now consider the weighted
spaces

LIR) = {g e L] R): / |g(s)|qe"2/4ds < +oo} ,
R
H'R) = {g € L, (R): for any integer j € [0,k], g € L} . (R)

and / lg9(s)[2e~*"/*ds < +oo} .
R
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It is readily seen that L2 (R) (respectively L{(R), 1 < g < +oo, ¢#2) is
a Hilbert space (respectively a Banach space), when endowed with the norm

ol = {g,9) = / g(sPe*ds,

R

(1.8)
lglle,, = / lg(s)|9e=/4ds.
R

On the other hand, for k > 1, HX(R) can be given a structure of Hilbert
space in a straightforward way. Since the L2-norm will be repeatedly used
henceforth, we shall drop the subscripts (2,w) in (1.8) from now on. It is
natural to consider (1.7) as a dynamical system in L2 (R) since the operator
A is self-adjoint in L2 o(R) and has eigenvalues A\, =1 — 2, n=0,1,2,... with
eigenfunctions H,(y) given by

(1.9) Ho(y) = ¢, H, (%) ,  where c, = (2"*@dm)/4(n)'/?) 7!

and H,(y) is the standard n-th Hermite polynomial, so that ||H,| =1 for any n.

We are now in a position to state some basic results concerning possible
blow up behaviours for (1.1), (1.2) which have been proved in [HV1] and
[HV2].

THEOREM A. Assume that the solution u(z,t) of (1.1), (1.2) blows up at
z =73, t=T. Then one of the following cases occurs

(1.10a) Oy, 7)=(p— 1)‘:ﬁ for any 7 >0, or

e @DV -1DTF H) (1)
(1.10b)  ®(y,7)=(p— 1) Vo 4o -

as T — oo, or
(1.10c)  There exist an even integer m > 4, and a real constant
C < 0 such that
Oy, ) = (o~ 1) 71 +Cel= D Hy(y) 4.0 (e(-5)7)

as T — oo,

where convergence takes place in H) as well as in C'IOC for any integer k> 0
and any ~ € (0,1).

We point out that a related result, namely the fact that (1.10b) holds unless
®(y,7) has exponential-type decay as 7 — oo, has been proved simultaneously
and independently in [FK]. As to the asymptotics in larger regions, we have
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THEOREM B. Let u(z,t), T and T be as in Theorem A. Then one of the
following cases occurs

(L11a)  If (1.10a) holds, then w(z,t) = ((p — 1)(T — ) =1
(L11b)  If (1.10b) holds, then

lim (T - 7 u(z + €T - H]10g(T - 1))/, 2))

o (+(25)¢)

uniformly on compact sets of &,

(1.11¢) If (1.10c) holds, then

. R 1 L .
lim (7~ T u(E + 6T ~7%,1) ) = (o~ D711+ CE™ 7,
uniformly on compact sets of €, where m is an even number

and C > 0.

As to the precedings of these results, it was already known that, under
fairly general assumptions on the initial values,

limu (z+y(T ~ '/%,t) = (o - 17
(1.12) 7
uniformly on sets |y| < R with R > 0,

provided that u(z,t) blows up at z =%, t = T; cf. [GP] for the one-dimensional

. . 2
case, and [GK1] for any space dimension N > 1 and p < x-‘- > See also

[GK2], [GK3] for a broad discussion of blow up properties for the N-
dimensional version of (1.1). Then it follows that, in the similarity variables
described in (1.3), the asymptotic behaviour of solutions at blow up is uniform
in the first approximation (and coincides with that of the self-similar solution
(1.5)), whereas different behaviours are possible when second-order asymptotics
are considered. The existence of the blow up patterns (1.10b), (1.10c) was
formally derived (without proofs) in [GHV], by means of the method of
matched asymptotic expansions. The case described by (1.10b) was far from
being unexpected; it has been derived — without proof — in [HSS] for the
particular case p = 3. On the other hand, formal analysis was previously available
for the related equation

(1.13) Up — Ugy = €*
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which plays an important role in combustion theory (cf. for instance [BE]).
In [D], higher order asymptotics near a blow up point were derived for (1.13)
which correspond to (1.10b) for (1.1). Recently, rigorous results were obtained in
[B1], where it was proved that there exist solutions (of suitable boundary value
problems) which behave exactly as conjected in [D]. This remarkable result,
however, was obtained in a non-constructive way. In particular the question of
determining whether a given set of initial and side conditions eventually leads to
such behaviour remained open. A classification result analogous to Theorem A
for (1.13) has been also obtained in [HV1], where we also proved that (1.10b)
actually occurs whenever ug(z) has a single maximum and is symmetric with
respect to some point; this symmetry assumption was later dispensed with in
[HV2].

The reader will notice that no mention has been made yet in these remarks
to the flatter behaviours corresponding to (1.10c). As far as we know, these
have not been conjected in the literature prior to [GHV]. However, the fact
that solutions with such behaviour exist has been proved in [HV2] for problem
(1.1), (1.2) and the particular case m =4, and in [HV4] for the corresponding
problem for the combustion model (1.13). While the proof of such result is
rather technical, the basic ideas beneath it are simple enough. Suppose that
u(z,t) blows up at z =%, t = T. Then the blow up profile of v will depend
on the number of maxima which reach z =% at ¢ = T. If only a single max-
imum arrives there, we shall have (1.10b), whereas if two maxima exist for
t < T which collapse exactly at z =7, t =T, we will obtain (1.10c) with m =4

(since H,,(y) has (%) extrema for m even). This strongly suggests that (1.10c)

will hold for m =2k, k > 1, if we can prove that there exist solutions for which
k maxima exist for ¢ < T and collapse at the same point at ¢ = T: a question
which remains open as yet.

In view of the previous remarks it seems reasonable to expect that (1.10c)
should correspond to unstable behaviours, since circumstances leading to such
patterns look indeed easier to be disturbed that the single-maximum situation
yielding (1.10b), which can be thought of as a stable behaviour. This idea is
made precise in our main result, which we now proceed to state. Let us denote
by C}(R) the set of continuous, nonnegative and compactly supported functions.
We then have

THEOREM. Let iig(z) € C3(R), and let i(z,t) be the corresponding solution
of (1.1), (1.2). Assume that i blows up at a time T < +oo, and let & be a
blow-up point of 4. Then for any € > 0 there exists uo(z) € C§(R) such that
(m&x |uo(z)—@o(z)|) < €, and the solution of (1.1) with initial value uo(z) blows
up at a single point T such that (1.10b) holds and ]iné |z — z| = 0. Moreover,

£—»

the behaviour corresponding to (1.10b) is stable under small perturbations in
the L*°-norm of the initial value ii,.

In an informal way, this Theorem can be restated as saying that
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If up € C{(R), blow up consists generically in a single point blow
up with the behaviour described in (1.10b).

Actually, the assumption of ug(z) being compactly supported is unne-
cessarily restrictive. Our arguments apply provided that the blow up set is
bounded, and by the results in [GK3] this holds whenever uo(z) decays fast
enough as |z| — oo. Since blow up points are isolated by the results of [CM]
and [HV3], it follows that, once the blow up set is bounded, there is a finite
number of blow up points. As a matter of fact, it has been recently proved in
[M] that there exist solutions of (1.1) which blow up at any given number of
points zj,...,z;. Previously, in [B2] it was proved that there exist solutions
of the higher-dimensional version of (1.13) which blow up at a given point
with the behaviour corresponding to (1.10b) for such equation as in [B1], the
author proves that his result is stable under small perturbations in the class of
data he is considering. Both papers [M] and [B2] deal with boundary value
problems. On the other hand, the fact that single-point blow up of type (1.10b)
for equations (1.1), (1.13) is stable under small perturbations follows readily
also by our results in [HV2]. Therefore, the main novelty herein consists in
showing the instability of the behaviours corresponding to (1.10c), in the sense
made precise in the statement of the Theorem.

In the course of proving the Theorem, however, a number of results
of independent interest are obtained. We shall mention next a few of them.
Here and henceforth, we shall freely use the customary asymptotic notations
O(')a O()’ ~, <, etc.

1) It is shown in Section 2 that solutions satisfying (1.10c) actually possess

(%) maxima for ¢ close to T. Moreover, if z(t) is a local maximum

of u(z,t), and u(z(t),t) < (p — I)XT — t))_p+l at some t < T, then this
maximum dissapears before blow up occurs. Furthermore, local maxima
remaining until blow up are confined for ¢t ~ T in rather narrow parabolas
near z =% (of type |z — Z| < C(T — t)'/?).

2) In Section 3 we improve the asymptotic estimates obtained for ® in [HV1],
[HV2]. Essentially, we improve the error bounds obtained in such papers,
and in doing so we obtain optimal estimates, which coincide with those
formally derived in [GHV]. We also analyze there an associated linear
problem (cf. (3.19)), which is of the type

(1.14) U = Ugz + V(z,t)u

where V(z,t) — oo as (z,t) — (Z,T) is a suitable way. Therefore the
potential V(z,t) becomes singular as blow up is approached.

3) In Section 4 perturbative expansions on the initial values are obtained

which remain valid for times quite close to the blow up time. Results in
this and the following Section are perhaps the more delicate ones in the

paper.
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4) Finally, in Section 5 we obtain perturbative estimates on the variation of
the blow up time and the blow up region with respect to changes in the
initial values. We then show that all behaviours can be altered by small
perturbations on uy(z), except that corresponding to (1.10b).

We conclude this Introduction by sketching briefly the main ideas in the
proof of the Theorem. We start from a solution #(z,t) of (1.1) with initial value
iig(z) satisfying the assumptions of the Theorem, which is assumed to blow up
at t =T < +oo at points zj,...,z;. We then consider initial values

uo(z) = uge(z) = fg(z) + eRo(z), 0<e<l,

where Ry(z) is some fixed function and e is a small parameter. A formal
asymptotic expansion yields then

(1.15) ue(z,t) = iz, t) +eR(z, t) +- - -

where N N -
R, =R, +pi* 'R, z€R, t>0,

R(z,0) = Ro(2).

This is the linear singular problem just mentioned above. We shall see
that

R(z,t) ~ a;(T -t _ﬁ, uniformly on sets,
(1.16) (z,1) ( ) y

|z — z;| < C(T - 1)'/?, for some real constants aj,..., 0.

Since i(z,t) ~ (p — )T — t))_:ﬁ, one may then expect (1.15) to lose
its validity when i(z,t) ~ eR(z,t), i.e., for times T —t ~ . As a matter of fact,
we shall show (and this is one of the key points in the paper) that there is a
common region of validity for the expansions (1.12), (1.15) where we have

(L172)  wele, )~ (- DT — 1) 7,
(LIT0)  uele, )~ (= DT — ) 7 +eai(T — 1) 71 +---,

when 0 < ¢ < 1, and this enables us to estimate the change in blow up time
AT, = T, — T. By selecting then «; in a suitable way (which is shown to be
done by means of an adequate choice of Ry(x)), we will then confine the blow
up region to a small neighbourhood of any of the points zi,...,zk, say z; =0.
We just arrange things for blow up originated by points z5, ...,z to occur later
than T, while at the same time reducing the number of local maxima arriving
at blow up. A repeated application of the previous argument eventually leads to
the situation where there is a single point blow-up, say at z; = 0, with perhaps
many maxima collapsing there.
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As a next step, we show that a further refinement in the choice of Ry(z)
leads to the expansion

B(@,t) ~ anm(T —t) 71 for |z| < C(T — )/

and t ~ T. Then, if blow up of type (1.10c) occurs, we would have

L L z
ue(z, t)= (@~ DT 1) 7 ~CT ~t) 7" 7 Hy ((T—T)‘ﬁ)

(1.18)
+eanz(T —t) 71 4+,

in the common region of validity of expansions (1.17). Comparing the second
and third terms on the right in (1.18), we see that, if (T —t)z*' > e, the
structure corresponding to (1.10c) prevails, but if (T — t)%” > g, the third term
there dominates the second one.

Therefore, nllaxima located to the left of z; = 0 must fall below to level
(@—1)T —1t)) " as e | 0, and they are thus unable to last until the blow up
time. A repetition of this argument obliterates some maxima at any time, until
we are left with the situation consisting of a single maximum arriving to z =0,
t =T. This is the stable case corresponding to (1.10b).

2. - The number of maxima near a blow up point

In this Section we shall prove the following result.

PROPOSITION 2.1. Let ug(z) be continuous, nonnegative and bounded, and
let u(z,t) be the solution of (1.1) - (1.2). Assume that u(z,t) blows up at z =7,
t =T < +oo, and let ®(y,7) be the function defined in (1.3). Then there exist
6 >0 and n > 0 such that

If O(y, 1) behaves as in (1.10b), u(-,t) has a single maximum
(2.1a)
in [-n,n] for any t € (T - 6,T),

If ®(y, 1) behaves as in (1.10c), u(-,t) has exactly (%l-)

(2.1b)
maxima in [—n,n) for any t € (T — 6, T).

We shall divide the proof of Proposition 2.1 into a number of steps. To be-
gin with, we consider the following auxiliary functions (cf. [HV1], Section 6):

(2.2) W(y,m) =0 @, Gly,n=W,n-@-1
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so that G satisfies

1 G? 1
(2.3) G,=ny—§yay+a—(pf 1)-@_ G = Gw= 596y G+ Ly, ).

Assume first that (1.10b) holds, and let A(r) € C([—log T, +00)) be such that
(2.4a) lim |A(7)| = +o0
(2.4b) |A(T)| < &o/T for some & > 0 and 7 > 0 large enough.

We then have
LEMMA 2.2. Let X(1) be as in (2.4). Then there holds

2\ ! 12 2
(2.5) lim (A(T) ) (G(A(r),f)— -1 An) ):o.

T—00 T 4p T

PROOF. As in [HV1], we use variation of constants formula in (2.3) to
obtain that, whenever —log T < 1p < 7 < +00,

e (ye—(r—'ro)/z _ r)2>
Gly,m) = /exp - G(r, o)dr
(41[‘(1 — e—('r—fo))) 1/2 J < 4(1 — e—("'—fo))

[ T—5ds (ye—(r—s)/z _ 'r)2
2. _ € /‘ e o)
20 / (4m(1 - e—(r~s)))‘/2 exp < (4(1 — e==)) (r, s)dr

T0 R

= Giy, 1) + Ga(y, 7).
For large enough 7, we then set
2.7 70 = 10(7) = 7 — log(A(1)?).

By (2.4), we readily see that lim (1) = +oo and 7y < 7 for sufficiently large .

We now fix R > 0, and split G;(y,7) in (2.6) as follows

_ e (ye—('r—m)/Z _ T)2
Gi(y,7) = (41 = e_(r_m)))n/z / exp <_m G(r, To)dr

[r|<R

2
P (ye—(f—‘ro)/z _ ’I')
' ex B G(T,T d'l'
(47!'(1 - C_(T_TO))) 12 [ P < 4(1 — e~(—m)) 0)

|r|>R

=Gy, 1) +GRy,m).
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Let us denote henceforth by C a generic constant. Using Cauchy-Schwarz
inequality, and recalling that

Q

IG(-,DII<= asC — oo

T
(cf. [HV1], Lemma 6.3), we see that

e ™||G(-, )|l f (r—1)? )
! 2.l < (4m(1 — e~7-))) 12 /CXP< 4 2A1-e W) &
rl>R

2
< 20 R),
70

where h(R) — 0 as R — oo. Since rl < g for large 7, we arrive at
0
(2.8) IGE,(\(1),1)| < = A(r)2h(R) for large enough 7,

where h(R) = o(1) as R — oco. On the other hand, it follows from (1.10b) and
(2.2) that, if |y| <R,

2.9 Gy, )= - Hz(y) +gr(y; 1) for 7 large enough,

where

_ @mp - 1)
V2p
We now substitute (2.9) into the expression for G{fl to obtain that

2\ -1
G”(y,r) Z(y, )+ Z>(y, ), where lim (’\(TT)) Zy(A(1),7) =0 and

T—00

NG AN b — 1y
Tlgg( (:) ) Gﬁl(/\(‘l’),T)= ani’z / Hj(r) exp (_(r y) ) )dr.
Irl<R

Since

and gr(y;7) =0 (%) as 7 — oo for any fixed R.

exp( T= 1) E an n(r) with ¢, = (2"/2(47r)1/4(n1)1/2)_1,

n!-c,’

we finally obtain, after letting R — oo,

2 2
2.10) lim (A(’) ) L@, =20
T 4p

T—00
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We have yet to bound G,(\(r), 7). To this end, we proceed as in [HV1, Lem-
ma 6.5]. Namely, we take A > 0 such that i)+ A < 7, R > 0 arbitrary and §
large enough, to be selected presently. We then split G, as follows

To+A T0+A T
Gz=/ / (...).,./ /(...)+/ / D)

T R<|r|<éymo T |r|<R o+ |r|<é /R
+ / ()= G2,l + Gz,z + G2,3 + 02,4.
T |r|>6\/T0
We now recall that by the results in [HV1] (cfr. Lemmata 6.1 and 6.2 there)
one has
c
T b

|L(y, )| < uniformly on sets |y| < Cy/7 for large enough 7.

whence

2
(2.12) |G23(A(7), )| < Tgef-wﬂﬂ <cC A0 e 4.
0

On the other hand, |A(r)e~"~9/2| < e4/2|\(1)e~"~™)/2| = £re4/?, so that

Ay
(213) |G2,l()‘(T)1 T)l S c T g(Aa R)7

where g(A,R) —» 0 as R — oo for any fixed A > 0.

When |r| < R, we make use of (1.10b) to obtain that |L(y,7)| < %, where
K, = K (R). It then follows that

T0+A

2.14) G220, 7] < 2 / e0ds < K,
0

7o

A()?

2

where K, =K,(A, R). Finally, to bound G,4 we argue as in [HV1, Lemma 6.5].

P (u(z,t))"*P(uy(z, t))* and remark

To this end, we observe that L(y,7) = — T
p —

that

i)  wu(z,t) is supercaloric, so that u(z,t) > Ce~%" for some 6 > 0 whenever
zeR and t > 6 >0, and

LI |
ii)  Proposition 1 in [GK1] yields the estimate |u,(z,t)| < CT —t) *" *.
Altogether, these bounds give

|L(y, 7)| < C exp(ar) exp(9y®e™"),
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for some positive constants C, « and §. We then readily see that
|G2,4(A\(1), )| < CA(r)* explar — B6°T0)
and therefore, if § > 0 is large enough,

A(r)? )
T

as 7 — oo.

(2.15) 1Gas (), )| = 0 (

Letting now 7 — 0o, R — oo and A — oo (in this order), we obtain from (2.11)-
(2.18) that

2\ —1
lim (’\(:) ) G2(A(7),7) =0

T—00
and the proof is concluded. "

We next set out to derive the analogue of Lemma 2.2 for the case where
(1.10c) holds. To this end, we first obtain the following gradient bound.

LEMMA 2.3. Assume that (1.10c) holds, and let & > 0 be fixed. We then
have

|@,(y,7)| < Cly™1e(1-7),

(2.16) 11
whenever 2 < |y| < & exp ((5 - E) T) and 7 is large enough.

PROOF. Set z = |®,|. Arguing as in Lemma 2.6 in [HV2] we obtain that

2 S Zyy— —+= , for some C > 0.

yzy 2z Cz
+ —_—
- 2 2 7

Using variation of constants formula in this inequality gives

T—1T0 T
exp ( +C log ——) —r-m)f2 _ 2
2 N /;0 / exp <_(ye—r)) 2(r, 10)dr.
R

<
2(y,7) < (47r(1 ~ e—(T—To))) 4(1 — e~-m)

. . 1
For any pair 7, y, in the set where 2 < |y| < & exp <<% - E) r), we now
define
o=71— 2 log|y|

so that ;
2(a—log fo) <1<T.
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For large enough 7, we have that p > —log T' and <TL> is uniformly bounded.
0
Hence, recalling (1.10c)

C exp <T_2TO> 1/2
2(y,7) < 2(r, ro)2e ™" 4dr
(41 - e‘(’"")))l/2

R
1/2
(r—1y? r?
' (/ P (‘iu——<—>>z) d’)
R
< C exp (T —270 + (1 - %) ’l’0> < Cly|™te(-2)r. .

Let now u(r) be such that u(r) € C([—log T, o0)), and

(2.17a) lim |u(7)| = +o0,

(2.176)  |u(n)| < {0e(%_$)’ for some &, > 0 and 7 > 0 large enough.

We prove

LEMMA 2.4. Let u(r) be as above, and assume that (1.10c) is satisfied.
Then there holds

G(u(r),7) = C(p — Dem(ur)™e="2)" + 0 ((u(r))'"e(‘—%')r)
(2.18)

as T — oo, where C, ¢, are as in (1.10c).

PROOF. It proceeds along the lines of that in Lemma 2.2. We therefore
shall sketch it, to stress only those points where some novelties appear. We

start again from (2.6), and for large enough 7 > 0 we define 7y by means of

the equation T;TO = log u(r) there. We then split G; = GF, + Gf, just as

before. The bound for Gf, reads now

|GT(u(r), )] < Cu(r)™e(=2g(R),  with g(R) = o(1) as R — oo.
As a next step, we use (1.10c) to notice that, if |y| < R,

G(y,7) = C(p — 1)l 2)" + gp(y, 1),
2.19)

where ggr(y,7) = o(e(l_;)') as 7 — oo for any fixed R > 0.

We take advantage of (2.19) to estimate G{f, as before, and we eventually obtain
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GL(u(r), ) = Cp = Demp(r)"e0 "D +o(uryme=3)7),  as 7 - co.

Let us split now G, as follow

T T

G2=//(...)+//(---)EG2,1+G2,2a

T X T I

where X, = {r eR :|r| >2& exp ((% - %) r)} and %, = R\Z;. To bound

1 1
Gy, we use the fact that |ye™~9/2| < &e\2""/° to obtain that, for some
positive constants § and 3,

|G21(p(1), )| < C exp(—0efT) = o(u(r)"‘e(l_%)’) as T — oo.
As to G, we notice that, by (2.16) and the lower bound for ® derived in [HV2,

Lemma 2.1], m
IL(T; T)I < C(l + Tz(m_l))ez(l—i)'r’

whenever |r| < 2§ exp ((l - _1_) ,,) )
2 m
On the other hand

_ ~(1—8)/2y2
I= /(1+r2(m—1)) exp (_(T p(r)e ) )dr
R

41— e )

2(m—1)
<C / (1+]r - ure™ "
R

2(m—1) _ —(1-8)/2y2
+|”’(T)e—(r—s)/2 ) exp (_(1‘ “(T)C ) )dr

4(1 — e=-9)

and, since z2™ De=*"/* - 0 as z — oo for any fixed > 0, we arrive at
I S C(l + ”(T)Z(m——l)e—(m—-l)(r—s)),

whence

|G22(pu(7), 7))

<C / exp((r — 8) + (2 — m)s)(1 + W™D exp(—(m — 1)(r — 5)))ds

70

< C(ume)™
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: —-T\ym-2 (—2+£)T :
and, since (u(7)e") < Ce\"7"m)", we finally obtain

|G22(u(7), )| < Cu(r)'"e("?)’re(l_%)'

so that |G,2(u(r), 7)| = o(u(r)"e('~3)7) as 7 — oo, and the result follows. =

Let 6 > 0 and & > 0, and let m be a positive integer, m > 4. We now set

(2202) Q&) ={(z,t) : |z| > &(T — )"/ log(T - )|'%, 0 <t < T},
L(&,t) = {z : (z,t) € Q(&0)},

Ls = Ls(éo,t) = {z : z € L(o, 1), |z| < 6},

(220c)  Qm(&0) ={(z,1) : |z| > &(T —t)=, 0<t < T},

Lm(&o,t) = {z : (z,t) € Qm(&0)},

Lps = Lns(&o,t) ={z : € Lu(&,1), |z| < 6}

For simplicity, we shall normalize the blow up point by setting Z =0 and
prove

LEMMA 2.5. a) Assume that (1.10b) holds, and let & > O be fixed, but
otherwise arbitrary. Then there exists 6 > O such that, if t is close enough to
T, we have

(2.20b) {

(2.20d) {

2.21) sup u(z,t) < (p — )T — 1) 71,
L;s

(2.22) (z,t}l—l:l(}) o u(z,t) = +oo.
(z,t)EQ(&o)

b) Suppose now that (1.10c) is satisfied, and let &, 6 and t be as in part a).
Then (2.21), (2.22) hold true with Ls and Q(éo) replaced by Ln, s and Qm(&o)
respectively.

PROOF. We begin by part a). As in [HV3], for s € (0,T) we consider the

auxiliary function

vy(z, 1) = (T — s)ﬁ‘lu(,\(s) +a(T = 92, 54 (T - 5}t),
where

A(s) = &(T — 8)'?|log(T — s)|'/%.

It has been shown in [HV3] that

vs(z,8) = (p— 1)1 ((1 -+ <”—_1> 53)_:’ +o(1)
(2.23) 4p

as s T T, uniformly on compact sets of R x [0, 1].
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Set now =0, Z=X\(s), t=s+t(T —s), and take sy (0,T). When (s,t) moves
within the cylinder [so, T x [0, 1], (Z,f) varies over the set Q(&) N {t € [so, T,
|z| < &(T — s0)'/?|10g(T — s¢)|'/?}. Furthermore, since
__1_. p - 1 2 _’ﬁ __1..
- {d-D+ i & < ((p~ DA ~1t)) 1 +mno,

for some 79 = 1o(&) > 0, uniformly on ¢ € [0, 1], it follows from (2.23) that,
for some sy = so(&y) € (0,T),

vs(0,8) < (p— (1 =) 71,  for s > s,
which in turn yields (2.21) with 8 = &(T — s0)"/?|log(T — s¢)|'/?. To obtain
(2.22), we just remark that, by (2.23),

,(0,8) > (p — 1) ((”4;1)1) 53)_’3 +o()

=17 ((p=1Y ,\ =
> 027 (%) 8) 7

for s close enough to T. Recalling the definition of v,(z,t), the result follows
at once, since A(s) — 0 (whence s — T) whenever Z — 0.

Finally, the proof of part b) is entirely similar. Instead of v,(z,t), we
consider the auxiliary function

2(3,t) = (T — 8)7Tu (go(T _ 8)r +2(T — 8)3, s+(T — s))
and replace (2.23) by

2@, 8) = (0 — 1) FT((1 — ) + CEMY 71 +o(1),

for some C > 0 as s T 7', uniformly on compact sets of R x [0, 1] (cf. [HV3]).
We shall omit further details. -
End of the proof of Proposition 2.1.

Assume first that (1.10b) holds. Then the result is a consequence of the
following fact

There exists R > 0 such that, for ¢ close enough to T, every
(2.24) maximum of u(z,t) lies in the interval

I={z:|z| < RT -t)"?}.
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To obtain (2.24), we argue as follows. By the analyticity of u(-,t) for any fixed
t, there exists at most a countable number of local maxima of u(-,t), {I';(t)}.
Moreover, these maxima move smoothly except, perhaps, at points where they
collapse. To avoid relabelling, we will assume that two branches are denoted
by the same symbol after collapsing. Suppose now that (2.24) does not hold.
Then there exist a curve of maxima I'(t) such that th_'tr} I'(t) =0, and a sequence

of times {t,} such that nlLl’l; t, =T, and

(2.25) ICt,)| > n(T — t,)'/2

We then claim that

(2.26) W), tn) < ((p — (T — ta)) 7.

Indeed, if (2.25) holds, for any fixed & > 0 we may select a subsequence (also
labelled by {t,}) such that, either

(2.27a) IT(tn)| > &(T — ta)'/?| log(T — t,)|'/
or
(2.27b) IT(ta)| < &0(T — ta)"/?|log(T — ta)|'/2.

If (2.27a) holds, (2.26) follows at once from (2.21) in Lemma 2.5. Suppose now
that (2.27b) is satisfied. We then define a sequence {7} and a function A(r) as

follows
= —log(T —t),

A(r) = T(@)(T —t)~ /2.
Notice that lim |\(r,)| = oo by (2.25). The desired inequality (2.26) is now a

consequence of Lemma 2.2.
To conclude, we now set M (t) = u(I'(t),t), and notice that

(2.28a) M@) - M@y <0,
whence
(2.28b) M) < (M@t,) "D — (- 1)t - tn))_zﬁ , for t > t,.

Since M(t,) < (61 +( — 1T — t,,))_zﬁ for some &, > 0, (2.28b) yields that
M (t) stays uniformly bounded as ¢ 1 T, and this provides a contradiction. The
case where (1.10c) holds is similar. .
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3. - Refined asymptotics as 7 — co. The linearized problem

In this Section we shall derive some asymptotic estimates on the func-
tion R(y,7) described in the Introduction, and which will be recalled below
(cf. (3.20)). To this end, suitable improvements of the convergence results
already obtained in [HV1], [HV2] are required. A first such step is contained
in the following.

LEMMA 3.1. Assume that (1.10b) holds. We then have

L @mPe-1)TT H)  (logr
o=@ 17 - OE W0 (2ET)

(3.1) as v — oo, where @ is given in (1.3), and convergence takes place in

H,},(R) as well as in O{;’;’(R) for any k> 1 and v € (0, 1).

PROOF. It consists in a suitable refinement of the arguments in Propositions
5.7 and 5.8 in [HV1]. Recalling (1.10b), we set

(3.2 0y, 7) = ¥(y, ) — ax(1) Ha(y)

so that @ satisfies

(3.3) 0r =0y — % Y0y + 0+ (f(¥) — (f(¥), H2) Ha) = A0+ D(y, 7),
where

(3.4) f@)=0@*  as ¢y —0.

We can then represent 0(y,r) either as a Fourier series

3.5 0y, )=y k() Hi(y)
k=0

or by means of variation of constants formula

(3.6) W%ﬂ=&ﬁ-@“w@+/&@—9ﬂwﬂh

To

where S, denotes the semigroup associated to the linear operator A given in
(3.3). From (3.5) and (3.6), we deduce that
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0,1 =3 anre(I ) )

k=0

3.7 +EHk(y)/ e(l_g)(f_s) (/ D(r, s)Hk(r)e"'2/4dr) ds
k=0

= E ar(re"H VB, @) + E Hy)I(r; 70).

k=0

We now remark that, if k=0,1,2, I(r;7) converges as 7 — oco. Indeed, by the
delayed regularizing effect described in [HV1, Section 2], we have that

DG, )l S 1@, DI < Cllb(-, %] = Cllw(-, |z < Cli(-, 5 — @)%,

where a > 0, and from now on C will denote a generic constant, whose
value may possibly change from line to line. Since we know already that

1 .
l¥(-,m)||=0| =) as 7 — oo, it turns out that
T

38 |t 5/e(l—;)(T—’)||D(-,s)”dsSCe(l_g)T/s_ze_(l_g)sds,

70 T0

whence the result. We now claim that
3.9 16, Dlla < 92 for large enough .
v T

To show (3.9), we rewrite (3.7) as follows

2 k k 7 k
0(y,7) = Ze(l_i)er(y) <ake—(l_5)m +/€_(1_7)8(Hk,D(',3)) ds)
k=0

To

+ Eake :)e-mp x(¥)

(3.10) —EHk(y)e -4 f ~(=8)* (a1, (-, 5)) ds

+EHk(y)e i) / *(Hi, D(-,5)) ds

ET1+T2+T3+T4.

We next proceed to estimate the various terms in (3.10). To begin with, we
have shown in [HV1, Proposition 5.8] that
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(3.11a) 1T, )|y, < Ce ™2, if 7 > 0 is large enough,

whereas (3.8) yields at once
(3.11b) NT5C, ||y, < f—z if 7 > 0 is large enough.

It remains to deal with Ty and Ti. Since (D(-,s), Hx) = (f(¥(-, s)), Hi) for any
k > 3, we may use (3.4) to obtain that, for large enough 7,

T o ) 12
1T, 0l < / <Ee2(“f)"‘”> 17, 9)lds

n k=3

< C’/ e 92 (1- e'(f""))—l/2 s 2ds

0

T—T0
=C / e2(1 — e7*) VX1 — 5)72ds
0

T/2 -1
< % (1—e*)~12e%%ds + % e /4 / (1-e%)124s,
0 /2
whence
(3.11¢c) |T4(-, || < 7_92 for 7 > 0 sufficiently large.

The H!-bound for T, is now obtained by noting that T} solves

2

2= Az+ <f(¢) ~ Y (), H) Hk> = Az +6(y,7),

k=0

where ||6(-,7)|| < ||f@(, )| < % for large 7. We then use variation of cons-

tants formula in the equation above to deduce that
Tu(- 1) = SaTa(-,7 — R) + / Sa(-,7—8)6(-,8)ds
7-R
and since both T4 and é are of order O (7-_12) for large 7, standard properties of
evolution semigroups (cf. for instance Appendix A in [HV1]) yield at once that

(3.11d) 1TaC, ||y, < TQZ for large enough r.
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Since 6(-,7) — 0 as 7 — oo, we then have that

(3.11e) Ti(y,7) = 0.

Taking into account (3.10), we readily see that (3.9) follows from (3.11). Con-
sider now the equation satisfied by a,(r), namely

(3 12) dZ = Va’%<H22) HZ) + 21/(12(0, H22) + V<02’ HZ) + (g("p), HZ)
' = Va%<H22’ H2) + S(y) T)a

where g(¥) = O@?) as ¥ — 0 (cf. (5.25) in [HV1]). As a next step, we shall
prove that

(3.13) ISy, )| < T—C; for large enough 7.

To derive (3.13), we first recall the following estimates obtained in [HV1, Propo-
sition 5.8]

Hg@), H)| < Clax(™P, (6%, Ha)| < 16, D300
la2(0, H3)| < a2 || H3 |la/3,0110C , Dl -

For fixed R > 0, we then write

(3.14)

0(y,7)=Sa(R)(-,T— R) + / Sa(r — s)D(-, s)ds.
7-R

The second term in the right above can be bounded by Ca,(r)* (cf. (5.31) in
[HV1]), whereas the results in [HV1, Section 2] yield that, if R > 0 is suitably
chosen

< C(|6C-,7 — R)|| + aa(r)?).

10C, D)llaw < [|Sa(ROC-, 7 — R)|jaw + Car(r)?
(3.15)

Inequality (3.13) is now a consequence of (3.14) and (3.15), since we already
know that a;(7) = O <1> as 7 — oco. We now set
T

(3.16) ax(1) = —g +w(r),

Hy(y)

T

where K is the coefficient of ( ) in (3.1). Plugging (3.16) into (3.12)
gives
2
7.52 +w(m)=a(r)=v (—-I—T{— +w(‘r)> (H?, Hy))+ 8
2w(T) +8,
T

K
= ) + uw(r)2(H22,H2) -
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where we have used the fact that Kv(H2, H,) = 1. We thus have

3.17) W(r) = —ZwT(T) + (Cw(r)2 +0 (7—13>) for large 7.

Multiplying both sides in (3.17), by (sgnw(r)) we obtain that, for large r > 0
and some € > 0,

% (1'2_€|w(1')|) < Cr1+9),

whence |w(r)| < C7~@® in such case. We then may select € > 0 such that
w(r)? < Cr~3 for large 7, whereupon (3.17) reads

w('r)+2w(T)=O(l) as 7 — oo

T 73

which, after multiplication by (sgnw(r)) and integration, yields

(3.18) w(r)=0 (Ing T) for large 7
T

and putting together (3.9) and (3.18), (3.1) holds in H.}, whence also in Cﬁ;’c’

for some ~ € (0,1). Standard bootstrap arguments for parabolic equations yield
then convergence in Cﬁ;;’ for any k > 1 and any « € (0, 1). .

Suppose now that i(z,t) solves (1.1), and let R(z,t) be a solution of

(3.192) R =R, +pi* 'R, when z €R, t >0,
(3.19b) R(z,0) = Ry(z), when z € R,

where Ry(z) € L*(R). Set now
(3.20) Ry,7) = (T — )7 B(z,t), y, r asin (13).

We then have

PROPOSITION 3.2. Let R(y,7) be the function given in (3.20). Then there
exists a real constant o such that

(3.21) R(y,7) = ae” +o(e") as T — oo,

where convergence takes place in HL(R), as well as in Cllg;’ for any k> 1 and
v€(©,1).

PROOF. To begin with, we readily see that R satisfies

R
(322) R, =R, — %yRy +p®* 1R — .t
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Since @ is bounded, arguing as in [HV1, Section 2], we obtain that

For any r > 1, ¢> 1 and L > 0 there exists a = a(g,r) and
(3.23) C=C(g,r,L) such that, if a<7<a+L
”R( : ,T)”q,w S C"R( 5T — a)”r,w-

Assume now that (1.10b) holds, and let K; = p(p — l)xﬁK, where K is the

positive coefficient of —Hir(l) in (3.1). We then rewrite (3.22) as follows

1 K
R =Ry~ 5 yRy+ R~ - H@)R+ (pdv’-‘ - p%ﬁ@m(y)) R
(3.24)
= AR - % H)(y)R + E(y, 7)R.

We now claim that

For any q > 1, there exists C = C(g) such that

(3.25) log

|EC,T)||gw < for large enough 7 > 0.

To prove (3.25), we notice that if we define w(y, ) by

1 K
Oy, T)=@P—-1) 1 - 7H2(y)+w(y, 7)

we have that, by Taylor’s expansion,

port - Eoik, HZT(")I so<|w<y,r)|+< 2(”)+ Wy, )) )

for large enough 7, uniformly on compact sets in |y|.

(3.26)

Then, if 6(y,7) is the function defined in (3.2), we see that

(3.27) w(y, 7) = By, 7) + (am) + —f) ).

Arguing as in Lemma 3.1 (cf. for instance (3.15) therein), it follows that, for
any ¢ > 1

(3.28a) 10C- , T)||gw < —g—, if r is large enough,
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whereas (3.1) yields
log T

ax(r) + —| Hallgw < C
(3.28b)

for any ¢ > 1 and 7 > 0 large enough,

and (3.25) follows now at once from (3.26) and (3.29). We now set out to
obtain

(3.30) |R(-,7)|| < Crl€

for some ¢ > 0 and any 7 > 0 sufficiently large. To this end, we multiply both
sides of (3.24) by R(y,7)e™V ’/4  integrate over the whole line, and use (3.25)
and delayed Lg-estimates ([HV1, Section 2]) to deduce that

IIR( DI < IRC- ,T)||2+—||R( Dl

NI'—

(3.31)
< RGP+ ZIRC 7 - @)l

for some a > 0. Setting y(7) = ||R(-,7)||?, we are thus led to
1, C
(3.32a) 5Y )<yl + - y(r — a), C>0, a>0,

and (3.30) follows now from the differential inequality (3.32a). Indeed, for
T > 79 > a, we have that, since (s +a)™' < s7!

y(1) < CCZT+C/ ~12=9y (s — a)ds

<Ce’ +C / s 125Dy (s)ds
(3.32b) o
<Ceé+C / s 12Ty (s)ds + Ce* +C / 571X 9y(s)ds

T0—a To—a

;
< Ce¥ + C’/ s 1eX T 9y(s)ds.

7o

Therefore, if we set G(r) = [ s~'e 2y(s)ds, G satisfies

9 °G() < g
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whence .

G(r) < A€ + BTC/ s~ 105 < M°,
T0
for some M > 0 and C > 0. Substituting this in (3.32b) gives (3.30) with
0= The next step consists in improving the bound (3.30). To do this, we write

(3.33) R(y,7) =Y b Hi(y) = bo( Ho(y) + x(¥, ™)
k=0

and estimate separately bo(7) and x(y,7) as follows. Let P be the orthogonal
projection over the subspace spanned by Hy(y), and let Q = I — P. Then, in
view of (3.24), x satisfies

1 K
(334) Xr =Xw = 5 ¥Xu+ X~ — QULR) + QER).
By (3.30) and delayed LY -estimates,

(QUH2R), x)| < | Hallawl|RC-, Dllawllx(-, DIl < CIIRC-, 7 = o)l lIx(-, Dl
<Crle||x(-,7)| if 7>>1,

whereas, by (3.25) and (3.30)

KER,x) < |EC s Dlawl|RC, Dlaw X, DI
< Cr°? log 7||x(-,7)|-

We now multiply both sides of (3.34) by x(y,r)e ¥"/4, integrate over the line,
and use the fact that (Hy,x) = 0 together with ||x(-,7)|| < ||R(-,7)|| to arrive
at
(3.35a) 1d lIxC-, DI < ! IxC-, |? +Cr¥~te? ifr>1
' 2 dr ’ -2 ’ ’ ’
which in turn yields
(3.35b) Ix(:, || < Cre~V2%e,  if 7> 1.
On the other hand, by (3.22) and (3.33), we have that
. K,
bo(1) = bo(7) — - (Hy, H,R) + (ER, Hy).

We have shown in [GHV], [HV1] that, if we write

Anme = / H, () Ho(y)Ho(y)e V4 dy,
R
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then A, ;m¢#0 if and only if (n+m +£) is even and n < m+ £, m < n+¢,
£ < m+mn, in which case we have

A = @) (D) m)E) 2

() ) )

so that the differential equation for bo(r) actually reads

. K
%m=wﬂ—fAmmm+wam>

whence, for 7 > 7y

bo(t) = Ce™ — K1A2,2,o/ s le™%by(s)ds +/(ER, Hy)e"*ds

7o 70

= Ce" — I)(t) + I, (7).

(3.36)

We now use (3.35b) to estimate I,(7) as follows

|[I(7)| < C/ s‘lef_’||x(-,s)||ds < O’e’/ s°73/2s.
T0 To
Replacing ¢ by o +¢ (¢ > 0) if necessary, it may always be assumed that o #1/2,
in which case the above inequality yields

|Ii(7)| < Crle’, for 7> 1,

where 6 =0 if 0 < 2 and 0:0—5 if o >§.

As to I(r), we readily check that

T T
L] < / IEC, 9)llanllBC-, 9)llawe™"ds < Ce" / "2log sds
T0

70

T

< C’e’/ 57245 for any 6 € (0, %) ,

70
so that

|I(T)| < Cr#e”,  for 7> 1,

(3.37b) . .
where uy=0if e <l1—-6and p=c+6—-1if 0 > 1-6.
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From (3.36) and (3.37), it follows that
(3.382) |bo(7)] < C(e” +7%"),  where 8 is as in (3.36a).

We now substitute (3.35) and (3.38a) in (3.33) to obtain that, if ¢ > %,

|RC-,D)|| < Cro1/2¢",

Iterating the previous argument, we then obtain after a finite number of steps
that

bo(r) = Ce’, for some C > 0,
(3.38b)
lIxC-, )l = o(en), as 7 — oo.

Obviously, no iteration is required if ¢ < 3 To conclude the proof in our case,

we still have to show that (3.38b) holds also in H]. This follows, however, by
standard semigroup theory. Indeed, by (3.33), for any 7 > 7y > 0, we may write

x(-,7) = Sar)x(-,7 — ) + / Sa(s — 1) {-% QH2R) + Q(E)R} ds,

whence

[r—10,7]

C
”X( *y T)”H'}, S C“X( T = TO)“ + '; < SuP ("QHZR( *y S)“ + “Q(E)R( *y S)”))

(cf. for instance [HV1, Appendix A]). It then follows at once that ||x(-,7)|| HL =
o(e") as T — oo.

It remains to consider now the case where (1.10c) holds. Since the argu-
ments are quite similar to those just explained before, we shall sketch briefly

the main differences, and dispense with most of the details. To begin with, we
replace (3.24) by

(3.39) R =R, - -;—yRy +R+ (pd)"_l - p%l) = AR+ E(y,R.

We now consider the auxiliary function o(y,7) given by

®(y,7) = (- 1) 7 +0(y, 1)

so that |E(y,7)| < Clo(y,7)| for 7 >> 1. Arguing as for (3.28a), we then obtain
that

For any ¢ > 1, there exists C = C(q) such that
(3.40) .
IE1C s )]lgw < Ce(-7) for large enough 7.



408 M.A. HERRERO - J.JL. VELAZQUEZ

We use the particular case g =2 of (3.40) (which follows from (1.10)) to deduce
from (3.39) that

1d
5 3 RGO < IRG, DI +IEC DIHIRCG,DIR

<|IRC, DI+ CelRNRC 7 - )|
Setting z(r) = ||R(-,7)||?, we are thus led to the functional inequality
2(1)<22)+Ce" T z(r—a), C>0, a>0,
which can be dealt with as in the previous case to obtain
(3.41) |RC-,D|| < Ce” if 7> 1.

We next write R(y,7) = ao(r)Ho(y) + x1(y,7), where (Hp,x;) = 0. Keeping to
our previous notations, and dropping the subscript 1 for convenience, we see
that y satisfies

1
Xr=Xw ~ 5 YXy + X+ QER).
Instead of (3.35a) we now derive

1d

1
3 @ IXCDIP < 5 HIxCL DI + (QUER), X)|

1
< S XGNP +IECG, DllawllRC, DllawllxC -

Estimates (3.40) and (3.41) together with delayed LZ-bounds, repeatedly used
so far, yield then

d 2 2 m

—_ . < . S —— .

g IXC DI < IxC DI+ C exp (3= F) 7)
It is an easy matter to obtain now that

IXC,DIP< fr)  forr>1,

. m m . m
where f(r) =re” if (1 - 5-) =—1, and f(r) =exp ((3 - 3) 1') if (1 - ?)
> —1. In particular, ||x(-,7)|| = o(e”) as 7 — oo. On the other hand, (3.36) is to
be replaced by

bo(r) = Ce” + / e~ (E\R, Hy) ds.

To
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Using (3.40) (with ¢ = 2) and (3.41), it follows that the integral above converges
as 7 — oo, and

R(y,7) = ae” +o(e") in L2 as 7 — oo.

Finally, convergence in H} and C’l’gz are obtained as in the previous case. =

Our next Lemma provides an estimate on ®(y,7) on regions y = &/7,
which improves the results already obtained in [HV1], [HV2].

LEMMA 3.3. For any R > 0, there exists M = M(R) > 0 such that
a) If (1.10b) holds,

DO(E(/T, 7)) — (P — 1)“,& (1 + (P;)l) EZ)‘F—“I

(3.422)

uniformly on sets |£| < R, provided that 7 is large enough.

b) If (1.10c) holds

< Me—r/m

® (5«;(%';')’,7) — (= 17T (14 Cene™ 71

(3.42b)
uniformly on sets || < R, provided that T is large enough.

PROOF. We know that @ satisfies

1 D
(Dr=q)yy_ Eyq)y"‘q),)— I—)—_l‘
Assume that (1.10b) holds. We then define
porn=c(L)+?
(3.43a) Oy, 71)=G (\/1__) + >

where

1

(3.43b) G<£)=(p—1>—#(1+(f’4;;)52)”ﬁ, g @D

Notice that

!
(3.44) _5_0_.,.@?:__(’1_
2 p—1
and .
_L — D= P 1 .
G<%>=(P-—l P"—(p4p) %"’O(ﬁ) mn Lazu,
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whereas, by (1.10b),

— D5 o2
O, =@ 17— ED L
4p T
1
p= D o<l> as 7 — oo in H.

2pr T
Therefore, by Lemma 3.1,
(3.45) ”(I)(-,T)—(i)(-,T)”=O<10Tg2r> as 7 — oo.

Actually, to derive (3.45) we split the integral in the left-hand side into two
parts, on regions |y| < /7 and |y| > /7 respectively. We then use Lemma 3.1
and Taylor’s theorem to estimate the first part. The integral in the external region
can be estimated in a straightforward way. On the other hand, taking into ac-
count (3.44), we readily check that

(i),—d)yy+—;—y<f>y CI>"+£-1-
_ &GO B G’"(&) . BY p
e (o<5>+7))+—(p_1)1,
where ¢ = % Set now
W(y,7) = ®(y,7) — Dy, 1),

B(W)=q;:_?; if d4d, BW)=0 if W=o.

We now subtract the differential equations satisfied by ® and ®, and multiply
both sides in the resulting equation by (sgnW). A routine computation reveals
then that Z = |W| satisfies

1
Z, — Zyy + E yZy

< Bow)z - 2, JEC©)
(3.46) -l i
' B . |G"() BY B
+T_2+ 'T—+(G(E)+;> _G(ﬁ)p—(p—l)T
= BW)Z - pf ; |£(G O, B s lbw, .
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We want to derive (3.42a) by means of application of variation of constants for-
mula in the above inequality. To this end, some manipulations will prove use-
ful. Firstly, we notice that

G"(0) + pBGO)" — I_f__l -0,

l€G'©| < Clel®,  1G"(©) - G" )] < Cl¢f.
On the other hand, for any fixed R > 0, G(§) > 6y > 0 when |¢| < R, and

pBGO)*"!
T

p
(c@+2) -cer-
e .4 |Gy~ —Goy-'|+o (%) < °€ .o <12> :

T T T T

G"(O) L PBGO)* -
T

Therefore, adding and subtracting —— in L(y,7) yields that,

for any R > 0 fixed,

|L(y,7)| < C (— +X1>
where x1(y,7) =1 if |y| > Ry/7 and x1(y,7) = 0 otherwise.

Set now ¢ = max{®, ®}. Since (a” — b")(a —b)~' < p whenever 0 < a, b < 1 and
a#b, we have that if ®#d

sonee (2] () (2)- () =

We now recall that there exists C > 0 such that
-+ C
(3.47) Oy, < (- 1)+

(cf. estima~te (2.20) in [HV2]). It is readily checked that such a bound also
holds for d(y,r), whence

2 22,00 0(L)- 2

-1~ 1 T T2 p—1

—Z+%+O<1> as T — oo.
T

Substituting all these bounds in (3.46), and recalling that y = £,/7, one is then
led to

1 cz 1
(348) Z-,SZyy—zyZy+Z+T+O('ﬁ(l+y2)+X1)



412 M.A. HERRERO - J.J.L. VELAZQUEZ

hence, for any 7 > 79 > 0,

(1+C/To)(1’—-To) ( —(1'—1'0)/2 _ 2

e ye r)

< e

Z(y,7) < (I — )2 /exp < 20— ey ) Z(r,mo)dr
R

e(1+C/ro)(r—-s)
Ar(1 — e~(r=9))1/2

70

(ye T2 — )2\ ((1+72)
[ex (‘ 41— e ) ) ( A s)) drds
R

= Ii(y, 1) + L(y, 7).

(3.49)

Following [HV1], we now relate 7 and 7y by

so that 7 =1 +log 7 =7y +log 7o +--- as 7o — oo, and there exist constants C|,
C; such that Cirp < 7 < Comp. By (3.45), we then have that, if 7, > 0 is large
enough

1/2
o2 2
Ly, m) < Cr(*em)| Z(. )| (/ exp< _Eo >dr)
R

21 -em) T 4
(3.50a)

< orivomlBn  plog T
- Tg - T

As to I,, we see that

r e’ (ye-—(r—s)/Z _ ,’.)2
< _ 7
10 <0 | G [ o < 41— )
T0 R

1 2
. <;§ (l + (r - ye_(r")/z) + y2e‘(’_’)> + x1) dyds.

Setting y = £/, we thus obtain

L(&y/T,m) < C/ €572 (1+7e~=9) ds

T ™8 (7. _ 6\/;6—(1'—3)/2)2
* C/ (1 — eT-)I72 / exp( -y )
T0 [r|>Ry/s

= I2,1 + Iz’z.
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Notice that |¢é/7e""~9/2| < |¢|{/s for 7o large enough, so that if |¢| < R/2,

A eT—S T2
3 N S
fa C/ @n(1 — e=a)1/2 / P ( 41 - e”""’)> -
T0 'T|Z(R\/‘;)/2

and since

T T

Cce™ C[. Clo
LiEVrn < 2 +7/ds5—g1.
70

We finally obtain

(3.50b) L(&/T,7) < Clogr +0 <10£> as 7 — 00,

T T

uniformly on sets |{| < R and (3.42a) follows.
Assume now that (1.10c) holds. A careful examination of the proof of
Proposition 5.8 in [HV1] reveals then that

33D 7+ 0= Hy gy < Cel-)

We now adapt our previous argument as follows. First, we replace G defined
in (3.43b) by

G©=@- 1 (1+Cen(p - 1%5’")"’_17 :

As in case a), G(£) is even and we now have

'
_§_.G_+_G__—_-GP
m p-—1

(3.52a)

and

(3.52b)
—_ m m m 1 1 2(m—1)
= —Kcypm(m — 1)y _26(1_7)T+O<e_(1‘7)7(|y|6_(5‘;)r> )

uniformly on sets |y|e"(%_$)r < R. Moreover, we have that
G <ye‘(%_"l*)r> =(p— 1)_1ﬁ -C (ye_(%_$)7> +0 (e_(m-%)r)

as T — oo, where equality is understood in L2. Therefore, if we define

dy, =G (ye_(%—ﬁ)') + C(Hn() — cmy™e(172)7,
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we obtain from (3.50) that

(3.53) |®C-,7) = ®(-,7)|| =0 (e(l_’%)’) as 7 — oo.

1
Set now £=ye (37%)", and let xo(g,)=1 if [y| > Re:7%)", xatw,m) =0
otherwise. Taking advantage of (3.52) and using Hermite’s equation, we obtain

- P
D, — (I>w+ y<I> (D”+—l

=GP ~ (G® + CHnw) - cny™el D)
+PG(0)”_IC(Hm(y)—cmy"')e(”‘)’+0( =5) &P 2)
] (A e T

+COxa(w,m) < O(1 + [y P25

+C(1+ |y|2("'—2))e2(1"%)7 +Cxa(y, 7).

We now subtract the equations for ® and &, and multiply then by sgn(® — ®)
throughout to obtain

(3.54)  Z, <2y, - %yzy +7Z+ g +C(1 + |y (=2 + Cxay, 7).

Therefore, for 7 > 70 > 0 and 7y large enough, there holds

Ce™ ™ (ye—('r—-‘ro)/Z _ ,'.)2
Z(y,7) < @n(l — )2 /exp (_T(l—:e_-(f-_fo)i— Z(r,mo)dr
R

r Pt (ye—(‘r—s)/Z _ ,’.)2
*C/ (47r<1—e-<r-s>))1/2/ P (' HT = e 09)
T0 R

. ((1 +|r[P™2) 2(1-7)s 4 x2(r, s)) drds

=I(y,7) + L(y,7)

We now set

(3.55) T=

m
=1
2

Then, since y = fe(%_i)f, it follows from (3.53) that
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III (ge(%-i)’,7>

< Ce || Z(-, )|

, 1/2
(§—r1) -7/m
. (i[ exp (—4—————(1 = e—(r—ro))) d'r) < Ce .

To estimate I, we proceed as follows

—(r-8)/2 _ .\2
s (S5

) (1 + (:,- B ye_(r_s)/2)2m—2 + y2m—26——(m—1)(r—s)> eZ(l—%)sdrds

T T8 (ye—(‘r—s)/Z _ ,’.)2
+C/ (4r(1 — e—(r—s)))1/2 /CXP ( 41— e_(r_s)) xz(r, s)drds
To R

(3.56a)

= 12’1 + I2,2.

Recalling (3.55), we obtain

|La| < Ce(%_l)r(l +7) < C"re(%_l)r,
whereas 2
|I2| < C exp (—C’R2 exp ((1 - E) ro>>
so that
(-2 (1)
(3.56b) L&\ =) 7] <Cre\= , as 7 — 0o,
and (3.42b) follows from (3.56). .

We next improve the convergence result in Proposition 3.2 as follows

PROPOSITION 3.4. Let R(y,7) be the function given in (3.20), and let o
be as in (3.21). Then

a) If (1.10b) holds, we have

lim (e"R 1 2 =
(3.57a) ,gg( &V, ”( +< >£> > “

uniformly on sets |§| < M with M > 0.
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b) If (1.10c) holds, we have that for some real C

lim (e"R ({e(%‘i)’,r) (1 +Ccm§'")ﬁ) =a

(3.57b) T
uniformly on sets |£| < M with M > 0.

PROOF. Assume first that (1.10b) holds. Consider the auxiliary function

HO=a(1+(20) &)
so that H satisfies

EH'E)  p 2\~
(3.58) T'p_1<(“< - >5) 1)11(@.

Define

B T Yy =Y
R(y,r)-eH(ﬁ), ¢ e
Using (3.58), we see that

=]

E—Fw+%yﬁy+pd>”“R+——1-

(H"(E)

-1
+ CHE) <L1 (1+ (%) @) —p<bp—1<5>> .
p—- P

Therefore, if we write W(y,7) = R(y,7) — R(y,7), W satisfies

1 _ w
Wr_Wyy'F'z-yWy—-p(Dp 1W+ﬁ

€H’(£))

--Z (o
-

— FH(®) <?—1}I (1 + (’%) £2>~1 -W“(&))

so that Z = |W| satisfies

ﬁH’(ﬁ))
2

Z Ce’
+
p—1 T

1 -1 2_1 —1
p_1<1+ p 5) — QP ‘

1
Z: < Zy - 592, —p®P'Z -

+ Cpe’
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Let K > 0 be fixed, and let x3(y,7) =1 if |y| > K./7, x3(y,7) = 0 otherwise.
Recalling (3.42a), we finally arrive at

1 _ Z Ce’ e log 7
Z,< 2y~ 597, +p® 7 - Tg

+ +C

i +Ce’x3,

whence, if 7 > 70 > 0 and 7, is large enough

Ce™™ (ye—('r—ro)/Z _ T)2
Z(y,7) < @r(l — )2 /CXP (—m Z(r, mo)dr
R

—8

eT
+C/ @n(l — e T-o)i/2
T0

(ye—(-r-s)/2 _ ,'.)2 e° .
/exp (— 20— 5 (1+log s)+e°x3 ) drds
R

= Ji(y, ) + Jo(y, 7).

As we have repeatedly done so far, we set e’ ™ =7, y = £4/7, and notice that
by Proposition 3.2 (cf. the remarks following (3.45))

|IR(-,7) = R(-,7)|| =ole")  as T — oo.
We then obtain that
[J1(€y/T, )| < Ce™™™||Z( -, 0)|| = ole") as 7 — oo,

whereas | )
ey, < 0 B o) as 7 oo,

whence (3.57a). To derive (3.57b), we replace our former choice of H by
H() = a(l + Cepg™ 71

and proceed exactly as before. "

We shall require later a refinement of (3.57b). Assume that (1.10c¢) holds,
a=0in (3.21) and

R(y,7) = are’*H\(y) + o(e'?) as 7 — oo, for some o,
(3.60) where convergence takes place in H.
(and C]"O‘;’(R) for any k > 1 and ~ € (0, 1)).

Let Hi(y) = c;y. We shall prove
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LEMMA 3.5. Suppose that (1.10c) and (3.60) hold. Then
im (e (-7 (o lt-4)r my-
(3.61) lim (e mI"R{&e\r m) 1)) =a1c1€(1 + Cepn &™) 1

for some real C uniformly on sets |§| < M with M > 0.

PROOF. We merely sketch it, psince it is similar to that of Proposition 3.4.
We set H(E) = ajc1 (1 + Cer, ™) »-1, and notice that

£

% (EH'(&) - H() = 1% HE) ((1+Ceng™ 7 - 1).
We then write
By,n=c"7VHE, =y ()
Since

— 1 — = R
RT—Ryy'FEyRy—W ]R+pTl

-

= el-5) (_e‘("i)’H”(g) + <I% (1+Cemé™™' - p(/w—l) H(g)),
standard computations show then that Z = |R — R satisfies

Zr < Zyy — %yZy + g Z+Ce(l_$)r (e_(l_i)r +eT/m +X4> )

1 1
where x4(y,7) =1 if |y| > Me(i_;)r and xa(y,7) =0 otherwise, M > 0 being
fixed but arbitrary. Arguing then as in Proposition 3.4, b), the result follows. m

At this stage, the reader might think that (3.60) is a rather artificial as-
sumption. This is not the case, however, as shown by the following

LEMMA 3.6. Assume that (1.10c) is satisfied and o = 0 in (3.21). Then
(3.60) holds.

PROOF. As in that of Proposition 3.2, the startpoint is the differential
equation for R (cf. (3.22)), which we rewrite in a slightly different way, namely

1 1
erRyy—EyRy+R+p<(Dp_l—FI)R

so that, for 7 > 1y > 0, we can represent the solution as follows
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R(-,r) = (R(-, o), Ho) e+ 378 T (R(. ), HY(-)) Hi( )
k=1

[ 1
+pH0/ ef_s<H0, <¢p—1(. ) S) - F) R( ) S)) ds

(3.62)

# o) [l g (#7100 - L) R0 ds
k=1 J

ET1+T2+T3+T4.

Set ||R(-,7)|| = L, and let us denote by C a generic positive constant depen-
ding on L. Arguing as in [HV1] (cf. Proposition 5.8 there), we readily see that

(3.63a) |To(-,7)|| < Cet™~™/2,

Assume now that 7 > 7o + a*, where a* is the time required for delayed regula-
rizing effects to take place. There holds

To+a*
e(r -8)/2

41 - e—(T— s))1/2

e(T 8)/2 Qp—l 1
+p/ 1 — e--9)1/2 < (-,s)—p___T)

As recalled in Corollary 2.2 of [HV1], ||R(-,s)|| < C for s € [r, 7 + a*]. Ma-
king use of our assumptions, we obtain that

ITaC-, Dl < p

<¢p— (-)8) = L) R(-,9)||d
p

(3.63b)

”R( ', s)”4,wd5'
4w

To+a*

~5/2 4g Foe5/2e(1-2)s s
: 7/2 ¢ % e ¢ e
ITa(-, || < Ce </ (1= e-T9)i/2 + / (1 — e--9)I/2 ds
T

To+a*

r -s/24
2| € 795
< Ce / (1 = e--9)i2

70

(3.63c)

T—T0

= Celr=)2 e *2ds

a- e—(r—‘ro)e—s)l/2

T0

e %/2ds

(r—19)/2
< Ce 1- e—s)1/2’
0
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whence
(3.63d) |1 Ta(-,7)|| < Ce™™/2,

Since R(-,7)=o(e”) in H. as 7 — oo, it follows from (3.62) and (3.63) that

e_TO(R(' ,TO))HO) +p/ e—s(HO) <¢p—1(.,s) - p_é_1> R(‘,s)) dS =0 in Li

T

which, after substitution in (3.62), gives

RC-\1 = —ploe” [ (s (#7'¢, 9~ —L5 ) RO, 9) ds

To

had k
+e™ VR o), Hy) Hi + (13 R ), Hy) Hig
k=2

(3.64)  + pe " H,(-) / Pl <¢P—'< 8= p—i 1) R(-,s))ds

0
- [ (1-%) -9 -1 1
+ SopaC) [0, (@71 5 - 7 ) RC, o) ds
k=2 p-1
=h+hh++ 4+ Js.
Using (1.10c), we readily check that
(3.652) I, <C, ||J3(-,D] < C.
On the other hand, arguing as for (3.63b), (3.63c), we now obtain

(3.65b) | JaC- 1| < C }
(3.65¢) |J5(-,7)|| < Ce™™( +(r — 10)).

Since obviously ||J2(-,7)|| < Ce™/2, (3.64) yields at once

|R(-,7)|| < Ce"™™/2  (C depending on L)
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which in turn can be used to improve (3.65¢c) as follows. Let us split the integral
in Js into two parts, performed over (ro, 7o + a*) and (7o + a*,7) respectively,
where a* is as before. Then

1
— 1|,

r
||J5(. ,7-)” < C+p/(l _ e——(r—s))—l/2

To+a*

“R( * s)”4,wd3

<00 [ e (1) s <

To+a*

We have then obtained that

(3.66a) ” R(-,7) — ayHi(- )e ™12

|<c

where

(3.66b) a1 = (R(-,m), Ho) +p [ e-%<H.,(¢P (. ,3)_;)3( ,5)ds

T0
Notice that in (3.66b), the mtegral is consndered for any s > 7p. This is consi-
stent, since it is readily seen that f (--)= f ¢+ f (-+-), and the second integral

is bounded in the L2-norm. F1nally, convergence in H! and 01’:)’2 is obtained
as in similar situations considered before. ]

We conclude this Section with the following

LEMMA 3.7. Let u(r) = +[me—s/z(Hl(-), (#“(-,s)—ﬁ)R(-,S)) ds,

70

and assume that ||R(-,7)|| < L. Then
(3.67) u(ro) — 0 as 1y — oo, uniformly on L.

PROOF. Let a > 0 be arbitrarily small. Then, for 7 > 79+ a, a careful
examination of the results in [HV1, Section 2] shows that

IRC, |l2+ew < Cel|R(-, 7 — a)|| for some € >0, C. > 0.
Let ¢ be given by Z—i_a = % - é <i.e., q= 2(2: E)). We can then bound

u(r) as follows
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To+a
()| < p [ e -2 ds

70

=)
+ / e-—(s—ro)/2

Tota

(d)p_l(-,s)———l—>R(',3)
p—1

q)P-l(.,s)_ L

) IR, 9)|l2+ewds = p1 + pa.

2(2+¢)[e,w

Since ||R(-,s)|| < Cy for s € [, 70+ a] C [r9, 70 + 1], we see that

To+a (o]
|u(ro)| < CL / e /245 + C, e_(s'”’)/ze(l_!;')s||R(- ,s — a)||ds,
10 To+a

where we need to assume 7 > 1, since the regularizing time for the L21e)e

norm in y, is very long indeed if 0 < € < 1. As ||R(-,s — a)|| < Cre®/2,
we arrive at
|u(r)| < Cra+Cere™.

Taking then a <« 1 and 7y > 1, the result follows. n

4. - Approximation properties

Consider the auxiliary function G(z,t) given by
4.1 u(z, t) = i(z,t) + eR(z,1) + G(z, 1),

where u, 4 and R are as in the previous Section. Our goal here consists in
providing estimates of R and G in terms of 4. To this end, we shall assume
that the following assumptions hold

(4.2a) There exists n > 0 such that ug(z) >n > 0 for any z € R,
(4.2b) The blow up set of i(z,t) remains in a compact subset
of the real line.
We then show
LEMMA 4.1. Let @, R be as in (4.1), qnd let T > 0 be the blow up time
of 4. There exists M > 0 depending on iy, Ry and n such that

4.3) IR(:::, )| < M(i(z, 1)), when € R, —:g- <t<T.

PROOF. As a starting point, we shall prove that

4.4) |E(z,t)| <C(T - t)_z% for some C > 0.
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Since we are assuming that (4.2b) holds, and we know that blow up points are
isolated (cf. [CM], [HV3]), it turns out that there is a finite number of blow
up points z;, 1 <1 < n. For simplicity, we shall assume throughout that there
is only one such point, located at = = 0. Clearly, it suffices to prove (4.3) for ¢
close enough to T. We have already seen in Section 2 that there exists C > 0
such that

4.5) i(z,t) < (p — 1)T - t))“# if |z| > C(T - )/

On the other hand, we have just shown in Section 3 that there exists A > 0
such that

(4.6a) IRz, t)| < AT -ty #1  if 7| < OT - t)'/2
Let D¢ = {(z,t) : |z| > C(T —t)!/?}. By (4.5), Z = |R| satisfies
pZ .
Z,<Zy+—2L%  in D
T e - DT - ¢

We now observe that

For any B > 0, Z(z,t) = Zp(z,t) = B(T — t) 7
__pZ_
-DT -9
which by comparison implies that, if B > A is large enough,

is such that Z, — Z,, — 0,

(4.6b) |R(z,t)| < BT -t)=  in De.
An immediate consequence of (4.6) is that

. |R(z,t)| < C\(T —t)"#7  for any C; > O such that
C1>A (cf. 462) and CT 7 2 ||Rolloo

so that (4.4) follows. We next proceed to prove (4.3). Assume first that (1.10b)
holds. Then, by (1.11b) we have that

There exists a > 0 such that
48) @ >aT -ty for a| < (T — 1)/?|log(T — t)|'/?
and ¢ close enough to T.
From (4.7) and (4.8), we conclude that
|R(z,t)| < Bi(z,ty for some 8 > 0,

4.9)
|z| < (T — t)"/%|1og(T — t)|'/? and ¢ close enough to T.
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Following [HV3], we next define

03(3,8) = (T — 8)7TAA(s) + s(T — 8)'12, s +H(T — s)),
(4.10a) o ”
where 0 < s < T, and A(s) = (T — s)"/?|log(T — s)|"/%.

As shown in [HV3], there holds

- HPRT Ny G et A
@.105) lim v(z,8) = (0 — 1) ((1 t)+ 4p) :

uniformly on sets |z| < K, 0<t< 1.

Consider now the auxiliary function
Hy@,t) = (T - )" R (Ae)+a( - ), s+4T - 5)).

Clearly, H, satisfies
(Hy): = (Hs)zs +P(’Us($, t))p_le
so that, using (4.10b) we see that H(z,t) = |H,(z,t)| is such that

H,<H,,+KH for some K; >0,
(4.11a)
whenever |z| < K and 0 <t <1, uniformly as s — T.

On the other hand, by Proposition 3.4 and estimate (4.6a)

4.6b) H(z,0) is uniformly bounded on sets |z| < K, and
4.
H(z,t) < A(1 - t)_v_fl for |z| < K, uniformly as s — T.

Since Hi(z,t) = e KitH(z,t) is subcaloric on the set described in (4.11a) as
s 1 T, we may use explicit representation formulae for solutions of the heat
equation on bounded domains to obtain that

There exists C; = C1(K) > 0 such that |H,(z,t)| < C;

(4.12) K
when |z| < 5 and 0 <t <1, uniformly as s — T.

In particular, setting z = 0 and recalling that @(z,t) > n > 0 by (4.2a), we
deduce that
|Hq(0,t)| < C1 < Ca(v5(0,8))P  for C, =Cin7".

Back to the original variables, this gives
|R(A(s), s + 8T — 9))| < Crit (A(s), s + (T — s)

(4.13)
for any t € [0, 1] and s close enough to T
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and in turn, (4.13) can be restated as follows

|R(z,t)| < Cyii(z,t)? whenever T —§ <t < T, and
(4.14) (T — )2 1log(T — t)|'/? < |z| < 6,

provided that § > 0 is small enough.

Putting together (4.9) and (4.14), we readily see that (4.3) holds indeed on
some cylinder Q; = {(z,¢t): |z| <6, T — 6 <t < T} with § > 0 small enough.
However, since i(z, t) is bounded whenever |z| > 6, we see at once that W = |R)
satisfies there

Wy < Wey + pit? ™' W < W, + CW

for some C > 0. An argument analogous to that leading to (4.12b) yields then
that |R(z,t)| < C, for some C, > 0 and any (z,t) outside of Q,, and the result
follows under our current assumptions. On the other hand, it is obvious that
the previous argument carries over when blow up occurs at a finite number of
points. Finally, the case where (1.10c) holds is similarly dealt with. n

We next obtain the main result in this Section, which yields an estimate
for the error term G in (4.1).

PROPOSITION 4.2. Let u,i, R and G be as in (4.1), and assume that (4.2)
holds. Then for any € > 0 small enough, there exist positive constants C and
0, depending on iy but not on e, such that

(4.15) |G(z,t)| < Ce*a%! forany t€R and 0 <t < T — fe.

PROOF. As before, we examine first the case where blow up occurs at
z =0 only. We begin by remarking that the inequality in (4.15) can be recast
as follows

(4.16) < Ce?3*P-D,

u

Since G(z,0) =0 and @(z,t) >n > 0, it follows by continuity of blow up time
with respect to the initial values (cf. for instance [HV2]) that for any given
e>0 and C >0, (4.16) holds for any z € R and any ¢ > O sufficiently small,
say 0 <t < §, where 6 possibly depends on . On the other hand, G satisfies

(4.17a) Gy =G +(i+eR+GP — P — epi® 'R = G,y + h(z, 1),

Since @(z,t) < d(T — t)_xﬁ for some d > 0 (cf. for instance (3.47)) and (4.3)
holds, we now have that

G
5

<CPP VT -t ift<, €

%I < Md* (T - t) e.
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Suppose now that T —t > fe, where § > 0 is such that
(4.17b) Cd*P-Vg2<1,  Mdo'<1.
We can then estimate the term h(z,t) in (4.17a) as follows

5 P
|h(z, )| = |@P (1+e-§+%) — P — epi? 'R

=\ 2 2
cremireme (= (2] +(9))

for some K; = K;(p) > 0, and any ¢t < min{§,T — e} = 7(6,¢). We then have
that W = |G| satisfies

(4.17¢)

Wi < Wy + pit?~'W + K P (ezMzaz(P‘l) + (062,12@—1))2)

in the strip S; =R x (0, 7). Furthermore, recalling (4.17b) and selecting K = 2K,
we obtain

(4.18) Wi < Wop +pi® 'W +?Ka?2 in S,.
Notice that C does not appear in (4.18). We now clain that

There exists C; > 0 independent of C such that

(4.19) |% < C1e*a**Y in any strip Sj,

provided that (4.18) is satisfied there.

Once the claim has been established, the result follows from a typical conti-
nuation argument. Indeed, we select C = 2C), and denote by t* the supre-
mum of those times ¢ for which (4.16) holds in S;. Now, if t* < T — 0, we
would obtain (4.19) in S;, and by continuity (4.16) would be satisfied for some
t > t*, which contradicts the choice of ¢*.

To prove (4.19), we proceed in several steps. First, we show that

W(z,t) < A\eX (T —t = for some X\ > 0 large enough
(4.20) ) ) g g
in any strip S, where (4.18) holds.

This is achieved as follows. First, for fixed ¢ < T, ii(z,t) is bounded in S,.
Therefore, if (4.18) holds in S, we have that

Wi < Wep +uW +pug?>  in S, for some p > 0.
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Standard caloric estimates yield then
(4.21) W(z,0) <ve’*  for some v >0

which implies (4.20) if ¢ is not too close to T. When ¢t ~ T, we use (3.47)
to remark that there exists then § > 0 (which can be supposed as small as we
want) such that

(4.22) iz, t) < ((p 1)+ 5) (T — 5.

We then consider the auxiliary function f(z,t) = \;e%(T — t)_# ~! with A, >0
to be selected presently, and take advantage of (4.22) to compute

Lf= fi— for — pi' f — KEaP2 > XT — ty 71~ (An (_1 + 1)

- (=17 +5)p—l -K (-1 +6)3p_2>

so that Lf >0 for t ~ T if A\; > 1. We then deduce (4.20) from (4.21) and
(4.22).

Having shown (4.20), we continue with the proof of (4.19) by special-
izing to the case where (1.10b) occurs. We then take up an argument already
used in the proof of our previous Lemma. Clearly, (4 19) holds in the set
|z| < (T —t)‘/2|log(T t)|'/2, since ii(z,t) > w(T —t)~ = there for some w > 0,
and (4.20) is satisfied. We then consider the function v,(z,t) given in (4.10a)
and define

9(z,t) = go(z,8) = (T — 8)m1*'W (,\(s) +2(T — 8)'2, s+4(T - s))
where 0 < s < T, W = |G| and A(s) is given in (4.10a). We readily check that

9t < Gz +p")a—lg + 62A(”3)3p_2

for some A > 0. By the results in [HV3], v,(z,t) is bounded in cylinders
Qr = {(z,t) : |z| < R 0 <t< 1} as s —» T, whereas (4.20) implies that

gs(z,t) < Ae2(1-t)~ #1~!. We then repeat the steps leading to (4.12) to conclude
that
0 < go(z,t) < ¥e*  in Qgy, for some 4 > 0, uniformly as s — T.

On the other hand, by (4.10b), v,(0,t) > v; > 0 as s — T. It then follows that

95(0,1) < 726%v,(0,t)°*2  for some v, > 0.
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Back to the original variables, this means that

W (A(s), s + (T — )) < 1a€%@(A(s), 5+ T(T — 5))"

for some ~3 > 0, whence (4.19). In the region away from the blow up point
z = 0, the bound is obtained as in the corresponding result in Lemma 4.1.
Clearly, the argument extends to the case of a finite number of blow up points.
The case where (1.10c) holds is similar. .

We next derive a refinement of (4.15) for the case where R(y,7) = o(e")
in H! as 7 — oo.

LEMMA 4.3. Let the assumptions in Lemma 3.5 be satisfied, and assume
that ,0 are as in the statement of Proposition 4.2. Then for any fixed u > 0,
there exists to = to(u, 4o) such that for € > 0 small enough there holds

-2

2
4.23) G, b < <5 (T -ty
7

1
whenever |z| < (T — t)= and to <t < T — pe, where the constant C does not
depend on € nor p.

PROOF. We have shown in the course of the proof of Proposition 4.2 that
Z = |G| satisfies

~ 2 2
(4.24) Zy < Zpu +piP ' Z + Oy <52 (%) + (9) > aP

U

for z € R, 0 <t < T — e, where C; is independent of & (cf. (4.16), (4.17)).
Recalling (3.57b), it follows that under our current assumptions

=5

< (T -t} uniformly on |z| < &y(T — t)ﬁ ast — T,

Qll

for any given & > 0. Taking into account (4.15), we obtain from (4.24) that

(4.25) Zi < Zow +piP' Z + O(T — t) 71 22 g(t) + 1 ,
u?

when |z| < & (T — t)# and 0 <t < T — pe with y > 6, where tlm% gt) =0,
and here and henceforth C' will denote a generic constant which is independent

of € and p. We now claim that it is possible to select constants A and 8, é§ < 1,
and a nonnegative function A(£) such that

AT -ty T 2T -ty A [ —E
W(.’E, t)=Xxe"(T - t) +e“(T —1) A <(T _ t)l/m)
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satisfies

W(z,t) > Z(z,1)
4.6) 1
in Qou={(t:|z]| < &T —t)m, to<t<T— pe}

for some t, > 0, where & will be selected later. We shall derive (4.26) by
means of a typical comparison argument in the cylinder Qo ,. Recalling (4.15),
we see that, in order to obtain

W(z,to) > Z(z,t0),  when |z| < (T — ),

it suffices to require that A = C(T — to)~!*%. With such a choice, our auxiliary
function W reads

W (z,t) = 2C(T — to)" (T — t) =17

2T -ty A
+e“(T —t) A((T—t)l/'")'

(4.27a)

On the other hand, the desired inequality at the parabolic boundary of Qq,
holds provided that

(4.27b) A(&) > C,

where C is this time the constant in (4.15). Having obtained (4.27), (4.26) will
follow from the maximum principle as soon as we have

PW =W, - W,, — pii?~'W
(4.28)

2 9 2 1 .
—C(T —t)y =1 e {git)+ F >0 in Qo

We now compute

PW = ( p o 5) 2C(T — tg)" =T — ) 51719
p —

+ (_p + 1) (T — t) #12A(8)
p—1
e’ I ) 2 _3_2
+— (T —t) 71 €N — (T —t) =1 "»A"()
4.29) , ,
— CE2pit? (T — o) "(T — t) 71 7° — e2pa?~\(T — t) #1 ' A(¢)

— CeXT —t) 172 (g(t) + %)
U

ESl+Sz+S3—S4—Ss—Ss—-S7.
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Notice that we may assume without loss of generality that ¢y is close enough to
T (this amounts in practice to restrict our attention to sufficiently small values
of €). Then there exists v > 0 small enough such that

F'<(e-D'+9) T -t

in Qoyu, and S; > Ss in (4.29) if py < 6. Furthermore, there exists r € (0,1)
such that S, — S > rS, in (4.29). As a matter of fact, this inequality holds
provided that 1 —r > % +py. Since (T —tp) is small, g(t) < %, and we are
thus led to P

3 ’(6)

430) PW 2T -ty 7 ( AG) + === — (T — )" "wA"(€) i—?) :

We now select A(§) in the form

Mo=mo+%; where B(¢) > 0, £B/(6) > 0,

|B"(¢)| is bounded and B(&) > C (cf. (4.27b)),
for some large enough &,. With such a choice, we obtain

2C _ C

WO _ ¢ _yp-ing-2X2 S50

rA(§) +
so that (4.28) and (4.26) follow. Finally, in Qo, we certainly have

1-6
Wit < oe" (5‘1:—_:> (T—t‘)_'ﬁ—'+—(T—t)'pT-1
— b

<C_€(T_t) =i
u?

which yields (4.23). .

5. - Generic blow up behaviour

In this Section we shall proceed to complete the proof of our main result.
This will be done in several steps, each of which is taken care of in the
following paragraphs.
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5.1. - Perturbation theory for the linearized problem

Let i(z,t) be a solution of (1.1) which blows up at ¢ = T, and assume
that R(z,t) solves (3.19). For any given point z; € R, we set

L~ T—
éG.1 Ry, ) =T -t)"' R (m’ —log(T - t)) .

We then have

PROPOSITION 5.1. Assume that i(z,t) > n > 0 and ii(z,t) blows up at
points z1,...,zj. Let Ri(y,7) (1 =1,...,7) be as above, and let o,,...,a; be
given real constants. Then for any § > 0 there exists Ro(z) € L®[R) with
compact support such that, for 1=1,...,7,

5.2) Ri(y,7) = Bie” +o(e”)

as T — oo in H. and C{:)"C’ for any k> 1 and v € (0,1), where |B; — o;| < 6.

Before proving Proposition 5.1, two auxiliary results will be established.
For t >ty > 0, let E(t,tp) be the evolution operator associated to (3.19a) in
L*(R), i.e., for any f(z) € L*(R), E(t,to)f(z) is the solution R(z,t) of (3.19a)
such that R(z,t) = f(z). Then there holds

LEMMA 5.2. Let i@ be as in the statement of Proposition 5.1, and let
T be its blow up time. Then, for any 6 < T, the set X = {h(z): there exists
g(z) € LA(R) such that h = E(T — 6,0)g} is dense in L*(R).

PROOF. Let G(z, &;t,7) be Green’s function associated to (3.19), i.e., let
G be a solution of

(5.3a) Gt = Gy +pitP™'G when z €R, t >,
(5.3b) Gz, & t,1)=0(x — §) when t =7,

where 6(z — £) is Dirac’s delta centered at £. Let H be a solution of the adjoint
problem

(5.4a) —H;=H,,+pi*'H whenz€eR, t<p
(5.4b) H(z, A p, p) = 6(z — p).

Standard arguments (cf. for instance [F, Chapter I, Theorem 5]) yield then
(5.5 G\ & pr)=HE M m,u)  for p>r.

Suppose now that the result is false. Then there exists t€ (0, T) and h(z)€ L*(R),
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h(z) £ 0, such that

R

/ h(z) ( / G(z, &;t, 0)<p(§)d£) dz=0  for any p(z) € L*(R).
R

Using Fubini’s Theorem and (5.5), we then obtain

0= / G(g, €1, 0)h(z)dz = / H(z, €0, t)h(z)dz
R

R

whence

[ H(z, €0, )h(£)d€ = 0.
R
Set now

v(z,s) = / H(z, &; s, t)h(€)dE; V(z,s) =v(z,t — s).
R

Then V solves

Vi = Vg + pii(z, t — s)P~1V when r€R, 0< s <t,

V(z,0) = h(z), V(z,t)=0 if z €R.
Since @ > n > 0, classical uniqueness results for backward evolution problems
(cf. for instance [LM]) yield then that h(z) = 0, and the proof is concluded. =

We next recall some bounds on the evolution in time of R(y,7). More
precisely, let R be a solution of

(5.6a) R,:Ryy—%yRy+p<IJ”“lR—p—I:2—l, yeER, 7> 7,
(5.6b) R(-,m0) = Ro(-) at 7 =1.

Keeping track of the arguments in Proposition 3.2, we notice that the following
estimates hold

Assume that ||Rp|| < L for some L > 0. Then there exist positive
constants A = A(L), op and ¢ € (0, 1) such that, for 7 > 7,
”R( ) T)” S AeT_TOa

IRC,7) — oo™ || < Ae™(1+ (7 — 1)) .

5.7



GENERIC BEHAVIOUR OF ONE-DIMENSIONAL BLOW UP PATTERNS 433

Consider now the linear problem

(5.8a) Gr =Gy — %yG’y +G when y € R, 7> 7,
(5.8b) G(-,10) =Go(-) when y € R.

We then have

LEMMA 5.3. Assume that ||Ro|| < L and R(-,t) solves (5.6). Then there
exists C = C(L) independent of ry, such that

a) If (1.10b) holds, then

(R-G)(-,nl<e™ <||(R - &),
(5.9a) -
4., C
+C’/((l +s° ) +s) ds+ ~
0

where o is as in (5.7).
b) If (1.10c) holds, then

659 IE-G), Dl < (IR -G w|+Cel=Dm).
PROOF. Suppose that (1.10b) holds, and set f = R—G. Then f(y,7) solves
_, 1 1_ P KH,
fr“fyy zyfy+f+<pq)p p_1+ 7 )

_KH,
T

(R - a()eT_TOHo) - _K:to e ™H,H,

=Af+a1(y, 7R+ ax(y,7) + a3y, 7)

where K is the coefficient of % in (3.1). Since (H,, Hy) =0, we obtain that

T

Nr¢,nll < CT_T"IIf(-,To)ll+/€H||al(',S)||4,w||R(',S)|I4,wdS

(5.10) "

T—T(
e 0

;
C
+/ Ks e °||R — ape’ " Hy||awds +

T0

We have already shown in (3.25) that

log s

”al(' ,3)H4,w S C 82

if s > 0 is large enough.
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On the other hand, using (5.7) and delayed estimates (cf. [HV1, Section 2]) we
see that

IRC-, 8)|law < C||R(-,5s — a*)|| < Ce**™ if s> a*+1.

We now claim that

(511) “R - aoef"°H0||4 < ——C—'e—r-—m— if 7 > 19.
W= 1+ (1t —19)

Assume that (5.11) holds. Then substitution of the previous inequalities in (5.10)
yields

IFC, DI < e ™+, m0)l +C/ e *s%(log s) ¥ ™ds
T0

+Cef-f°/s—1(1 +(s —1)°) " ds

To

<o+ Ce [(s7 + (s — m))ds

S~

<e|fCL [+ CeT (/(1 +r) (r+70) ' dr + %)

whence (5.9a) follows. To obtain (5.11), we set z(y,7) = |R(y,7) — ape” ™ Hy|
and notice that

1
ZSzy -5yt Cz+|agle™ Hy

1

- p
por! - P
p_

which implies

2(y,7) < 9IS (r — P2y, T)
(5.12)

ds

p®*~! —

+C / e ™S(s —7)
J p—1

. . . 1
where t > 7, and Sp is the semigroup associated to —Z,, + iyZ,,. We now

set 7 = T+ a*, where a* is as in (3.23), and take advantage of the following
estimate

Ce"
(5.13a) 1So(M)glpw < Ao l191lg,w for any p> ¢ and g € L,
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(cf. (5.29) in [HV1]). On the other hand, an argument similar to the one leading
to (3.25), gives

C

(5.13b) < = for any r > 1 and s > 0.

pq)p—l(.’s)____p_
p-—

Using (5.7) and (5.13) in (5.12), we arrive at

ds

4w

S(s—?)<p<1>"-‘(-,s)— L)
p—1

2(y,7) < C|I8@)2(- ,Pllaw +C /

(1 — e =)71/5ds

5w

<0l +0 [ e o0 - 2o

T—T0

2 / (1 - e 9y 1/5ds
T

SCePU+FT—1)) '+

< Ce™ ™1+ (1 — 10)°)"
whence (5.11). The proof of (5.9b) is similar, and will be omitted. .

End of the proof of Proposition 5.1

Let ¢ € C°(R) be a standard nonnegative cutoff function such that
0<¢<1,¢=1if |zl <1 and ¢ =0 if |z| > 2. Let p, 6 be positive
constants to be selected later, and consider the function

k
! T — I
(5.14) gl@)=0"" ) ajs ( ]> Hy(-).
,-21 P\ oo
Pick now 2 € [1,k], set ip=—1log 0, y = x_\—/_;_,;’ and define
T 1
5.15 Gi(y, 1) = ——’) Hy(y) = 07 .
(5.15) = ag (p ) Ho) = 05 9(2)

j=1

We readily check that
Ilé-<y, 70) — o Ho(y))|

(s (5) )| Sy o (2 22)) | =0

We now select p > 0 large enough so that A; < g and then 6 > 0 small enough

< el

J#l
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6 . .
so that 4; < 3 We thus obtain that at the time o = —log 6,

(5.16) Gy, 70) — c How)|| <

Wi

Let E(t,0) be the evolution operator associated to (3.19), which has been re-
called in this paragraph right after the statement of Proposition 5.1. By Lemma
5.2 and the continuity properties of E, we see that there exists ho(z) € CP(R)
such that h(z) = E(T — 6, 0)ho(z) satisfies

12
= ( [ (@) — h(g;))zdz) <%
R

where g(z) is given in (5.14). Notice that

~ 1
|Gy, 0) — 077 h(z; + 6%y, 70)||

1/2
e ( / (9(z) — h(:):))lzdz) < g.
R

For t > 79, we now consider the following functions
1)  Gi(y,7) defined as the solution of (5.8) such that

5.17)

Gi(y, ) = € Gi(y, 1),

i)  h(z,t) = Et,0)ho(z), R*(z,t) = e"h(z,1),
111) R:(Zb TO) = 0;1—1R* ('Z_T:l'; - log 0) = CTORi(y, TO)-
Suppose now that (1.10b) holds. Recalling (5.8a), we have

|R:i(y, 7) — Gi(y, D|| = e®||Ri(y, 70) — Gily, 10)|

(5.18) A ) o c
<€ | ||Riy, ) — Gi(y, )| +C / (1 +5°)(s + 1) 'ds + =1
0

A ~ 6
On the other hand, by (5.17), ||Ri(y,70) — Gi(y,m0)|| < 3 Furthermore, we

clearly have that |Gi(y, )| < C where C depends only on |ou], ..., |ak|.
Since ||R;(y, n0)|| < [|Gi(y, 70)|| +|| Ri(y, 70) — Gi(y, 10)||, we deduce that || R;(y, 70)||
can be bounded by some constant L uniformly as 7y — oo, and therefore
we may assume that the two last terms in the right-hand side in (5.18) are



GENERIC BEHAVIOUR OF ONE-DIMENSIONAL BLOW UP PATTERNS 437

bounded above by —g- if @ is small enough (ie., 7y is large enough). It then
follows that

T

26
| Riy, 70) — Gi(y, )| < =

whereas, by (5.16),
| Ri(y, 70) — aze” Ho(y)|| < ||Ri(y, 7) — Gi(y, D)|| + ||Gi(y, ) — awe” Ho(y)|| < be”

which gives (5.2) (with convergence taking place in L2 instead of H!). The
rest of the proof is obtained as in Proposition 3.1 in Section 3. Finally, the case
where (1.10c) occurs is similar. n

5.2. - How is blow up affected by small changes on the initial values
The main result in this paragraph is

PROPOSITION 5.4. Let ii(z,t) be a solution of (1.1) with initial value
i(z,0) = @g(x), such that 4 blows up at t = T < +oo, and i(z,t) > n > 0
for any t € (0,T). Moreover, assume that the blow up set of @ consists of
k points, z1,...,z¢. Then, for any o0 > 0 and any fixed j € [1,k], there
exists ug(x) € CR) such that rznezllkx |uo(z) — do(z)| < 6, and the blow up set
of the solution u(z,t) of (1.1) with initial value uo(z) is contained in the ball
Bs(zj)={z €R : |z — z;| < 6}.

We shall obtain Proposition 5.4 after some elaboration. First, we notice
that it may be assumed that j = 1 and z; = 0. We then use Proposition 5.1
with a; =2, o, = -2 for n=2,...,k, to deduce that there exists a compactly
supported function Ry(z) such that the corresponding functions R;(y,7) given
in (5.1) satisfy

R;(y, 1) = Bie" Hy(y) + o(e”) as 7 — oo, in H. and C]’;’g
(5.19) (for any k > 1 and any ~ € (0, 1)), where 5; > 1
and B, < -1 forn=2,...,k.
Consider now functions uge(z) = iig(z) + eRy(z), where € > 0 is small

enough, and let u.(z,t) be the solution of (1.1) with initial value wug(z). Pick
now p > 0 such that the balls B,(z;) are disjoint for t=1,...,k. As shown in

[HV3], di(z,t) is bounded in Uy = {(z t):z €R\ U B,(zi), 0<t< T} Using

Lemma 4.1, it then follows that the solution of (3 19) R(z,t), is also bounded
in Ur. Recalling (4.15), we then deduce that there exist positive constants C, M
and 4, independent of e, such that

(5200 - uzt)<M  inUp,=Urn{t:0<t<T —0e}.
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Assume now that (1.10b) holds at z,...,z;. By the results of [HV3], we have
that

iz, t) < ((p —1)y - a) (T - t) 7
(5.21) for some ¢ > 0, whenever
(T - OllogT - t))) * < |z =z < p, i=1,...,k,

which in turns implies
(5.22) ue(z,H) < (- )" — %) (T — &) 7

at the intervals ((T—t)| log(T~t)|)1/2 <|t—zi| < p,t=T~Xe, where A > 6 >0
is large enough, @ is as in the statement of Proposition 4.2, and ¢z = 1,...,k.
Indeed, setting ¢t =T — Ae and taking into account the results in Section 4, we
readily check that

leR| < Cea -~ < %(T — e
232¢-Vg < % (T -ty 7=

and (5.22) follows then from (5.21) and (4.15). Consider now the regions where
|z —z;| < (T - )| lolg(T —t)])'/2. As it has been noticed several times before,

i(z,t) > C(T —t) »' for some C > 0 in such regions. Therefore (4.3) and
(4.15) yield at once

(5.23) we(z,b) > %(T 4y

whenever |z — z;| < (T — t)|log(T — t)|)/? and t = T — Xe, where A >80 > 0 is
large enough, 6 is as in the statement of Proposition 4.2, and ¢ =1,..., k.

Let us denote now by T, the blow up time of u.(z,t). By the continuity
of the blow up time with respect to initial values (cf. for instance [HV2]), we
have that

T. =T +AT,, where AT, =o(1) as € — 0.

Actually, there holds

LEMMA 5.5. Let 0 be as in Proposition 4.2. Then under our previous
assumptions we have that

(5.24) —0< e o F B H),

- €

where By is as in (5.19).
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PROOF. The first inequality in (5.24) has been already obtained as a
consequence of Proposition 4.2. As to the second one, let us begin by showing
that there exists » > 0 such that

(5.25) AT, < ve.
To this end, let g(z,t) be the solution of the Cauchy problem
gt = guoz +9° when z €R, t >0,

oo i 1/2
/(. 0) = { = 00 if |z < (\&)|logAe)))

0 elsewhere,

where C is as in (5.23). Set now
3z, 1) = Q&) g(Ae) 2z, e,

Then §(z,t) solves (1.1) with initial value §(z,0) = % if |z| < |log(Xe)|'/? and
g(z,0) = 0 otherwise. Take now. A > 6 > 0 large enough, so that (5.22) and
(5.23) hold. For & > 0 sufficiently small, g(z,t) will then blow up in a time
T = 0(1), whence so does g at T, = O()e). Inequality (5.25) follows then by
comparison. As a next step, we remark that by (3.57a) and (5.1)

R@,H=@T-t)y " <ﬂ.-Ho<y> <1 + (”—‘—1)
4p

(5.26)

(z — z:)? !
(T - t)|log(T - t)|> ¥ "(1))’

uniformly on sets |z — z;| < (T — t)|log(T — t)|)!/*> as t —» T and i = 1,...,k.
We now make use of (4.15), together with (1.10b) and (5.26), to obtain that

- -4 p—1 (= — =) )_7}'
uelm =T =0 [(“‘"” +< ap )(T—t)llog(T—t)l +°(1)]

N Y p—1 (@ — z:)? =
red=9 [ﬂ ’H°(y)(“< ap )(T_—t)llog(T—t)l) “’(”]
+O<%)(T—t)'x7£"l

uniformly on sets |z — z;| < (T —t)|log(T —t)[)!/%, 0 <t <T—Xe, i=1,...,k,
where o(1) — 0 as € — 0 (so that ¢ is allowed to tend to T'). Setting t =T — Je,
the previous formula reads
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B L (z — -'Ei)2 =
uc(z, T — Xe) = (Xe) 7 [( < ) AE!IOg(/\e)I>
527 ,B,Ho < ( ) (z — ;) )‘ﬁ
Ae|log(re)|
o]

Consider now the function
f(s) = <(p— 1 <1 + (p—_ 1) s2>)_':
4p
BiHy p—1\ , =
(B (+ (%% >S)>

in the interval |s| < 1. Clearly, f(s) has a maximum at s = 0 (recall that 3, > 1;
cf. (5.19)). Therefore (5.27) gives

(5.28)

(5.29)  |ue(z, T — X&)||oo > ((p 1y ﬂ' 9 4o()+0 (%)) Oe) 7
whereas, by (3.47),

lue(z, T = 2&)]|oo < <(p —

o (57|

< ~yAe for some v > 0, provided that ¢ > 0

(5.30)

+C

1 1
) (Ae +AT,) » 1,

Moreover, by (5.25), O <
is small enough. From (5.28) aend (5.29) it then follows that

_% ﬂH 1
((p—l)P 2ol +o <,\2>>

1 c 1 AT AT\
: ((p_l) i +|10g('7/\6)l> <1_p~1¥+0</\€)>

2
where O (ATE) =0 ( ! ) This gives

AT, + Xe
T.

A& Py

. B:Hy 1
s o7 42) 4o (1
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multiplying throughout by A and letting A — oo, we are done. The case where
(1.10c) is satisfied is similar. L]
End of the proof of Proposition 5.4

Let us prove now that there are no blow up points in the balls B,(z;)
for ¢ =2,...,k. By the results of Section 2 (cf. the argument following (2.28)
there), it suffices to show that
1
ue(z,t) < ((p — DT —t)) 7
in By(z;) 6=2,...,k) as t — T;.

(5.31)

This is achieved as follows. Consider the functions f;(s) (z = 2,...,k) given
by (5.28) with g; there. For any such ¢, fi(s) is decreasing in |s| for |s| < 1
provided that X is large enough. We thus see that

(5.32) us(z, T — de) < <(p - 1)_:ﬁ + @ +o(1)+0 (%)) ()\e)—v_i",

uniformly for |z — z;| < (\e|log(\e)|)!/2, where o(1) — 0 as (Ae) — 0. We now
1

select first A > 1 so that 'B'fo +0 (Xz-) < '3;{\{0 < 0, and take then € > 0

ﬂ;fjo +0(1) < 0. By the upper bound in (5.24),

such that (\e) is small, and
(5.32) yields now

U@, T — X&) < (Me)p — 1) 7 < (Tx — T+ Xe)p— 1)),

when |z — z;| < (\e|log(Ae)|)'/2. This estimate together with (5.20) and (5.22)
yields (5.31) at ¢t = T' — )e. Finally, the case where not all points z;,...,z; are
of type (1.10b) is similar. L]

We shall require later a refined version of (5.24) for the case where (1.10c)
takes place

LEMMA 5.6. Assume that (1.10c) is satisfied, a#0 in (3.21), and let AT,
be as in Lemma 5.5. Then

PROOF. Let us denote by ®.,® the auxiliary functions defined in (1.3)
corresponding to u., 4. By (4.15), we then have

De(y, ) = B(y, 7) + €R(Y, 1) + o> TP D)
(5.33) . ‘
=(p—1)77 +Ce(l "3V H,(y) + care”* Hy(y) + O(€*¢)
in H,, and Cg] for 0 <t < T —6e. By (3.61), there holds

(5.34a) B, <CT - 77 for |z < M(T — t)=~+,
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It then follows that

1

IRy, n| < Cel? if y| < Meli5)",

|R(yaT)| < Ce" if |y| > Me(%‘;)r’

1 1
so that, denoting by A = {y : |y| < Me(i_ﬁ)f} and B = R\ A, we readily see
that

(5.35) |IRC-,)||* = Ce” / eV dy + Ce™ / e Vl*dy < Ce”
4 B

for some C > 0, which gives

(5.36) |RC-,m)|| < Ce*  as 7 — oo.

We now define

(5.37a) te=T —€?3, 1.=—1log(T —t.),

(5.37b) ve(@,t) = (T — to)F ug (T — to)2a, te +4(T — t.)).

Notice that T — ¢, = €2/ > 0¢ as e | 0. Since, by (4.15),
|G(y,7)| < CeXT —t) 71! for t < T — e, and

|0e(z,0) — Oz, 72)| < (T — t)71 [eRUT — to)' 2z, 1) + G(T — o)z, 1),

standard estimates yield then

(5.38) [[ve(z, 0) = ®(z, )| < €| RC-, 7o) + |G-, )| < Ce™2
whereas, by the basic estimate (1.10c),

(5.39) I9<(- 1) — (p — 177 < Gl

Taking into account (5.33), we arrive at

l[ve(-,0) — (p— ) 71| < C (52/3 +emT_2) .

- 2 . . L
3 2 > 3 and the previous inequality yields

(5.40) loe-,0) — (p — 17 #7|| < C¥,

Suppose now that m > 6. Then m



GENERIC BEHAVIOUR OF ONE-DIMENSIONAL BLOW UP PATTERNS 443

Consider now the auxiliary function

(@, ) = ((SOe(,0)" D — (p — 1) 77,

As recalled in [HV1] (and readily checked by inspection), we(z,t) is a subso-
lution of (1.1). On the other hand,

1S®)(we(z,0) — (p — 1)777)| < Cl[ve(z,0) — (p — 1) 71| < Ce¥3
uniformly when ¢ € [%, 1]. As

S®ve(z,0) = (0 — )7 + S (ve(z,0) — (o — )7 ),

we obtain that

p—

welz,t) 2 (((p Sy 0Em) - 1)t)_

= ((p — (1 —t)+ 0(52/3))_’ﬁ

so that w,(z,t) (and hence v.(z,t)) blows up in a time t* < 1+ O(¢?/?). Back
to the original variables, this means that

(5.41) AT. < ke*/*  for some k.

To proceed further, we use (4.23) together with (4.15) (this last one in the
region where |z| > M(T —t)'/™) to obtain

C&.Z 27 : T
GG, DI < —5€"+E(,m)  if eue” <1, p large,
(5.42) #

1‘2

where E(e,7) = Ce’e* exp (—Ce( 5)7) .

We now define t. by T —t. = Ae?/?, where A > 0 will be selected presently,
and take v, as in (5.37). Using (5.42) we now obtain

Jve(-,0)— @ — 1) 7 || < C (52/3,\*% PN 24 AT 4 0(52/3))

for any fixed A > 0. As in the previous case, we now estimate the blow up
time of v, T*(v.), by

T* () < 1+C (,\—1/2 )+ ,\?—1) /3
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since T, =t + (T — t.)T*(ve) = T + AT, this implies that
AT. < C (,\1/2 T A?) g3
so that, letting first u — oo and then A — 0, we deduce that
. ATe
ll}g sup w <0

and the proof is concluded. "
We next show

PROPOSITION 5.7. Let ii(z,t) and T be as in Proposition 5.4, and assume
that 4 has a single blow up point at © =0 such that (1.10c) holds for some
m > 4. Then, for any 6§ > 0, there exists an initial function uo(zx) such
that (uo(z) — iig(z)) has compact support, max |uo(z) — do(z)| < 6, and the
corresponding solution wu(z,t) has a single point blow up where the solution
behaves as indicated by (1.10b).

In the course of proving the Proposition, we shall use the following
auxiliary result.

LEMMA 5.8. Let 4 be as in the statement of Proposition 5.7. Then there
exists a compactly supported function Ry(z) such that

R(y,7) = ane’*Hy(y) + o(e”?)
(5.43)
in H. as 1 — oo, for some oy #0,

where R(y,T) is given by (3.19), (3.20).

PROOF. It consists in a suitable modification of that of Proposition 5.1.
Keeping to the notations used therein, we take a nonnegative cut-off function
¢(z) just as before, as well as positive parameters p, 6 to be selected later, and
consider the function

g(@)=0771¢ (;%) H, (%) .

We now define

Gy, ) = 071 g(z), y=—, 1=—1log 0.

7

For any given 6§ > 0, we can select p > 0 large enough so that

(5:44) IG(-,70) — Hu(+)|| €

A >
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By Proposition 5.1, there exists an initial value Ry;(x) with compact support
such that the corresponding function R;(y,7) satisfies

(5.45) Ri(y,7) =" ™Hy(y) + o(e") in H,L as 7 — oo.

On the other hand, exactly as in the case of Proposition 5.1, we have that there
exists ho(z) € CP(R) such that h(z) = E(T — 0,0)ho(z) satisfies

1/2
g ( / (9(z) — h(x))zdz) < g
R

and i l 5
IGC-,70) = 07T h(6'/2y, )| < 3.
Denoting by R(z,t) = E(t,0)ho(x), we readily see that
IR, )l S 1B, m0) — GC-, )|l + |G-, )|
<|IGC-, o) + g-

Take now L = 2||G(-,7)|- Then, if § is small enough we have that
|IR(-,7)|| < L. By (5.44) and (5.9b) (this last one with G replaced by

Hi(y)e™™/2) we obtain that

7 (r—10)/2 26 T =T
(5.46) |R(-,m0) — Hi(-)e"™7%|| < e
Furthermore, by Proposition 3.2 we also have that
(5.47) ||R(-,'r)|| = Be""™ + o(e"), in H as 7 — oo,

for some real 8 (actually, (5.46) yields at once the bound || < ?) Consider
now the initial value

Ro(z) = Ro(x) — BRo,1 ().

_ Clearly, Roy(x) has compact support, and (5.45) together with (5.47) yield
R(-,7)=0(e""™) as 7 — oo. It then follows from Lemma 3.6 that

(5.48) R(-,m) =12 H () +0(e™™/?),  in H} as 7 — oo,

where «; is given by (3.66b). To conclude with the proof, we just need to
show that a; #0 in (5.48). To this end, we notice that

(E(',TO)aHI) = (I%(')TO)aH1> _IB(RO('aTO)aHl)
= (Ro(-,m0) — H1, Hy) — B(Ri(-,70), H) + 1
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whence

(Ro(-,70), Hi) — 1| < ||Ro( -, 70) — Hy|| + 18| || B1(- , 70)]|-

Since ||Ri(-,7o)|| is bounded (actually, e®R;(-,7) = h(-,r) satisfies ||h(-,7)|| <
Ce’, cf. (5.7)), we obtain
6 Céb

|(Ro(- o), Hy) = 1] 5+ =

On the other hand, a; = (R(-, ), Hi) + (7o) (cf. (Lemma 3.7)), where for 7,
large enough |u(o)| < & and the result follows. "

Proof of Proposition 5.7

We select
uo(z) = dig(z) + eRo(z),

where Ry(z) is as in Lemma 5.8. If € > 0 is small enough, the change in blow
up time (T, — T) is small, and by standard continuous dependence results, the

number of maxima at t = g— does not change at all. Moreover, if at such a time
i(z,t) < (p— DT — t))'?i", we also have that u.(z,t) < (p— 1)(T: — t))‘;l—n, In
particular, any maximum where such inequality holds will never move towards
a blow up point.

To proceed further, we make use of the basic asymptotic formula (1.10c).

Together with the results in Section 4, this yields

Dy, ) = (p— 1) 71 — Cel- I H () + o(el= D))
(5.49)
+ ER(y, T) + G(y, T) as 7 — oo,

uniformly one sets |y| < M and T —t > pe for € > 0 small and x > 0 arbitrarily

large, so that in particular T —t > ¢ for 0 < 8 < 1. Making use of (4.23), we
obtain

Dc(y, 1) =(p— 1)—'ﬁ - Ce(l"%")THm(y) + o(e(l_§)7)
(5.50) +eare’*H, (y)+ go(e™?) + o(e21P) as 7 — oo,

for y,r as in (1.3).
We now select

(5.51) T —t=Xemi, A>0 to be precised later.
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The motivation for this choice is that then (5.50) reads as follows
(552)  @uly,m)=(p— 1) 7T+ (CAT~ Ho(y) + en A THI () + olem),
as 7 — oo, with e™" = ,\sﬁ, uniformly on sets |y| < M. Let us write
(5.53) H(y, ) = CA: ' Hyy(y) + on A "2 Hy (y)

As a matter of fact, the proof under consideration will be finished as soon as
we can show that

Only one maximum of u.(z,t) arrives to the blow up point

(5.54)
T as t — T,

(cf. (1.10b)). Notice that z. ~ 0 as € — 0 by the continuous dependence of
blow up regions on initial values (cf. [HV2]). To show (5.54), we first remark
that

Either some maxima of u.(z,t) collapse at a time ¢ < T, or

there is at least one maximum Z such that

D7, 7) < (p— 1) 71 — e,
(5.55)

for some v > 0, where 7 =@ — )T — H~1/2

and €™ = AewT with A € [Ao, ] (0 < Ao < Ay < +00)
and ¢ > 0 is small enough.

Actually, this fact follows from inspection of (5.52). Assume without loss
of generality that o; > 0. Let 5 < 0 be such that ®d.(-,7) has a maximum
located at y at some time 7 >> 1. Such maximum may indeed collapse as
increases. If this does not happens, though, it follows from (5.52) and (5.53)
that, taking A > 0 small enough, (5.55) should be satisfied, and we are done.

We then claim that, for t ~ T,

(5.56) u:(Z,t) < ((p — DT — 1)) 7.
To this end, we notice that
T. —F=T. —T+T —i=XenT +AT,,

therefore, by convexity,

(T. -7 > (,\e%)_’; <1 _ L aTe >
)
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whence

ue(Z,B) = (T — Tt)‘z":l—lcbe(y,?) < (Ae%)"; ((p _1)E - 753—:?)

-1

ST (- D7 —qen) (1 - ;—1—1(AT6) (/\67"271)>

since

< 1+2z for 0 < z < 1, we finally obtain

WD € @~ (177 — )

- (1 + pf - (ATe) (,\sf—‘l)_l> .

Recalling the bounds for AT, obtained in Lemma 5.6, (5.56) follows at once
from (5.57). Putting together (5.55) and (5.56), we have reduced the number
of maxima which collapse at z., at least by one. It is clear that we can repeat
now the previous argument as many times as required, so that we eventually
obtain that a single maximum of ®. arrives to z. as 7 — oo, in which case
(1.10b) necessarily holds. -

(5.57)

End of the proof of the Theorem

Assume that @g(z) has compact support, and the corresponding solution
i(z,t) blows up at n different points zj,...,z,. Take n > 0, and replace ()
by idg(z) + 7. If we denote the corresponding solution of (1.1) with such initial
value by 4,(z,t), we readily see that if n > 0 is small enough, the blow up set
of i, lies in a compact subset of R (cf. for instance [GK3], [HV2]), the new
blow up time T; remains close to T ([HV2]), and for any T™ < min(T;, T),
the number of maxima of @,(-,T*) does not change with respect to that of
(-, T*). We then make use of Proposition 5.4 to show that a slight perturbation
of (i@o(z)+n) localizes the blow up set in a small neighbourhood of one of the
new blow up points, say z;. By iterated application of Propositions 5.4 and
5.7, we can then change blow up behaviours (and if necessary, eliminate blow
up points) until a single blow up point, where (1.10b) holds, is obtained. We
finally truncate the initial value far enough from the origin to conclude. The
fact that this last can be actually done follows from the arguments recalled in
the proof of our next result, where stability under small perturbations of the
patterns (1.10b) is proved.

PROPOSITION 5.9. Let iig(x), & and T be as in the statement of the Theo-
rem, and suppose that there is a single point blow up at & and (1.10b) holds
there. Then there exists € > 0 small enough (depending on uo(z)) such that, for
any uo(x) € C§(R) satisfying I;le%(x |Go(z) —uo(z)| < €, the corresponding solution
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of (1.1) with initial value uy(z) has single point blow up T, where (1.10b) holds.
Moreover, lin(}(i —-%)=0.
£—

PROOF. We shall merely sketch it, since the corresponding arguments have
been already explained in detail. Keeping to our previous notations, we see that
by assumption there exists § > 0 small enough such that

For t € (T — 6,T), u(-,t) has only one maximum z(¢) such that
(5.58)

w(@d), 1) > (p— DT — 1) 7.

Indeed, if we replace > by > there, (5.58) follows at once from (2.28) and
(2.29). Strict inequality is then obtained by noting that, should it not hold,
then the corresponding blow up time of u(z,t) would be strictly less than T'.
This follows at once from the separation properties obtained in [GP] (cf. also
Appendix in [HV2]).

Using now standard continuous dependence results and regularizing ef-
fects for parabolic equations, together with the continuity of blow up time with
respect to initial data (cf. [HV2] for this last point), we readily see that for
uo(z) € Cj(R), close enough to dy(z), the corresponding solution u(z,t) blows
up at some T < +oo, and for (T — t) small enough, it has only one maximum
y(t), where

Ty(d),t) > (p — DT — ) 7,

whence the result. .
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