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Global Solvability for the
Degenerate Kirchhoff Equation

FUMIHIKO HIROSAWA

1. — Introduction

We shall consider the Cauchy problem

M { un(t, x) + e ((Au(t, ), u(t, ) Au(t,x) = f(t,x) (@ >0,x e R"),
u(0,x) =uo(x), u(0,x) =ui(x),

where Au(t,x) = ) 4 Dy, (@ni(x) Dy u(t, x)), Dy, = ﬁ,—% th =1,---,n),
(Au(t, ), u(t,-)) is the inner product of Au(x) and u(x) in LZ(R;), and ®(n) is
a nonnegative function in C!([0, 00)). When A=Y"}_, Dﬁh =—A (i.e. ap(x)=
Snk, Kronecker’s &) equation (1) is called the Kirchhoff equation, which has
been studied by many authors (cf. [2], [3], [5], [12], [13], [14], [16], etc.).
The problem which we shall treat in this paper is a generalization of —A to
a degenerate elliptic operator A, where [api(x)]nx is a real symmetric matrix
which satisfies

) Y am ek =0 (Yx €RY VE = (61, &) €RY).
hk

We know some results for the problem (1), that are the following. When
the coefficients ay; and the Cauchy data u( and u; belong to real analytic class,
Kajitani-Yamaguti [9] proved global existence and uniqueness for the solution
of (1) in case that ®(n) € C'([0, 00)) and ®(n) > 0, and later Hirosawa [7]
relaxed the assumption on ¢ to ®(n) € ([0, 00)). In case of quasi-analytic
class data, Yamaguti [17] proved the global solvability for (1) in case that ug
and u; belong to a certain subclass of quasi-analytic functions (for the definition
of quasi-analytic class, see [10]) under the assumptions that ®(n) € C 1(10, o0)),
®d(n) > 3Py > 0 and that [ap,(x)] is real analytic. Actually in case A = —A,
Nishihara [13] investigated the global solvability for data in the quasi-analytic
class. The class of functions which was introduced in [13] is more general than
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Yamaguti’s one in [17]. This paper enhances Nishihara’s work to a general
degenerate elliptic operator A whose coefficients satisfy a particular condition,
specified below, with respect to the space variable x. We remark that the
problem which was treated in [13] is strictly hyperbolic, and the author showed
a sufficient condition for the existence of a local solution in a more general
class. But our problem is weakly hyperbolic, so we can’t get the same result
for local existence in general.
At first we define some function spaces to state our main theorem.

DEerINITION. Let My, My, --- be a sequence of positive real numbers and
p a positive constant.

(i) A C*®°(R") function f said to belong to the class C({M;}), if there exists
a C > 0 independent of «, p and x such that

DS f(0)] < Cop™* Mgy,
where @ = (&, -+, ®,) is a multi-index of nonnegative integers, D§ =
fol' -~ D3m and |a| = oy + -+ a,. For f(x) e C({M;}), we define the
norm | flcm;y, by

ple!
ID* f(x)| ¢ -
Mia| T }

aeN"? xeR"

| fleqm;p, = sup {

(ii) Let {M;} be a monotone increasing, logarithmically convex sequence, that

”Zj_l < kﬁzk—l for any j <k. A C*(R") function f said to belong to

the class C*({M;}), if there is a C > 0 independent of « and p such that

is,

1D £1l = Co™* Miat,

where ||-|| is the usual norm in L2(R7). We set C*({M;}) =,..o C*({M;}),.
Moreover if the summation

|
o]

Soly umfw}

i=0 " lel=j

is finite, then we say that f belongs to the class C*({M i), and define the
norm ”f”cﬁ({Mj})p by

1
= o’ @ o2 ?
I Fllezamn, =D 37§ 2= 19°F 17 ¢

j=0 " lel=j

We see that the classes Cﬁ({Mj})p and C”({Mj})p satisfy the inclusion
Cﬁ({Mj})p/ < Cﬁ({Mj})p for 0 < Vp < p’ (see Lemma D in Appendix) and the
product of a(x) € C({M;}),, and v(x) € C”({Mj})po belongs to Cﬁ({MJ-}),0 for
0<Vp < py (see Lemma C).
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MAIN THEOREM. Let py and p) be positive numbers satisfying po < p1, {M;} be

a positive, logarithmically convex sequence and sup; Q(j) = sup;{M;/j 3 M;_} <
0o. Assume that [an(x)] € [C({M;}),,] satisfies (2), uo(x),u1(x) € C”({Mj})po,
ft,x) € C°10, T; Cﬁ({Mj})pO) and that ®(n) € C([0, 00)) satisfies ®(n) >
d®g > Oforalln € [0, 00). Then there are a positive number To({M;}) =Ty < T,
a monotone decreasing positive function p(t) € C'([0, To]) and the unique solution
u(t, x) of (1) such that

u(t,x) e C? ([O, Tol; Cn({Mj})p(t)) .

Moreover, if {M;} satisfies a quasi-analytic condition, that is, " j=1 Mj/Mj4) = 00
(see Theorem A) and Q(j) — Oas j — oo, then we can take Ty = T.

REMARK 1. Quasi-analytic condition holds for {M;} = {1 (G=1, Hi:zk
logk (j > 2)}, {M;} ={j"} (s <1) and so on. The conditon sup; O(j) < o0
holds for {M;} = {j!"} s < 3/2, and so on. In the linear weakly hyperbolic
case, that is for ®(n) = constant, the condition sup; Q(j) < oo is optimal
(see [4]).

REMARK 2. Roughly speaking, the class of the solution H(M) introduced
in [13] is defined as follows. For a strictly increasing nonnegative continuous

function M (r), H(M) is the set of functions f(x) satisfy ||M(]- |)f(~)||L2 < 00,

where [§] = \/’;‘12 +...+&2 and f(-) is the Fourier image of f(x). Then the
condition for M(r) which ensures the existence of a global solution is the
following:

3) *_da
/c sdo+M(s))

for some positive constants ¢ and dy, where M —1 s the inverse function of M.
On the other hand, by the Denjoy-Carleman theorem (Theorem A), we can
easily see that the quasi-analytic condition ) M;/M;;; = oo is equivalent
to (3) by considering M(r) = supjzl{rj /M;}, here M(r) is the associated
function of {M;}.

REMARK 3. In strictly hyperbolic case (i.e., when the matrix [ay] is strictly
positive definite), we can omit the assumption sup; Q(j) < oo to prove the local
existence of the solution.

ACKNOWLEDGMENT. I would like to thank Prof. K. Kajitani and Dr. T. Ki-
noshita for their encourgement and many helpful conversations.
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2. — Proof of Main Theorem

In case that the coefficients api(x) (h,k =1,.--,n) and the Cauchy data
are real analytic, we know the following result:

THEOREM 1 (K. Kajitani-K. Yamaguti [9]). Let py and p; be positive constants
satisfying po < p1. Assume that ®(n) € C'([0, 00)), ®(n) > 0 and [an(x)] €
[C({j o, ). Then ifug(x), ur(x) € CE({j1})py and £(t, x) € COI0, TT; CH({j1)) o)
for some T > 0, there is a nonnegative function p(t) € C'([0, T1) such that the
Cauchy problem (1) has the unique solution u(t, x) € C? ([0, T]; Cﬁ({j!})p(,)).

We shall relax the assumption of Theorem 1 from {j!} to general {M;}.

For given ug, uy, ap, and f satisfying the assumptions of Main Theorem,

we define the real analytic functions ul”, u!”, a\? and f® as

up () = x1 % uo(), ui” (x) = x1 ¥u1(x)
a,(,',?(x) = X% *ap(x) (h,k=1,---,n), f(”)(x) =X1 * f(x), w=1,2,--.),

where x| * is Friedrichs” mollifier and x (y) satisfies x (y) >0 and [ IDgx(y)ldy

< o ¥t
<py le|!

Note that, yi# is an analytic convolution, so u”’(x), u{"(x), a\¥(x)
and f®(x) are real analytic functions, namely, u{’(x), u!”(x) € C*{j" g
[afy ()] € [C({j!D)p,] and fO(z,x) € CO([0, T1; CE({j!))py) for any fixed v.

These regularized functions satisfy the following properties:

Lemma 1.
(1) Df[’a,(,‘,?(x) converges to D an(x) in C({M;}),, (h,k=1,---,n).
(ii) u(()") (x) and u'" (x) converge t0 ug(x) and u,(x) respectively in C*({M Do as
Vv — 00.
(iii) fY(t, x) converges to f(t, x) uniformly with respecttot € [0, T in Cu({Mj Do
asy — oo.

ProOF. (i) can be easily seen by using the Lebesgue convergence theorem.
We can prove (ii) by using a property of Fourier transformation. Indeed,
the difference of the «-derivative of u((,”) and that of uy can be estimated as

[’ ) = Douo()]| = |1 * Do) = Douo (1)

-1/

< sup ‘(Zn)%i &/v) - 1’ [D%uo()]| -

1
i@ {miiy© -1} ae )’
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Using the property

m35E/m) = / ey (x)dx —> / X@dx =1 (v — 00),

we have
]
oo ,Oj 2 2
S8 {5 o ]
— M; ~
Jj=0 la|=J
< Cyy SUD ’(27t)%f( &/v) — 1‘ —50 (Vo ).
EeR?
Applying the same argument to (ii), we have (iii). m|
For the real analytic functions ug’), uﬁ"), a}(,',? (h,k=1,---,n) and f®

constructed above, we shall consider the following Cauchy problem
( { uft (6, 0)+® ((AuVt, ), u(t, ) A, x)= O, x) (> 0),
u®©, x)=ug’ (), u”0,x)=u"x),

where A,u(t,x) = Y, Dy, (ary (x) Dy u(t, x)). Here we remark that condi-
tion (2) is satisfied by the coefficients [a_} (x)].

Suppose now that u™(t,x) is a solution of (4). We define the infinite
order energy E,(t) and its j-th order element e](-”) (t) as

o0

5) En)=)

j=1

P )

M;

0= Y {wOWUD U, ), DU, ) + 2D UV @, )2
loj=j—1

©) HID P @, )12} + 57D I 1P,
la|=j

where U, (1) = & ((A,u™(t, ), u"(t,-))). (From now on we write u”(z, ) =
u in the norm and inner product.)

We prove here some estimates to the solution of (4), but, in order to obtain
them, we shall introduce a lemma for the Kirchhoff type problem.

LEMMA 2 (Proposition 6.1 [9]). Ifuo € H', uy € L? and f(t,x) €
Co([0, T1; L?) for T > O, then there is a constant Cr independent of t € [0, T]
such that the solution of the Cauchy problem (1) satisfies

”uf(tv ')” < CT7 ”u(t’ ')” SCT9 (Au(t7 ')’u(tv ')) < CT;
where H' is the Sobolev space defined by H' = {f € L*(R");3_ <1 | D* f||* < oo}
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ProoF. Let F(n) = [) ®(s)ds. Define e(r) for the solution of (1) as
follows:

1
2 = — . 2 . .
e®? = 5 {lu(t, )1 + F (Autt, ), utt, )}
Then computing the first order derivative of e(#)> we have
2¢'()e(t) = R(uy (t, ), u (8, ) + @ ((Ault, ), ult, ) (Au(t, -), u:(t, )

= 9t(,](‘(t9 ')’ ut(t7 '))

<V2e®I £, )]
Applying Gronwall’s lemma, we obtain e(t) < e(0) + % fot I f(z,)ldt < Cr
for Vt € [0, T], that is, ||u;|| < Cr. Since ®(n) is positive, we have

(Au,u)
Fauuw) = [ 06)ds = @o(Au.w).
0

hence we get (Au,u) < F((Au,u))/®o < Cr. O
Now we shall estimate the first order derivative of ej(-”)(t)z. Adopting

equation (4), we have

d o2 o W@l ‘o] e (1)? I
o0 = s ORAL +2wv(r>|a§_]m([Av,D lu, D*u;)

1
2
+2 3 m(D"f(“’,D“u,Hzﬁ( > nD“u||2>

e} =j—1 le|=j—1
1

2
x ( > IID"utIIZ) +2j71 > R(D*u, D*uy)

la|=j-1 la|=j

2
<Ol way 2w (Y 104 D] 6w
v(?) Jee|=j—1

o|=j—1

2
+2< > IID"‘f(”)II2> () +2je” (07 +2) "2l el (1)
|

Dividing by 2ej(~”) (1), we get

1

3
(v)' W, 0] RO ) P
) < —/—— 20.() e () +je (1) +W, (t)( E II[Ay, D ]ull)

la|=j—1

)

2
. j“ﬁ.(r)+< 3 ||D“f<“>||2) :

la|=j—1
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Now, differentiating E, (¢), and applying the above estimate of e](-”)/(t), we obtain

dpm=3 {jp’(t)p(z)f— e+ 2 W(t)}

dt = Mj ]
< = p(t) (]'P,(t) > ) 10, ()] o= (1)) (v)
=2 % Gw +J)e (t)+2\pv(t)j§ M, (®)

®) oy ;
+u,03 2 o (Z ||[Av,D“]unz)

j=1 J loe|=j—1

1
2
I LI

j=1 J la|=j—1

Now we shall calculate the commutator [A,, D] in order to estimate the third
term in (8). Applying Leibniz’ rule, [A,, D*]u can be rewrited as follows:

[A,, Dlu = A,D%u — D“A,u

— Z (Deha,(,',? D¥teky — Da+eha,(11,? De"u)

hk
(9) — _Z Z ( ) Dot B+ey (V))Dﬂ+eku
hk B<a ﬂ

(5 )<Da—ﬂazz>>nﬂ+eh+eku}

B<a

= I+ 1IL,+1I1,,

where

e S W

hk B<a

_Z Z ( )(Da B (v))Dﬁ+eh+eku

B<a
1Bl<ler|-2

11, = Z Z ( )(Da B (V))Dﬁ+eh+eku

B<a

1Bl=lal-1

— S

andeh=(0,"‘, 7""0)‘
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Using the equality |@ — B +e;| = j — |B| and the inequality (") (:g:)
we have

% 2 3
(10) (Z ||1a||2) <CiR Y (ZZ(W) H,s|pﬁf“'ﬁ'>||Dﬂ+eku||) ,

lor=j-1 lak=j—1 \ hk p<x

where C; is a constant independent of j.
We now introduce the following lemma to estimate (10).

LEMMA 3 (Lemma 2.1 [4]). Let {X,} (¢ € N") be a sequence of non-negative
real numbers. Then, for every integer | andl'(< 1), and every real number 0 <k < 1,
there is a constant C (n, k) such that

2N % .
2
S xp < C(n, K)ZK_(I " (Z xﬂ> .
Ja|=l rgi‘;’ |1Bl=r

Applying this lemma, (10) can be estimated by

1
=2 . 2) 2
. -1 .
10/ <Cx0n. 03671 { 2 ol i PRI }
r=0 hk

|Bl=r
j=1 il 2Y 2
=C, ZK_(J_r) Z <Z (r B l)Mj_r+1/01.(j_hq)||D"‘H"'"‘u||>
r=1 |Bl=r—1 \ hk

j-1
<C3) (kp1)™Y '+”<’ ) 41 (Z ||Dﬂu||2) ,

r=1 |Bl=r

where C, and C3 are constants independent of j.
For the term /1,, using an analogous inequality with ( :5) instead of (/ ::),
we get

l
-1
(11) (Z ||11a||2) <C4Z(xm) U ’*”(i ) —rt1 (Z IIDﬂuIIZ)

lol=j—1 r=2 |Bl=r

Hence we have

5 3
( > ||1a||2) +( > ||11a||2)
loe|=j—1 lee|=j—1

- _
<CsZ<xm) v ’*”( ) —r 1 (Z ||Dﬁu||>

r=1 |Bl=r

1
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for some constant Cs independent of j, where we have used the identity (/_))+
Finally, to estimate the term I1l,, we apply the following lemma due to
O. A. Oleinik.

LEMMA 4 (Lemma 4 [15]). Let [a,(l',’() (x)] be a Hermitian non-negative matrix of

functions in B2(R™). Then, for every n x n symmetric matrix [§pi ), foru =1, --- ,n,
there is a constant C such that

2

<CY al) (Engheg -

hkq

Z Dxu ahk (x)é:hk

Applying this lemma, we have

1
; 2
2 2
( Z "III(x"z) =< Z Z (]_1)2 Z(Da B (U))Dﬂ+eh+eku
|(1|=j—1 Ial ] 1 ﬁ<(1
|Bl=le|—1
' }
sau-n{ T X St o)
laj=j—1 B<a
\ |Bl=lal— 1

2
. o o C6(-] 1) (V)
=C —1 A,D%u, D < ——e€
6(j — 1) mg}_l( u u)) N RO, (t).

Hence the third term of (8) can be estimated as follows

1

%) j 2

w03 2 15) (Z ||[AU,D°‘Ju||2)
j=1 lel=j—1

1

j izt j
<Gy, (I>Zp,$4) Z( pn)~Y ’“)( s ) jort1 (Z ||Dﬂuu2)

j=t |Bl=r

(12)
p( )

v, (t — e (1)

1

r=1lj=r+1 ko1 lae|=r

i PO\ T Mjrii [ r41 o
= CrW,()p (1)~ Z Z 7 R O D T
J

M:

o J
+Ca /DY 2 ® - De”(t) .
j=1
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Let us consider p(¢) < py. By using Lemma B (ii), the first term of (12) can
be estimated as

first term of (12) < — el (1)

G, (1) & (t)
kp1(kp1 — po Z

< CoW, (1) Z Y = 1ye ),

Jllj

where Cg is a constant independent of .
3
Applying the assumption sup; Q(j) = sup;{M;/j2M;_,} < oo, we obtain

the fourth term of (8) < Cyo p(t)~! E p(T?j e}”)(t)Q(j),
=1 M

where Cjo is some constant independent of ¢.
Moreover we have

the fifth term of (8) < Cp3
for some constant C; independent of v (by the definition of f®).

Then, taking together the preceeding estimates for the derivative of E,(t),
we get the following bound

d j
_Ev(z)_z PO {”)(t)+ +CaV/ TG — 1)
az =i M e

+CoW,(1)(j — 1)+ Cyo

JQ(J)}e@)(tH NSOl e

® 2W,(1)

We now proceed to a choice of p(¢). Applying Lemma 2, in the parenthesis of
the first term of (13) there is a constant Cy, independent of j and ¢ such that

the first term in (13) < jo()™' (0'(1) + C12p(?) + C10Qo)

where Qg = sup; Q(j). Let us assume that p(0) > 0, then we can easily see
that there is 77 > O such that the ordinary differential inequality

(14) p'(t) + Ciap(t) + C10Qo <0,

" has a positive decreasing solution on [0, 71]. Moreover if lim;_,» Q(j) = 0,
let jo(T) large enough such that the ordinary differential inequality

p'(t) + Crap(t) + C10Q(j) <0
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has a positive decreasing solution on [0, T'] for any j > jy. On the other hand,
if j < jo, we obtain

Jp@® 1 @) + Cr2p () + C10Q(j)) < p(T) ™ (C12p(0) + C10Q0) = Ci3

for some constant Ci3 independent of j and ¢.
Thus we get the following estimate

W, (1)]
2W, (1)

(15) %Eu(t) < ( + C13> E,()+Cu Vte[0,Ti].

Note that Q(j) — 0 as j — oo and then we can take 73 = T.
Next we estimate the nonlinear part of (15), |¥/,(¢)| = |j—t(1>((AUu(t, 9,

u(t, )|

We now introduce a lemma, which is classical in convex analysis.

LEMMA 5 (Theorem 243 [6]). Let i and o be continuous and strictly increas-
ing. We define M, (f) by

M, (f) = ! ( / w (F00)) p(x)dx) ,

where f and p are nonnegative functions suchthat [ p(x)dx =1and [ u(f(x))p(x)dx
exists. Then, in order that M, (f) < My (f) for all f, it is necessary and sufficient
that o o w~! should be convex.

1 1
Using the inequality |(A,u,u;)| < (Ayu,u)2(A,u;,u,)2, the Plancherel
theorem and Lemma 2, we have

B, (0)] = 2| R(Ayu, u)® (Ayu, w))|
(16) < 2(Avu, )2 (Aytty, u)? | @' ((Ayit, w))|
<Crae ||l @, )] .

where C7 4 ¢ is a constant independent of u.
When ||a(t, )|| = 1, we see 1/ ||i@(, )| < 1. So

1
A ) i (8, O o )7
e = ) > € °dE
| il 1= llac, )] </mg ez, |

N 2
<N / @O N enae ) |
w it

1
where N is a nonnegative function such that A — N(A2) is convex, having used
Lemma 5 for u = s2, o = N(s) and p(t,&) = |, (¢, £)|?/ ||t (¢, -)||2. When
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(e, ] < 1, Tet us take py(t, &) = (1 = [Jin(t, )| xo (&), where xy(6) =
07" x(0§), with [ x(§)d§ =1 and 0 < 6 < 1, is Friedrichs’ mollifier. It is easy

to see that py(t, &) satisfies 0 < [ py(¢, §)d§ and f{lu,(t E)N?+ pot,6)} = 1.
Now, by using Lemma 5 with p(t, ) = |, (¢, £)|* + pe(t, €), we have

1
2
Il 1ace. | < {/ 612 (16 1, )P + po(t.6) ) ds}
Re

<N ( /le NGED (1@ + po e, §) d&) :
§

In addition, we choose xg(&) satisfies that supp pg(t,£) C Ry x {£ eR"; €] < 6}
and so we have

/ N(E) pot, £)dE = / N(EDpo(t, €)dE
R 610

1 1
2
s( / N<|s|>2ds) (/ pe(t,a,%)zds)f—m, 6—0).
|€1<6 |£]<6

Hence we obtain
. _ 1. 2
an 110l < erv ([wa-plaeo|)
Now we introduce the following lemma.

LEMMA 6. Let v(x) € Cﬁ({Mj})p and let M(r) be the associated function
of {M;}. If sup; Q(j) < oo, then for any € > 0, there is a constant C, , such that

1
o0 j 2
(18) M) - 1DOC)|| s%{j%( > ||D°‘v||2) :
J

j=1 ler|=j-1
where p = p/(1 + ¢).
Proor. The right hand side of (18) can be estimated as the following:

] 1
= o w2\ [ —24n)
ZE( > D v||2) ZZE( o > 1D

Jj=1 lee]=j—1 Jj=1 loe|=j—1
et 2 3
’ > 1Y +e) 2 2
A DI 19(5)1Pdg
= M /R (Ial=1— )
% _1jIM; {,0/(1+8)
>c” 1+ 7 2 Jp
> ;{( &) MM} 11750
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for any ¢ > 0, where we have applied the boundedness of Q(j) and the
following inequalities

l
M
zl=(N;ff1 ) (z) oS e @20,
i=1

lee|=N

(N + n) g (1 + g)N+n

(1+¢))
Ve > 0), * > x|V, ———>13C,>0.
) S Ve>0), > k%> Ix| 236>

la|=N

Now let Ry (k=0,1,---) and € (k=1,2,---) be chosen as follows:

-~ _] ~ k
Re=max{r>0supd LV @ Loy Ry=o,
21 | M M;

Q= {6 eR"; Rk < || < Re}),

where we note that |J;o, € = R". Hence we have
1
o0 ~j o0 ~ k 2 Q
o’ : PIED™| |5 a2
> g li-veo] = {ZL G| s df}

- )
(B L {5 ora)
k=1 =

=M1 DO - a

1
2

Here we remark that the estimate (17) remains valid for any continuous
. . . 1. Cy.
strictly increasing function N such that A — N(A2) is convex. Now, considering

2
that N(r) = {M (El(fr—);) /Cg‘,,} for any fixed ¢ € [0, T] and ¢ > 0, then we see

1
that N(r) is a continuous strictly increasing function such that A, — N(A2) is
convex by definition of M(r), where C,, is the constant in Lemma 6. Finally,
applying Lemma 6, we obtain

2
a9 [va-prae | =X ”ij)’ ( > 0w, ~)||2) <E@).
7 \Jal=j-1

Therefore we have the estimate

d 2 -1 2 2 /
TE)? <CN (E.?) B0 + C'Eu(0).
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Now, without loss of generality let E,(¢) > 1, and consider the inequality
d 2 -1 2 2 ’ 2
(20) ZEW < CNT (E.0)) B0 + C'E,0)°.

Next we shall investigate the condition which must be satisfied by N in
order that some estimates on the solution of (4) hold. For this purpose we
introduce the following lemmas.

LEMMA 7. Let f : [0,00) — [0, 00) be continuous, g : (0,00) — (0, o0)
continuous and nondecreasing, and c a positive constant. Then the inequality

FO <c+ / e(f(s)ds (0 <1 <o0),
0
implies that
f(t) <G HGy) < +0 (0=t <Gy,

for any fixed number G less than G(00), where G(t) = fc' 1/g(s)ds fort > c.
Moreover, if G(00) = 00, then the inequality

f@)y <G~ '@,

is valid for all t > 0.
The proof of Lemma 3 is given in [13].

LEMMA 8. Let M (r) be a continuous nondecreasing function such that

/°° ds
— =00,
e s(do+ M~1(s))

for some positive constant ¢ and dy, then for any positive constant p, the function
N(r) defined by N (r) = M(pr)? satisfies

/ o0 ds

- =00,
¢ s(p~'dy + N~1(s)
for some positive constant ¢’ and for any 0 < p < p.

Now we introduce a lemma to prove the Lemma 8.

Let M(r) be the associated function of {M;}. We define the regularized
associated function M.(r) of M(r), written in the form M.(r) = x. x M(r)
for x(r) € C§P(R), such that supp x C [—8,8], [x(r)dr =1 and x.(r) =
e x(e7!r) for e >0 and § > 0. Then we have the following lemma.

LEMMA 9 (W. Matsumoto [11]). For0 < Ve < l and V8§ > 0, a regularized
associated function M, (r) € C*(Ry) satisfies the inequality

M —¢e)r) < M.(r) < M((1+¢&)r)

foranyr > 6.
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ProoOF. For 0 < Vg < 1,

M (r) 8 M(r — es) s
——— = —_— = — 1
M((1 F&)r) /—a x(s) M F s)r)ds < /_8 x(o)ds =1,

where we used M(r —es) 2 M((1 F¢e)r) for -8 <Vs <. O

PrOOF OF LEMMA 8. Let N(r) = M(pr)? and N,(r) = M.(p(1 — &)r)?,
where M, is a regularized associated function of M defined above. Then we
see that N~1(s) < NS 1(s), and hence we have

/Oo ds >/Oo ds
e s ldo+ N-1(s) " Jo s(pdo+ N71((s))
B N M (p(1—¢)r)
=200l ”/M;I(c) Moo= G dotr)
00 ds

Me@U-ON @) §{p(T—£) 5 Tdo+ M~ 1(5)]

>2p(l1—¢)

’

where we used the equality %j— =2p(1—-e)M. (p(1 —€)r)M:(p(1 —¢)r) and the
inequality M !(s) < M~!(s/(1—¢)). Putting e = 1—5/p, we get Lemma 8. O

Let C = C’'p/dy in (20) and then (20) can be rewritten as

d

@ dt

Ev@? < C'E0* (N7 (Eu)?) +57'do) -

Then, regarding g(f) in Lemma 7 as g(f) = Cif(N"'(f) + p~'dy) and
applying Lemma 8, we see that foo g—‘ii—) = 00, where N(r) = M(p(t)r)? and p
is a constant such that 0 < p < p(T). Hence, if {M;} satisfies a quasi-analytic
condition, by applying Lemma 7, we have the energy estimate

(22) E,(t)<Cr (0<Vt<T),

where Cr is a constant independenet of v.
By the foregoing arguments, finally we have the following proposition.

PrOPOSITION 1. Let po and p; be positive numbers such that py < p1, {M;}
be positive, logarithmically convex and sup; Q(j) = sup;{M;/j %Mj_l} < o0.
Assume that [ank(x)] € [C({M}}),,]satisfies (2), ugandu, € Cﬁ({Mj})pO, ft,x) e

Cco([0, T1; Cﬁ({Mj})pO) and that ®(n) € C([0, 00)] satisfies the inequality ® >
3 ®y > 0. Then we get the following estimates of E,(t) to the solution of (4).

i) There exist positive constants To(< T) and C independent of v, and a positive
function p(t) on [0, To] such that

E,(t) <Cry 0=Vi=<Tp.
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ii) If {M;} satifies a quasi-analytic condition and Q(j) — 0 as j — oo, there
exists a constant Ct independent of v such that

E,t)<Cr 0=Vt=T).

Now we shall show the existence of the solution for the nonlinear Cauchy
problem (1) in case that the data and the coefficients satisfies the assumption
of the Main Theorem.

Let u™(z, x) and u®)(s,x) be solutions of (4). Define v, x) =
u® (@, x) — u®(t,x). We shall consider the following Cauchy problem for
v (¢, x)

v (2, x) W, ()AL, x) = FOU, x) — FO, x)
(23) +(U, (DA, — W,()A) U (t,x) (> 0,x R,
0,0 = (x) —uf (@), v 0,0) = ul’ @) —u ).

From now on we will show that the solution of the Cauchy problem (23)
v (2, %) converges to 0 in C2([0, Tp); C*({M;}) 5 for some p(r) > 0.
We define the infinite order energy E, (t) and its j-th order element

/
e}v"’ (1) as

o0

4) Eny®) =Y P}%’g}gu,uom
=t M

with

= 3 (W@ DV, ), D, )+ DT, )P
lae|=j—1
(25)
HIDT IR+ 573 ID .
lal=j

Then, applying Proposition 1 and the estimate obtained for E,(¢), we conclude
that there is a constant C; independent of v and v’ such that

p{ (wvl(z)AU/—wu<t)Av>u<“’>+f<”>—f‘“'>}H2}

d A
—FE <
dr ™" (t)—Z: M; Z ‘
Jj=1 la|=j—1
(26)
+ ClEv,l/(t)

on [0, Ty].

1
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As to the first term of (26), we see that

=t "

1
00 ~yoni 2
(27) first term of (26) <v/3|W, () —W, ()| p ;;)j{ > IID"A,,ru("I)HZ}

laj=j—1

1
00 nj 2
(28) +v30,(03 2 ;2 {}: ||D“(Auf—Av>u‘“>||2}
Jj=1 lal=j—1
1
104 el
29) V30,03 0ol 3 ST DO
j=1 7 lel=j-1

Applying Lemma 1 and Lemma 2 to (27) and (29), we find a constant C,
independent of v and v/, such that

27) + (29) < GE, y(t) + &1(v, V),

where £;(v, V') = 0 as j — oo for any ¢ € [0, Tp].
Next we shall estimate (28) as follows:

M\ i

¢ 1

00 ~pNi 2

28) < V6w, 2 2k { > DAy - A)u(”’||2}
(30) -

1
2
{ > ||D“(AU—A)u<“’u2} :

la|=j—1

STy
+V6w, Y p;?
j=1

Now, applying Lemma 1, Lemma C and the fact C({M;}), C C({M;1}),, there
are constants C3 and &(v) such that | D%(A, — A)u| can be estimated by

D% (A, — A)u®| < C3 e2(v)(kp ()" Mg 42

for 0 < Vk < 1, where g;(v) = 0 as v — oo and C3 is a constant independent
of v. Similarly, we have

| D%(Ay — Au™|| < C3 620" ) (k0 ()" Mg 42 .

Hence we get the following estimate

X/ p j
(28) < Ca(e2(v) + &2(V")) ( /,)(t) )
j=1 \K o)
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for 0 < Yk’ < 1, where we have applied the same arguments as the proof
of Lemma 6. Here let us consider that p(t) < «'p(t), so that we have
Y2 /K@) < oo.

Therefore by taking together the previous estimates, there are constants Cs
and Ce such that we get the following estimate of E, /()

(3D %Eu,u’(t) < Cs (e1(v, V) + &2(v) + &£200)) + C6E, /(1) V1t € [0, Tp].

Hence by applying Gronwall’s lemma, Lemma 1 and the definition of ¢; and
&5, there are C and C’ such that

E, () <CE,0)+C (e1(v,V) + £2(v) + £2(,)) = 0

as v,V — oo on [0, Ty].

3. - Appendix

THEOREM A (Denjoy-Carleman). The following three statements are equiva-
lent:

i Cc*Mm ;i}) is a quasi-analytic class,

(ii) / Tlog M)\ _ .

r2

o0
(i) Y M;/ M1 = o0,
j=0

where M (r) = sup,{r/ /M;}.
The proof is given in [10].

LemMMmA B (Kinoshita [8]). Let {M;} be a positive sequence of real numbers.
Assume that {M;} is logalithmically convex. Then the the following inequalities are
established.

() ())M;-oM, < M;.
(ii) (vfl)Mj4v+1MU+1 < 3CM;v(v + 1) for V j > 2v, where C is a constant

independent of j.
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PROOE. (i) can be proved by the same argument to (ii). For (ii), we

shall prove that there is a constant C independent of j and v such that
GLOMj—v 1My /M < Co(v + 1).

J \Mj_vu M,y
v—1 Mj

Mjvr Moy MM M | M M,
_(=v+ DM, j-vM_,_1 2M; 1 T (v+DM, 2M; 1
M M M My

JMii G=DM; -, 2M; 1

In case that j —v+ 1> v+ 1, we see that the following inequality holds:

M;_ M M, M

(G—v+DM;_, 3M, 2M; 1
= X < C .
M; M, 1 - MM

M v2)M, g

In case that j — 1 — v > v, we have the inequality:

M M M M Mo M
_G=1-vM; oy =2-VIM; 5, 1 My 0-DM, o, 1
M;_, M;_, M,y M, M, M, ="

G-DMj 2 (G-2M;—s  (v+DM,  vMyy v—DM,, 1
M; M,
i
iMj_1 = kMy_y
for any j <k. O
LeMMA C. The product of a(x) € C({M;}),, and v(x) € Cn({Mj})pO belongs
to the class Cﬁ({Mj}),O for0 <V p < pp.

Where we used the logalithmically convexity of {M;}, that is,

Proor. By applying Lemma B (i), D*(a(x)v(x)) can be estimated as fol-
lows:
1D @@ v < Ckpo)™ My

for any ¥k > 1 and @ € N*, where C is a constant independent of «. Then
using the same method as the proof of Lemma 6, we have

1
i LR .
ST N ID*@@ue)IP p < CD (ok?/po)
—~ M; ~ —
j=0 la|=j j=0
Hence, by choosing « < 1/pp/p, we have the lemma. O

LemMa D. C*({M;}),y C C*({M;}), forany 0 < p < p'.
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Proor. Let f(x) be a function belonging the class C II({Mj})p/. Then we

can get the following estimates:

Y ? o i 2] ?
SN e srr) <c XY (07 M)
iz Mi \ s j=0 7 lel=j

where we used the relations 3 ,_; 1 = (’:ﬁ;’) and (“1"71) < (1+4e)/+n-1 7en!

< Cen(1+€)/. Hence, by choosing 0 < & < (o'/p)?—1, we get the lemma. O
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