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�WK��,QWHUQDWLRQDO�&RQIHUHQFH�RQ�,QGXVWULDO�(QJLQHHULQJ�DQG�,QGXVWULDO�0DQDJHPHQW��
;9,��&RQJUHVR�GH�,QJHQLHUtD�GH�2UJDQL]DFLyQ��9LJR��-XO\�������������

�
)LOO�UDWH�LQ�D�SHULRGLF�UHYLHZ�EDVH�VWRFN�V\VWHP�
XQGHU�GLVFUHWH�GLVWULEXWHG�GHPDQG�IRU�WKH�
EDFNRUGHULQJ�FDVH�

%DELORQL�(���*XLMDUUR�(��&DUGyV�0��(VWHOOpV�6���

$EVWUDFW��7KH� ILOO� UDWH� LV� WKH� IUDFWLRQ� RI� GHPDQG� WKDW� LV� VDWLVILHG� GLUHFWO\� IURP�
VKHOI��,Q�WKH�OLWHUDWXUH��WKLV�VHUYLFH�PHWULF�LV�XVXDOO\�FRPSXWHG�E\�XVLQJ�WKH�WUDGL�
WLRQDO�DSSURDFK��ZKLFK�FDOFXODWHV� WKH� ILOO� UDWH�DV� WKH�FRPSOHPHQW�RI� WKH�TXRWLHQW�
EHWZHHQ�WKH�H[SHFWHG�XQIXOILOOHG�GHPDQG�DQG�WKH�H[SHFWHG�GHPDQG�SHU�UHSOHQLVK�
PHQW�F\FOH��LQVWHDG�RI�GLUHFWO\�WKH�H[SHFWHG�IUDFWLRQ�RI�IXOILOOHG�GHPDQG��)XUWKHU�
PRUH�WKH�DYDLODEOH�PHWKRGV�WR�HVWLPDWH�WKH�ILOO�UDWH�DSSO\�RQO\�XQGHU�VSHFLILF�GH�
PDQG� FRQGLWLRQV�� 7KLV� SDSHU� VKRZV� WKH� UHVHDUFK� JDS� UHJDUGLQJ� WKH� HVWLPDWLRQ�
SURFHGXUHV� WR� FRPSXWH� WKH� ILOO� UDWH� DQG� VXJJHVWV�� �L�� D� QHZ� H[DFW� SURFHGXUH� WR�
FRPSXWH� WKH� WUDGLWLRQDO� DSSUR[LPDWLRQ� IRU� DQ\�GLVFUHWH� GHPDQG�GLVWULEXWLRQ�� DQG�
�LL��D�QHZ�PHWKRG� WR�FRPSXWH� WKH�ILOO� UDWH�GLUHFWO\�DV� WKH� IUDFWLRQ�RI� IXOILOOHG�GH�
PDQG�IRU�DQ\�GLVFUHWH�GHPDQG�GLVWULEXWLRQ��6LPXODWLRQ�UHVXOWV�VKRZ�WKDW�WKH�ODWWHU�
PHWKRGV�RXWSHUIRUP�WKH�WUDGLWLRQDO�DSSURDFK��ZKLFK�XQGHUHVWLPDWHV�WKH�VLPXODWHG�
ILOO�UDWH��RYHU�GLIIHUHQW�GHPDQG�SDWWHUQV��7KLV�SDSHU�IRFXVHV�RQ�WKH�WUDGLWLRQDO�SHUL�
RGLF�UHYLHZ��EDVH�VWRFN�V\VWHP�ZKHQ�EDFNORJJHG�GHPDQGV�DUH�DOORZHG��

.H\ZRUGV��,QYHQWRU\��ILOO�UDWH��SHULRGLF�UHYLHZ��EDFNRUGHULQJ��GLVFUHWH�GHPDQG�
�
����,QWURGXFWLRQ�DQG�OLWHUDWXUH�UHYLHZ�

7KH�WUDGLWLRQDO�SUREOHP�RI�WKH�SHULRGLF�UHYLHZ��EDVH�VWRFN��5��6��V\VWHP�LV�XVXDOO\�
RQ� WKH�GHWHUPLQDWLRQ�RI� WKH�EDVH� VWRFN��6�� VXFK� WKDW� WRWDO� FRVWV�DUH�PLQLPL]HG�RU�
VRPH�WDUJHW�FXVWRPHU�VHUYLFH�OHYHO�LV�IXOILOOHG��(YHQ�LI�WKH�FRVW�FULWHULRQ�LV�XVHG�IRU�
WKDW� SXUSRVH�� WKH� VHUYLFH� OHYHO� LV� XVXDOO\� LQFOXGHG� E\� LPSRVLQJ� SHQDOW\� FRVWV� RQ�
VKRUWDJHV��YDQ�GHU�+HLMGHQ�������RU�E\�XVLQJ�LW�WR�FRPSXWH�WKH�EDVH�VWRFN�LQ�RUGHU�
WR�PLQLPL]H�KROGLQJ�FRVWV�RI�WKH�V\VWHP��%DELORQL�HW�DO���������7KHUHIRUH�DFFXUDWH�

������������������������������ �����������������������������
��(XJHQLD�%DELORQL�*ULxyQ��
��
'HSDUWDPHQWR�GH�2UJDQL]DFLyQ�GH�(PSUHVDV��8QLYHUVLWDW�3ROLWqFQLFD�GH�9DOqQFLD��&DPt�GH�
9HUD�V�Q��������9DOHQFLD��6SDLQ�
H�PDLO��PDEDJUL#GRH�XSY�HV�
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H[SUHVVLRQV� WR�HVWLPDWH�FXVWRPHU�VHUYLFH� OHYHOV�DUH� UHTXLUHG��$SSURSULDWH�VHUYLFH�
LQGLFDWRUV�DUH�WKH�F\FOH�VHUYLFH�OHYHO�DQG�WKH�ILOO�UDWH��EHLQJ�WKH�ODWWHU�WKH�PRVW�XVHG�
LQ�SUDFWLFH��YDQ�GHU�+HLMGHQ��������7KLV�SDSHU�IRFXVHV�RQ�WKH�H[DFW�HVWLPDWLRQ�RI�
WKH� ILOO� UDWH� LQ� �5�� 6�� V\VWHPV�� )XUWKHUPRUH��ZKHQ�PDQDJLQJ� LQYHQWRULHV� LW� LV� UH�
TXLUHG�WR�NQRZ�KRZ�WR�SURFHHG�ZKHQ�DQ�LWHP�LV�RXW�RI�VWRFN�DQG�D�FXVWRPHU�RUGHU�
DUULYHV��7KHUH�DUH�WZR�H[WUHPH�FDVHV��WKH�EDFNRUGHULQJ�FDVH�� DQ\�XQIXOILOOHG�GH�
PDQG�LV�EDFNRUGHUHG�DQG�ILOOHG�DV�VRRQ�DV�SRVVLEOH���DQG�WKH�ORVW�VDOHV�FDVH�� DQ\�
XQIXOILOOHG�GHPDQG�LV�ORVW���7KLV�SDSHU�IRFXVHV�RQ�WKH�EDFNRUGHULQJ�FDVH��

7KH�ILOO� UDWH� LV�GHILQHG�DV� WKH�IUDFWLRQ�RI�GHPDQG�WKDW� LV� LPPHGLDWHO\�IXOILOOHG�
IURP�RQ�KDQG�VWRFN��&RPPRQ�DSSURDFK� WR�HVWLPDWH� LW�FRQVLVWV�RQ�FRPSXWLQJ� WKH�
QXPEHU�RI� XQLWV� VKRUW� LQVWHDG�RI�FRPSXWLQJ�GLUHFWO\� WKH� IXOILOOHG�GHPDQG�SHU� UH�
SOHQLVKPHQW�F\FOH��7KLV�DSSURDFK��NQRZQ�LQ�WKH�UHODWHG�OLWHUDWXUH�DV�WKH�WUDGLWLRQDO�
DSSUR[LPDWLRQ� DQG� GHQRWHG� E\� ȕ7UDG� IXUWKHU� RQ�� FRQVLVWV� RI� FDOFXODWLQJ� WKH� FRP�
SOHPHQW� RI� WKH� TXRWLHQW� EHWZHHQ� WKH� H[SHFWHG� XQIXOILOOHG� GHPDQG� SHU� UHSOHQLVK�
PHQW�F\FOH��DOVR�NQRZQ�DV�H[SHFWHG�VKRUWDJH��DQG�WKH�WRWDO�H[SHFWHG�GHPDQG�SHU�
UHSOHQLVKPHQW�F\FOH�DV�IROORZV��

��
( )

( )�7UDG

(� XQIXOILOOHG�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH
(� WRWDO�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH

β = − � ������

2QH�OLPLWDWLRQ�RI�WKH�DYDLODEOH�PHWKRGV�GHYRWHG�WR�HVWLPDWLQJ�ȕ7UDG�LQ�WKH��5��6��
V\VWHP�IRU�WKH�EDFNRUGHULQJ�FDVH�LV�WKDW�WKH\�HVWLPDWH�LW�RQO\�IRU�VSHFLILF�GHPDQG�
FRQGLWLRQV�� ,Q� WKLV� VHQVH�� �+DGOH\�DQG�:KLWLQ�������� �6LOYHU�DQG�3HWHUVRQ��������
�-RKQVRQ�HW�DO��������DQG��6LOYHU�DQG�%LVFKDN�������VXJJHVW�PHWKRGV�WR�HVWLPDWH�LW�
ZKHQ�GHPDQG�LV�QRUPDO�GLVWULEXWHG�ZKHUHDV��7HXQWHU���������6REHO���������=KDQJ�
DQG� =KDQJ� ������ ZKHQ� GHPDQG� IROORZV� DQ\� FRQWLQXRXV� GLVWULEXWLRQ��:KHQ� GH�
PDQG� LV� GLVFUHWH�� RQO\� �+DGOH\� DQG�:KLWLQ� ������ VXJJHVW� D�PHWKRG� WR� HVWLPDWH�
ȕ7UDG�IRU�3RLVVRQ�GHPDQGV�EXW�WR�WKH�UHVW�RI�RXU�NQRZOHGJH�QR�PHWKRGV�DUH�DYDLO�
DEOH�WR�HVWLPDWH�LW�ZKHQ�GHPDQG�IROORZV�DQ\�GLVFUHWH�GLVWULEXWLRQ�IXQFWLRQ��

$QRWKHU� DSSURDFK� WR� FRPSXWH� WKH� ILOO� UDWH� FRQVLVWV� RI� GLUHFWO\� HVWLPDWLQJ� WKH�
IUDFWLRQ�RI�WKH�IXOILOOHG�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH�LQVWHDG�RI�GHWHUPLQLQJ�WKH�
H[SHFWHG�VKRUWDJH��DV�IROORZV��

� IXOILOOHG�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH(
WRWDO�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH

β § ·= ¨ ¸
© ¹

� ������

�*XLMDUUR�HW� DO�������� VKRZ� WKDW�H[SUHVVLRQ� ������DQG�H[SUHVVLRQ� ������DUH�QRW�
HTXLYDOHQW�DQG�SURSRVH�PHWKRGV�WR�HVWLPDWH�ERWK�IRU�DQ\�GLVFUHWH�GHPDQG�SDWWHUQ�
ZKHQ�LQYHQWRU\�LV�PDQDJHG�IROORZLQJ�WKH�ORVW�VDOHV�FDVH�SULQFLSOH��+RZHYHU��WKHUH�
LV�QRW�DYDLODEOH�DQ\�PHWKRG�WR�HVWLPDWH�ȕ7UDG� �DQG�ȕ�ZKHQ�GHPDQG�LV�PRGHOHG�E\�
DQ\�GLVFUHWH�GLVWULEXWLRQ�DQG�WKH�LQYHQWRU\�LV�PDQDJHG�IROORZLQJ�WKH�EDFNRUGHULQJ�
FDVH��L�H��ZKHQ�XQIXOILOOHG�GHPDQG�LV�EDFNORJJHG�WR�WKH�IROORZLQJ�F\FOH��7KLV�SD�
SHU�IXOILOV�WKLV�UHVHDUFK�JDS�DQG�VXJJHVWV�WZR�QHZ�DQG�H[DFW�PHWKRGV�WR�HVWLPDWH�
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ERWK�H[SUHVVLRQV��6HFWLRQ�������)XUWKHUPRUH��ZH�SUHVHQW�DQG�GLVFXVV�VRPH�LOOXVWUD�
WLYH�H[DPSOHV�RI�WKH�SHUIRUPDQFH�RI�ERWK�YHUVXV�D�VLPXODWHG�ILOO�UDWH�DQG�RYHU�GLI�
IHUHQW� GHPDQG�SDWWHUQV� �6HFWLRQ�������7KH�GLVFXVVLRQ� DQG� VXPPDU\�RI� WKLV�ZRUN�
DUH�VXPPDUL]HG�LQ�6HFWLRQ������

����%DVLF�QRWDWLRQ�DQG�DVVXPSWLRQV�

7KH�WUDGLWLRQDO�SHULRGLF�UHYLHZ��EDVH�VWRFN��5��6��V\VWHP�SODFHV�UHSOHQLVKPHQW�RU�
GHUV�HYHU\�5�XQLWV�RI�WLPH�RI�VXIILFLHQW�PDJQLWXGH�WR�UDLVH�WKH�LQYHQWRU\�SRVLWLRQ�WR�
WKH� EDVH� VWRFN� 6�� 7KH� UHSOHQLVKPHQW� RUGHU� LV� UHFHLYHG� /� SHULRGV� DIWHU� EHLQJ�
ODXQFKHG��)LJXUH��� VKRZV� DQ� H[DPSOH�RI� WKH� HYROXWLRQ�RI� WKH�RQ�KDQG� VWRFN� �� �
VWRFN�WKDW�LV�SK\VLFDOO\�RQ�VKHOI���WKH�QHW�VWRFN��� �RQ�KDQG�VWRFN���EDFNRUGHUV��DQG�
WKH� LQYHQWRU\�SRVLWLRQ� �� �RQ�KDQG� VWRFN��� VWRFN�RQ�RUGHU� ±�EDFNRUGHUV�� IRU� WKH�
EDFNRUGHULQJ�FDVH���

�
)LJ������([DPSOH�RI�WKH�HYROXWLRQ�RI�D��5��6��V\VWHP��EDFNRUGHULQJ�FDVH��

1RWDWLRQ�LV�DV�IROORZV��
6�  � EDVH�VWRFN��XQLWV���
5�  � UHYLHZ� SHULRG� FRUUHVSRQGLQJ� WR� WKH� WLPH� EHWZHHQ� WZR� FRQVHFXWLYH�

UHYLHZV�DQG�UHSOHQLVKPHQW�F\FOH�FRUUHVSRQGLQJ�WR�WKH�WLPH�EHWZHHQ�
WZR�FRQVHFXWLYH�GHOLYHULHV��WLPH�XQLWV���

/�  � OHDG�WLPH�IRU�WKH�UHSOHQLVKPHQW�RUGHU��WLPH�XQLWV���
2+W�  � RQ�KDQG�VWRFN�DW�WLPH�W��XQLWV���
,3W�  � LQYHQWRU\�SRVLWLRQ�DW�WLPH�W��XQLWV���
16W�  � 1HW�VWRFN�DW�WLPH�W��XQLWV���
'W�  � WRWDO�GHPDQG�GXULQJ�W�FRQVHFXWLYH�SHULRGV��XQLWV���
IW�Â��  � SUREDELOLW\�PDVV�IXQFWLRQ�RI�'W��
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)W�Â��  � FXPXODWLYH�GLVWULEXWLRQ�IXQFWLRQ�RI�'W��
7KH�UHVW�RI�WKH�SDSHU�DVVXPHV�WKDW���L��WLPH�LV�GLVFUHWH�DQG�LV�RUJDQL]HG�LQ�D�QX�

PHUDEOH� DQG� LQILQLWH� VXFFHVVLRQ� RI� HTXL�VSDFHG� LQVWDQWV�� �LL�� WKH� OHDG� WLPH��/�� LV�
FRQVWDQW���LLL�� WKH�UHSOHQLVKPHQW�RUGHU�LV�DGGHG�WR�WKH�LQYHQWRU\�DW� WKH�HQG�RI�WKH�
SHULRG�LQ�ZKLFK�LW�LV�UHFHLYHG��KHQFH�WKHVH�SURGXFWV�DUH�DYDLODEOH�IRU�WKH�QH[W�SH�
ULRG���LY��GHPDQG�GXULQJ�D�SHULRG�LV�IXOILOOHG�ZLWK�WKH�RQ�KDQG�VWRFN�DW�WKH�EHJLQ�
QLQJ�RI�WKH�SHULRG��DQG��Y��GHPDQG�SURFHVV�LV�GLVFUHWH��VWDWLRQDU\�DQG�L�L�G��

����(VWLPDWLRQ�RI�WKH�)LOO�5DWH�LQ�D�'LVFUHWH�'HPDQG�&RQWH[W�

������'HULYDWLRQ�RI�DQ�H[DFW�PHWKRG�WR�FRPSXWH�ȕ7UDG�

7KH�WUDGLWLRQDO�DSSUR[LPDWLRQ�RI�WKH�ILOO�UDWH�FRPSXWHV�WKH�FRPSOHPHQW�RI�WKH�UDWLR�
EHWZHHQ� WKH� H[SHFWHG� XQIXOILOOHG� GHPDQG� �H[SHFWHG� VKRUWDJH�� DQG� WKH� H[SHFWHG�
GHPDQG�SHU� UHSOHQLVKPHQW�F\FOH�DV� VKRZQ� LQ�H[SUHVVLRQ� �������7KH�H[SHFWHG�GH�
PDQG�FDQ�EH�VWUDLJKWIRUZDUGO\�FRPSXWHG� VR�DOO� WKDW� LV� OHIW� WR�FRPSXWH� LV� WKH�H[�
SHFWHG� XQIXOILOOHG� GHPDQG� SHU� UHSOHQLVKPHQW� F\FOH��7KHQ�� LI� DW� WKH� EHJLQQLQJ� RI�
WKH� F\FOH� WKHUH� LV� QRW� VWRFN�RQ� VKHOI� WR� VDWLVI\� DQ\�GHPDQG�� WKH�QHW� VWRFN� DW� WKLV�
WLPH� LV�]HUR�RU�QHJDWLYH��16�����DQG� WKHUHIRUH� WKH�H[SHFWHG�VKRUWDJH� LV�HTXDO� WR�
WKH�H[SHFWHG�GHPDQG�GXULQJ�WKH�UHSOHQLVKPHQW�F\FOH��+HQFH��WKH�ȕ7UDG��LV�HTXDO�WR�
]HUR�

�
�

2Q� WKH� RWKHU� KDQG� LI� WKH� QHW� VWRFN� DW� WKH� EHJLQQLQJ� RI� WKH� F\FOH� LV� SRVLWLYH�
�16�!����WKH�VKRUWDJH�LV�HTXDO�WR�WKH�GLIIHUHQFH�EHWZHHQ�WKH�16��DQG�WKH�DPRXQW�RI�
GHPDQG�WKDW�H[FHHG�16��GXULQJ�WKDW�F\FOH��%\�GHILQLWLRQ��WKH�QHW�VWRFN�ZKHQ�SRVL�
WLYH�FDQ�EH�IURP���WR�6��DQG�KHQFH�
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� �

� �
� �

XQIXOILOOHG�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH
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6LQFH� WKH�QHW�VWRFN� LV�HTXLYDOHQW� WR� WKH� LQYHQWRU\�SRVLWLRQ�PLQXV� WKH�RQ�RUGHU�
VWRFN�� WKH�QHW�VWRFN�EDODQFH�DW� WKH�EHJLQQLQJ�RI�WKH�F\FOH�LV� � /16 6 '= − ��7KHQ�

( ) ( ) ( )� � �/ /3 16 3 ' 6 16 I 6 16= = − = − ��
7KHUHIRUH��ȕ7UDG��ZKHQ�GHPDQG�IROORZV�DQ\�GLVFUHWH�GLVWULEXWLRQ�IXQFWLRQ�FDQ�EH�

HVWLPDWHG�ZLWK�WKH�IROORZLQJ�H[SUHVVLRQ��
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������'HULYDWLRQ�RI�DQ�H[DFW�PHWKRG�WR�FRPSXWH�ȕ�

7KH�ILOO�UDWH�LV�GHILQHG�DV�WKH�IUDFWLRQ�RI�GHPDQG�WKDW�LV�LPPHGLDWHO\�IXOILOOHG�IURP�
VKHOI�DQG�WKHUHIRUH��F\FOHV�WKDW�GR�QRW�VKRZ�DQ\�GHPDQG�VKRXOG�QRW�EH�WDNHQ�LQWR�
DFFRXQW��$FFRUGLQJ�WR��*XLMDUUR�HW�DO��������WR�GHULYH�DQ�H[DFW�PHWKRG�WR�FRPSXWH�
β�RYHU�GLIIHUHQW�GHPDQG�SDWWHUQV�LQFOXGLQJ�LQWHUPLWWHQW�GHPDQG�LV�QHFHVVDU\�WR�LQ�
FOXGH� H[SOLFLWO\� WKH� FRQGLWLRQ� RI� KDYLQJ� SRVLWLYH� GHPDQG� GXULQJ� WKH� F\FOH��1RWH�
WKDW�IURP�D�SUDFWLFDO�SRLQW�RI�YLHZ��LW�LV�XVHOHVV�WR�FRQVLGHU�D�VHUYLFH�PHWULF�ZKHQ�
WKHUH�LV�QR�GHPDQG�WR�EH�VHUYHG��7KHQ��SRVLWLYH�GHPDQG�GXULQJ�D�F\FOH�FDQ�EH���L��
ORZHU�RU�HTXDO�WKDQ�WKH�QHW�VWRFN�DW�WKH�EHJLQQLQJ�RI�WKLV�F\FOH��L�H��'5�16���DQG�
WKHUHIRUH� WKH� ILOO� UDWH� ZLOO� EH� HTXDO� WR� ��� RU� �LL�� JUHDWHU� WKDQ� WKH� QHW� VWRFN�� L�H��
'5!16��� DQG� WKHUHIRUH� WKH� ILOO� UDWH�ZLOO�EH� WKH� IUDFWLRQ�RI� WKDW�GHPDQG�ZKLFK� LV�
VDWLVILHG�E\�WKH�RQ�KDQG�VWRFN�DW�WKH�EHJLQQLQJ�RI�WKLV�F\FOH��+HQFH�
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ZKHUH�WKH�ILUVW� WHUP�LQGLFDWHV��L��DQG�WKH�VHFRQG�WHUP�LQGLFDWHV��LL���5HZULWLQJ�
H[SUHVVLRQ� ������ WKURXJK� WKH� SUREDELOLW\� PDVV� DQG� FXPXODWLYH� GLVWULEXWLRQ� IXQF�
WLRQV�RI�GHPDQG��IW�Â��DQG�)W�Â���UHVSHFWLYHO\��UHVXOWV�LQ�
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7KHUHIRUH��E\�DSSO\LQJ�H[SUHVVLRQ�������WR�HYHU\�SRVLWLYH�QHW�VWRFN�OHYHO�DW�WKH�
EHJLQQLQJ�RI�WKH�SHULRG��WKH�PHWKRG�WR�HVWLPDWH�β�ZKHQ�GHPDQG�IROORZV�DQ\�GLV�
FUHWH�GLVWULEXWLRQ�IXQFWLRQ�UHVXOWV�DV�IROORZV��
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����,OOXVWUDWLYH�([DPSOHV�

7KLV�VHFWLRQ�LOOXVWUDWHV�WKH�SHUIRUPDQFH�RI�H[SUHVVLRQ�������DQG��������ȕ7UDG�DQG�
ȕ�UHVSHFWLYHO\��DJDLQVW�WKH�VLPXODWHG�ILOO�UDWH��ȕ6LP��ZKLFK�LV�FRPSXWHG�DV�WKH�DYHU�
DJH�IUDFWLRQ�RI�WKH�IXOILOOHG�GHPDQG�LQ�HYHU\�UHSOHQLVKPHQW�F\FOH�ZKHQ�FRQVLGHU�
LQJ� ������� FRQVHFXWLYH� SHULRGV� �7 �������� DV� LV� H[SUHVVLRQ� �������'DWD� XVHV� IRU�
WKH�VLPXODWLRQ�LV�SUHVHQWHG�LQ�7DEOH�����ZKLFK�HQFRPSDVVHV�����GLIIHUHQW�FDVHV���

�
�

��
�

7
W

6LP
W W

IXOILOOHG GHPDQG
7 WRWDO GHPDQG

β
=

= ¦ � ������

7DEOH�����6HW�RI�GDWD������FDVHV��

/HDG�WLPH�� /�  � ��������
5HYLHZ�SHULRG�� 5�  � ��������
2UGHU�XS�WR�OHYHO�� 6�  � ���������������
'HPDQG�3DWWHUQ�����
QHJDWLYH�ELQRPLDO��U�θ��

6PRRWK����������LQWHUPLWWHQW�������������
HUUDWLF�������������OXPS\�������������

'HPDQG� LV� VLPXODWHG�E\�XVLQJ� WKH�QHJDWLYH�ELQRPLDO� VLQFH� LW� LV� DEOH� WR� IXOILOO�
WKH�VPRRWK��LQWHUPLWWHQW��HUUDWLF�DQG�OXPS\�FDWHJRULHV�VXJJHVWHG�E\��6\QWHWRV�HW�DO��
������DV�VKRZQ�LQ�)LJ�������

�
)LJ������'HPDQG�SDWWHUQV�XVHG�LQ�WKH�VLPXODWLRQ�DFFRUGLQJ�WR�WKH�FDWHJRUL]DWLRQ�RI�GHPDQG�VXJ�
JHVWHG�E\��6\QWHWRV�HW�DO��������

)LJ�����VKRZV�WKH�FRPSDULVRQ�EHWZHHQ�ȕ7UDG��ȕ�DQG�ȕ6LP�IRU�WKH�7DEOH�����FDVHV��
,Q�LW��ZH�VHH�WKDW�ȕ7UDG�WHQGV�WR�XQGHUHVWLPDWHV�WKH�VLPXODWHG�ILOO�UDWH�DQG�WKHUHIRUH�
WKH�WUDGLWLRQDO�DSSUR[LPDWLRQ�VHHPV�WR�EH�ELDVHG���-RKQVRQ�HW�DO��������SRLQWHG�RXW�
VLPLODU�UHVXOWV�ZKHQ�GHPDQG�LV�QRUPDOO\�GLVWULEXWHG�ZKHUHDV��*XLMDUUR�HW�DO��������
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ZKHQ�GHPDQG� LV�3RLVVRQ�GLVWULEXWHG� IRU� WKH� ORVW� VDOHV�FDVH��1RWH� WKDW� H[SUHVVLRQ�
������ OHDGV� WR� WKH� H[DFW� YDOXH� RI� WKH� WUDGLWLRQDO� DSSUR[LPDWLRQ��7KHUHIRUH� GHYLD�
WLRQV�WKDW�)LJ������D��VKRZV�DULVH�IURP�HVWLPDWLQJ�WKH�ILOO�UDWH�XVLQJ�WKH�WUDGLWLRQDO�
DSSURDFK��H[SUHVVLRQ��������DQG�QRW�IURP�KRZ�LW�LV�FDOFXODWHG��5HJDUGLQJ�WKH�SHU�
IRUPDQFH� RI�ȕ��)LJ� ����E�� VKRZV� WKDW� QHLWKHU� ELDV� QRU� VLJQLILFDQW� GHYLDWLRQV� DS�
SHDUV�RQ�LW�IRU�DQ\�RI�WKH�����FDVHV�DQG�WKHUHIRUH�ȕ�FRPSXWH�DFFXUDWHO\�WKH�ILOO�UDWH�
RYHU�GLIIHUHQW�GLVFUHWH�GHPDQG�SDWWHUQV��

�
�D�� � � � ������������E��

)LJ������ȕ7UDG�DQG�ȕ�YV��ȕ6LP�IRU�WKH�FDVHV�IURP�7DEOH�����

����'LVFXVVLRQ�DQG�6XPPDU\�

7KH�WUDGLWLRQDO�DSSURDFK�RI�WKH�ILOO�UDWH��β7UDG��FRPSXWHV�LW�E\�HVWLPDWLQJ�WKH�UDWLR�
EHWZHHQ� WKH� H[SHFWHG�XQIXOILOOHG�GHPDQG� DQG� WKH� WRWDO� H[SHFWHG�GHPDQG�SHU� UH�
SOHQLVKPHQW�F\FOH�WKURXJK�FRPSXWLQJ�WKH�H[SHFWHG�VKRUWDJH�SHU�UHSOHQLVKPHQW�F\�
FOH��6HFWLRQ�������SUHVHQWV�DQ�H[DFW�PHWKRG�WR�FRPSXWH�β7UDG� IRU�DQ\�GLVFUHWH�GH�
PDQG� GLVWULEXWLRQ� DQG� IRU� WKH� EDFNRUGHULQJ� FDVH�� +RZHYHU� )LJXUH� ����D�� VKRZV�
WKDW�β7UDG�WHQGV�WR�XQGHUHVWLPDWH�WKH�VLPXODWHG�ILOO�UDWH��$Q�LPSRUWDQW�FRQVHTXHQFH�
RI�WKH�XQGHUHVWLPDWLRQ�EHKDYLRU�LV�IRXQG�ZKHQ�XVLQJ�D�WDUJHW�ILOO�UDWH�WR�GHWHUPLQH�
WKH�RUGHU�XS�WR�OHYHO�RI�WKH�LQYHQWRU\�SROLF\��)LJ������VKRZV�WKH�HYROXWLRQ�RI�β7UDG��
β6LP�� DQG� WKH� H[DFW� HVWLPDWLRQ� RI� WKH� ILOO� UDWH� WKDW� LV� GHULYHG� LQ� 6HFWLRQ� �������ȕ��
ZKHQ� LQFUHDVLQJ� WKH�EDVH�VWRFN�IRU�D�VPRRWK�GHPDQG�PRGHOHG�E\�D�1HJDWLYH�EL�
QRPLDO�ZLWK�U ��DQG�θ �����,Q�WKLV�FDVH�LI�D�WDUJHW�ILOO�UDWH�LV�VHW�WR�������β7UDG�OHDGV�
WR�6 ��ZKHUHDV�LQ� IDFW� MXVW�6 ��LV�QHFHVVDU\�WR�UHDFK�WKH�WDUJHW��,Q�WKLV�H[DPSOH��
XVLQJ�β7UDG� WR�GHWHUPLQH�RUGHU�XS�WR�OHYHO� OHDGV�WR�DQ�XQQHFHVVDU\�LQFUHDVH�LQ�WKH�
DYHUDJH�VWRFN�OHYHO�DQG�WKXV�WKH�KROGLQJ�FRVWV�RI�WKH�V\VWHP��7KLV�LQHIILFLHQF\�LV�
HVSHFLDOO\� UHOHYDQW� LQ� LQGXVWULHV� LQ�ZKLFK� WKH�XQLW�FRVW�RI� WKH� LWHP� LV�KLJK�DQG�RU�
VWRUDJH�VSDFH�LV�OLPLWHG��7KHUHIRUH��PDQDJHUV�VKRXOG�EH�DZDUH�RI�WKH�ULVN�RI�XVLQJ�
WKH�WUDGLWLRQDO�DSSUR[LPDWLRQ�WR�VHW�WKH�RUGHU�XS�WR�OHYHO��

7KH�PHWKRG�GHULYHG� LQ�6HFWLRQ��������β�� FRPSXWHV� WKH� ILOO� UDWH� GLUHFWO\� DV� WKH�
H[SHFWHG�IXOILOOHG�GHPDQG�SHU�UHSOHQLVKPHQW�F\FOH�IRU�WKH�EDFNRUGHULQJ�FDVH��7KLV�
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PHWKRGV�SUHVHQWV�WKH�IROORZLQJ�DGYDQWDJHV���L��VLPXODWLRQ�UHVXOWV�VKRZV�WKHLU�DF�
FXUDF\� RYHU� GLIIHUHQW� GHPDQG� SDWWHUQV�� �LL�� RXWSHUIRUPV� WKH� WUDGLWLRQDO� DSSURDFK�
DQG�WKHUHIRUH�DYRLG�WKH�DERYH�PHQWLRQHG�ULVNV�RI�XVLQJ�β7UDG����LLL��DYRLGV�WKH�GLV�
WRUWLRQ� FDXVHG� LQ� WKH�PHWULF� E\� WKH� F\FOHV�ZLWK�QR�GHPDQG� DQG� WKHUHIRUH� FDQ�EH�
XVHG�HYHQ� LI� WKH�SUREDELOLW\�RI�QR�GHPDQG�GXULQJ� WKH�F\FOH�FDQQRW�EH�QHJOHFWHG��
�LY��DSSOLHV�IRU�DQ\�GLVFUHWH�GHPDQG�GLVWULEXWLRQ��

�
)LJ�� ����&RPSDULVRQ� EHWZHHQ� ȕ7UDG�� ȕ� DQG� ȕ6LP� ZLWK�1HJDWLYH� ELQRPLDO� GHPDQG� ZLWK� U �� DQG�
θ �����VPRRWK���5 ��DQG�/ ��

����5HIHUHQFHV�

%DELORQL�(��&DUGRV�0��DQG�*XLMDUUR�(��������2Q�WKH�H[DFW�FDOFXODWLRQ�RI�WKH�PHDQ�VWRFN�OHYHO�LQ�
WKH�EDVH�VWRFN�SHULRGLF�UHYLHZ�SROLF\��-�,QG�(QJ�0DQDJH�����������

*XLMDUUR�(��&DUGyV�0��DQG�%DELORQL�(��������2Q�WKH�H[DFW�FDOFXODWLRQ�RI�WKH�ILOO�UDWH�LQ�D�SHUL�
RGLF�UHYLHZ�LQYHQWRU\�SROLF\�XQGHU�GLVFUHWH�GHPDQG�SDWWHUQV��(XU�-�2SHU�5HV�������������

+DGOH\�*��:KLWLQ�7��������$QDO\VLV�RI�,QYHQWRU\�6\VWHPV��3UHQWLFH�+DOO��(QJOHZRRG�&OLIIV��1-�
-RKQVRQ�0�(��/HH�+�/��'DYLV�7��DQG�+DOO�5��������([SUHVVLRQV�IRU�,WHP�)LOO�5DWHV�LQ�3HULRGLF�

,QYHQWRU\�6\VWHPV��1DY�5HV�/RJLVW����������
6LOYHU�(�$��3HWHUVRQ�5��������'HFLVLRQV�V\VWHP�IRU�LQYHQWRU\�PDQDJHPHQW�DQG�SURGXFWLRQ�SODQ�

QLQJ��-RKQ�:LOH\�	�6RQV��1HZ�<RUN�
6LOYHU�(�$��%LVFKDN�'�3��������7KH�H[DFW�ILOO�UDWH�LQ�D�SHULRGLF�UHYLHZ�EDVH�VWRFN�V\VWHP�XQGHU�

QRUPDOO\�GLVWULEXWHG�GHPDQG��2PHJD�LQW�-�0DQDJH�6������������
6REHO�0� -� ������� )LOO� UDWHV� RI� VLQJOH�VWDJH� DQG�PXOWLVWDJH� VXSSO\� V\VWHPV��0DQXI� 6HUY�2SHU�

0DQDJH���������
6\QWHWRV�$�$��%R\ODQ�-�(��DQG�&URVWRQ�-�'��������2Q�WKH�FDWHJRUL]DWLRQ�RI�GHPDQG�SDWWHUQV��-�

2SO�5HV�6RF������������
7HXQWHU�5�+��������1RWH�RQ�WKH�ILOO�UDWH�RI�VLQJOH�VWDJH�JHQHUDO�SHULRGLF�UHYLHZ�LQYHQWRU\�V\V�

WHPV��2SHU�5HV�/HWW����������
YDQ�GHU�+HLMGHQ�0�&��������1HDU�FRVW�RSWLPDO�LQYHQWRU\�FRQWURO�SROLFLHV�IRU�GLYHUJHQW�QHWZRUNV�

XQGHU�ILOO�UDWH�FRQVWUDLQWV��,QW�-�3URG�(FRQ������������
=KDQJ�-��=KDQJ�-��������)LOO�UDWH�RI�VLQJOH�VWDJH�JHQHUDO�SHULRGLF�UHYLHZ�LQYHQWRU\�V\VWHPV��2SHU�

5HV�/HWW������������
�


