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1 Introduction

Many empirical studies with financial time series data indicate that the distribution of asset
returns is usually rather leptokurtic, even after controlling for volatility clustering effects. Nev-
ertheless, the Gaussian pseudo-maximum likelihood (PML) estimators advocated by Bollerslev
and Wooldridge (1992) remain consistent for the conditional mean and variance parameters in
those circumstances, so long as those moments are correctly specified.

However, a non-normal distribution may be indispensable when one is interested in features
of the distribution of asset returns beyond its conditional mean and variance. For instance,
empirical researchers and financial market practitioners are often interested in the so-called Value
at Risk of an asset, which is the positive threshold value V' such that the probability of the asset
suffering a reduction in wealth larger than V' equals some pre-specified level 5 < 1/2. In addition,
they are sometimes interested in the probability of the joint occurrence of several extreme events,
which is regularly underestimated by the multivariate normal distribution, especially in larger
dimensions. This naturally leads one to specify a parametric leptokurtic distribution for the
standardised innovations, such as the multivariate student ¢ analysed in Fiorentini, Sentana and
Calzolari (2003) (FSC), and to estimate the conditional mean and variance parameters jointly
with the parameters characterising the shape of the assumed distribution by maximum likelihood
(ML). However, while ML will often yield more efficient estimators of the conditional mean and
variance parameters than Gaussian PML if the assumed conditional distribution is correct, it
may end up sacrificing consistency when it is not, as shown by Newey and Steigerwald (1997).

If one were mostly interested in the first two conditional moments, the semiparametric (SP)
estimators of Engle and Gonzalez-Rivera (1991) and Gonzalez-Rivera and Drost (1999) would
offer an attractive solution because they are sometimes both consistent and partially efficient,
as proved by Linton (1993), Drost and Klaassen (1997), Drost, Klaassen and Werker (1997), or
Sun and Stengos (2006). However, they suffer from the curse of dimensionality, which severely
limits their use in multivariate models. To avoid this problem, Hodgson and Vorkink (2003)
and Hafner and Rombouts (2007) have recently discussed elliptically symmetric semiparametric
(SSP) estimators, which retain univariate rates for their nonparametric part regardless of the
cross-sectional dimension of the data, but which are unfortunately less robust.

One of the main objectives of our paper is to study in detail the trade-offs between efficiency
and consistency of the conditional mean and variance parameters that arise in this context.
While many of the aforementioned papers provide detailed analyses of one of these issues, es-
pecially in univariate models, or in models with no mean, to our knowledge we are the first to

simultaneously analyse all the hard choices than an empirical researcher faces in practice. Fur-



thermore, we do so in a multivariate framework with non-zero means, in which some of the earlier
results seem misleadingly simple. Moreover, we explicitly look at the efficiency ranking of the
feasible ML procedure that jointly estimates the shape parameters, as well as the infeasible ML,
SSP, SP and PML estimators considered in the existing literature. We also provide conditions
for partial adaptivity of the SSP and SP procedures, which we relate to the conditions for the
consistency of the corresponding parametric ML estimators when the conditional distribution is
misspecified. Finally, we propose simple Hausman tests that compare the feasible ML, and SSP
estimators to the Gaussian PML ones to assess the validity of the distributional assumptions.

But given that practitioners often want to go beyond the first two conditional moments,
one cannot simply treat the shape parameters as nuisance parameters. For that reason, we also
consider sequential estimators of the shape parameters, which can be easily obtained from the
standardised innovations evaluated at the Gaussian PML estimators, and assess their asymptotic
efficiency relative to their feasible ML counterpart. In particular, we consider a sequential ML
estimator, as well as sequential method of moments (MM) estimators based on higher order
moment parameters such as the coefficient of multivariate excess kurtosis.

The rest of the paper is organised as follows. In section 2, we present closed-form ex-
pressions for the score vector, Hessian and conditional information matrices of a log-likelihood
function based on a spherically symmetric assumption for the innovations, and derive the effi-
ciency bounds of the Gaussian PML estimator and both SP estimators, as well as the sequential
estimators of the shape parameters. Then, in section 3 we compare the efficiency of the different
estimators of the conditional mean and variance parameters, discuss two specific models of prac-
tical interest, and obtain some general results on partial adaptivity. In section 4, we compare the
relative efficiency of the different estimators of the shape parameters, while in section 5 we first
study the consistency of the conditional mean parameters when the conditional distribution is
misspecified, and then introduce the Hausman tests. A Monte Carlo evaluation of the different
parameter estimators and testing procedures can be found in section 6. Finally, we present our

conclusions in section 7. Proofs and auxiliary results are gathered in appendices.

2 Theoretical background

2.1 The model

In a multivariate dynamic regression model with time-varying variances and covariances, the

vector of N dependent variables, y;, is typically assumed to be generated as:

yi = m(60) + =/ (8o)et,
1 (0) = p(ze, 1-1;0),
2?5(9) = E(Zta It—l; 0)7



where () and vech [2()] are N x 1 and N(N + 1)/2 x 1 vector functions known up to the
p X 1 vector of true parameter values 0g, z; are k contemporaneous conditioning variables, I;_1
denotes the information set available at ¢ — 1, which contains past values of y; and z;, Etl / 2(9) is
some particular “square root” matrix such that 2; /2 (0)2% / ?(0) = %,(0), and €} is a martingale

difference sequence satisfying E(e}|z¢, I[;—1;00) = 0 and V (&} |z, I;—1;600) = In. Hence,

E(yi|ze, It—1;600) = p(00) } (1)
V(}’t’Zt,It—l;eo) = 2t(ao) )

To complete the model, we need to specify the conditional distribution of ef. We shall
initially assume that, conditional on z; and I;_;, €} is independent and identically distributed
as some particular member of the spherical family with a well defined density (see Appendix
A), or gf|z¢, I1—1;00,mg ~ i.i.d. s(0,In,nq) for short, where n are some ¢ additional parameters
that determine the shape of the distribution of ¢; = €}’e}. The most prominent example is the
spherical normal distribution, which we denote by 1y = 0. For illustrative purposes, though,
we shall also look in some detail at the special case of a standardised multivariate ¢ with v
degrees of freedom, or i.i.d. t(0,Iy,vq) for short. As is well known, the multivariate student ¢
approaches the multivariate normal as vg — oo, but has generally fatter tails. For that reason,

we define 7 as 1/v, which will always remain in the finite range [0,1/2) under our assumptions.
2.2 The log-likelihood function, its score, Hessian and information matrix

Let ¢ = (0',m)" denote the p + g parameters of interest, which we assume variation free.
Ignoring initial conditions, the log-likelihood function of a sample of size 1" based on a par-
ticular parametric spherical assumption will take the form Lr(¢) = Z:;F:l li(@), with l;(¢) =
di(0) + c(n) + g[st(0),n], where di(@) = —1/21n|3;(0)| corresponds to the Jacobian, c(n)
to the constant of integration of the assumed density, and g[s:(6),n] to its kernel, where
s1(0) = €/ (0)e}(0), €;(0) = 2;1/2(0)@(0) and €,(0) =y, — py(0). FSC provide expressions
for ¢(n) and ¢ [¢+(0), n] in the multivariate student ¢ case, which are obviously such that Lp(8,0)
collapses to a conditionally Gaussian log-likelihood.

Let s¢(¢) denote the score function 0l;(¢)/0¢, and partition it into two blocks, sg;(¢) and
sni(®), whose dimensions conform to those of @ and 7, respectively. Then, it is straightforward

to show that if 3,(0) has full rank, and p,(0), 3:(0), c(n) and g [s:(0),n] are differentiable

sa9) = 207 200D _ (z(6) 2o | 819 | = 2atOrea(@). @
spi(@) = 9c(n)/On+0gs(6),n] /On = en(9), (3)
where
0di(0)/00 = —Zg(0)vec(Iy)
9s1(0)/00 = —2{Z;(0)e;(0) + Zs(0)vec [e} (8)e;’(0)]}, (4)



Zu(6) = 0uy(0)/06-2,"*(6),
Z4(6) = Loved [5(6)] /00-(5; "/ (60) 0 5 (6)],
eu(®n) = dlsi(0).1]-<i(0), o)
en@.m) = vee {5lsi(0),m] €1 (0)<}'(6) ~ Ty} (©
Slsu(8).m] = ~209l61(6),m]/0s. @

and Op,(0)/00" and dvec [X4(0)] /00" depend on the particular specification adopted.!
Given that 0[¢(0),n] is equal to (Nn+ 1)/[1 — 2n + ns(0)] in the student ¢ case, and to 1
under Gaussianity, it is straightforward to check that sg:(6,n) coincides with the expression in

FSC, while sg¢(0,0) reduces to the multivariate normal expression in Bollerslev and Wooldridge

(1992), in which case:

| ex(6,0) | e;(0)
ea(6,0) = [ est(6,0) | =\ veclex(0)eX(8) — 1] |-
As for €,4(0,0), FSC show that in the multivariate student ¢ case it is proportional to the

second generalised Laguerre polynomial:
er(6,0) = 67(0)/4 — (N +2)54(0)/2 + N(N +2)/4.

Let hy(¢) denote the Hessian function 9s,(¢)/0¢’ = 9%l;(¢)/0pd¢’. Assuming twice differ-

entiability of the different functions involved, we will have

_ Pdi(0) | 9%g<(0),n] 9<i(0) 0s(0) | g [<i(6), n] < (6)
Pool®) = Geoer T 00z o8 o0 T o 0000 ®)

hont(¢) = 05:(60)/00 - 8%g[s(8),m] /OsOn, (9)
hyn(@) = 9%c(n)/0mon’ + 0%g[<(6),7] /omdn,

where

02d,(60)/0000' = 2Z.4,(0)Z.,(6) — % {ved [271(0)] @ I} dvec {dved [£4(0)] /06} 06', (10)
261(0)/0006" = 27,,(0)Z;,(0) + 8Zs1(0)[In © &7 (0)e; (0)]Z4,(0) + 4Z1:(0) [} (0) ® IN]ZL,(6)
+4Z.4(8)[e7(8) ® IN|Z},(8) — 2[e}(6)%, /% (8) ® L |dvecldp, (8)/96]06'
—{ved [B;2(0)eX(0)er (0)%,7(0)] ® 1, }vec{dved [£4(0)]/06} /06,

and 9%g(s,n)/(0s)?, 0%g(s,n)/dsOn’ and dg(s,n)/OnOn’ depend on the specific distribution

assumed for estimation purposes (see FSC for the multivariate student t).

!Note that while both Z;(8) and eq:(¢) depend on the specific choice of square root matrix EtI/Q(O), sot(®)
does not, a property that inherits from l¢+(¢). The same result is not generally true for non-elliptical distributions
(see Mencia and Sentana (2005)), in which case one should redefine Z 4 (0) as {8vec’[Ziﬂ(0)}/80}[11\,@2;1/2'(9)],
as in the proofs of Propositions 6, 13 and 17, or in Appendix B.2.



Given correct specification, the results in Crowder (1976) imply that e;(¢) = [€,(¢), er:(P)]
evaluated at ¢, follows a vector martingale difference, and therefore, the same is true of the score
vector s¢(¢). His results also imply that, under suitable regularity conditions, which in particular

require that ¢, belongs to the interior of the parameter space, the asymptotic distribution of

the feasible ML estimator will be v'T (1 — ¢g) — N (0,771 (¢y)], where Z(¢py) = E[L; ()| o),

Li(¢p) = VIs(@)lzy Ii—1; @] = Ze()M()Zy(0) = —E [hy(op) |2y, [—1; B]
_ Zy(0) 0\ _ ([ Zy(0) Zs(0) O
ao = (%57 L)=("" %7 1)

and M(¢) =V [ei(¢)|@].
The following result generalises Propositions 3 in Lange, Little and Taylor (1989), 1 in FSC

and 5.2 in Hafner and Rombouts (2007):
Proposition 1 If €|z, [;_1; ¢ is i.i.d. s(0,1x,n) with density explc(n) + g(s¢,m)], then

Mu(’r]) 0 0
M(n) = 0 My(m) Ms(n) |, (11)
0 M,(m) My(n)
My (n) = Vieu(@)|¢] = Myu(n)Iy,
Mss(n) = Ve ()| ¢] = Mss n) (In> + Kyn) + Mss (1) — vee(In)ved (In),  (13)
MST( ) - E[est ‘ ¢ = _E{aest(q'))/anl‘ ¢} = veC(IN)I\’Isr(n>a (14)
Mn«(fl) = [ert( )| @] = —E[0e(¢p) /0| @],

) = £{ la0). 7| o f = p { ORI D +5[<t(9)ﬂ7]‘ o},

) = g (147 {alao) iy o)) = { 22EOMT Nf;\, X ilof 1

Mg () = E Hé[gt(@)m]gt](\,m - 1} elt(qﬁ)‘ d)] = —E{ ](\,)86 (0 ‘ ¢>}

where Ky, is the commutation matriz of orders m and n.

In the multivariate standardised student ¢ case, in particular:
v(N+v N+v 2(N +2)1?
( ) ; Mgs(n) = ( ) ; Mgr(n) = — ( ) )
-2)(N+v+2) (N+v+2) (v—=2)(N+v)(N+v+2)

VAT, ,(N+v Nvt[v? 4+ N(v—4) — 8]
Mrr(n)—4[¢ (2)—¢< 2 )]_2(1/—2)2(N+V)(N+V+2)7

Mll(n) = (V

where 9(.) is the di-gamma function (see Abramowitz and Stegun (1964)), which under normality
reduce to 1, 1, 0 and N(N + 2)/2, respectively. In this sense, it is interesting to note that as
N increases, My (1), Mss(n) and Mg, () converge to v/(v-2), 1 and 0, respectively. This is due
to the fact that the multivariate student ¢ can be written as a scale mixture of normals, with a
positive mixing variable that can be filtered out with increasing precision as N — oo (see Mencia

and Sentana (2005)). Thus, l;(¢) will become arbitrarily close to the sum of the conditional



log-likelihood of y; given the mixing variable, which is multivariate Gaussian and only depends
on 0, plus the marginal of the mixing variable, which only depends on 7. Another point to
note in relation to the student ¢ is that My (n) increases without bound as v — 21 while Mg4(n)
remains bounded. This differential behaviour is also characteristic of other leptokurtic elliptical

distributions, such as the normal-gamma mixture, the Kotz distribution, or the Pearson type II.

2.3 Gaussian pseudo maximum likelihood estimators of 6

If the interest of the researcher lied exclusively in 8, which are the parameters characterising
the conditional mean and variance functions, then one attractive possibility would be to estimate
an equality restricted version of the model in which 7 is set to zero. Let 87 = arg maxg Lr(6,0)
denote such a PML estimator of 8. As we mentioned in the introduction, 61 remains root-
T consistent for 6y under correct specification of u,(8) and 3;(0) even though the conditional
distribution of €} |z, I;_1; ¢ is not Gaussian, provided that it has bounded fourth moments. The
proof is based on the fact that in those circumstances, the pseudo log-likelihood score, sg:(6,0),
is a vector martingale difference sequence when evaluated at g, a property that inherits from
eq:(0,0). Importantly, this property is preserved even when the standardised innovations, €},
are not stochastically independent of z; and I;_;. The asymptotic distribution of the PML
estimator of @ is stated in the following result:?

Proposition 2 If €f|zt, [;-1; P is i.i.d. s(0,1y,mg) with ko < 00, and the regularity conditions
A.1 in Bollerslev and Wooldridge (1992) are satisfied, then /T (01 — 60o) — N [0,C(¢)], where

C(¢) = A (9)B(d) A (9),
A(¢) = —E [hget(6,0)|¢] = E [Ai(D)|],
Ai(¢) = —E[hgg:(6;0)| z¢, I; 15 P| = Zgr(0)K(0)Zey, (8),
B(¢) =V [se:(0,0)|9] = E [Bi()|¢] ,
Bi(¢) = V[s6:(0;0)| z¢, ;15 ] = Zas(0)K(r)Zy,(0),
Iy 0

and K (k) =V{ea(8,0)| z, I-1; ¢] = 0 (k+1)(In2+Knyn)+rvec(Iy)ved (Iy) (15)
which only depends on n through the population coefficient of multivariate excess kurtosis
= E({In)/[N(N +2)] - L. (16)

But if kg is infinite then B(¢y) will be unbounded, and the asymptotic distribution of some
or all the elements of 87 will be non-standard, unlike that of @7 (see Hall and Yao (2003)).
The following result, which specifies the covariance between the Gaussian pseudo score and

the true score, will repeatedly prove useful below:

2Throughout this paper, we use the high level regularity conditions in Bollerslev and Wooldridge (1992) because
we want to leave unspecified the conditional mean vector and covariance matrix in order to maintain full generality.
Primitive conditions for specific multivariate models can be found for instance in Ling and McAleer (2003).



Proposition 3 If ef|z, I1—1;00, 0y is i.i.d. (0,15) with density function f(e}; @), where g are
some shape parameters and @ = 0 denotes normality, then

E { edt(ea 0) [eiit(ev Q)? e;‘t(gﬂ Q)] ‘ Zy, It—l; 07 Q} = [IC (0) ‘0] (17)

Note that (17) holds regardless of whether or not the conditional distribution of €} is spher-

ical, provided we interpret e,;(¢) as the gradient with respect to the shape parameters g.

2.4 Sequential estimators of n and 6

In practice, we will often be interested in features of the distribution of asset returns, such
as its quantiles, which go beyond its conditional mean and variance. For that purpose, we can
use 07 to obtain a sequential ML estimator of n as 7y = argmax, LT(éT, 7n), possibly subject
to some inequality constraints on 7. In the student ¢ case, for instance, 7, will be characterised

by the first-order Kuhn-Tucker (KT) conditions
Syr(Or,7iz) + My =05 ip 2 05 Ayr > 05 Ayr - i = 0,

where 5,7(0,n) is the sample mean of s,:(6,7), and A, the KT multiplier associated with the
constraint n > 0.

Such a sequential ML estimator of 7 can be given a rather intuitive interpretation. If 8y were
known, then the squared Euclidean norm of the standardised innovations, ¢;(6y), would be 7.i.d.
over time, with density function h(s;n).> Therefore, we could obtain the infeasible ML estima-
tor of by maximising with respect to n the log-likelihood function of the observed ¢;(68)’s,
Zthl Inh[s:(60);m]. Although in practice the standardised residuals are usually unobservable,
it turns out that mp is the estimator so obtained when we treat gt(éT) as if they were really
observed.

The asymptotic distribution of the sequential ML estimator of 1, which reflects the sample

uncertainty in 07, is stated in the following result:

Proposition 4 If ef|z:, I;—1; ¢q isi.i.d. s(0,Iy,mg) with ko < 00, and the reqularity conditions
A.1 in Bollerslev and Wooldridge (1992) are satisfied, then T (i —ng) — N [0, F ()], where

F(gpg) = 1777}((7-"0) + Ir}}(¢0)I(§n(¢o)c(¢o)zon(¢0)I771}(¢0)'

Importantly, since C(¢) will become unbounded as kg — oo, the asymptotic distribution of
7 will also be non-standard in that case, unlike that of the feasible ML estimator 7.
If we can obtain closed-form expressions for at least ¢ functions of ¢, v(.) say, then we can

also compute a sequential method of moments (MM) estimator of n, 77-(£2) say, by minimising

*For instance, when €} |z, I;—1; @ is i.i.d. t(0, I, v0), the distribution of ¢, will be that of either an F variate
with N and v degrees of freedom multiplied by N(vo — 2)/vo if vo < o0, or a chi-square random variable with
N degrees of freedom under Gaussianity (see e.g. Lemma 1 in FSC).



with respect to  the quadratic form ﬁ;?T(éT,n)QﬁnT(éT,n), where € is a positive definite
weighting matrix, and ny(6,n) = v[:(0)] — E{v[s:(0)]|¢p}. Given that E[c:(0)|¢p] = N, the
most obvious moment to use is (16), which suffices to identify 1 in the multivariate student ¢
case through the theoretical relationship k = 2/(v — 4) (see FSC). In this context, if we define

the influence function
@) 1-2q

(0.1 = NN T T4y
we obtain
__ max[0, ;@T@T)] as)
4max|0, 7 (07)] + 2
where

- 1T 2,5
RT(0T> = T NZ(:F{:;()GT)

is Mardia’s (1970) sample coefficient of multivariate excess kurtosis of the estimated standardised

-1

residuals. We can obtain a closely related estimator, 1, say, from the modified influence function

s7(6)  2(1—2n)s,(0) (1—2n)*
N(N +2) N(1-6n) (1 —4n)(1 —6n)’

ﬁnt(oa 77) =

which is the relevant second-order orthogonal polynomial when ¢; is proportional to an Fy ,
random variable. The asymptotic distributions of these two sequential MM estimators of n are

stated in the following result:

Proposition 5 If €f|z¢, Ii—1,¢q is i.i.d. £(0,Iy,v0), with vog > 8, then under the regularity
conditions A.1 in Bollerslev and Wooldridge (1992) we have that \/T (i — 1y) — N [0,G ()]
and N'T (i — no) — N[0, T (¢o)], where

G(o) = [E(do) + R (¢0)C(o)R(ehg) — 2R (hg) A~ (¢h0)D (o)l /N (eby),
T(do) = [L(dg) + Q' (hg)C (o) Qo) /N (gby),

Do) = covsn(B0.0). (80,10 ] = o LTS DW (0

(vo —2)% [(N 4 6)(N +4) (vo — 2)(vo — 4)
o—22| N(N+2)  (r0—6)(vy—8)

v — 2)2 o —
L(gg) = Vlime(Bo,m0)[Po] = E(ebg) — % 0(1/022 (()‘])v(l_og )2),

E(po) = VInu(0o,n0)|po] = -1,

Rdo) = corlsan(On,10): (B0, 1)) = 31— W (),

Q) = covlsar(Bu,1o): iy B0 )] = 72 2 W ().
1/2

N(@0) = coufsye(00.m0). (0.0 b] = 7o

and

Wi(o) = Za()[0", ved (In)] = E[Zat(00)| ][0, vec (Iy)]'

= 5 { §0vec [24(60)] 00 vecl;  00)] 90 b = EIW.(600) 0] =~ {00(6)/06] &) (19




Note that since both G(¢y) and J(¢py) will diverge to infinity as vy converges to 8 from
above, 7 and 7y will not be root-T" consistent for 4 < vy < 8. Moreover, since « is infinite for
2 < vy <4, Ry and Ny will not even be consistent in the interior of this range.

More generally, we could consider the higher order moment parameters of spherical random
variables introduced by Berkane and Bentler (1986), 74(n), which Maruyama and Seo (2003)

relate to the higher order moments of ¢; as E(sF|n) = [7x(n) + 1]E(s¥|0), where
E(sf|0) = 25(N/2)(1+ N/2) -+ (k — 2+ N/2)(k — 1 4+ N/2),

whence we can also obtain the higher-order orthogonal polynomials of ¢;.* By using these
additional moments, we can in principle improve the efficiency of the sequential MM estimators,
although the precision with which we can estimate 74(n) rapidly decreases with k (see Newey
and Powell (1998) for a characterisation of efficient sequential estimators).

Finally, if we were to iterate the sequential ML procedure, and achieved convergence, then
we would obtain fully efficient ML estimators of all model parameters. In fact, a single scoring
iteration without line searches that started from 67 and 77 (or any other root-7" consistent
estimators) would suffice to yield an estimator of ¢ that would be asymptotically equivalent to

the full-information ML estimator (;ST, at least up to terms of order Op(T_l/ 2). Specifically,

o - -1
( Or — 67 > _ [ Zoo(P0) Zon(Po) } Z [ Sot ]
N — Nr Ty ($0)  TInn(do) T snt(07, 77)
If we use the partitioned inverse formula, then it is easy to see that

Or — 01 = [Zoo(¢by) — Ton(¢0) Ly (00)Zoy,(d0)]
T T
x 2 Z [Set Or.7r) Ien(%)fﬁﬁ(%)set(é%ﬁT)} = Ioo(%)% > sopm(Or,717),
T =1
where

7% (¢9) = [Zoo(¢0) — Zon(Bo) T (d0)Ton(0)] "+

and

sot(00,10) = 80:(00,M0) — Zon(Po) Ly (d0)8ni(60,m0)
= Za(0o)ea(dy) — Ws(ey) - [Msr(UO)M;rl("?o)ert(%)] (20)

is the residual from the unconditional theoretical regression of the score corresponding to 0,

sgt(¢), on the score corresponding to 1, sy:(¢y). The residual score sgj,; (6o, 1) is sometimes

“In the standardised multivariate student ¢, for instance,
Te(m) +1=(1—2n)*"1/{(1 = 2kn)[1 — 2(k — 1)n]--- (1 —4n)} for 2 < k < v/2.



called the parametric efficient score of 6, and its variance,

P(oo) = Zoo(g) — Ign(¢0)1;,71(¢0)1én(¢0)
= Too(dg) — Ws(do) Wi(eby) - [Msr(no)Mﬁ}(no)Mlsr(no)] )

the marginal information matrix of 8, or the feasible parametric efficiency bound. In this respect,
note that Z% (¢, ), which is the inverse of P(¢,), coincides with the first block of Z71(¢,), and

therefore it gives us the asymptotic variance of the feasible ML estimator, 7.

2.5 Semiparametric estimators of 6

It is worth noting that the last summand of (20) coincides with Z;(¢,) times the theoretical
least squares projection of ez (¢) on (the linear span of) e,(¢y), which is conditionally orthog-
onal to eg4(6p,0) from Proposition 3. Such an interpretation immediately suggests alternative
estimators of 8 that replace our parametric assumption on the shape of the distribution of the
standardised innovations €} by nonparametric or semiparametric alternatives. In this section,
we shall consider two such estimators.

The first one is fully nonparametric, and therefore replaces the linear span of e,+(¢) by the
so-called unrestricted tangent set, which is the Hilbert space generated by all the time-invariant
functions of €; with bounded second moments that have zero conditional means and are con-
ditionally orthogonal to ez (6o, 0). The following proposition, which generalises the univariate
results of Gonzalez-Rivera and Drost (1999) and Propositions 3 and 4 in Hafner and Rom-
bouts (2007) to multivariate models in which the conditional mean vector is not identically zero,

describes the resulting semiparametric efficient score and the corresponding efficiency bound:

Proposition 6 If ef|z, I;—1;00, 0y is i.i.d. (0,1y) with density function f(ef; @), where g are
some shape parameters and @ = 0 denotes normality, such that both its Fisher information
matriz for location and scale

Maa (@) =V [eat(0, 0)|2¢, I1-1; 0, 0]
e (0, 0) H } {[ —01In flef(6); @] /Oc* ” }
=V 0 =V 0
{ [ ex(0,0) || 7 —vec {Ly + dIn f[e}(6); 0] /0e* - 7'(0)} || ¢
and the matrixz of third and fourth order central moments
K(e) =Vl]ew(0,0)|z, 1;-1;6, o] (21)

are bounded, then the semiparametric efficient score will be given by:

Z.4t(80, 09)ear(00, @) — Za(B0 @0) [eat(B0, @) — K (0) KT (e0) €ar(80,0)] , (22)

while the semiparametric efficiency bound is

S(¢0) = oo (80, o) — Za(00, 00) [Maa (o) = K (0) KT (20) K (0)] Z5 (80, 00),  (23)
where + denotes Moore-Penrose inverses, and Zgg(0, 0) = E [Z4(0)Maq(0)Z,,(0)]6, o] .
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In practice, however, f(e}; @) has to be replaced by a nonparametric estimator, which suffers
from the curse of dimensionality. For this reason, Hodgson and Vorkink (2001), Hafner and
Rombouts (2007) and other authors have suggested to limit the admissible distributions to the
class of spherically symmetric ones. As a consequence, the restricted tangent set in this case be-
comes the Hilbert space generated by all time-invariant functions of ¢;(8¢) with bounded second
moments that have zero conditional means and are conditionally orthogonal to e (69, 0). The
following proposition, which corrects and extends Proposition 9 in Hafner and Rombouts (2007),
provides the resulting elliptically symmetric semiparametric efficient score and the corresponding
efficiency bound:

Proposition 7 When €f|z¢, Ii—1, ¢g is i.i.d. s(0,In,mg) with —2/(N + 2) < ko < oo, the
elliptically symmetric semiparametric efficient score is given by:

S0 (90) = Zar(Bo)ean(90) ~ W () { FuOo), )0 1] = X Ol o

while the elliptically symmetric semiparametric efficiency bound is

$(60) = Tao(o0) - Wl Witon) - { [ S vtm) 1] - k9

Once again, ey (¢) has to be replaced in practice by a semiparametric estimate obtained
from the joint density of €;. However, the elliptical symmetry assumption allows us to obtain
such an estimate from a nonparametric estimate of the univariate density of ¢, h (¢; ), avoiding

in this way the curse of dimensionality.

3 The relative efficiency of the different estimators of 6

3.1 General ranking and full efficiency conditions

In the previous section we have effectively considered five different estimators of 6: (1)
the infeasible ML estimator, whose computation requires knowledge of ng; (2) the feasible ML
estimator, which simultaneously estimates n; (3) the elliptically symmetric semiparametric es-
timator, which restricts €} to have an i.i.d. s(0,I,,n) conditional distribution, but does not
impose any additional structure on the distribution of ¢;; (4) the unrestricted semiparametric
estimator, which only assumes that the conditional distribution of €} is i.i.d.(0,I,); and (5) the
Gaussian PML estimator, which imposes 17 = 0 even though the true conditional distribution
of €f may not be normal. The following proposition ranks (in the usual positive semidefinite

sense) the “information matrices” of those five estimators:
Proposition 8 If ef|z¢, [i_1; ¢q is i.i.d. s(0,1y,ny) with kg < oo, then

Too(do) = Pldg) > S(bg) > S(g) = C(by).

11



In general, the above matrix inequalities are strict, at least in part. However, there is
one instance in which all the above inequalities become equalities: when the true conditional
distribution is Gaussian. In that case, the PML estimator is obviously fully efficient, which
implies that all the other estimators of @ must also be efficient. Moreover, normality is the only

such instance within the spherical family:
Proposition 9 1. Ifef|z, [i—1; ¢y is i.i.d. N(0,1y), then

V[S@t(90,0)|zt,ft_1;90,0] 0

7:(80,0) = V [s¢(60,0)|z,, I;-1; 80,0] = 0’ M,+(0)

where

V [s6:(00,0)|2,, I;1—1;00,0] = —E [hgg:(60,0)|z,, [;—1;00,0] = A;(60,0) = B;(60,0).

2. If €flze, Li—1; g is i.i.d. s(0,1y,mg) with —=2/(N +2) < Ko < oo, and Ws(¢) # 0,
then S(¢g) = Zog(Py) only if s¢|ze, I1—1; ¢ is i.i.d. Gamma with mean N and variance
N[(N + 2)ko + 2.

3. If €|z, Li—1; g is i.i.d. s(0,In,mg) with kg < 0o, and Zi(¢y) # 0, then S(py) = Zoo(dy)
only if ng = 0.

The first part of this proposition, which generalises Proposition 2 in FSC, implies that as

far as @ is concerned, there is no asymptotic efficiency loss in estimating n when n, = 0.°

The second part, which generalises the results in Gonzalez-Rivera (1997), implies that the
SSP estimator can be fully efficient only if ef has a conditional Kotz distribution (see Kotz
(1975)), which is a sufficient but not necessary condition for Mg, (1,) = 0, which in turn implies
P(¢py) = Zoo(¢py). Finally, the last part of Proposition 9 generalises Result 2 in Drost and
Gonzalez-Rivera (1999) and Proposition 6 in Hafner and Rombouts (2007).

Unfortunately, it is virtually impossible to obtain closed-form expressions for the different
efficiency bounds in dynamic conditionally heteroskedastic non-Gaussian models, as one has
to resort to Monte Carlo integration methods to compute the expected values of Zg(0) or
Z4(0)K(k)Z,(0) (see e.g. Engle and Gonzalez-Rivera (1991) and Gonzalez-Rivera and Drost
(1999)). In the next subsection, though, we shall obtain closed-form expressions in two situations

of practical interest.

3.2 Examples

Univariate conditionally heteroskedastic autoregressive models:

Consider the following univariate, covariance stationary AR(h)-ARCH(q) model:

®In the multivariate student ¢ case, in fact, the feasible ML estimator of @ will be numerically identical to the
PML estimator approximately half the time in large samples because n = 0 lies at the boundary of the admissible
parameter space (see e.g. Andrews (1999)).
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Yyt = (o, po) + 01(B0)er,
pe(m, p) = m(1— Z?:1 p;) + Z?:l PYt—j (26)
a7(0) = (1 =220 ay) + 201 ajlye—j — i (m, p))%,
eflz, I1—1; 00, Mg ~ i.i.d. s(0,1,m).

Define p = (py,...,pp) and a = (a1,...,a4)’, so that @ = (7, p’,v,a’)’. We can establish

the following result:

Proposition 10 If in model (26) oy = 0, and all the roots of 1 — Z?:l ijLj = 0 are outside

the unit circle, then the feasible ML estimators of w, p and o are as efficient as the infeasible
ML estimators, which require knowledge of mq. If in addition ko < oo, then the elliptically
symmetric semiparametric estimators of w, p and o are also fully efficient. The same is true
of the semiparametric estimators of p and o, but not of w. In contrast, the inefficiency ratio of
the Gaussian PML estimators is My (ny) for @ and p, and 4/{[3Mss(n9) — 1](3k0 + 2)} for c.

Not surprisingly, we can also show that these inefficiency ratios coincide with the ratios of
the non-centrality parameters of the corresponding tests of conditional homoskedasticity against
local alternatives of the form oy = a/+/T in model (26) (see Linton and Steigerwald (2000)).
Multivariate conditionally heteroskedastic autoregressive models:

Consider a single factor version of the conditionally heteroskedastic factor model in Sentana
and Fiorentini (2001) augmented with covariance stationary diagonal VAR(1) dynamics:

ye = m(mo, po) + 2" (B0)e,

pi(m, p) = Iy — diag(p)|m + diag(p)y,_;,
Et(B) = CC,)\t(O) + F, (27)

A(0) =1+ 2?21 Qj [fl?t—j(e) + w—;(6) — 1],
&t|2ze, It—1560,mg ~ i.i.d. s(0,In,mg),

where fi;(6) is the conditionally linear Kalman filter estimator of the underlying common factor,
and w;(0@) the corresponding conditional mean square error (see Sentana (2004) for details).
Define w = (71,...,7n), p = (p1,---»pon), ¥ = vecd(T), and o = (a,..., ), so that
0= (n',p',c',v,a’). We can establish the following result:

Proposition 11 If in model (27) ag = 0, ;0 > 0 Vi, and |p;g| < 1 Vi, then the feasible ML
estimators of w, p and o are as efficient as the infeasible ML estimators, which require ng to
be known. If in addition ko < 0o, then the elliptically symmetric semiparametric estimators of
7, p and a are also fully efficient. The same is also true of the semiparametric estimators of

p and a, but not of w. In contrast, the inefficiency ratio of the Gaussian PML estimators is
Mfll(no) for ™ and p, and 4/{[3Mss(ng) — 1](3ko +2)} for c.

These inefficiency ratios coincide with the corresponding ratios in the univariate example
of Proposition 10. In the multivariate student ¢ case with vy > 4, in particular, they become
(ro—2)(vo+ N +2)/[vo(vo+ N)] and (vo+ N +2) (vo—4)/[(vo — 1)(vo+ N — 1)], respectively.

For any given IV, these ratios are monotonically increasing in vg, and approach 1 from below as
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vo — 00 in accordance to Proposition 9, and 0 from above as vg — 27 or vg — 41. For instance,
for N =1 and vo = 9, they take the value of .93 and .83, respectively, while for vy = 5, their
values are only .8 and .4. At the same time, these ratios are decreasing in N for a given v, which
reflects the fact that the information matrix is “increasing” in N, as discussed after Proposition
1. For vg = 9 and N = 3, for instance, they take the value of .907 and .795, respectively, while
for vg = 5, their values are only .75 and .357.

Furthermore, we can also show that these inefficiency ratios coincide with the ratios of the
non-centrality parameters of the corresponding tests of conditional homoskedasticity against

local alternatives of the form agr = ag/v/T in model (27) (see Sentana and Fiorentini (2001)).

3.3 General results on partial adaptivity

We have just studied two situations in which some, but not all elements of 8 can be estimated
as efficiently as if ), were known (see also Lange, Little and Taylor (1989)), a fact that would be
described in the semiparametric literature as partial adaptivity. Effectively, this requires that
some elements of sg.(¢y) be orthogonal to the relevant tangent set after partiallying out the
effects of the remaining elements of sg;(¢y) by regressing the former on the latter. Partial adap-
tivity, though, often depends on the model parametrisation. The following reparametrisation
provides a general sufficient condition in multivariate dynamic models:

Reparametrisation 1 A homeomorphic transformation rs(.) = [r,(.),r5,()] of the condi-
tional mean and variance parameters 0 into an alternative set of parameters 9 = (19/1,19'2)’,

where 99 is a scalar, and r4(0) is twice continuously differentiable with rank[Or), (0) /00] = p in
a neighbourhood of 8y, such that

Nt(g) = Nt(ﬁ )
oy ooy } 2%

Such a reparametrisation is not unique, since we can always multiply the overall scale para-
meter Y2 by some scalar positive smooth function of 91, k(1) say, and divide X7 (19;) by the
same function without violating (28). As we shall see, a particularly convenient function would

be k(91) = exp{ N 'E[In |X¢(91)|}|@y], so that after re-scaling
Eln |37 (91)[|o] =1 V1. (29)

The following proposition generalises and extends earlier results by Bickel (1982), Linton
(1993), Drost, Klaassen and Werker (1997) and Hodgson and Vorkink (2003):

Proposition 12 1. If ef|zs, [i—1; ¢q is i.i.d. s(0,1y,mg), and (28) holds, then:

(a) the elliptically symmetric semiparametric estimator of Y1 is Y2-adaptive,
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(b) If 91 denotes the iterated elliptically symmetric semiparametric estimator of 9, then
Yor = Vor(V17), where

b @) = L3 o, (30)
NT pt
GO = [xe — @ (01 xe — 1y (1), (31)

(c) rank [S(¢0) — € ()] < dim(9) =p 1.
2. If in addition condition (29) holds, then:

(a) Too(dy), P(dy), S(y), S(ehy) and C(gpy) are block-diagonal between 91 and 0,

(b) \/T({?g;p — Do) = 0p(1), where 1~9/T = (1~9/1T,792T) is the PMLE of 9, with Oy =
Vor (7).

This proposition provides a saddle point characterisation of the asymptotic efficiency of
the elliptically symmetric semiparametric estimator of @, in the sense that in principle it can
estimate p — 1 “parameters” as efficiently as if we fully knew the true conditional distribution
of the data, while for the remaining scalar “parameter” it only achieves the efficiency of the
PMLE. Obviously, the feasible ML estimator of 9; will also be 1¥s-adaptive when the assumed
parametric conditional distribution of €} is correct in view of Proposition 8.

At first sight, it may seem that the two examples discussed in the previous sections cannot be
rationalised in terms of Proposition 12 because their parametrisations do not satisfy condition
(28). In particular, the ARCH parameters a are not generally scale-invariant. However, as
explained by Linton and Steigerwald (2000) in the context of model (26), condition (28) will be
effectively satisfied under the maintained hypothesis of ap = 0.

It is also possible to find an analogous result for the unrestricted semiparametric estimator,
but at the cost of restricting further the set of parameters that can be estimated in a partially
adaptive manner
Reparametrisation 2 A homeomorphic transformation rq(.) = [r’lg(.),r'gg(.),rgg(.)]' of the
conditional mean and variance parameters 0 into an alternative parameter set 1 = ('¢’1, vh, ),
where Py = vech(¥a), Wy is an unrestricted positive (semi)definite matriz of order N, 45 is N X

1, and r4(8) is twice continuously differentiable with rank|dr), (8) /00] = p in a neighbourhood
of g, such that

1/2
() = 2 () + )y | (32)
24(0) = 37 (1) w22 ()
This parametrisations simply requires the pseudo-standardised residuals
&7 (W) = 72 (@)lye - w2 (41)] (33)
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to be i.i.d. (3, ¥y). Again, (32) is not unique, since it continues to hold if we replace ¥y by
K71/2(¢1)‘I’2K71/21(¢1) and v3 by K71/2(¢1)¢3 — I(t1), and adjust p7(ep;) and 201/2(1/’1)
accordingly, where 1(7);) and K (1) are a N x 1 vector and a N x N positive definite matrix of
smooth functions of ¥, respectively. Particularly convenient forms for these functions would be
those for which the Jacobian matrix of vech[K~1/2(1p; ) WK~/ (4p;)] and K~ /2(p;)1p5 —1(v;)
with respect to 1 evaluated at the true values is equal to:

_y-1 |: Svpg, Q'bﬂ ‘¢ :| Sw2t(¢0)sflplt(¢0)
Sg, (Vo) |77 S, (Y0)sy,, (¥o)

0

I
¢0] ' N | O } NG
N
The following proposition, which does not require sphericity, generalises and extends Theo-

rems 3.1 in Drost and Klaassen (1997) and 3.2 in Sun and Stengos (2006):
Proposition 13 1. If &f|z¢, [i—1; ¢q is i.i.d. (0,1y), and (32) holds, then

(a) the semiparametric estimator of ¥y, Yy, is (s, P3)-adaptive,

(b) If vy denotes the iterated semiparametric estimator of 1, then Yop = PYop(P17) and
Y3r = Yar(thir), where

T
Yor(¥y) = wvech {; Z [€7(¥1) — Yar(¥1)] [€7 (¥1) — ¢3T(¢1)],} o (35)

() = Do) (36)

(c) rank [S(¢g) — C ()] < dim(epy) =p— N — N(N +1)/2.

2. If in addition condition (34) holds, then

(a) Ty (o), P(bo), S(0), S(bg) and C(epy) are block diagonal between 9y and (15, s).

(b) f[("ZéT 12),2T) (ﬂ’gT "Z;T)] = 0p(1), where ¢T = (T/’1T7¢2T7¢3T) is the PMLE
of P, with oy = 'l.sz('l.blT) and ¢3T = ¢3T(¢1T)

This proposition provides a saddle point characterisation of the asymptotic efficiency of the
semiparametric estimator of @, in the sense that in principle it can estimate p — N(N + 3)/2
“parameters” as efficiently as if we fully knew the true conditional distribution of the data, while
for the remaining “parameters” it only achieves the efficiency of the PMLE.

Unfortunately, the constant conditional correlation model of Bollerslev (1990), which assumes
that 34(61,602) = D(01)RD(0;), where D, is a positive diagonal matrix, 82 = vecl(R) and
R a correlation matrix, seems to be the only multivariate GARCH specification proposed so far
that can be parametrised as (32) if we additionally assume that p,(@) = 0 V¢, in which case
13 is unnecessary. And even in that case, we could only adaptively estimate the parameters

of 2f1/2(¢1) = D;(01){E[D4(61)]|¢po} ', which will typically correspond to the relative scale
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parameters of the N univariate ARCH models for the elements of y;, although Ling and McAleer
(2003) consider a more general specification. In most other models, we may need to artificially
augment the original parametrisation with 1, and 15 even though we know that 15 = vech(Ix)
and 135 = 0, which could be associated with a substantial efficiency cost. Furthermore, in doing
so, we must guarantee that the parameters 1; remain identified (see Newey and Steigerwald
(1997) for a detailed discussion of these issues in univariate models). In this sense, the main
difference between Propositions 12 and 13 is that in the elliptically symmetric case we can restrict
Wy to be a scalar matrix, and 13 to 0 regardless of the mean specification, which reduces the

number of parameters by a factor of N(N + 3)/2.

4 The relative efficiency of ML and sequential estimators of 7

The asymptotic variance of the feasible ML estimator of n, 7)1, is

T () = [Zun(do) — Ton(0)Zoa ($0)Ton(d0)]

which coincides with the inverse of the variance of the efficient parametric score of 1, s,9(¢y),
which is the residual in the theoretical regression of s, (¢g) on sg:(¢y). As a result, this residual
variance, or marginal information matrix, will generally be smaller than Zyy,(¢,), which corre-
sponds to the infeasible ML estimator of n that we could compute if the ¢;(6g)'s were directly
observed. The following proposition characterises the ranking of the asymptotic covariance
matrices of the five estimators of 1 that we have considered:
Proposition 14 1. If ef|zs, I;_1; ¢y is ii.d. s(0,Iy,my) with ko < oo, then Tl (dg) <
IM(¢p) < F(bo)-
2. If €f|ze, It—1; ¢ is i.i.d. t(0,1y,v0) with vy > 8, then F(¢g) < T (). If in addition
(N + v —2)
(vo —4)
then J (@) < G(¢y), with equality if and only if

|:§t(00) 1] 2(N +vp—2)
N | No-4

A (o) W(epy) = B~ (o) W(gby), (37)

W (¢p9) B~ (¢b)set(600,0) = 0 V. (38)

Condition (37) is trivially satisfied in Gaussian models, and in dynamic univariate models
with no mean. Also, it is worth mentioning that (38), which in turn implies (37), is satisfied by
most dynamic univariate GARCH-M models (see Fiorentini, Sentana and Calzolari (2004)).

Given that Zg,(¢y) = 0 under normality from Proposition 9, it is clear that 7, will be
as asymptotically efficient as the feasible ML estimator 7)7 when 1, = 0, which in turn is as

efficient as the infeasible ML estimator in that case. Moreover, if we use a multivariate student ¢
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log-likelihood function, these estimators will share the same half normal asymptotic distribution
under conditional normality, although they would not necessarily be equal when they are not
zero. Similarly, the asymptotic distributions of % and n; will also tend to be half normal as
the sample size increases when 7, = 0, since RT(éT) is root-T" consistent for s, which is 0 in
the Gaussian case. However, while 7, will always be as efficient as 7 under normality because

iyt (00, 0) is proportional to s,:(6o,0), 77 will be less efficient unless condition (38) is satisfied.

5 Distributional misspecification and parameter consistency

5.1 Parameter estimation

So far, we have maintained the assumption that the conditional distribution of the stan-
dardised innovations €7 is either i.i.d. s(0,1y,n) or sometimes ¢(0,Ix, o). However, one of the
most important reasons for the popularity of the Gaussian pseudo-ML estimator of 6 despite
its inefficiency is that it remains root-1" consistent and asymptotically normally distributed un-
der fairly weak distributional assumptions provided that (1) is true. In contrast, the efficient
spherically-based ML estimator may become inconsistent if the true distribution of €} given z;
and I;_1 does not coincide with the assumed one, even though (1) holds, as forcefully argued by
Newey and Steigerwald (1997) in the univariate case. To focus our discussion, in the remain-
ing of this section we shall assume that (1) is true, and that we specifically decide to use the
student t log-likelihood function for estimation purposes. Nevertheless, our results can be triv-
ially extended to any other spherically-based likelihood estimators, as the only advantage of the
student ¢ likelihood four our purposes is the fact that its limiting relationship to the Gaussian
distribution can be made explicit. For simplicity, we shall also define the pseudo-true values of 8
and 7 as consistent roots of the expected t pseudo log-likelihood score, which under appropriate
regularity conditions will maximise the expected value of the ¢ pseudo log-likelihood function.

Two important points to bear in mind in studying the potential inconsistencies in O are
(i) that the spherical distribution assumed for estimation purposes will often nest the Gaussian
distribution as a limiting case, and (ii) that 61 = 67 whenever fjy = 0. For instance, the ¢
distribution is estimated subject to the inequality constraint > 0. The following proposition
explains the consequences of this inequality restriction:

Proposition 15 1. Let ¢, denote the pseudo-true values of the parameters @ and n implied
by a multivariate student t log-likelihood function. If the unconditional coefficient of mul-
tivariate excess kurtosis of €f is not positive, where the expectation in (16) is taken with
respect to the true unconditional distribution of the data, then O = 6 and 1., = 0.

2. If the unconditional coefficient of multivariate excess kurtosis of €f is strictly negative,
and the regularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then
VT = 0,(1) and VT(07 — 071) = 0,(1).
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3. If the unconditional coefficient of multivariate excess kurtosis of €; is exactly 0, and the
regularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then \/TﬁT will
have an asymptotic normal distribution censored from below at 0, and 01 will be identical
to Op with probability approaching 1/2. If in addition

Hon(booi o) = E[IN + 2 — <¢(680)[{e7"(B0) vec'[e] (Bo)e}’ (00)]} 21 (00) 0] = 0, (39)

where @y = (00, @), then VT (01 — O7) = 0,(1) the rest of the time.

In the rest of this section we will concentrate on those distributions for which the condition
ko < 0 in Proposition 15 is violated. The first part of the following proposition extends the first
part of Theorem 1 in Newey and Steigerwald (1997) to a broad class of multivariate dynamic
models, while the rest does the same thing for Proposition 4 in Amengual and Sentana (2007).

Proposition 16 If €}z, [;—1;¢ is i.i.d. s(0,1y,0) but not t with kg > 0, where @, =
(90, Y20, @), and (28) holds, then:

1. The pseudo-true value of feasible student-t based ML estimator of ¢ = (97,92,1), ¢du, is
such that Y10 1s equal to the true value Y1g.

2. Ot(Pooi Po) = VIst(doo) |2y, 115 0] = Zt(ﬁoo)MO(¢oo;‘:00)thoo)7 while Hi(Poo; Po) =
—Ehy(¢o0) 124, Ii—1; P0] = Zi(Foo) M (Pog; 00)Z,(90), where both MO (¢oo; pg) and
MH (b ;) share the structure of (11), (12), (13) and (14), with

Vi (63 p) = E{6%[0(9), 1] - [«0(8)/N]| ¢}

MO (B3 p) = N(N +2)7' [1+V {8[e(9), 7] - [s:(9)/N]| 03],
MG (@5 p) = E [{8[s(9),7] - [s:(9)/N] = 1} e1,(9)| ] ,
My (d50) = VI en(d)| @],

Mif (@3 ) = E{206[5,(9), ]/ - [1(9)/N] + 6[51(6), m]| e} ,
MU (@) = E{206[:(9), 7]/ - <} (9)/[N(N +2)]| @} + 1,
M (5 9) = —E {[si(9)/N] - 9[se(9), ] /Onlp}

M3 (§:p) = —E[ de(9) /01 | o).

3. If in addition (29) holds, then E[O¢(¢o; po)lpy] and E[Hi(Po; po)lp,] will be block di-
agonal between Y1 and (VY2,7).

Part 1 says that the t-based MLE can estimate consistently all the parameters except the
expected value of ¢f(¥10) in (31), while Part 2 allows us to obtain the asymptotic variance of
the t-based ML estimators with the usual sandwich formula. It should also be straightforward
to consistently estimate the overall scale parameter 9 by combining D17 with the expression
for the concentrated PML and iterated SSP estimators in (30).

Importantly, note that the transformed parameters that we can estimate in a partially adap-
tive manner by means of the SSP estimator coincide with the parameters that we continue to

estimate consistently with a misspecified student ¢-based pseudo-ML estimator.

19



If ef|z¢, I;—1, ¢ is not i.i.d. spherical, and ko > 0, then in general the feasible student ¢-
based ML estimator will be inconsistent, and the same applies to the SSP estimator.® However,
it may still be possible to estimate consistently some parameters:

Proposition 17 If €f|z:, I;—1 is i.3.d. (0,Iy) but not spherical, with ko > 0, and (32) holds,

then the pseudo-true value of feasible student-t based ML estimator of 1, V¥4, 1S equal to the
true value .

This proposition is the multivariate generalisation of Theorem 2 in Newey and Steigerwald
(1997).7 In simple terms, it says that the ¢t-based MLE cannot estimate consistently either
the mean or the covariance matrix of the i.i.d. pseudo-standardised residuals €§(1y) in (33).
However, it should be straightforward to consistently estimate 14 and 15 by combining 17)1T with
the expressions for the concentrated PML and SP estimators in (35) and (36). As discussed at the
end of section 3.3, though, we may only be able to write the conditional mean and covariance
functions as in (32) at the cost of augmenting the model with a large number of additional
parameters, which will generally lead to either inefficiency loss or even lack of identification.

Importantly, note that the transformed parameters that we can estimate in a partially adap-
tive manner by means of the unrestricted semiparametric estimator coincide with the parameters
that we continue to estimate consistently with a misspecified student-t based ML estimator.

However, the semiparametric estimator may also become inconsistent if the i.i.d. assumption
does not hold. In this sense, one should bear in mind that in non-elliptical models the conditional
distribution of y; is not invariant to the specific choice of Zg / 2(0) assumed to generate the data

(see Mencia and Sentana (2005)), a choice that could conceivably change over time.

5.2 Hausman tests

There are several ways in which we can test the validity of the multivariate ¢ assumption.
One possibility is to nest that distribution within a more flexible parametric family, which
allows us to conduct an LM test of the nesting restrictions. This is the approach in Mencia
and Sentana (2005), who use the generalised hyperbolic family as the nesting distribution. An
alternative procedure would be an information matrix test that compares some or all the elements
of MO (b; o) and M (¢ ; pq) in Proposition 16 by means of an unconditional moment test.
But we can also consider a Hausman specification test. The rationale is that the feasible elliptical

ML estimator @7 is efficient under correct specification of the conditional distribution of y;. In

SHodgson (2000) shows that the consistency of the conditional mean parameters is preserved in non-linear
univariate regression models when the innovations are conditionally symmetric but not 4.i.d. if certain conditions
are satisfied. See also Proposition 5 in Amengual and Sentana (2007) for a multivariate example.

Tt is also possible to generalise the second part of their Theorem 1, in the sense that if the true conditional
mean of y; is 0, and we impose this restriction in estimation, then )4 is unnecessary.
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contrast, if the conditional mean and variance of y; are correctly specified, but the conditional
distribution of &} is not i.i.d. t(0,1xy,7), then 01 will remain root-7' consistent as long as kg is

bounded, while éT will probably not, as Propositions 16 and 17 illustrate. More formally
Proposition 18 Let
- . 4o A
HY =T(@r - 0r)' [C(¢0) — ()| (Br - br),
and X
H;, = T (01, 0) [Bey) — Aléo)T%(60)Also) | Sor(Br,0),

where §9T(éT,O) s the sample average of the Gaussian PML score evaluated at the feasible
ML estimator Op. If the regularity conditions A.1 in Bollerslev and Wooldridge (1992) are

satisfied and kg < 0o, then Hgv LA X2 and Hgv — Hg = 0p(1) under correct specification of the
T T T
conditional distribution of y;, where s = rank [C(gbo) - Iee(qbo)] .

In practice, we must replace A(¢), B(¢g) and Z(¢,) by consistent estimators to make H g?
and H 5T operational. In order to guarantee the positive semidefiniteness of their weighting ma-
trices, it is convenient to estimate all these matrices as the sample averages of the corresponding
conditional expressions in Propositions 1 and 2 evaluated at a common estimator of ¢, such as
b7, (07,77) or (O7,i7), the latter being such that B(0r,7j7) is always bounded.

In view of Proposition 9, though, such feasible Hausman tests will become numerically un-
stable when 77 > 0 but 7y = 0 even though in theory they should be identically 0 because
[C (¢g) — Iee(gbo)] = 0 in that case. Similarly, the Hausman tests will not work properly when
N = % because kg becomes unbounded, although its sample counterpart will obviously remain
bounded, which violates one of the assumptions of Proposition 2. Moreover, it may also have
poor finite sample properties for 7, > 1/8 because the asymptotic distribution of 7 will not be
root-1' consistent in that case.

Given that the power of these Hausman tests depends on the asymptotic biases of 61 under
misspecification of the conditional distribution of the standardised innovations, it may be con-
venient to concentrate on those parameters that may be more affected by such distributional
misspecification. For instance, in the situation discussed in Proposition 16 power would be max-
imised if we based our Hausman test on the overall scale parameter 5 exclusively, and the same
will be true in the context of Proposition 17 if we look at 1, and 13, which are the variance
and mean parameters of the pseudo standardised residuals €7 () in (33).

Given that the SSP estimator is also efficient relative to the PML estimator under sphericity,

but it may lose its consistency otherwise, we can consider alternative specification tests as follows:

Proposition 19 Let
HY = T(Br — 0r)[C(do) — $ (o) " (Br — Br),
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and

H = Tsy(87,0) [B() — A(60)S ™ (90)Alo)] " Sor(8.0),

where §9T(5T, 0) is the sample average of the Gaussian PML score evaluated at the SSP estimator
Or. If the regularity conditions A.1 in Bollerslev and Wooldridge (1992) are satisfied, then

Hg‘; <, X2 and H(}é/‘; — HgT = 0,(1) under correct specification of the conditional distribution of
yt, where s = rank[C(¢y) — S ()] < p — 1.

Once again, it may be convenient to concentrate on the parameters that are more likely to
reflect the distributional misspecification, such as 1, and 5.
Finally, the difference between 7 and 7 suggests yet another Hausman specification test

of the model, which will be given by the following expression:

HYr =T (iip — i) [Fldo) — T ()] ™,

where the Moore-Penrose generalised inverse in this scalar case is simply the reciprocal of F(¢)—
I (o) if F(epg) — I (¢py) is positive, and 0 otherwise. Under correct specification of the
conditional distribution of e}, HT% will be asymptotically distributed as a chi-square with one
degree of freedom when 7, > 0. But again, feasible versions of H% may become numerically
unstable when 77 > 0 or 73 > 0 but 7y = 0, even though the infeasible version would be
identically 0 because [F(¢g) —Z™(¢y)] = 0 in that case. Note that the power of this third
Hausman test depends on the difference between the pseudo true values of iy and 77 when the
conditional distribution of €} is not multivariate ¢, which will depend in turn on the asymptotic

bias in @T.
6 Monte Carlo Evidence

6.1 Design and estimation details

In this section, we assess the finite sample performance of the different estimators and testing
procedures discussed above by means of an extensive Monte Carlo exercise, with an experimental
design that augments (27) with GARCH dynamics. Specifically, we simulate and estimate a model

in which N =6, wo = .16, pg = .1-ts, co =tg, Yo =26, ts = (1,1,1,1,1,1)", and
M(0) = A = alff_1(8) +wi—1(8) = Al + B[Ai-1(8) — Al (40)

with A\g = 1, a9 = .1 and By = .85. As for ¢}, we consider a Gaussian distribution, and two
multivariate student t’s with 8 and 4 degrees of freedom respectively. In order to assess the
effects of distributional misspecification, we also consider an i.i.d. normal-gamma mixture with

the same coefficient of multivariate excess kurtosis as the tg, an ¢.i.d. asymmetric student ¢ such
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that the marginal distribution of an equally-weighted average of the six series has the maximum
negative skewness possible for the kurtosis of the tg, and a symmetric student ¢ distribution
with time-varying kurtosis, in which the degrees of freedom parameter evolves according to the

following stochastic difference equation
vy = .8+ -8(fl?t—1 + Wtfl)/\;_ll + .81,

which can be regarded as a multivariate version of expression (7) in Demos and Sentana (1998).8
We exploit the results in Mencia and Sentana (2005) to simulate standardised versions of all these
distributions by appropriately mixing a 6-dimensional spherical normal vector with a univariate
gamma random variable, which we obtain from the NAG Fortran 77 Mark 19 library routines
GO5DDF and GO5FFF, respectively (see Numerical Algorithm Group (2001) for details). With
the objective of speeding up the computations, we systematically resort to Cholesky decompo-
sitions to factorise ;. As explained at the end of section 5.1, this choice is inconsequential for
all simulated distributions except the asymmetric ¢, and all estimators except the SP one. Al-
though we have considered other sample sizes, for the sake of brevity we only report the results
for T' = 1,000 observations (plus another 100 for initialisation) based on 10,000 Monte Carlo
replications. This sample size corresponds roughly to 20 years of weekly data, or 4 years of daily
data.

Our ML estimation procedure employs the following numerical strategy. First, we estimate
the conditional mean and variance parameters @ under normality with a scoring algorithm that
combines the EO4LBF routine with the analytical expressions for the score in Appendix B and
the A(¢y) matrix in Proposition 2. Then, we compute the sequential MM estimator 7 in (18),
which we use as initial value for a univariate optimisation procedure that obtains the sequential
ML estimator 7y in Proposition 4 with the EO4ABF routine. This estimator, together with the
PML of 8, become the initial values for the t-based ML estimators, which are obtained with the
same scoring algorithm as the PML estimator, but this time using the analytical expressions for
the information matrix Z(¢y) in Proposition 1. We rule out numerically problematic solutions
by imposing the inequality constraints |p;| < .999 and v, > 1070 for i = 1,..., N, a > 1074,
>0, a4+ <.999 and 0 < 1 < .499.° Given that the scale of the common factor is free,
we set A = 1 in estimation for computational convenience but report results for the alternative

normalisation ¢; = 1.

8 A direct application of the formulas in Demos and Sentana (1998, sect.3.1) yields inf; v; = 4 and F(v;) = 8.

9We implicitly impose the restrictions on o and 4 by numerically maximising the Gaussian and t log-likelihood
functions with respect to 83 and 6%; subject to the restrictions 107* < 6% < .999 and 0 < 6%; < .999, where
B = 0707; and a = 07(1 — 07;). Nevertheless, we always compute scores and information bounds in terms of «
and (3, using the chain rule for derivatives whenever necessary.
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Computational details for the two semiparametric procedures can be found in Appendix
B. Given that a proper cross-validation procedure is extremely costly to implement in a Monte
Carlo exercise with N = 6, we have done some experimentation to choose “optimal” bandwidths

by scaling up and down the automatic choices given in Silverman (1986).°

6.2 Sampling distributions of estimators

Figures 1A-1F display box-plots with the sampling distributions of the Gaussian- and t-based
ML estimators, and the two semiparametric ones. In the case of vector parameters, we report
the values corresponding to the third series. As usual, the central boxes describe the first and
third quartiles of the sampling distributions, as well as their median. The maximum length of
the whiskers is one interquartile range. Finally, we also report the fraction of estimates outside
those whiskers to complement the information on the tails of the distributions.

As expected from Proposition 9.1, the distribution of the four estimators is essentially iden-
tical under normality across all the parameters, with the only exception of the SP estimator of
3, which is not very surprising given that the ML and PML are numerically identical over half
the time. However, they progressively differ under correct student ¢ specification as the degrees
of freedom decrease.

Another thing to note is that the sampling distributions of the Gaussian PML estimators
of m3 and p3 do not seem to be affected much by the true conditional distribution of the data,
which suggests that the different information bounds of the simulated model are almost block
diagonal between the conditional mean parameters (7, p) and the rest. The same seems to be
true for the SP estimator of 73, which is in line with Proposition 11, and essentially reflects the
fact that there is no SP adjustment for unconditional means. In contrast, the behaviour of the
SP estimator of the autoregressive coefficient p; described in Figure 1B is very much at odds
with the same proposition, probably as a result of the fact that the adjustment of this parameter
described in (22) becomes very noisy once we replace the unknown score by the one obtained
with the multivariate kernel estimator.

On the other hand, the sampling distributions of the SSP and ¢-based ML estimators of
w3 and p3 are quite sensitive to the nature of the underlying distribution. In particular, when
the true distribution is elliptical, the sampling distributions of those estimators are narrower
than the distributions of the PML and SP estimators. This is particularly noticeable in the t4

case, but also in the normal-gamma case, for which the ML estimator should lose its asymptotic

YWe considered .3, .5, .8, 1, 1.25, 1.5, 2, 2.5, 3 and 4 times the bandwidth [4/(N 4 2)]Y/V+4) . 5. =1/ (N+49)
recommended by Silverman (1986) for multivariate density estimation under normality, where s? is the second
sample moment of €5;(67) averaged across ¢ and ¢ in the case of the SP estimator, and the sample variance of

{/<4(87) in the case of the SSP estimator. The reported results use scaling factors of 1.25 (SSP) and 2.5 (SP).
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efficiency but not its consistency according to Proposition 16. At the same time, an asymmetric
distribution introduces substantial positive biases in the ML and SSP estimators of m3. Intu-
itively, since the true distribution of the standardised innovations is negatively skewed, those
estimators are re-centring their estimated distributions so as to make them more symmetric.
Somewhat surprisingly, though, the biases in the unconditional mean seem to go a long way in
mopping up the biases in the autocorrelation coefficients. As for time-varying kurtosis, it seems
to have little effect on the estimators of the two conditional mean parameters that we analyse,
with results that broadly resemble the ones obtained for the tg.

Unlike what happens with the conditional mean parameters, the sampling distributions of
the PML estimators of both the static variance parameters c3 and 73, and the dynamic variance
parameters o and S are quite sensitive to the distribution of the innovations. In this sense,
the first thing to note is that those sampling distributions deteriorate as the distribution of
the standardised innovations becomes more leptokurtic. In fact, when vy = 4 the shape of the
distribution of the PML estimators of the ARCH and GARCH parameters is clearly non-standard,
as discussed after Proposition 2. On the other hand, the PML estimators of « and [ are the
least affected by the existence of time-varying higher order moments. The SP estimators of the
conditional variance parameters also suffer when kg increases, becoming substantially downward
biased in the case of 73, as well as in the case of @ when the innovations are 4.

In contrast, the ML estimators of the conditional variance parameters behave very much as
expected: there are substantial efficiency gains when the distribution of the innovations coincides
with the assumed one, and some noticeable biases when it does not. However, it is interesting
to note that those biases only affect v3 and « in the normal-gamma case, and « and [ in the
time-varying leptokurtic case. The unbiasedness results that we obtain with the asymmetric ¢
are somewhat remarkable, and suggest once again that the biases in the unconditional mean
that we observe in Figure 1A adequately re-centre the estimated distribution of the innovations.

The behaviour of the SSP estimators of the conditional variance parameters is mixed. When
the distribution is elliptical, this estimator does a reasonably good job, although by no means
does it achieve the efficiency of the ML estimator. This is especially true in the case of t4
innovations, when it also shares a downward bias for a with the SP estimator. Like the ML
estimators, though, the SSP estimators also seem somewhat resilient to misspecification, since
the only noticeable biases correspond to 5 for the asymmetric student ¢, and o and 3 for the ¢
distribution with time-varying degrees of freedom.

Model (27) can be easily reparametrised as in (28) if we ignore the small adjustment term

wi—;(0) in (40). For instance, we can choose 13 to be the cross-sectional average of the idiosyn-
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cratic variances (= 4ty /N), and then re-scale A, @ and the elements of v accordingly. Figures
1G and 1H display box-plots of v3/92 and a/¥2. As can be seen, the t-based ML estimators of
these two derived parameters become consistent when the true distribution is normal-gamma,
which confirms Proposition 16.a (see also Thm.1 in Newey and Steigerwald (1997)). But con-
trary to the asymptotic results in Proposition 12.a, they seem to be at least as efficient as the
SSP estimator in that case. Similarly, the SSP estimators also seem to be consistent in the case
of the asymmetric student ¢, but the downward bias that affects a when the distribution is t4
continues to contaminate a/¥s.

Finally, Figure 2 displays box-plots of the sampling distributions of the ML, sequential ML
and sequential MM estimators of 1 centred around their true values when vy = oo, 8 or 4,
or around the pseudo-true values implied by the sequential ML procedure when the ¢.7.d. ¢
assumption is incorrect. The first thing to note is that the proportions of zero estimates of 7
exceed the theoretical value of 1/2 when 7y = 0. Although the three estimators behave similarly
under Gaussianity, they are radically different in the other two correctly specified cases. As
explained in Section 4, while 7y is asymptotically normally distributed in those two cases, fp
has a non-standard asymptotic distribution when vy = 8 or v¢g = 4, and the same applies to 7y
in the latter case. The sampling distributions are also very different in the case of the normal-
gamma, but less so in the case of the asymmetric student ¢ or the ¢ with time-varying degrees of
freedom. In this sense, the main effects of ¥4 moving around its average value of 8 (see footnote
8) seem to be small increases in the medians and dispersions of the estimated tail thickness
parameters relative to the i.i.d. tg. case, probably due to the increase in higher order moments

that a time-varying kurtosis entails.
6.3 Hausman tests

Following our discussion on power in section 5.2, we focus our attention on two parameters
only: the cross-sectional mean of the unconditional mean parameters 7’s and the cross-sectional
mean of the idiosyncratic variances 4's. In the remaining of this section, we shall refer to those
two average parameters as T and 7. The Wald version of single coefficient tests is straightforward.
The LM version is also easy to obtain if we use the results in the proofs of Propositions 18 and

19 to show that

VT (07 — 87) — A (@) VTSer(07,0) = op(1),
VT (07 — 07) — A (o) VTSer(07,0) = o0,(1).

To simplify the comparisons between parametric and semiparametric testing procedures, we

systematically use the PML estimator of 8 in computing the different information bounds. We
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also use the sequential MM estimator of 7 in (18), which amounts to replacing ko by its sample
analogue when it is positive. We provide further details on how we compute the SSP bound
é(¢0) in Appendix B.

The first two panels of Table 1 report the fraction of simulations in which the parametric
and SSP Hausman tests in Propositions 18 and 19, respectively, exceed the 1, 5 and 10% critical
values of a x7 when the true distribution is a student tg, while the last panel reports the
corresponding fractions for the SSP test in the normal-gamma case. All tests tend to overreject,
but the size distortions of the parametric tests are typically small, especially if compared to the
huge distortions shown by the SSP Hausman procedures based on 4. Although the estimators
of S(¢py) are noisier than the estimators of Z(¢) or C(¢y), the main problem with the SSP tests
is that the difference between the Monte Carlo variances of the PML estimators of © and 4 and
its asymptotically efficient SSP counterparts is smaller than the Monte Carlo variance of the
difference between those two estimators, which violates the principle underlying Hausman tests.
In fact, the Monte Carlo variance of the SSP estimator of 4 turns out to be higher than that of
the PML estimator both in the case of the student tg and the normal-gamma mixture, despite
the fact that the Monte Carlo variances of the estimators of the individual +}s are in the correct
order, which suggests that the SSP estimators of the ;s have a more positive cross-sectional
correlation. Monte Carlo experiments with 7" = 10,000 indicate, though, that those problems
are mitigated as the first-order asymptotic results become more representative.

Table 2 contains the fraction of simulations in which the parametric (upper panels) and SSP
(lower panels) Hausman tests exceed the 1, 5 and 10% empirical critical values obtained by
simulation when the true distribution is a student tg (see Table 1).

As expected, the parametric test based on 7 has little power when the true distribution is
normal-gamma, which is not surprising given that the ML estimators of the conditional mean pa-
rameters are consistent, but no longer efficient, in that case. In contrast, the power is essentially
1 if we base the test on the idiosyncratic variance parameter 7. In the case of the asymmetric
t, though, the parametric Hausman tests based on the unconditional means have substantially
more power than the tests based on the unconditional idiosyncratic variances, which is also in
line with the Monte Carlo distributions presented in the previous section. Finally, neither of
those parameters is useful to detect a t distribution with time-varying degrees of freedom.

On its part, the SSP Hausman test based on 7 and 4 have a lot of power to detect departures
in the asymmetric direction, but again no power against time-varying kurtosis. The odd size-
adjusted power results observed at the 1% level simply reflect the imprecision of the estimated

Monte Carlo critical values.
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7 Conclusions

In the context of a general multivariate dynamic regression model with time-varying vari-
ances and covariances, we compare the efficiency of the feasible ML procedure that jointly
estimates the shape parameters with the efficiency of the infeasible ML, SSP, SP and Gaussian
PML estimators of the conditional mean and variance parameters considered in the existing
literature. In this respect, we show that if the distribution of the standardised innovations is
i.i.d. spherical, the ranking is infeasible ML, feasible ML, SSP, SP and PML, with equality if
and only if the spherical distribution is in fact Gaussian, in which case there is no efficiency loss
in simultaneously estimating the shape parameters. In this respect, our results generalise earlier
findings by Gonzalez-Rivera and Drost (1999), FSC and Hafner and Rombouts (2007).

Furthermore, we study in detail two popular examples of conditionally heteroskedastic mod-
els, one univariate and the other one multivariate, and obtain closed-formed expressions for
the inefficiency ratios of different subsets of parameters under the assumption of constant vari-
ances. Not surprisingly, those inefficiency ratios coincide with the ratios of the non-centrality
parameters of the tests of conditional homoskedasticity associated with the different estimators.

More generally, we show that the SSP estimator is adaptive for all but one global scale
parameter in an appropriate reparametrisation of the model. This result directly generalises
the one obtained for univariate GARCH models by Linton (1993), as well as the results in
Hodgson and Vorkink (2003) for a specific multivariate GARCH-M model. We also show that the
general SP estimator is adaptive for a much more restricted set of parameters in an alternative
reparametrisation that only seems to fit the constant conditional correlation model of Bollerslev
(1987) when the conditional mean is 0. This second result generalises the ones obtained for
specific univariate GARCH models by Drost and Klaassen (1997) and Sun and Stengos (2006),
which seem overly simple from a multivariate perspective. Importantly, we prove that both
semiparametric estimators share a saddle point efficiency property, in that they are as inefficient
as the Gaussian PMLE for the parameters that they cannot estimate adaptively.

We also thoroughly analyse the effects of distributional misspecification on the consistency
of the conditional mean and variance parameters. In particular, we initially show that when
the conditional distribution is platykurtic, so that the coefficient of multivariate excess kurtosis
is negative, the feasible ML estimators based on the multivariate student distribution converge
to the Gaussian PML estimators. On the other hand, we show that when the conditional
distribution is spherical and leptokurtic, but neither ¢ nor Gaussian, the feasible student ¢-based
ML estimator is consistent for exactly the same parameters for which the SSP estimator is

adaptive, which are effectively all but a global scale factor. This result generalises Theorem 1 in
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Newey and Steigerwald (1997), which applies to univariate models. Furthermore, we show that
when the conditional distribution is leptokurtic but not spherical, the feasible ML estimator
is consistent for exactly the same restricted subset of parameters for which the general SP
estimator is adaptive, which excludes both the mean and the covariance matrix of the i.i.d.
pseudo-standardised innovations. This second result also generalises Theorem 2 in Newey and
Steigerwald (1997), which again looks misleadingly simple from a multivariate perspective. We
would also like to emphasise that our inconsistency results apply not only to the multivariate
student ¢ log-likelihood, but also to any other spherically-based likelihood estimators. The main
advantage of the student ¢ for our purposes is that we can make explicit its limiting relationship
to the Gaussian distribution. In any case, we provide closed-form expressions for consistent
estimators of the parameters that the feasible ML estimator cannot estimate consistently.

In view of the importance of the distributional assumptions, we propose simple Hausman
tests that compare the feasible ML and SSP estimators to the Gaussian PML ones.

Finally, we also consider sequential estimators of the shape parameters, which can be easily
obtained from the standardised innovations evaluated at the Gaussian PML estimators. In
particular, we consider a sequential ML estimator, as well as sequential MM estimators based
on the coefficient of multivariate excess kurtosis. The main advantage of such estimators is
that they preserve the consistency of the conditional mean and variance functions, but at the
same time allow for a more realistic conditional distribution. We show that the usual efficiency
ranking of the estimators of the shape parameters is infeasible ML, feasible ML, sequential ML
and sequential MM. These results are important in practice because empirical researchers often
want to go beyond the first two conditional moments, which implies that one cannot simply
treat the shape parameters as if they were nuisance parameters. We also propose an alternative
Hausman test that compares the feasible and sequential ML estimator of the shape parameters.

In a detailed Monte Carlo experiment we find that there is a substantial difference between
the estimation of the following four groups of parameters: (a) the unconditional mean parame-
ters, (b) the unconditional variance parameters, (c) the dynamic mean parameters, and (d) the
dynamic variance parameters. We also find that the finite sample performance of the semipara-
metric procedures is not well approximated by the first-order asymptotic theory that justifies
them. This is particularly true of the SP estimators of the dynamic mean and variance parame-
ters, but also affects the SSP estimators of the latter. As for the feasible ML estimators based on
the student ¢, we find that they offer substantial efficiency gains relative to the PML estimators
when the true distribution coincides with the one assumed for estimation purposes, but they be

biased otherwise. Nevertheless, we find that the biases seem to be limited to the unconditional
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mean parameters when the true distribution is asymmetric, and the variance parameters when
it is elliptical but not ¢. In this second case, our simulation results also confirm that we can
obtain consistent estimators of all parameters but one by using one of the reparametrisations
previously discussed.

As for the Hausman tests, we find that the one based on the feasible ML estimator works
quite well, both in terms of size and power, while the one based on the SSP estimator suffers
from substantial size distortions when we base it on the unconditional variance parameters. In
this sense, it would be useful to explore bootstrap procedures that exploit the fact that elliptical
distributions are parametric in N — 1 dimensions, and non-parametric in only one.

Further work is required in at least four other directions. First, from a modelling point
of view, the assumption of 4.i.d. innovations in non-spherical multivariate models seems rather
strong, for it forces the conditional distribution of the observed variables to depend on the
choice of square root matrix used to obtain the underlying innovations from the observations.
Secondly, from an estimation point of view, the development of semiparametric estimators that
do not require the assumption of i.i.d. innovations remains an important unresolved issue that
merits further investigation. Thirdly, the availability of analytical finite sample results would
probably make the choice between bias and efficiency look more balanced than what standard
root-T asymptotics suggests. Finally, the existing literature, including our paper, places too
much emphasis on parameter estimation, while practitioners are often more interested in func-
tionals of the conditional distribution, such as the forecasting intervals required in value at risk
calculations. An evaluation of the consequences that the different estimation procedures that

we have considered have for such objects constitutes a fruitful avenue for future research.
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Appendix

A Proofs and auxiliary results

Some useful distribution results

A spherically symmetric random vector of dimension IV, €f, is fully characterised in Theorem
2.5 (iii) of Fang, Kotz and Ng (1990) as ey = e;u;, where u; is uniformly distributed on the
unit sphere surface in RY, and e; is a non-negative random variable independent of u;, whose
distribution determines the distribution of €7. The variables e; and u; are referred to as the
generating variate and the uniform base of the spherical distribution. Assuming that E(e?) < oo,
we can standardise &} by setting F(e?) = N, so that F(ef) = 0, V() = Iy. Specifically, if &7
is distributed as a standardised multivariate student ¢ random vector of dimension N with v
degrees of freedom, then e; = \/m, where (; is a chi-square random variable with N
degrees of freedom, and &, is an independent Gamma variate with mean vy > 2 and variance
2vg. If we further assume that E (ef) < oo, then the coefficient of multivariate excess kurtosis
ko, which is given by E(e})/[N(N +2)] — 1, will also be bounded. For instance, kg = 2/(vo — 4)
in the student ¢ case with v¢ > 4, and k9 = 0 under normality. In this respect, note that since
E(e}) > E?(e?) = N? by the Cauchy-Schwarz inequality, with equality if and only if e; = VN
so that &7 is proportional to u, then k9 > —2/(N + 2), the minimum value being achieved in
the uniformly distributed case.

Then, it is easy to combine the representation of elliptical distributions above with the higher
order moments of a multivariate normal vector in Balestra and Holly (1990) to prove that the

third and fourth moments of a spherically symmetric distribution with V(e7) = Iy are given by

E(ejei’ ® €7) =0, (A1)

E(efe} @efel’) = Evec(ejef )ved (e5€f)] = (ko+1)[(In2 + Knn) +vec (In) ved (In)].  (A2)

We shall also make use of the fact that in the student ¢ case (,/(£;+¢;) has a beta distribution
with parameters N/2 and v(/2, which is independent of u;. As is well known, if a random variable
X defined over [0, 1] has a beta distribution with parameters (a,b), where a > 0, b > 0, then its

density function is

1 e _
fx(z;a,b) = B(a,b)x 1(1—x)b 1
where )
_ am _1, D(a)l(b)
B(a,b)—/o X 1(1—37)1) 1dx—m

is the usual beta function. Fortunately, it is often trivial to find apparently complex moments
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of a beta random variable from first principles. For instance,

1
.ﬂXﬂl—Xﬂm&k:BéJ»A:ﬁﬂ—xﬂf“%l—mf4¢r:

Bla+pb+q)
B(a,b)

for any real values of p and ¢ such that a +p > 0 and b+ ¢ > 0. Similarly, since

1 1
/ In(1 — 2)7=1(1 — 2) Lz = 2 / 21 - 2 de = O B(a+ p,b),
0 ab Jo ob

we can also write

B(a+p,b+q)dInB(a+ p,b+q)
B(a,b) 0b
B(a+p,b+q)

_ Ww(wq)—w(wwbw)],

E[XP(1—-X)?In(1l — X)|a,b] =

thanks to the definition of the beta function in terms of the gamma function above.

Lemmata

Lemma 1 Let ¢ denote a scalar random variable with continuously differentiable density func-
tion h(s;m) over the possibly infinite domain [a,b], and let m(s) denote a continuously differen-
tiable function over the same domain such that E [m(s)|n] = k(n) < co. Then

E[0m(s)/0s|n] = —E[m(s)01Inh(s;n)/0s|n],

as long as the required expectations are defined and bounded.

Proof. If we differentiate

with respect to ¢, we get

" om ’ ; b om b nh(c:
oz/a aaic)h(g;n)dw/a m(g)ahg;n)dgz/a Gaig)h(c;n)dw/a m(g)h(g;n)alg(;’n)dg7

as required. ]

Proposition 1

For our purposes it is convenient to rewrite ey (¢,) as

eir(po) = 0s(60); moler (Bo) = d(ss,m0)v/Srus,

est(¢g) = wvec{d[s(B0), molef(Bo)ei’(B0) — Ly} = vee [3(cr, mo)srupu; — In],

where ¢; and u; are mutually independent for any standardised spherical distribution, with

E(w) =0, E(wu,) = Ny, E(s¢) = N and E(s?) = N(N +2)(k¢ + 1). Importantly, we only
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need to compute unconditional moments because ¢; and u; are independent of z; and I;_1 by

assumption. Then, it easy to see that

Elen(¢)] = E[0(st,m9)v/st] - E(ur) = 0,

and that

Elesi(¢o)] = vec {E [0(st,no)st] - E(upny) — Iy} = vec(In) {E [0(st,m0)(st/N)] — 1} .

In this context, we can use expression (2.21) in Fang, Kotz and Ng (1990) to write the density

function of ¢; as

aN/2

I'(N/2)

o> exple(n) + g(sem)), (A3)

h(se;n) =
whence

[0(st,m0)(s¢/N) — 1] = —% [1+6t-0nh(s;m)/0d]. (A4)

On this basis, we can use Lemma 1 to show that E(¢;) = N < oo implies
Elsi-0nh(sy;n)/0s] = —E[1] = -1,

which in turn implies that
E16(st,m0)(st/N) —1] =0 (A5)

in view of (A4). Consequently, Eles(¢g)] = 0, as required.

Similarly, we can also show that

Elew(do)e(¢)] = E {8 (s, mo)sewn} = In - E[6%(se.m0)(se/N)],
Elen(¢o)ey(do)] = E {5(%,770)\/5‘%”60' [5(% M)Stury — IN]} =0

by virtue of (A1), and

Elest(¢o)el(po)] = E {vec [6(st, mo)stuay — In] vec [6(se, mo)seupuy — In]}
=K [5(%,770)9}2 m
—2E[6(st,mg) (st/N)]vee In) ved (In) + vec (In) ved (Iy)

_ (N]j_mE [6(se:m0) (st/N)P (T2 + K

i {(NZX—Q)E (85t m0) (s2/N)]” = 1} vec (Iy) vecd (Iy)]

by virtue of (A2), (A4) and (A5).

[(Ty2 + Knn) + vee (Iny)ved (Iy)]

Finally, it is clear from (3) that e,+(¢y) will be a function of ¢; but not of us, which imme-

diately implies that Elej:(¢g)el(¢g)] = 0, and that

Elest(do)er (b)) = E {Uec [5(% 70)St - uguy — IN] e/rt(¢o)}
= vec(In)E{[0(st,m0)(st/N) — 1] €y (bo) } -
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To obtain the expected value of the Hessian, it is also convenient to write hgg:(¢) in (8) as

—4Z51(00)[In ® {0[s:(60), noler (Bo)ey’ (B0) — In}1Z,(60)
+lef; (8. 1m0) S, /¥(0) ® 1) Qvec [6%(0)}

00’ 00
1 - Ovec [ Ovec [X:(0
+51€h(B0,m0) (2, ¥ (60) © =, (00)) @ L} S { T )]}

—2Z1(60) e} (0, m0) @ IN]Z3;(80) — 2Zist(00)[ew (0, mo) ® In]Zyy(6o)
3150(00), 7101 Z2(00) 4, (80)-22.4(00)Z1y(00)~ 10 7,00 (00 < (80) 2, (00
+Zu(00)e; (Bo)vec'[e7 (Bo)er’ (00))Z(80) + Zist(B0)vecle; (Bo)er’ (B0)lef (00)Ziy(Bo)
+ Zst(Bo)vecle; (0o)e’ (8o)]vec’[€7 (Bo)er’ (80)] Z4y (B0) } -
Clearly, the first four lines have zero conditional expectation, and the same is true of the

sixth line by virtue of (A1). As for the remaining terms, we can write them as

—0(st,M0) Zi(00) Z1(00) — 206(5¢,M0) /s - Zy(00)sruru; Zy,(0o)
—2Zs(00)Z,(00) — 206(st,m0)/0s - thZSt(Go)vec(utug)vecl(utu;)Z’St(Go),

whose conditional expectation will be

—Z14(60)Z1,(00) E[0(s15m0) + 2(ct/N) - 90(s1,m0) /95 |mo] — 2Zst(60) Z54(60)

~Z(00) P QoL ) 9S00l (1 5 ) + veeClo e (1) 20

As for hgy (), it follows from (9) and (4) that we can write it as

{Z11(60)e7 (80) + Zst(Bo)vec [e7 (80)er (80)]} - 96 [4(80), mo) /O’
= [Zy(0)us\/St + Zt(0)vec(upuy)sy) - 95(st,m) /07,

whose conditional expected value will be Zg (0p)vec(In)E[(s¢/N) - 9d(st,mg) /0N 0. O
Proposition 2

The proof is based on a straightforward application of Proposition 1 in Bollerslev and
Wooldridge (1992) to the spherically symmetric case. Since sg;(6o,0) = Z,,(60)eq:(60,0), and
eq:(00,0) is a vector martingale difference sequence, then to obtain B.(¢,) we only need to

compute Ve (0o, 0)|z:, I;—1; ¢pp]. But since

[ ei+(60,0) ] _ < e (6o) ) _ [ Ve

est(00,0) vec [ef(0p)er’ (00) — I] vec(spupuy — Iy)
for any spherical distribution, with ¢; and u; both mutually and serially independent, then (15)
follows from (A1) and (A2). As for A:(¢y), we know that its formula, which is valid regardless
of the exact nature of the true conditional distribution, coincides with Bi(¢y) when kg = 0 by

the (conditional) information matrix equality. O
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Proposition 3

We can use the conditional analogue to the generalised information matrix equality (see e.g.

Newey and McFadden (1994)) to show that

Os 9,0 Os 070
E {56:(6,0) [s4,(6. 0). 55, 0)] |2 11,0, 0} = _E{ [ 0:9(9/ )‘ eé(gl )}

=-F { [hggt(e; 0)’0” z¢, 1i—1;0, Q} = [At(‘ﬁ)‘o]

z¢, 14150, Q}

irrespective of the conditional distribution of €}, where we have used the fact that sg;(6,0) does
not vary with o when regarded as the influence function for 0. Then, the required result follows

from the martingale difference nature of both ey (6y,0) and (69, )- O

Proposition 4

We can use standard arguments (see e.g. Newey and McFadden (1994)) to show that the
sequential ML estimator of 1 is asymptotically equivalent to a MM estimator based on the

linearised influence function

syt(00,m) — Zg, (do) A~ (dg)ser(60,0).

Then, the expression for F(¢,) follows from the definitions of B(¢y), C(¢g) and Zyy,(¢y) in

Propositions 1 and 2, together with the martingale difference nature of ez (6o, 0) and e;(¢y).O]

Proposition 5

In this case, the linearised influence functions corresponding to 7 and 7, are

e (00,m) — R/ (o) A" (¢h9)s64(60,0),
and
Tt (60,m) — Q' (¢p) A" (g)s6:(60,0),

respectively, whence we can directly obtain the formulae for G(¢,) and J(¢y). Therefore, the
only remaining task is to obtain closed-form expressions for the required moments. In this

respect, we can use the law of iterated expectations to show that

cov[s(00,0), 1yt (00, m0) | Po) = Za(dg) - Eleqr(60,0) - nyt (00, m9)|st; do)
= Ws(¢O)E [(% — 1) nnt(HO?T/O)’ d)()} )

and

cov[se:(0o,1p), nnt(907n0)|¢0] = Zq(bo) - Elear(60,1m) '”nt(eoano)kt; 0N

N+vy ¢]
0.

= Wi(gy)E |:<V()_2+§tN - 1) nnt (6o, o)
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Then, we can use the properties of the beta distribution discussed before to show that

5 ( ¢? _m—zy _ WVJYFN+®W+®QQ—MW—®_I
N(N+2) wvo—4 (vo—4)2 | NN +2) (ro—6)(vo—8) ’
St G2 vo — 2 4o —2)(N + v —2)
E[<N_1)<N(N+2)_Vo—4>}  Nwo—4)(m—6) ’

5 N+wvo s 2 v —2\] _ 4(n—-2)
vo—2+¢ N N(N+2) wvg—4)| N(wo—4)
On the other hand, since 7,¢(09,7g) is the residual from the least squares projection of

nyt(00,7m9) on /N — 1, we can obtain the relevant expressions for 7,:(69,n) from those of

nyt(00,10) by using the fact that

502

and

N 2
E iﬁ_l (2_1) S
l/[)*2+§tN N N

Proposition 6

It trivially follows from (21) and (17) that
E { [edt(e, 0) —K(0)KT (0)es(8, 0)] e, (0,0) |z, I;_1;0, g} =0

for any distribution. In addition, we also know that

E {[eu(8,0) — K (0) K (0) €4(8,0)] |z, I:-1;6,0} = 0.

Hence, the second summand of (22), which can be interpreted as Z4(¢,) times the residual from
the theoretical regression of ey () on a constant and ey (6, 0), belongs to the unrestricted
tangent set, which is the Hilbert space spanned by all the time-invariant functions of e} with zero
conditional means and bounded second moments that are conditionally orthogonal to e (8o, 0).

Now, if we write (22) as

Zat(0) — Za(0, 0)] € (0, 0) + Za(6, 0)K (0) K (o) eat(6. 0),

then we can use the law of iterated expectations to show that the semiparametric efficient score
(22) evaluated at the true parameter values will be unconditionally orthogonal to the unrestricted

tangent set because so is e4(00,0), and E [Z4(0) — Z4(0, 0)|0, 0] = 0.
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Finally, the expression for the semiparametric efficiency bound will be

{Za:(0)eqt (0, 0) — Z4(0, 0) [edt(aa e)—K(0 ) *(0)ea(8,0)] ]
x {ea (0, 0)'Zy,(0) — [€,(0, 0) — €,,(0,0)KT (o) K (0)] Z},(8, Q}
=E [Zy(0)ea(0, 0)ey (0, 0)Za(0)]0, 0]

~E{Za(0)ew (8, o) [4(0, 0) — e,(0,0)K™ (0) K (0)] Z;(6,0)|0, 0}
~E{Z4(8, 0) [ewr(8,0) — K (0) K" (o) eat(6,0)] ear()'Zy,(0)]6, 0}
+E{Za(0, 0) [ear(8, @) — K (0) K™ (o) ear(6,0)] [ (0, @) — e, (8,0)K™ () K (0)] Z;(6, 0)|6, 0}
= To0(0, 0) — Za(0. 0) [Maa (@) — K (0) KT () K (0)] Z5(6, o)

by virtue of (21), (17) and the law of iterated expectations. O

Proposition 7

First of all, it is easy to show that for any spherical distribution

cal000) = B[ v e) [s00itn] =B{ o ermperitn) 1) |00
= 5[ et |9 = ) [ e | (49
and
éu(90) = [jg((f;g)) 60 )
S o o)
= {vec[cS(C(Zt;?Z)OC)t\l{:ul:t— Iy] } 6t m0) 1] {vec?lzv) ] (A7)

where we have used again the fact that E(u;) = 0, E(usu,) = N 'Iy, and ¢; and u; are
stochastically independent.

In addition, we can use the law of iterated expectations to show that

E [8a(¢)eq(0,0)|¢] = E [ear(d)&y(6,0)|¢] = E [84(¢)éy(0,0)|¢]

and
E [édt(a’ O)eilt(ea 0)‘(]5] =F [edt(gv O)éiit(avo)‘d)] =F [édt(gv O)éiit(ev 0)|¢’] :

Hence, to compute these matrices we simply need to obtain the scalar moments

2 (y ) [psemy -1 n}

and




In this respect, we can use (16) to show that the latter is simply [(N + 2)k + 2]/N, so that

E [édt(0,0)e&t(0,0ﬂq&] - (]\[—i_?\f)ﬂ—i_2 ( g ’UeC(IN)(l))eC/(IN) ) N K(K)

As for the former, we can use Lemma 1 to show that F(s?) = N(N + 2)(k + 1) < co implies
E [} - 0Inh(s;n)/0s|n] = —E [25:|n] = —2N.

If we then combine this result with (A4) and (A5), we will have that for any spherically symmetric

distribution

E{ (5 1) [eomy 1] nh =5
so that

E [édt(ﬁb)e&t(a» 0)|¢] =K 0),
which coincides with the value of E [€4(6,0)e/,(6,0)|¢] under normality.
Therefore, it trivially follows from the expressions for K (0) and K (ko) above that
B { [ea(¢) — K (0)K* () 41(6,0)] €4(6,0) |21, [, 15 }
= B{[8u(¢) ~ K (0) K (k) 1(8,0)| &4(8,0) |22, I 1;¢ } = 0

for any spherically symmetric distribution. In addition, we also know that

E { [édt(gb) K (0) K (k) &a(6, 0)} 1z, Iy_1; ¢} — 0.

Thus, even though [édt(¢0) - K (0) K+ (ko) €4t(0o, 0)} is the residual from the theoretical re-
gression of €4 (¢) on a constant and €4(0,0), it turns out that the second summand of (24)
belongs to the restricted tangent set, which is the Hilbert space spanned by all the time-invariant
functions of ¢;(6y) with bounded second moments that have zero conditional means and are con-
ditionally orthogonal to ez (8o, 0).

Now, if write (24) as

Zar(0)ea () — Za(9)8a(d) + Za(#)K (0) K™ (k) &a:(6, 0),

then we can use the law of iterated expectations to show that the elliptically symmetric semi-

parametric efficient score is indeed unconditionally orthogonal to the restricted tangent set.
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Finally, the expression for the semiparametric efficiency bound will be
{Za(0)ea(®) — Za(9) [ea(9) = K (0) K+ (w) &4
% {ear(®)'Zy(0) = [&(8) — €,(6, 00K+ (1) K
= E [Zai(0)ear(d)ey (9)Z4(0)] 9]
~E{Za(0)ea(®) [€:(9) — &,(6,0K" () K (0)] Zi(@)|6}
~E{Z($) () — K (0)K* () 841(0,0) | eur()'Ziy(9)|6 }
+E{Za(9) [a(@) — K (0) KT (v) (6, 0)] &1 (@) — (6, 0)KT () K (0)] Zi@)lo |

= Zoo(dg) — Wi(do) Wi (¢by) - { [N;QMss(n) - 1}  N[(N +42)f£ + 2] }

by virtue of the law of iterated expectations. O

Elgou()8:(6)|6] = ( 0.0}

Proposition 8

The proof that Zgg () is at least as large as P(¢y) in the positive semidefinite matrix sense
follows trivially from the fact that the latter is the residual variance in the multivariate theoretical
regression of sg:(¢g) on sy:(@g), while the former is the unconditional variance of sg:(¢q). The
fact that the residual variance of a multivariate regression cannot increase as we increase the
number of regressors also explains why P(¢) is at least as large (in the positive semidefinite
matrix sense) as S(¢y), and why the latter is at least as large as S(¢), reflecting the fact
that the relevant tangent sets become increasing larger. Finally, the positive semidefiniteness
of S(¢py) — A(0)B~1().A(0) follows from the fact that it coincides with the residual covariance
matrix in the theoretical regression of the semiparametric efficient score on the Gaussian pseudo-

score since

E{Z4(0)eqt (0, 0) — Zq(0, 0) [eq:(0,0) — K (0) KT (o) ea:(0,0)] }e;,(0,0)Ziy,(0)|p] = A(6)

because €/,(0,0) is conditionally orthogonal to [e4(0, @) — K (0) KT () e4(60,0)] by construc-
tion. O

Proposition 9

The proof of the first part is trivial, except perhaps for the fact that M4 (0) = 0, which
follows from Proposition 3 because es: (6o, 0) coincides with eg:(¢y) under normality.

To prove the second part, note that Zge(¢p) — S(¢) is Wi(d)W/(¢) times the residual
variance in the theoretical regression of §(s¢, 1g)s¢/N—1 on (¢;/N)—1, which given that W (¢) #
0 can only be 0 if the regression residual is identically 0 for all ¢. The solution to the resulting

differential equation is
N(N +2)k

C,
3[(N 1 2)r 1 2] oot

9(se;m) = — ne; —

[(N 4+ 2)k + 2]
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which in view of (A3) implies that

h(st;m) “CW_I eXP{—M§t}7

i.e. the density of Gamma random variable with mean N and variance N[(N + 2)ko+2]. In this
sense, it is worth recalling that x > —2/(N + 2) for all elliptical distributions, with the lower
limit corresponding to the uniform.

Finally, to prove the third part we use the fact that after some tedious algebraic manipula-

tions we can write Mgq (1) — K (0) KT (k) K(0) as

[M”(’l’])—l]IN 0
0 [Mss(n)-%ﬂ} (T2 + Ky + | Mas ()14 Gy | vee(y)ved (Iy) [

Therefore, given that Z;(¢g) # 0, Zeg(¢p) — S(¢) will be zero only if M;(n) = 1, which in turn
requires that the residual variance in the multivariate regression of §(s¢, 1g)e; on e is zero for
all t, or equivalently, that d(¢;,my) = 1. But since the solution to this differential equation is

9(s¢,m) = —.56¢ + C, then the result follows from (A3). O

Proposition 10

It is tedious but otherwise straightforward to prove that when ag =0

—1/2 h
Yo / (1- Zj:l Pjo) 0
’Y_l/z(y 1 — 7o Yi—i — m0) 0
Za(00) = 0 t— ooy Yt— e ,
0 1/ %2 270 2
0 Hey -1, 622, - 1)
so that )
—1/2 h
Yo [ T(1— Zj:l ij) 0
0 0
Zd(¢o) = _
0 %’Yo !
0 0

Proposition 1 then implies that the information matrix will have only four non-zero blocks along

its diagonal, which correspond to 7, p, & and (v, n). The same proposition also implies that

h
Ten(0) = Mu(mo)yp (1 - ijo)2a
j=1
Zop(Po) = Mu(no)vy ' o,
where 3 is the h x h autocovariance matrix of (y;—1,...,y:—p)’, and
E[Tuat(Po) o] = [3Mss(mg) —1]-F [i(a;‘% — 1.2, =02 -1, 82, - )
= Ml L ez qypygg) x, = PMe(h0) = R0 £ 2y
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in view of the fact that €} is serially independent when ag = 0, and E(g}2 — 1)2 = V(e}?) =
(3ko+2).

Given that Zg(¢,) has a block-structure, the block-diagonality of S(¢,) and S(¢) follows
from expressions (25) and (23), respectively. Finally, we can use Proposition 1 in Demos and
Sentana (1998) to show that C(¢y) is also block-diagonal, with Crr(¢g) = v(1 — 2?21 Pio) 2,
Cop(Bo) = 75", and Caa(epy) = I,, although note that there is a missing scalar term in front

of their expression for Cy(¢yg). O
Proposition 11

Using the results in appendix A.5 of Sentana and Fiorentini (2001), and appendices C and

D in Sentana (2004), it is tedious but otherwise straightforward to prove that when ap = 0

[y — diag(py)| 2y " 0
diaglyi—1 — 77]2_1/2’ 0
—1/2 —1/2
0 (%o /1 /2® o /1 2
Z4(60) = 0 1B (S, @50 %)
ff_1(00) +w(Bo) — 1
0 ! : (chZg " @ ;25 )
f#i—q(80) +w(B0) — 1

where E'y is the unique matrix that transforms vec(A) in vecd(A) as vecd(A) = Eyvec(A),

and X is shorthand for c¢¢’ +I'. As a result,

[ [y — diag(py)| S, " 0 '
0 0
Za(¢o) = 0 (S " o5y |,
0 %E&(zal/m ® 281/2/)
- O 0 -

where we have used the fact that fi;(69) = c{)Ealst and w(0g) = 1 — c()Ealco = (1+
chTyteo) ™ = w(Bp) ¥Vt when ag = 0 (see Sentana and Fiorentini (2001)), so that E[fZ(8o) +
w(80) — 1] = E(c)hT, 'ere} Sy eo—ch Sy 'eoldpy) = 0.

Proposition 1 then implies that the information matrix will have only four non-zero blocks
along its diagonal, which correspond to 7, p, & and (c,~,n). The same proposition also implies

that

Trn(Po) = Mu(ng)[In — diag(ﬂo)]zgl[IN — diag(py)],

Lop(o) = My(ng)E[diag(y: — WO)EaldiGQ(Yt — m0) o],
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and

Jf-1(80) +w(Bo)—1

1 _ _
E[Zoat(9g)| ol = ZE (coZ 1/2/®C620 1/21) Mss(no) In2 +Knn)

12 (80)+w(60)—1

fl?tfl(ao) +w(Bo) — 1
+ [Mas(10) — Hee(In)ved (In)] (Zg co @ 5y 2eo) :
f,ft_q(eo) + w(eo) -1

= WMl = Lot 2 2([7,(80) + (60) — 1Pl 1,

in view of the fact that fi; is serially independent when g = 0. In this respect, we can show

that

E{[f7(80) +w(B0) — 1]*|ebo} = E(cpXg 'ere; X 'eo)? — (€5 " eo)”
= Elvec(chXy terer Sy teo)ved (ch g terel Xy teo) o) — (chg teo)?

= () ¥ @ chuy ) Elvec(ef el yved (efe}) ol (g P eo © Ty P eq) — (chSg Len)?

= (C{)E(;l/w ® c{)zal/w)(no + D) [(Iy2 + Kyn) + vee (Iy) ved (IN)](251/2C0 ® 261/200)

—(cpXg ten)? = (3ko + 2)(ch B85 co)? = (3ro + 2)(chTy teo) (1 + cpl'y teo) 2.

Given that Zg(¢,) has a block-structure, the block-diagonality of S(¢,) and S(¢,) follows
from expressions (25) and (23), respectively. Finally, it follows directly from Proposition 6 that
C(¢) will also be block-diagonal, with

Arr(@9) = Brrlo) = Crr(y) = [In — diag(py)| g [Ty — diag(p)),
App(b0) = Bpp(thg) = Cpp (o) = Eldiag(y: — m0) %y diag(yr — m0) o],
)
)

Aoaldy) = 5chSg coB{[f2(00) + w(B0) — 1P|}y,
Baa(dg) = .25(3k0 + 2)(c(Zy o) > B{[f7(00) + w(B0) — 1)% | Hy,
so that
I —1 2 rp—1 4
Cab(o) = (O0Z0 0 pris2 00y 1+ wo(B0) — 12T, = (ch Sy eo) = — C0Lo_€0)

3k + 2 (14 chTy eo)t’

Proposition 12

Given our assumptions on the mapping r4(.), we can directly work in terms of the 9 para-

meters. In this sense, since the conditional covariance matrix of y; is of the form J%7 (1), it
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is straightforward to show that

Zao(9) { 05" i) 00 50

§{0ved (S (91))/09:) (377 (91) @ = (91) _[zmw stt(ﬁ)} (A8)
305 ved (Iy) L0 Zew) |

Thus, the score vector for 1 will be

so.6(9,m) | _ | Zou(P)ew(I9,m) + Zy,st(F)est (9, m)
[ s9,¢(9,m) ] B [ Zg,st(0)est (9, 1) ] ) (A9)

where e (19, m) and ey (19, n) are given in (5) and (6), respectively.

It is then easy to see that the unconditional covariance between sy, (9, n) and sy, (9, n) is

P Z0u0) Zaa) || G0 | ) [0

{2M55(n) + NMss(n) — 1} { 1 gved [7(94)]
219 2 oY%
{2M5(n) + N[Mss(n) — 1]}

= 2192 Zﬁm(&’?)”‘”ﬂN%

=50 @ 37 01)]

19,17} vee(Iy)

with Zy,s(9,n) = E[Zy,s(9)|9,n], where we have exploited the serial independence of €}, as
well as the law of iterated expectations, together with the results in Proposition 1.
We can use the same arguments to show that the unconditional variance of sg,.(9,n) will

be given by

e{10 2 ) [ 57 sl | [ i ][ 27)

= 4119%vec’(1N)[1\485(n) (In2 + Kyn) + Mgs(n) — 1))vec(In)ved (In)]vec(Iy)

{2Mgs(m) + NMss(n) — 1]}N
4192 '

Hence, the residuals from the unconditional regression of sg,(¥,n) on sy,.(9¥,n) will be:

9,109t (9, M) = Zg,11(0) e (9,m) + Lo, st (I9)est(9,m)

403 {2Mgs(m)+N M5 (n)-1]} 1 /
_ {21\/155(77)+N[13453(17)-1]}N 205 Zgls(ﬁ)vec(IN)%vec (In)est(V,m)

= Zﬁllt(ﬂ)elt('ﬂa 77) + [Zﬁlst('ﬁ) - Zﬁls(ﬁa n)]eSt(07 77)'

The first term of sy,19,+(90,70) is clearly conditionally orthogonal to any function of ¢;(9o).
In contrast, the second term is not conditionally orthogonal to functions of ¢;(1), but since the
conditional covariance between any such function and eg (90, 1) will be time-invariant, it will be
unconditionally orthogonal by the law of iterated expectations. As a result, sy, g,:(90,m9) Will
be unconditionally orthogonal to the elliptically symmetric tangent set, which in turn implies

that the elliptically symmetric semiparametric estimator of 9 will be ¥s-adaptive.
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To prove Part 1b, note that Proposition 7 and (A8) imply that the elliptically symmetric

semiparametric efficient score corresponding to ¥ will be given by

§9,0(9) = —;%vec'amvec (8150(), mle (9)e}'(9) — Ty}
N ¢(9) 2 s¢(9)
_2192{[5[“@)’"] N 1} T (N+2)k+2 [ N 1]}
= o @) i) — Ny - 2 { st 2 1) - 2 [y

_ N [Ct('ﬁ) _ 1]
Po[(N +2)k+2] | N '

But since the iterated elliptically symmetric semiparametric estimator of 1 must set to 0 the sam-
ple average of this modified score, it must be the case that S, ¢;(97) = 3.1 (V7)o =
NT, which is equivalent to (30).

To prove Part 1c note that

s01(9.0) = 5 [st(9) = N (A10)

is proportional to elliptically symmetric semiparametric efficient score $y,¢(??), which means
that the residual covariance matrix in the theoretical regression of this efficient score on the

Gaussian score will have rank p — 1 at most. But this residual covariance matrix coincides with

S () — A(p) B~ (¢) A(e) since
El30:(6)55:(0,0)[] = E[Za(8)ea()ely (6, 0)Z4,(0)| 6] = A(0) (A11)

because the regression residual

St 2 St
oy 1 - e (Y

is conditionally orthogonal to eg (8¢, 0) by the law of iterated expectations, as shown in the
proof of proposition 7.

Tedious algebraic manipulations that exploit the block-triangularity of (A8) and the con-
stancy of Zy,s () show that the different information matrices will be block diagonal when
W, s(¢g) is 0. Then, part 2a follows from the fact that Wy, s(¢g) = —E {9d(90)/09,| ¢}
will trivially be 0 if (29) holds.

Finally, to prove Part 2b note that (A10) implies that the Gaussian PMLE will also satisfy
(30). But since the asymptotic covariance matrices in both cases will be block-diagonal between

¥ and ¥ when (29) holds, the effect of estimating 11 becomes irrelevant. O
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Proposition 13

We can directly work in terms of the 1 parameters thanks to our assumptions on the mapping
ry(.). Given the specification for the conditional mean and variance in (32), and the fact that
e} is assumed to be i.i.d. conditional on z; and I;_i, it is tedious but otherwise straightforward

to show that the score vector will be

Swlt(lbv o) Z¢1lt(19)elt(¢7 o) + Zwlst(ﬂ)est(qpa o)
Swzt(¢7 Q) = Z¢2st(ﬂ)e8t(¢7 Q) ’ <A12>
S¢3t(¢a o) Zzpslt(ﬁ)elt(’l/% o)
where
Zd’llt(¢ { "(¢1) /0% +0ved [2 <>1/2(¢1)}/61/)1 (¢3®IN)} DM 1/2/(¢1> _1/2,7
Zup, ()= 0vec (57 (1) 091 - [ 5 © 25717 (ap) 0517 (A13)
Zop, () =Dy (Iy @ @, /%) =7y (1),
L) =0, = (),

Dy is the duplication matrix of order N (see Magnus and Neudecker (1988)),

e(Y,0) = _w’

Oe*
est("vba Q) = —vec {IN + 81nf[§i£¢)7 Q] 524(1:[))} 9
e () = W, P8y P (e — () — S5 74y, (Al4)

and f(e*; @) is the conditional density of e} given z;, I;_; and the shape parameters p.
It is then easy to see that the unconditional covariance between sy ¢(1), @) and the remaining

elements of the score will be given by

s s[4 318

ls

0 Z,(v)
Z, () 0

with Z¢1l<¢7g> = E[Z¢1lt(¢)‘¢7g] and Z’lbls(/lpag) = E[Z¢1St(¢)’¢79]7 where we have ex-
ploited the serial independence of €} and the constancy of Z, () and Zy,1:(v), together with

the law of iterated expectations and the definition

e e v e v

Similarly, the unconditional covariance matrix of sy,:(1, 0) and sy.¢(, @) will be

[ 0 Zy,s(V) } [ My(e) Mis(o) } 0 Zey ()
Zoyp(Y) 0 1s(0) Mss(e) || Zy, (¥) 0 '

Hence, the residuals from the unconditional least squares projection of sy, ¢ (1, @) on sy,:(v, @)

and sy¢(1, @) will be:

Sopy [ipopgt (P @) = Zypn()en(th, 0) + Zy, st(V)est (1, 0)

[ Zypu(¥,0) Zy,s(¥.0) | { eeltt((zi i)) }

= [Zy,1t(Y) — Zy (Y, 0)€w(V, 0) + [Zy,st(V) — Zy, (¥, 0)]est(, 0),
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because both Zy, (1) and Z, (1) have full row rank when W5 has full rank.

Although neither e (1, @) nor e (1, o) will be conditionally orthogonal to arbitrary func-
tions of e}, their conditional covariance with any such function will be time-invariant. Hence,
Sup, 4y apst (¥, @) Will be unconditionally orthogonal to d1n fle} (v); 0]/0e; by virtue of the law
of iterated expectations, which in turn implies that the unrestricted semiparametric estimator
of ¥, will be (14, 13)-adaptive.

To prove Part 1b note that the semiparametric efficient scores corresponding to 1, and 15

will be given by

0 Zy,w) &1 (ap)
Zyy($) O ] O (eo) { veclet ($)er () — In] }

because Ziy,st(¥) = Zy,s(9) and Zy 14(9) = Zy,(9) Vt. But if (35) and (36) hold, then the
sample averages of ey (Y1, Por (1), Y31 (¥1); 0] and est [, Yor (), Y37 (101 ); 0] will be 0, and
the same is true of the semiparametric efficient score.

To prove Part 1c note that

spt($,0) | _ [ 0 Zyu() et (v)
[ Syt (1, 0) } B { Zy, () 0 ] [ vec[e?(z/;)tej’(qp) —1Iy] |’ (A15)

which implies that the residual covariance matrix in the theoretical regression of the semipara-
metric efficient score on the Gaussian score will have rank p — N (N 4 3)/2 at most because both
Zy,s(v) and Zy () have full row rank when W5 has full rank. But as we saw in the proof of
Proposition 8, that residual covariance matrix coincides with S(¢,) — A(8)B~1().A(6).
Tedious algebraic manipulations that exploit the block structure of (A13) and the constancy
of Ziy,st(¥) and Zy, (1) show that the different information matrices will be block diagonal
when Z., (1, @) and Zy, (1, @) are both 0. But those are precisely the necessary and sufficient
conditions for sy, (1, @) to be equal to Sy |4, 4,¢ (¥, @), Which is also guaranteed by (34).
Finally, to prove Part 2b simply note that (A15) implies that the Gaussian PMLE will
also satisfy (35) and (36). But since the asymptotic covariance matrices in both cases will be
block-diagonal between 1, and (%5, %3) when (34) holds, the effect of estimating 1; becomes

irrelevant. O
Proposition 14

The proof of the first part trivially follows from Proposition 8 and the fact that the partitioned

inverse formula implies that

I (gg) = In_nl(¢0) + In_nl(¢0)Io/9n(¢0)IQG(¢0)Ion(¢0)I{7}(¢o)~

To prove that F(¢g) < J(¢y) it is convenient to note that both these matrices can also be

decomposed into a component that reflects the asymptotic variance of these estimators if 8
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were known, plus a second component that reflects the sample variability in the PML estimator
67. With respect to the first component, it is clear that T (d0) < L(pg)/N?*(¢pg). As for the
second component, we must compare

2(N +2) 12

2
S ] WHGnCe W0

T, (60)C(b0)Ton(b0) /T2, (o) = [

with
O (60)C(00) Qo) N (0) = | 4] Witaoic oW (@)

The second expression will be larger than the first one if and only if

(N +2)Nvt(v—6) 0
v=22w—-4)(N+v)(N+v+2)

Tl0) —

We can then show that this inequality will be true for N + 2 if it is true for N by using the
recursion ' (v/2) — ¢'(1 + v/2) = —4v? (see Abramowitz and Stegun (1964)), which reduces
the problem to proving the inequality for N =1 and N = 2. The proof for N = 2 immediately
follows from the same recursion. The proof for N = 1 is more tedious, as it involves the
asymptotic expressions for ¢'(.) in Abramowitz and Stegun (1964).

To prove the last statement, it is also convenient to decompose the asymptotic variance of

N into two components, namely:

G(o) = [E(pp) — D' (¢09) B~ () D)l /N (bo)
+H{[R(¢) — D' (¢00) B~ () A()]'C () [R(bo) — D' () B~ (¢09) A(po)1} /N (o)

In this set up, it is straightforward to prove that

[R(po) — D' () B~ () Alo)] = Q(byg)

if condition (37) holds. As for the first component, since L(¢,) is the residual variance in the
regression of my;(6o,70) on ¢;/N —1, while () — D' (¢) B~ (¢pg)D(¢hy) is the residual variance
in the regression of m,;(69,7y) on sg.(6o,0), and the Gaussian pseudo-score can be written as

Wi(g)[st/N — 1] plus an extra term that is orthogonal to ¢, it is clear that

L(¢g) < E(Pg) — D' () B~ (90)D(y).

with equality if and only if [¢;/N — 1] can be written as an exact linear combination of sg.(8, 0),

as in (38). O
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Proposition 15

The consistency of the Gaussian PML derives from the fact that E[sg: (6o, 0)|z¢, I;—1; 00, 0¢) =
0. Thus, if the pseudo-true value of 7, 7., say, is 0, then the student-¢ based pseudo-true values
of the conditional mean and variance parameters, 8, say, will coincide with their true values 6y
by the law of iterated expectations. But since 7 is estimated subject to the inequality constraint

n > 0, the population KT conditions that define n,, will be
Elsnt(0o0,150)100, @0] + Ao = 05 1oe 2 05 Apoe 2 05 7 = Apos = 0,

where A\, is the pseudo-true value of the KT multiplier, and the expectation is taken with
respect to the true unconditional distribution of the observations (see Calzolari, Fiorentini and
Sentana (2004)). Hence, 1., = 0 if and only if E[s,;(09,0)|600, o] < 0.

Given that ¢;(0p) = €}'e}, we can write

s(o0.0) = NEEDNEZ g0 k)
E*/E* 2 N
= N(N4+ 2) []\E(]t\f jr)z) — 1] + #[(si'sﬁ — NJ.

But since we have normalised the innovations so that E(eie}’|zs, I;—1; 00, 0y) = In, then

N = tr(In) = tr[E(eie]’|z¢, [_1; 00, 00)] = Eltr(ete]’)|ze, Li—1; 00, 0] = E(ef'e;|ze, I—1; 60, 0g)

by the linearity of the expectation and trace operators. Therefore, it immediately follows that

N(N + 2)%}

Anoo = min{0, —E[s,:(60,0)|00, 0y]} = min {O, - 1

in view of the definition of kg. Therefore, ., = 0 if and only if ko < 0.

To prove the second and third parts, we can use Propositions 1 and 2 in Calzolari, Fiorentini
and Sentana (2004) if we regard the student ¢ based estimator &T as the “inequality restricted”
PML estimator of ¢, and the Gaussian-based estimator g~bT = (éT, 0) as its “equality restricted”
counterpart, both of which share not only the pseudo-true values (6g,0, \joo) When xo < 0,
but also the modified pseudo-score my (8o, 0, A\joo) = 5¢¢(00,0) + €41 - A\joo, Where e, is the
(p+ 1) column of I,.1, as well as the expected value of the average Hessian H(¢o;@o) =

E[BT(¢O)|005 Qol-
Specifically, Proposition 1 in Calzolari, Fiorentini and Sentana (2004) implies here that

>\7]oo : \/TTA]T = Op(l)v
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while their Proposition 2 implies that

[ Hoo(Poo; P0)  Hon(Poos o) ] \/T( b1 — 60 )+ep+1ﬁ(5\nT ~ o)

Ievn(¢oo§ ©0)  Hun(Poo; Po) i N

—\/TITIT(H(), 0, )‘7700) = Op(l),

[ Hoo(doos o) Hon(Pooi o) | ( b1 — 6, ) _
on(Pooi P0) - Hun(Poos o) | vT 0 +epr1 VT (At = Ajoo)

- TITIT(007 07 )‘7700) = Op(1)7

where j\nT and 5\77T are the sample versions of the KT and Lagrange multipliers associated to

the constraint 7 = 0. As a consequence,

H09<¢oo; CPO) Hﬂn(d)oo; 500> :| < éT — éT ) A % B
on(Doci P0)  Hun(Poo’ o) VT iy +ep1VT (Ayr A1) = 0p(1).

Part 2 immediately follows from the fact that A, > 0 when kg < 0. Similarly, the first
statement of Part 3 follows from the fact that \,oc = 0 when ko = 0. As for the condition (39),
which derives directly from the expression for hg,(¢) in FSC evaluated at (89,0), its role is to
guarantee that He,(d..; o) = 0. In this sense, it is worth mentioning that condition (39) will
be satisfied for instance if €} |z, [;—1; ¢ is i.i.d. s(0,I,,ny) with ko = 0 irrespective of whether

or not it is Gaussian because in that case
E{[N +2 = <:(80)]e; (00)|2¢, I—15 00, mo] = E[(N + 2 — ) v/Seue|no] = 0
by the serial and mutual independence of ¢; and u;, and the fact that F(u;) = 0, while
B{[N +2 —c(80)]e; (Bo)er’(00) |zt Li—1, o} = E[(N + 2 — ¢¢)srupuy|mg]
= N'E[(N +2 = ¢)st|molIv = 0
by the definition of x¢ and the fact that E(uu}) = N~ 11y. O

Proposition 16

As in the proof of Proposition 12, we can directly work in terms of the ¥ parameters thanks
to our assumptions on the mapping rg(.). Let us initially keep 7 fixed to some positive value.

The student ¢ score vector for the remaining parameters will then be given by (A9). But since

€5 (910,9) = /1/0255 2 (910)[ys — pe(910)] = v/ P20/ D7,
so that
St(910, V200) = (V20/D2)st,

we will have that

et (910, V2, ) =0[(V20/V2)st, ]/ V20/V26f =0[(FV20/D2)st, N/ P20/ P2v/Stuas,
est(910, V2, n)=vec [6[(V20/92)st, n](V20/V2)efer —In| =vec [6[(P20/92)st, n) (Y20/P2)srupui—Iy] .
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Then, it follows that E[e; (P10, 92,7n)|2t, [1—1; po] = O regardless of Y2 and 1 because of the

serial and mutual independence of ¢; and u, and the fact that E(u;) = 0. On the other hand,

Elest (910,92, m)|zt, L1 o] = E{0[(V20/V2)st, n](V20/92)(st/N) — 1| o} vee(In)

because of the serial and mutual independence of ¢; and u, and the fact that E(uu)) = N “y.

If we define ¥25,(n) as the value that solves the implicit equation

E[6{[020/02()]st, n} D20/ P2(m)](st/N) = 1] o] = 0, (A16)

then it is straightforward to show that

E{s9[Y10,P200(n), 1]|2¢, It—1; o} = 0. (A17)

Finally, if we choose 7., as the solution to the implicit equation

E{syt[910, V200 (1), nllp0} = 0, (A18)

then it is clear that 919, ¥200(7,) and 1., will be the pseudo-true values of the parameters.

To obtain the variance of the t-score under misspecification, we can follow exactly the same
steps as in the proof of Proposition 1 by exploiting the fact that (A16), (A17) and (A18) hold
at the pseudo-true parameter values ¢ .

These three conditions also allow us to obtain the expected value of the Hessian along the
lines of Proposition 1.

As we mentioned in the proof of Proposition (12), we can tediously show that the condition
for block-diagonality of the expected value of the Hessian and the covariance matrix of the
score is E[Wy, s (910, V200)|9g] = 0. But this condition will be satisfied if (29) holds because
W, st(P10, Pa0o) coincides with Wy, (910, U20) in view of (AS). O

Proposition 17

As in the proof of Proposition 13, we can directly work in terms of the 1) parameters thanks
to our assumptions on the mapping ry(.). Let us initially keep 7 fixed to some positive value.
The student ¢ score vector for the remaining parameters will then be given by (A12), where
the elements of Z; are defined in (A13), ey(v,n) and eg(¢p,n) are analogous to (5) and (6),
respectively, and e} (1) is defined in (A14).

We can immediately see from (A14) that

7 (P10, o, P3) = W5 (P30 — P3) + T3 Woge],
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so that both this variable and <;(¢1g, V9, %¥3) = €} (Y10, V2, ¥3)ef (P10, Yo, 13) will be i.i.d.
conditional on z; and I;_1. Let ¥y, (1) and 5. (1) solve the implicit system of N+ N(N+1)/2

equations

g [ Nnp+1
L — 21+ 15¢[¥10, Y20 (1), Y300 (0)]

Nn+1 N _
vech {E [ T 20 7o v, $an (1), B ()] V100 P2e (1) ”’3°°(””‘ "00} } -0

Then, it is follows that

5:[1#1071?200(77)#?300(77)]"Po} = 0,

E{S’l,bthbl()v w?oo (77)7 1/)300 (77)] |Zta It*l; QOO} = 07

where we have exploited the symmetry of the matrix

Nn+1
1 =21+ 05t (110, Yoo (1) Y300 (1)

Finally, if we choose 7., as the solution to the implicit equation

] Er['lﬂlOa "ono (77)7 ’(/’300(77) ' E;fk/hblO? ¢200 (77)7 ¢30<> (77)]]

E{Snt[d’lO? ¢200(77)a 1#300(77)] |‘PO} =0,

then it is clear that ¥y, Yoo (Meo)s W3ee(Ms) and 1., will be the pseudo-true values of the

parameters. ]

Proposition 18

Let ¢, denote the pseudo-true values of ¢ corresponding to the student t-based log-likelihood
function, which can be implicitly characterised by the moment conditions
Els6t(0o0; 100) 0] = 0
’ ’ A19
Efsy(Bocr 1) 0] = 0. (A19)

The score version of the Hausman test can be regarded as an unconditional moment test of
E[Sgt(eoou 0) |SDO] = 0) (AQO)

which will hold if the conditional distribution of e} is i.i.d. ¢(0,1I,7,) because O, = 0 in that
case. If we knew 6, it would be straightforward to test whether (A20) holds. But since we do
not know 6, we replace it by its consistent estimator 01, where 07 and N satisfy the sample
analogues of (A19). In order to account for the sampling variability that this introduces, we can
compute the limiting unconditional least squares regression of \/TﬁgT(Hoo, 0) on \/TﬁgT(Hoo, Noo)
and V73,7 (000, Moo ), and retain the residuals. But since sg;(60,0), sg:(80,70) and sut(00,7m0)

are martingale difference sequences under the null, we can simply regress the first on the last
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two. To do so, we need their joint asymptotic distribution, which in view of Propositions 1, 2

and 3 will be given by

Ser(60,0) . 0
§9T(007 770) — N 0 )
5,7(00,m0) 0

Hence, we can use standard arguments to show that

VT

B(¢o) Algo) 0
Aldg) Zoo(Po) Zon(dbo) :
0" Tp,(dg) Zpy(do)

VTsor(07,0) 5 N[0, B(¢g) — Albe)Z% (¢00) A(by)]

and

a4 {(0)-[ sy e [

whence we can easily prove that
VTser(67,0) — Aldg)VT (07 — O7) = 0,(1),
VI(B1 —br) — N [0,C(e) — I%(¢y)] .
as well as the asymptotic chi-square distribution of H, g:/r- ]
Proposition 19

The proof proceeds along the same lines of the previous one once we show that

E[36:(¢)s6:(0,0)|¢] = —0E[sg:(6,0)|¢] /00 (A21)

and
E[30:()35,(¢)| 0] = —0E[30:(9)| 9]/ 00. (A22)

Condition (A21) follows immediately from (A11) and the generalised information matrix equal-
ity. As for (A22), we can use the same equality together with some of the arguments in the

proof of Proposition 7 to show that

_ 0E361(¢0)|Po]

00 = E[36:(P0)sp:(¢0)| @) = E[Za:(80)eat (Do) (o) Zi (60)| o)
~e{Wain) [ty ~1] - e s (v~ 1) | o0 Zu(@n)] o0}

St

~Taoloo) - W00 { [ {Bcm)y 1}~ oy (- 1) cloo

(
= Too(Po)-Ws(do) £ H 0 gt’nO)Jg\tf 1} (N 2)
b Lss (

¢0} Z4(6o)

TNTOeTe <-1>} [5(%, Tlo)%‘l} ‘ (f’o] Wi (e)

o
oWi@n) - { | T ) < 1] - v g | — S0

= Zoo(dy) — W( N +2)kg + 2]
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B Computational issues
B.1 Elliptically symmetric efficient score and semiparametric efficiency bound
If we combine model (27) with the conditional variance specification in (40), then 6 =

(', p',c', v, a, B)" after normalising the unconditional variance parameter A to 1.

The Jacobian matrices of p,(0) and 3,(0) are:

op, (6 . o 0
W)ty — diag(p)] o + diagly 1 — ) o0
and
Ovec [3,(0) dc oy oM (0)
éolt] = (IN2 + KNN)[)\t(a)C ® IN]ae/ + ENaal + (C ® C) atel Y
respectively, where Ef, = (eje}]...|ey€)y), with (e1]...|ex) = Iy, is the unique N? x N

“diagonalisation” matrix that transforms vec(A) into vecd(A) as vecd(A) = Eyvec(A) (see
Magnus (1988)).

After some straightforward algebraic manipulations, (2)-(6) lead to:

Ly — diag(p)]S; (8)e,(0)3[<,(8), 7]
diag(ye-1 —m) ;" (0)e,(6)8 [Ct(i‘)) ]
2{1(9)515(9)675(9)& 1(0)cA:(0)3<:(6),m] — ( JeA:(0)
1

Set(e) — ) )
Lvecd | B71(0)¢,(0)<,(0)%, ' (6)0 [ctw),n] =(0)]

0
0

10X,(6)

2 00

= a [kat—l (6)

('S (0)e,(0)<1(0)=, (B)co[s:(0), m] — /=7 (O)e]

Ofri-1(0) | Owi-1(0) ON-1(0)
o0 a8 | " o

2 o) -2

20
00

+fh1(0) + wi1(8) —

Finally, if we take as initial conditions g1 (0) = 7 and \1(6) = 1, then du,(0)/00" = dm /56’
and 9\1(6)/00" = 0.

If v > 0, we can use the Woodbury formula to prove that

fri() = wi(6)c'T 'ey(6),

wi(0) = [N 1(0)+cT e,

() = el(6)T 'eu(8) - f7(6)/wi(8),
10 = T —w () e T
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B H(0)c =T ewi(8)/M(6),
E71(0)c = eI ew(0)/1:(0)
2, 1(0)e,(0)€1(0), 1 (0)chi(0)6]s(0), m] — 2,1 (0)cAi(8) =T~ [ve(6) f:(0)5[s+(8), 1] — cws(6)],
2, 1(0)e,(0)€1(0)2,1(0)6[5(8), ] — £,1(8) = T~ [v4(0)v;(6)6[s+(8), m] + ws(8)cc’ — TIT ™!

and

72(0) w(0)
X0 @ =5 )

where v;(0) = €:(0) — cfi(0), which greatly simplifies the computations (see Sentana (2000)).

/I\—

'S (0)e,(0)ei(0)37 ! (0)cdlt(6),m] — 'Sy (B)e =

Specifically,
[In — diag(p)]T~'v¢(60)d[s:(8), ]
dwg(yt | — )T 'v(0)8[64(8), )
S (0) o [ ( )fkt( )5[§t(0),77]—cwt(0)]
” B %vecd{I‘ v t(e)Vt(9)5[§t(9),77]—i—wt(H)cc’—I‘}I‘_l}
0
0
+18)‘;(0) [fkt( )d[s¢(0),m] wt(e)cll"_lc}
2 06 X2(0) NGO

The last two items that we require for the score are

016 o1 oo dr(6) | O
fgtg( )~ rieo) ‘*gé ) + SgT e (O)wi(6)

Y o1 -1 78“2(0) -1
8OE NIT e (0) @ w(0)T' ™ c] 20 T w(0)

and

dwi(8) ac’ w2 (8) OA(6)
go = 2O ggT e wi(® )ae )\%(0) 96

To compute the elliptically symmetric semiparametric bound we need expressions for
Ot (6) ( )8ut(9)
00 00"’

Qe 2Ol 10 0 30

Ey(Tlc®Tlc)+

Ovec [34(0)]
06’ ’
and
Jvecd [24(0)]
00

The first term will be given by

Ovec [3,(0)]

vee =7 (O)oed (£ (0) 7

Opi(0) (1, O (0) _ O . -1 . om
8702'5 (9) 20~ 90 Iy — diag(p)|%; (‘9)[IN—dw9(P>]@
+92 Jiag(ys 1 — m)%; @) diaglyr 1 — )0
0 tag\yt—1 — t ag\yt—1 — T 96’
op' _ _ o on' _ . op
+%dw9()ﬁ: | —m)E, (@[IN—dwg(P)]w‘F 20 Iy — diag(p)|%; 1(0)dw9()’t—1—7")w=
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which effectively has four non-zero blocks only, two of which are equal by symmetry.

The second term is also straightforward. Specifically:

e Ol 5 0) 2 3,0 12O
_ g‘;pt(o)c’ ® In)(Iy2 + Kaw)[B; () © 2,7 (0)](In> + Kyn)[Me(0)c @ IN]S;/
ﬁaZEgv[ztl(a) ® 2t1(e)]EN§g, - af;g’) (@) B (0) @2 ()(c®c) agta(,e)
+aa(;[)\t(0)c’ R In|(Iyz + Kyy)[E;1(0) ® 2#(@)}%3}
PO (571(0) © B (0)] (ye + Koow) I (B)e @ T o
+ 2 IO)¢ @ T (Lye + Koo [574(0) 5, (0] e 2 ¢) 20
+ 200 (1 6 )1 (0) © 3, (0)] (e + Kova) A0 © T o
ﬁaZE'N[ztl(e) ®X,'(0)](c®c) agte(,e) + axatéo) (@) [z (0) @3, 1(0)]EN(§;
= 2)@(9)2‘; ('S (0)c- 2,1(0) + 2,1 (0)cc' S, 1(0)152
+001m1(0) 0 37 0] 07 + ey @) i) i)
+2)(0) g:[ '£71(0)® 2;1(0)]EN§;’, +2)¢(60) %Z Ey[Z 1 (0)c® 3, 1(9)]55,
SO O] 5o 3 0 S + xS 00 v 0) o
L )0 9 (0)) 0D 1 Pl s 1(0) 0 03 0) T,

where ® denotes Hadamard products.

But if we assume that v > 0, we can use again the Woodbury formula to considerably

simplify the previous expressions. The only slightly complex term left is
[ (0) @ = (O)]Ey
But if we exploit the explicit shape of Ey, then we can show that the (i,j)"* element of this

matrix takes the following form

wi(0) bj [1(i=j) bib;
— — we(0) |,
() j Vi ViV «9)

where I(.) is the usual indicator function.

Finally,

_ 1o
200
(¢ ® )vec[=;(9)]

18)‘?5(9) Isv—1
5" 99 ¢’ (0)c,

W (0) = LIl B0 o1 gy,

2 00
199, . 190(6)
3 g PrveclBe Oty g

ac/ 19y
- 2At(9)£vec[2;1(e)c] + 5%1}&1[2;1(6’)]—%

M\(0)c @ In] (T2 + Kyn)vec[E;1(8)]
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whose computation can also be greatly simplified by using the Woodbury formula.

To estimate d[¢¢(0), ] non-parametrically, we can exploit expression (A4) to write

_20g[s1(0),m] _ 20Inh[s(6), 7] n N-2 1

S 0lS 2 (0)

Then, we can compute h[c.(0); n] either directly by using a kernel for positive random vari-
ables (see Chen (2000)), or indirectly by using a faster standard Gaussian kernel after exploiting
the Box-Cox-type transformation v = ¢* (see Hodgson, Linton and Vorkink (2002)). In the
second case, the usual change of variable formula yields

/2

i) = rg L exelem) + g,
whence
g% m) = Inp(v;n) + (1 - ;\l::) Inv — gln%r +Ink —InT(N/2) — ¢(n)
and

ag(vl/an) _ kalnf(v§77)v1—1/k + k—N/2
ovl/k Ov vl/k

We use the second procedure in our Monte Carlo simulations because the distribution of

t(0) becomes more normal-like as N increases, which reduces the advantages of using kernels
for positive variables. Still, we use a cubic root transformation to improve the approximation,
with a common bandwidth parameter for both the density and its first derivative.

The last thing we need is to estimate My(n) and Mgs(n). In our experience, the sample
analogue of the OOS expression for My (n) in Proposition 16 based on the nonparametric esti-
mators of d[s;(0),n] tends to overestimate My (1) even in fairly large samples because d[s¢(0), 1]
is imprecisely estimated when ¢; is either very small or very large. For that reason, we have

considered an alternative estimator based on the following equivalent expression:
sta(m) = cou { 8lsi(6), ], O[sc(6). m] 35| m } + (¥ = 2) Bl (6) ),
where we have exploited (A5), as well as Lemma 1 applied to m(1) = 1, which yields
Els(st, m)] = —(N — 2)E[s~[n], (B23)

as long as E[¢~!|n] is bounded, which in the Gaussian case, for instance, requires N > 3.
Importantly, note that (B23) does not depend at all on the semiparametric estimator. Still, its
sample analogue typically underestimates My(n), for which reason in the end we average the
two estimators.

As for Mg4(n), our experience is that the sample analogue of the OOS expression for Mss(n)

in Proposition 16 tends to underestimate it. For that reason, we divide it by the square of the
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sample mean of 0[¢¢(0),n]s;/N, which converges in probability to 1 asymptotically in view of
(A5).
In order to make sure that S(¢) — S(¢) is positive semidefinite, we also impose the theo-

retical restrictions My (ny) > 1 and

I e e et il el e S B e e B

after replacing kg by its sample analogue. These restrictions also guarantee that our estimates

of C(¢py) — S~ (¢y) will be positive semidefinite too as long as we evaluate these matrices at
the same parameter values using the analytical expressions in Propositions 2 and 7. Finally, we
deal with the fact that rank[C(¢y) — S~ (¢hy)] < p— 1 in view of Proposition 12.1.c by setting
to 0 those eigenvalues that are smaller than 10=7/T in computing the Moore-Penrose inverse of

the difference between those matrices.

B.2 The semiparametric efficient score

As pointed out by Mencia and Sentana (2005), the first thing to note regarding a non-
elliptical distribution function for the innovations is that the choice of Z; / 2(0) affects the value
of the log-likelihood function and its score. In what follows, we shall use the standard (i.e.
lower triangular) Cholesky decomposition of 3;(6) because it is much faster to compute than
its symmetric square root matrix, which requires the spectral decomposition of ¥;(0) for each

t. As a result, we will have that
dvec(Zy) = (1 @ Iy) + (Iy @ B %) Ky y]dvec(Z,73).

Unfortunately, this transformation is singular, which means that we must find an analogous
transformation between the corresponding dvech’s. In this sense, we can write the previous

expression as
dvech(Sy) = [Ly (512 @ Iy)Ly + Ly(Iy ® 73Ky yLiy|dvech(S2?),

where Ly is the elimination matrix (see Magnus, 1988). We can then use the results in chapter
5 of Magnus (1988) to show that the above mapping will be lower triangular of full rank as long
as Ei /? has full rank, which means that we can readily obtain the Jacobian matrix of vech(Z% / 2)
from the Jacobian matrix of vech(X;).

In the case of the symmetric square root matrix, the analogous transformation would be

dvech(y) = [DL(E? @ Iy)Dy + D (Iy ® E}/%)D y]dvech(2)/?),

where Dy is the duplication matrix and D, = (DyDy) 1Dy its Moore-Penrose inverse (see

Magnus and Neudecker, 1988).
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From a numerical point of view, the calculation of both L]\/(Ztl/2 ® Iy)LYy and Ly(Iy ®

Etl/ 2)K ~nLy is straightforward. Specifically, given that Lyvec(A) = vech(A) for any square
matrix A, the effect of premultiplying by the %N (N+1)x N2 matrix Ly is to eliminate rows N+1,
2N+1 and 2N+2, 3N+1, 3N+2 and 3N+3, etc. Similarly, given that LxyKyyvec(A) = vech(A'),
the effect of postmultiplying by Ky nL’y is to delete all columns but those in positions 1, N+1,
IN+1,... . N+2, 2N+2,..., N+3, 2N+3,. .., N2

Let F; denote the transpose of the inverse of LN(Z,}/2 Q@ IN)Ly +Ly(Iy ® Etl/2)KNNL’ ,
which will be upper triangular. The fastest way to compute

ved [B1/? _ vech' [X;
ouee SOy 5 gy _ 100l (B:0)

FLy(Iy %%
is as follows:

1. From the expression for dvec’ [3.(0)] /00 we can readily obtain dvech’ [X:(0)] /06 by

simply avoiding the computation of the duplicated columns
2. Then we postmultiply the resulting matrix by F;

3. Next, we construct the matrix

> o .. o0
—1/2
Ly(Iy ® 2//%) =Ly . g _
0 0o ... XV

by eliminating the first row from the second block, the first two rows from the third block,

..., and all the rows but the last one from the last block
4. Finally, we premultiply the resulting matrix by dvech’ [£:(0)] /00 - Fy.

The last task that we must perform is the computation of (0)K'(0)eq(0,0). The two
main problems here are the singular nature of (), and its positive semidefiniteness. The first

problem is easy to solve because
K(0)K* (0)ea (8, 0) = K(0)K ' (e)eq(6,0),
where
_(Ix O (I @ _ 1 (0)
K(O) - ( 0 2D—s]\—fl ) ) K(p) - ( ‘I) T ) 9 ?dt(070) _{ ’U€Ch [82{(9)6?/(9) _ IN] )
® — E{vechle] (0)<]'(60) — 1] - /'(6)[6, 0}

and
Y = B{vech[e}(8)e](8) — L] - veck'[}(8)<]'(8) — 1,][6, o).

As for the second problem, there are two alternative solutions:
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1. Re-centre and orthogonalise £} () as £;*(0) = 13;1/2[5;‘(9) — pr|, where pr is the sample

mean of €} () and Pr its sample covariance. In this way, the sample covariance matrix of

the vector {7*(0),vech/[e;*(0)e;* (0)]} will have exactly the same structure as K(p).

2. Replace K(g) by either the sample covariance matrix or the second moment matrix of the

vector ¢4 (6, 0).

The advantage of the first procedure is that we can exploit the fact that the sample covariance
matrix of €;*(0) will be the identity matrix in using the partitioned inverse formula for K(p).
On the other hand, the advantage of the second procedure is that there is no need to standardise
again the standardised innovations €;(6), which in our experience makes it more attractive.

It is also worth mentioning that the most convenient way to compute K(0)K~*(0)e(8,0) is
by first computing K=1(g)ey(0,0), and then exploiting the shape of K(0) as follows: (a) copy
the first N elements of K~!(g)ey (6, 0); and (b) duplicate the remaining £N(N+1) elements, but
doubling the ones in the following positions: N4-1, 2N+1, 3N, 4N-1, 5N-2,... ,N+N2. Intuitively,
in doing so we are simply using the fact that 2D vech(AL) = vec(AL + A}) for any lower
triangular matrix Arj.

Finally, we use a multivariate spherical Gaussian kernel to compute the density of € (6) and

its derivatives with a common bandwidth parameter.
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Table 1

Size properties of Hausman tests in finite samples

Parametric
student tg
Nominal T ~
size (%) Wald LM Wald LM
1 1.68 1.77 235 1.33
5 6.28 6.67 6.69 5.23
10 11.2 117 11.1  10.2
Semiparametric
student tg
Nominal T o
size (%) Wald LM Wald LM
1 2.68 4.75 36.1 23.1
5 8.95 11.4 52.5 36.9
10 15.2  17.5 61.9 45.7

normal-gamma

Nominal T ol
size (%) Wald LM Wald LM
1 1.13 2.53 66.0 48.4
5 540 7.03 80.9 66.1
10 10.5 12.2 87.0 745
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Size-adjusted power properties of Hausman tests in finite samples

Actual
size (%)
1

5

10
Actual
size (%)
1

5

10
Actual
size (%)
1

5

10

Actual
size (%)
1

D

10
Actual
size (%)
1

D

10

Table 2

Parametric

normal-gamma

m v
Wald LM Wald LM
3.40 3.04 99.9 99.9
11.1  10.1 100. 100.
18.5 16.8 100. 100.
asymmetric ¢
T gl
Wald LM Wald LM
100. 100. 52.5 55.0
100.  100. 78.7 76.5
100. 100. 879 84.6

t with time-varying df

m v
Wald LM Wald LM
1.03  1.09 0.59  0.65
490 5.08 4.10 4.25
10.3  10.3 9.55 9.83

Semiparametric

asymmetric ¢

T gl
Wald LM Wald LM
100.  50.8 999  0.37
100.  100. 100.  99.8
100.  100. 100.  99.9

t with time-varying df

T 3
Wald LM Wald LM
094 085 098 0.63
506 510  5.07  4.56
102 971 937 9.19
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Figure 1A: Monte Carlo distributions of estimators of unconditional mean
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PML means Gaussian—based maximum likelihood estimator, ML Student t-based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.



Figure 1B: Monte Carlo distributions of estimators of autoregressive coefficient
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Figure 1C: Monte Carlo distributions of estimators of normalised factor loadings
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
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Figure 1D: Monte Carlo distributions of estimators of idyosincratic variances
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.



Figure 1E: Monte Carlo distributions of estimators of ARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
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Figure 1F: Monte Carlo distributions of estimators of GARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t-based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.




Figure 1G: Monte Carlo distributions of estimators of re-scaled idyosincratic variances
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,

PML

SP

SSP

ML

PML

SP

SSP

ML

PML

SP

SSP

ML

Student ty

SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.

. i .
|
I Y
|
o bR
|
|
e b3 w
|
|
0.8 0.9 1 1.1 1.2
Normal-Gamma
. i .
|
R
|
12.0 == i———l 26
|
{19 - -4 24 |
|
fooor T e
|
|
0.8 0.9 1 11 1.2
Student t with time varying df
. i .
|
|
oo
|
11.9 - ~‘ i— - 22
|
11.9 [ ~‘ i— - - 22
|
|
0.8 0.9 1 11 1.2




Figure 1H: Monte Carlo distributions of estimators of re—scaled ARCH coefficent
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
PML means Gaussian—based maximum likelihood estimator, ML Student t—based maximum likelihood estimator,
SSP elliptically symmetric semiparametric estimator and SP unrestricted semiparametric estimator.



Figure 2: Monte Carlo distributions of estimators of shape parameter
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The central boxes describe the 1st and 3rd quartiles of the sampling distributions, and their median. The maximum
length of the whiskers is one interquartile range. We also report the fraction of replications outside those whiskers.
In the Normal case the numbers on the left are the fraction of replications in which 1 is estimated as 0. Estimators
are centred around their (SML pseudo-) true value n*. SMM means sequential method of moments estimator, SML
sequential ML Student t—-based maximum likelihood estimator, ML Student t-based maximum likelihood estimator.
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