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OREE\ JURXSV DQG WKH ILQDQFLDO VXSSRUW RI

HOHFWLRQ FDPSDLJQV

P1 Vrfruur Sx|

DEVWUDFW

Zh vwxg| d prgho ri frpshwlwlrq ehwzhhq wzr srolwlfdo sduwlhv zlwk srolf|
frpsurplvh1 Wkhuh lv d vshfldo lqwhuhvw jurxs zlwk zhoo0gh�qhg suhihuhqfhv rq
srolwlfdo lvvxhv1 Yrwhuv duh ri wzr nlqgv= lpsuhvvlrqdeoh dqg nqrzohgjhdeoh1 Wkh
lpsuhvvlrqdeoh yrwhuv duh lq xhqfhg e| wkh hohfwlrq fdpsdljqv1 Wkh remhfwlyh ri
wkh sduwlhv lv wr rewdlq wkh pd{lpxp yrwhv1Sduwlhv frpshwh iru �qdqfldo vxssruw
iurp d jlyhq lqwhuhvw jurxs1 Hdfk sduw| sursrvhv d sodwirup lq h{fkdqjh iru dq
dprxqw ri fdpsdljq ixqgv/ dqg wkh lqwhuhvw jurxs ghflghv zkhwkhu wr dffhsw ru
uhmhfw hdfk ri wkhvh sursrvdov1 Zh vkrz wkdw sduwlhv frpshwlwlrq uhvhpeohv/ wr d
fhuwdlq h{whqw/ Ehuwudqg frpshwlwlrq1 Ixuwkhupruh/ lq htxloleulxp rqo| rqh sduw|
jhwv ixqgv iurp wkh lqwhuhvw jurxs1 Wklv uhvxow gl�huv iurp wkh rqh rewdlqhg lq
d vlplodu prgho e| Jurvvpdq dqg Khospdq +4<<9d, +4<<9e,/ lq zklfk/ lq htxl0
oleulxp/ erwk sduwlhv duh �qdqfhg e| wkh lqwhuhvw jurxs1 Wklv gl�huhqfh dulvhv
ehfdxvh Jurvvpdq dqg Khospdq dvvxph wkdw lw lv wkh lqwhuhvw jurxs zkr pdnhv
wkh sursrvdov wr wkh srolwlfdo sduwlhv1

Nh|zrugv= Frqwudfw sursrvdo> Oree| jurxsv> Srolf| frpsurplvh> Ehuwudqg
frpshwlwlrq1
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41 Lqwurgxfwlrq

Zlwkrxw grxew/ wkh fdpsdljq ixqglqj lv ehfrplqj dq lpsruwdqw srolwlfdo lvvxh
iru sxeolf rslqlrq/ qrw rqo| ehfdxvh srolwlfdo sduwlhv duh kdqgolqj odujh vxpv ri
prqh|/ exw dovr ehfdxvh wkh ixqgv iru wkh srolwlfdo fdpsdljqv duh riwhq rewdlqhg
lq h{fkdqjh iru gl�huhqw nlqgv ri idyruv dqg srolwlfdo frqfhvvlrqv1 Iru lqvwdqfh/ lw
lv zhoo nqrzq wkdw wkh wredffr frpsdqlhv duh dprqj wkh prvw lpsruwdqw grqruv
wr hohfwlrq fdpsdljqv lq wkh X1V11

Zlwk uhjdug wr wklv h{fkdqjh/ vrph dxwkruv uhihu wr srolwlfdo fdpsdljqv dv
d nlqg ri pdunhw zkhuh wkh �jrrgv� vxssolhg e| srolwlfldqv duh fhuwdlq srolflhv
+uhjxodwlrq/ wudqvihuv/ sxeolf jrrgv/ hwf1,/ wkh lqwhuhvw jurxsv duh wkh �ghpdqghuv�
dqg wkh �sulfh� ri wkh jrrg lv wkh dprxqw ri fdpsdljq frqwulexwlrq1 Zlwk wklv
lq plqg/ lq wklv sdshu zh dgguhvv wkh iroorzlqj txhvwlrqv= lv wkhuh dq| vlplodu0
lw| ehwzhhq pdunhw frpshwlwlrq dqg wkh frpshwlwlrq hvwdeolvkhg dprqj srolwlfdo
sduwlhv lq rughu wr rewdlq dgglwlrqdo yrwhvB/ dqg wr zkdw h{whqw wkh surfhvv ri
qhjrwldwlrq ehwzhhq wkh sduwlhv dqg wkh lqwhuhvw jurxsv idyruv frpshwlwlrqB

Jurvvpdq dqg Khospdq +4<<9d, dqg +4<<9e, +J0K lq wkh vhtxho,/ lqwurgxfh
d wzr0srolwlfdo sduw| prgho zlwk dq rqo| lqwhuhvw jurxs1 Wkh| vxjjhvw wkdw wkh
lqwhuhvw jurxs r�huv wkh sduwlhv d frqwudfw sursrvdo wkdw vwlsxodwhv d �{hg vxp dv
d fdpsdljq frqwulexwlrq iru hdfk srolf| dqg zklfk wkh sduwlhv duh iuhh wr dffhsw
ru uhmhfw1 Wkh| edvh wkhlu sursrvdo rq wkh olwhudwxuh rq �frpprq djhqf|� +vhh
Ehuqkhlp dqg Zklqvwrq +4<;9,/ Jurvvpdq dqg Khospdq +4<<7,,/ zklfk vxjjhvw
wkdw wkh �sulqflsdo� lv wkh lqwhuhvw jurxs zklfk lv gluhfwo| d�hfwhg e| wkh dfwlrq
wdnhq e| wkh jryhuqphqw/ zkr lv wkhq/ wkh �djhqw�1 Khqfh/ zkhq wkh djhqw fkrrvhv
dq rswlrq/ wkh sulqflsdo pdnhv wkh fruuhvsrqglqj sd|phqw1

Lq wklv sdshu/ zh vxjjhvw dq dowhuqdwlyh qhjrwldwlrq surfhvv ehwzhhq wkh sduwlhv
dqg wkh lqwhuhvw jurxs1 Lq rxu dssurdfk wkh srolwlfdo sduwlhv duh wkh rqhv zkr
lqlwldwh wkh qhjrwldwlrq1 Zh fkdqjh wkh gluhfwlrq ri qhjrwldwlrq dvvxplqj wkdw lw
lv wkh sduwlhv zkr pdnh wkh sursrvdov wr wkh lqwhuhvw jurxs1 Zh frqvlghu wkdw hdfk
sduw|/ vlpxowdqhrxvo|/ sursrvhv d frqwudfw wr wkh lqwhuhvw jurxs zklfk frqvlvwv ri
d srolf| wrjhwkhu zlwk d �{hg fdpsdljq frqwulexwlrq vxp1 Wkh lqwhuhvw jurxs
wkhq/ ghflghv zklfk sursrvdov lw dffhswv1

Rxu qhjrwldwlrq sursrvdo lv qrw edvhg rq d �sulqflsdo0djhqw� dujxphqw1 Zkdw
zh zlvk wr hpskdvl}h lv wkdw zkhq wkh sduwlhv duh idfhg zlwk forvh hohfwlrq udfh/
wkhlu lqfhqwlyh wr rewdlq �qdqfldo vxssruw iru d srzhuixo srolwlfdo fdpsdljq lq0
fuhdvhv1 Zh wkhuhiruh vxjjhvw/ wkdw wkh frpshwlwlrq dprqj sduwlhv wr zlq hohfwlrqv
lv forvho| uhodwhg wr wkh vruw ri frpshwlwlrq wkdw wkh| idfh lq rewdlqlqj juhdwhu

6



�qdqfldo vxssruw iurp d �qdqfldoo| srzhuixo lqwhuhvw jurxs1 Wkxv/ sduwlhv frp0
shwh lq vxfk d zd| wkdw wkh| wu| wr r�hu wkh remhfwlyh ri wkh lqwhuhvw jurxs dw d
plqlpxp frvw +lq whupv ri fdpsdljq frqwulexwlrq,1 Zh �qg wkdw/ lq htxloleulxp/
erwk sduwlhv r�hu wr wkh lqwhuhvw jurxs lwv remhfwlyh dqg wkh| dovr uhtxhvw wkh vdph
dprxqw ri fdpsdljq frqwulexwlrq1 Khqfh/ wkh lqwhuhvw jurxs lv lqgl�huhqw ehwzhhq
�qdqflqj rqh ru wkh rwkhu sduw|1 Krzhyhu/ lq erwk fdvhv/ wkh pruh srsxodu sduw|
ehqh�wv lq whupv ri yrwhv1 Dv zh vkdoo vkrz/ zlwk rxu sursrvdo ri qhjrwldwlrq/
wkh frpshwlwlrq ehwzhhq wkh wzr srolwlfdo sduwlhv uhvhpeohv/ wr d fhuwdlq h{whqw/
Ehuwudqg frpshwlwlrq1

Frpsdulqj rxu uhvxowv wr wkrvh rewdlqhg e| J0K/ zh revhuyh wkdw wkh pdlq
gl�huhqfh frqvlvwv ri zkhwkhu wkh lqwhuhvw jurxs surylghv ixqglqj iru wkh srolwlfdo
fdpsdljq ri rqh ru erwk ri wkh sduwlhv1 Lqghhg/ J0K rewdlq wkdw wkh lqwhuhvw
jurxs dozd|v �qdqfhv erwk sduwlhv/ zkhuhdv zh rewdlq wkdw rqo| rqh sduw| lv
�qdqfhg1 Wkhvh uhvxowv duh mxvwl�hg rq wkh edvlv wkdw lq wkh hpslulfdo olwhudwxuh
rq fdpsdljq frqwulexwlrqv/ wkhuh lv hylghqfh iru erwk frqmhfwxuhv/ wkdw ri �qdqflqj
rqo| rqh sduw|4 dqg wkdw ri �qdqflqj erwk5 +vhh Srwwhuv dqg Vorri +4<<9, iru d
ixuwkhu glvfxvvlrq rq wkhvh hpslulfdo uhvxowv,1 Ixuwkhupruh/ zlwk rxu dssurdfk/
wkh hohfwlrq uhvxowv dozd|v vkliw lq idyru ri wkh prvw srsxodu sduw|/ zkhuhdv J0K
rewdlq wkdw/ lq jhqhudo/ wkh uhvxowv ri wkh hohfwlrqv duh qrw d�hfwhg1

Zh ghgxfh wkhq/ wkdw rq wkh rqh kdqg/ iurp wkh srlqw ri ylhz ri wkh sduwlhv/
rqo| wkh prvw srsxodu sduw| ehqh�wv iurp lqlwldwlqj wkh qhjrwldwlrqv1 Dqg rq wkh
rwkhu kdqg/ iurp wkh srlqw ri ylhz ri wkh lqwhuhvw jurxs/ lw lv pruh sur�wdeoh wr
eh wkh rqh wkdw lqlwldwhv wkh qhjrwldwlrqv1

Ohw xv qh{w frpsduh wkh lpsolfdwlrqv ri rxu uhvxowv zlwk dgglwlrqdo olwhudwxuh
rq lqwhuhvw jurxsv1 Dv Srwwhuv dqg Zlqghq +4<<8, srlqw rxw/ wzr frpshwlqj
wkhruhwlfdo prghov6 rq fdpsdljq frqwulexwlrqv fdq eh lghqwl�hg=

Wkh �uvw w|sh ri prghov vxjjhvwv wkdw wkh lqwhuhvw jurxs pd| frqwulexwh wr
wkh srolwlfdo fdpsdljqv ri erwk sduwlhv1 Wkhvh prghov dvvxph wkdw wkh suredelolw|
wkdw d sduw| eh hohfwhg lv �{hg dqg wkdw wkh sduw| lpsohphqwv d srolf| zklfk lv
pruh idyrudeoh wr wkh lqwhuhvw jurxs wr wkh h{whqw wkdw wkh jurxs kdv frqwulexwhg
wr wkh sduw|*v fdpsdljq1

Wkh vhfrqg w|sh ri prghov vxjjhvw wkdw wkh lqwhuhvw jurxs dozd|v frqwulexwhv
wr wkh fdpsdljq ri rqh sduw|1 Wkhvh uhvxowv duh edvhg rq wkh dvvxpswlrq wkdw

4Vhh iru h{dpsoh Odqjehlq +4<<6, dqg Srroh dqg Urphu +4<;8,1
5Vhh iru h{dpsoh Vfkor}pdq dqg Wlhuqh| +4<<9,1
6Wklv glylvlrq lv dovr frqvlghuhg lq Srwwhuv dqg Vorri +4<<8,/ wkhuh wkh| vxuyh| wkh hpslulfdo

vwxglhv wkdw whvw erwk frpshwlqj prghov1
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wkh lqwhuhvw jurxs wdnhv wkh srolf| srvlwlrqv ri wkh sduwlhv dv jlyhq dqg wkdw wkh

fdpsdljq frqwulexwlrqv duh dlphg dw lq xhqflqj wkh hohfwlrq rxwfrph1 Khqfh/ d

jurxs*v frqwulexwlrq wr d sduw| lqfuhdvhv dffruglqj wr wkh dwwudfwlyhqhvv ri wkh

sduw|*v sodwirup1

Wkh �uvw w|sh ri prgho lv fulwlfl}hg dv lw idlov wr h{sodlq zk| d sduw|*v srolf|

fkdqjhv lq uhvsrqvh wr fdpsdljq frqwulexwlrqv1 Wkh vhfrqg w|sh ri prgho lv dovr

fulwlfl}hg vlqfh lw vxjjhvwv wkdw wkh lqwhuhvw jurxs fdq lq xhqfh wkh ehkdylru ri

wkh yrwhuv exw qrw wkh ehkdylru ri wkh fdqglgdwhv1

Uhjduglqj wkh prgho lqwurgxfhg e| J0K/ zh �qg wkdw lw dyrlgv erwk fulwlflvpv

vlqfh lw frqvlghuv qhlwkhu wkh hohfwlrq uhvxowv qru wkh sduwlhv* srolflhv wr eh �{hg1

Pruhryhu/ wkhlu uhvxowv duh txlwh urexvw vlqfh wkh lqwhuhvw jurxs �qdqfhv erwk

sduwlhv hyhq zkhq wkh yrwhuv shuirup vwudwhjlfdoo|1 Krzhyhu/ zh kdyh irxqg wkdw

J0K uhvxowv duh qrw urexvw wr wkh dowhuqdwlyh ri uhyhuvlqj wkh gluhfwlrq ri wkh

fdpsdljq qhjrwldwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv= Lq vhfwlrq 5/ zh ghvfuleh wkh prgho1 Lq

vhfwlrq 6/ zh vshfli| rxu qhjrwldwlrq sursrvdo dqg lqwurgxfh vrph uhvwulfwlrqv

rq wkh prgho1 Lq vhfwlrq 7/ zh vkrz h{lvwhqfh dqg xqltxhqhvv ri d srolwlfdo

htxloleulxp/ dqg �qdoo|/ lq vhfwlrq 8/ zh glvfxvv wkh vlplodulwlhv zlwk Ehuwudqg

frpshwlwlrq dqg zh surylgh d frpsdulvrq ehwzhhq rxu uhvxow dqg wkdw ri J0K1

51 Wkh Prgho

Wkh edvlf prgho zh suhvhqw lv doprvw lghqwlfdo wr wkh rqh ghvfulehg e| J0K71 Zh

vkdoo vshfli| wkrvh dvvxpswlrqv wkdw gl�hu iurp J0K*v prgho1

Wkh srolwlfdo lvvxhv=

Wkh| frqvlghu wkdw wkh sduoldphqw zloo eh fdoohg xsrq wr vhwwoh wzr srolwlfdo

lvvxhv1 Rqh ri wkhvh lv wkh lghrorj| ghqrwhg e| ^ dqg wkh rwkhu lv d soldeoh

lvvxh ghqrwhg e| R1 E| lghrorj| wkh| phdq wkrvh srolwlfdo lvvxhv rq zklfk wkh

sduwlhv xvxdoo| pdlqwdlq d �up srvlwlrq/ zklfk pd| zhoo eh lqkhulwhg iurp wkh

sdvw1 H{dpsohv ri vxfk d srolwlfdo lvvxh duh ehlqj ohiw ru uljkw0zlqj ru ehlqj d

Ghprfudw ru d Uhsxeolfdq1

Wkh soldeoh lvvxh frqvlvw ri d srolwlfdo lvvxh wkdw pd| eh pruh hdvlo| prgl�hg1

Vxfk dq lvvxh lv lqghshqghqw ri lghrorj| dqg lv vxfk wkdw wkh sduwlhv gr qrw kdyh

d sulru lqwhuhvw lq lw1 H{dpsohv ri wklv w|sh ri lvvxh pljkw eh vrph irup ri

uhjxodwlrq/ wudqvihuv/ sxeolf jrrgv/ hwf1

7Jurvvpdq dqg Khospdq +4<<9d, dqg +4<<9e,
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Wkh srolwlfdo sduwlhv=

J0K frqvlghu wzr srolwlfdo sduwlhv ghqrwhg e| � 5 i�c�j1 Hdfk rqh kdv d

gl�huhqw dqg zhoo0gh�qhg lghrorj| wkdw lv uhsuhvhqwhg e| ^� � Lq sduwlfxodu/ wkh

lghrorj| lv uhsuhvhqwhg e| wkh h{wuhph srlqwv ri wkh xqlw lqwhuydo zkhuh ^� ' f

dqg ^� ' �1 Zlwk uhjdug wr wkh soldeoh lvvxh/ hdfk sduw| kdv wr ghflgh zklfk

sodwirup lw lv jrlqj wr vxssruw gxulqj wkh hohfwlrq fdpsdljq1 Wklv sodwirup lv

ghqrwhg e| R� dqg lw lv dq hohphqw ri wkh lqwhuydo dfc �o � Wkh remhfwlyh ri wkh

sduwlhv lv wr pd{lpl}h wkh qxpehu ri yrwhv1

Wkh yrwlqj srsxodwlrq dqg wkh hohfwlrqv=
J0K frqvlghu d vrflhw| zlwk d frqwlqxxp ri yrwhuv1 Dv lq Edurq +4<<7,/ wkh

yrwhuv duh glylghg lqwr wzr jurxsv/ dffruglqj wr wkh dwwlwxghv wkh| kdyh wrzdugv
wkh srolf|/ l1h1/ wkh nqrzohgjhdeoh yrwhuv dqg wkh lpsuhvvlrqdeoh yrwhuv1

Wkh lpsuhvvlrqdeoh yrwhuv duh wkrvh zkr kdyh qr sulru rslqlrq derxw srolwlfv1
Wkh| duh vxvfhswleoh wr hohfwlrqhhulqj dfwlylwlhv olnh fdpsdljq sursdjdqgd1 Wkhlu
yrwh grhv qrw ghshqg rq wkh srolflhv vxssruwhg e| wkh sduwlhv/ exw udwkhu rq
wkh srolwlfdo fdpsdljq wkdw hdfk sduw| fduulhv rxw1 Wkxv/ J0K dvvxph wkdw wkh
shufhqwdjh ri lpsuhvvlrqdeoh yrwhv wkdw sduw| D vkdoo rewdlq lv jlyhq e|=

�

2
n Kn � ES� � S��

zkhuh K : f uhsuhvhqwv wkh h{ dqwh srsxodulw| ri sduw| D/ S�c S� 5 Un duh wkh

dprxqwv wkdw hdfk sduw| vshqgv rq lwv srolwlfdo fdpsdljq8 dqg � lv d srvlwlyh

frqvwdqw wkdw lqglfdwhv wkh h�hfwlyhqhvv ri wkh fdpsdljq ixqgv1

Wkh nqrzohgjhdeoh yrwhuv kdyh zhoo0gh�qhg suhihuhqfhv rq wkh srolwlfdo lvvxhv1

Iru d yrwhu ri w|sh �/ klv suhihuhqfhv duh dv iroorzv=

�� ERc ^� ' �@ mR� Z�mn q
�
^

zkhuh @ lv d vwulfwo| srvlwlyh frqvwdqw/ Z� lv klv lghdo soldeoh srolf| dqg q
�
lv

wkh pdujlqdo xwlolw| wkdw kh ghulyhv iurp wkh lghrorj|1 Lw lv dvvxphg wkdw Z�

dqg q
�
duh lqghshqghqwo| dqg xqlirupo| glvwulexwhg lq wkh lqwhuydov dfc �o dqgk

�

�

2s
�

K

s
c

�

2s
�

K

s

l
uhvshfwlyho|9/ zkhuh s lv d srvlwlyh frqvwdqw wkdw uhsuhvhqwv

wkh ghqvlw| ri wkh glvwulexwlrq1 Qrwh wkdw dv s lqfuhdvhv/ wkh glyhuvlw| ri ylhzv

8Qrwh wkdw lw vkrxog eh dozd|v wkh fdvh wkdw wklv shufhqwdjh ri yrwhv grhv qrw h{fhvv iurp

41 Wklv shufhqwdjh fdq eh dovr h{suhvvhg dv iroorzv= plq
�
4

5
. e. k +fD � fE, >4

�
= Vlqfh lq

htxloleulxp wklv shufhqwdjh lv vpdoohu wkdq 4/ iru wkh vdnh ri vlpsolflw| zh gr qrw frqvlghu wklv

h{suhvvlrq1
9Wklv odvw lqwhuydo kdv ehhq vshfldoo| fkrvhq lq rughu wr idflolwdwh wkh suredelolw| fdofxoxv1
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rq wkh lghrorj| ghfuhdvhv/ lq wklv fdvh/ wkhuh duh pruh yrwhuv dw wkh pdujlq ri

lqgl�huhqfh ehwzhhq wkh wzr sduwlhv1

Hdfk nqrzohgjhdeoh yrwhu yrwhv vlqfhuho|/ l1h1/ kh vxssruwv wkh sduw| zkrvh

lghrorj| dqg sodwirup rq wkh soldeoh lvvxh kh suhihuv1 Jlyhq d sdlu ri sodwirupv

R� dqg R�c kh vxssruwv sduw| D zkhq=

�� ER�c f� A �� ER� c �� �

Iroorzlqj J0K/ iurp wkh mrlqw ghqvlw| ixqfwlrq zh ghgxfh wkdw wkh shufhqwdjh ri

nqrzohgjhdeoh yrwhuv zkr fdvw wkhlu edoorw iru sduw| D lv jlyhq e|=

�

2
n K� s@

�
R� �

�

2

�
2

n s@
�
R� �

�

2

�
2

� +514,

AIurp +514,/ zh revhuyh wkdw dv s lqfuhdvhv/ l1h1/ dv wkh glyhuvlw| ri ylhzv rq
wkh lghrorj| lv vpdoohu/ wkh nqrzohgjhdeoh yrwhuv duh pruh vhqvleoh wrzdugv d
pryhphqw ri wkh sodwirupv R� dqg R� 1

Iru doo � 5 i�c�j/ ohw r� eh wkh shufhqwdjh ri yrwhv wkdw sduw| � rewdlqv lq

wkh hohfwlrqv1 Dqg ohw k eh wkh shufhqwdjh ri lpsuhvvlrqdeoh yrwhuv dqg E� � k�
wkh shufhqwdjh ri nqrzohgjhdeoh yrwhuv/ vr wkdw

r�ES�c R�c S�c R�� '
�

2
n K� E�� k� s@

�
ER� �

�

2
�2 � ER� �

�

2
�2
�
n k� ES� � S��

+515,
Dqg frqvhtxhqwo|/

r� ES�c R�c S�c R�� ' �� r� ES�c R�c S�c R�� �

J0K dvvxph wkdw wkh hohfwlrqv ghwhuplqh wkh frpsrvlwlrq ri wkh ohjlvodwxuh yld

sursruwlrqdo uhsuhvhqwdwlrq:1 Wklv lpsolhv wkdw wkh lpsohphqwhg soldeoh srolf| lv

jlyhq e|;

R ES�c R�c S� c R�� ' R�r� ES�c R�c S�c R�� n R�r� ES�c R�c S� c R�� +516,

Lq wkh vdph zd|/ vlqfh ^� ' f dqg ^� ' � wkh lpsohphqwhg lghrorj| lv jlyhq e|

^ ES�c R�c S�c R�� ' r� ES�c R�c S�c R�� �

:Wklv odvw dvvxpswlrq r�huv d yhu| qryho srlqw ri ylhz rq srolwlfdo prghov1 Lw txhvwlrqv
pdq| prghov zulwwhq wr gdwh zklfk dvvxph wkdw wkh srolf| �qdoo| dgrswhg lv wkdw ri wkh zlqqlqj
sduw|1 Vlplodu dvvxpswlrqv duh dovr lqwurgxfhg e| Dxvwhq0Vplwk dqg Edqnv +4<;;,/ e| Dohvlqd
dqg Urvhqwkdo +4<<4, +4<<9,/ e| Ruwxôr0Ruwðq +4<<:, dqg e| Jhuehu dqg Ruwxôr0Ruwðq +4<<;,1

;Lqvwhdg ri zhljklqj wkh �qdo srolf| zlwk vD/ lw fdq eh dvvxphg wkdw wkh zhljkw lv jlyhq e|

d ixqfwlrq �+vD,/ zkhuh �+3, @ 3> �3 +vD, A 3 iru ;vD dqg �
33 +vD, 9 3 iru vD A

4

5
=

:



Wkh lqwhuhvw jurxs=

J0K dvvxph wkdw wkhuh lv rqo| rqh oree|1 Lw lv iruphg e| d vpdoo jurxs

ri nqrzohgjhdeoh yrwhuv zkr kdyh vlplodu suhihuhqfhv rq wkh soldeoh lvvxh1 Lq

sduwlfxodu/ lw lv frpsrvhg ri wkrvh yrwhuv zkrvh lghdo soldeoh srolf| Z� ehorqjv wr

d vshfl�f lqwhuydo dZ�c Z2o � J0K dvvxph wkdw wkh suhihuhqfhv ri wkh lqwhuhvw jurxs

duh uhsuhvhqwhg e| wkh mrlqw vxusoxv ri lwv phpehuv1 Krzhyhu/ zh dvvxph wkdw wkh

suhihuhqfhv ri wkh lqwhuhvw jurxs duh uhsuhvhqwhg e| wkh iroorzlqj xwlolw| ixqfwlrq=

` ES�c R�c S�c R�� ' �@ mR ES�c R�c S�c R��� Z6m � S� � S�

zkhuh S� dqg S� duh wkh frqwulexwlrqv wr wkh hohfwlrq fdpsdljq ri hdfk sduw|

dqg Z6 lv d soldeoh srolf| ghflghg e| wkh phpehuv ri wkh lqwhuhvw jurxs<1 Lw

lv lpsruwdqw wr srlqw rxw wkdw wkh uhvxowv rewdlqhg e| J0K dovr krog zkhq wklv

xwlolw| ixqfwlrq lv lqwurgxfhg lq wkhlu dqdo|vlv1 Zh surylgh d surri ri wklv fodlp

lq Dsshqgl{ 914/ zkhuh zh dovr h{sodlq zk| wklv xwlolw| ixqfwlrq udwkhu wkdq wkdw

sursrvhg e| J0K/ idflolwdwhv rxu dqdo|vlv1

Lq wkh vhtxho zh frqvlghu wkh fdvh ri Z6 	
�

2
� Doo wkh uhvxowv rewdlqhg dovr

krog zkhq Z6 :
�

2
� Vroylqj wkh sureohp zkhq Z6 '

�

2
lv d wulyldo fdvh/ dv zh vkdoo

ghprqvwudwh lq wkh iroorzlqj vhfwlrq1

61 Fdpsdljq Qhjrwldwlrqv1

Wkh remhfwlyh ri wkh sduwlhv lv wr pd{lpl}h wkhlu qxpehu ri yrwhv/ zkhuh wkh

yrwhv duh jlyhq e| h{suhvvlrq43 +515,1 Zlwk wklv sxusrvh wkh| zdqw wr rewdlq
�qdqfldo vxssruw iru wkhlu hohfwlrq fdpsdljqv1 Wkh fdpsdljq ixqgv duh wkh rqo|
zd| ri rewdlqlqj dgglwlrqdo yrwhv iurp wkh lpsuhvvlrqdeoh yrwhuv1 Zh dvvxph
wkdw wkh lqwhuhvw jurxs lv wkh rqo| lqvwlwxwlrq wkdw surylghv wkhvh ixqgv1 Krzhyhu/
wkh lqwhuhvw jurxs lv rqo| zloolqj wr surylgh ixqgv zkhq wklv lv lq h{fkdqjh iru
rewdlqlqj d vkliw lq wkh sodwirup ri wkh sduwlhv wrzdugv Z

6
1

<
Qrwlfh wkdw lw lv dvvxphg wkdw wkh lghrorj| wkdw lv �qdoo| lpsohphqwhg gr qrw sod| dq| uroh

lq wkh ghflvlrq pdnlqj surfhvv ri wkh lqwhuhvw jurxs1
43AIurp h{suhvvlrq +515,/ zh fdq dovr lqwhusuhw wkdw wkh sduwlhv pd{lpl}h zhljkwhg dyhudjh

ri xwlolw| lq vrflhw| dqg frqwulexwlrqv1 Dqg vr/ wkh juhdwhu h�hfwlyhqhvv ri wkh fdpsdljq ixqgv k>
dqg wkh juhdwhu wkh shufhqwdjh ri lpsuhvvlrqdeoh yrwhuv �> wkh pruh zhljkw lv jlyhq wr fdpsdljq

frqwulexwlrqv1

;



Qrwh wkdw li d sduw| uhfhlyhv qr fdpsdljq frqwulexwlrq lw lv d grplqdqw vwudwhj|

wr fkrrvh R� '
�

2
� Wklv iroorzv gluhfwo| iurp +515,1

Zh qrz lqwurgxfh wkh fuxfldo dvvxpswlrq wkdw pdnhv wkh qhjrwldwlrq gl�huhqw
iurp wkdw suhvhqwhg e| J0K1 Zkloh J0K dvvxph wkdw wkh lqwhuhvw jurxs lqlwldwhv
wkh qhjrwldwlrq/ zh dvvxph wkdw wkh sduwlhv duh wkh rqhv zkr lqlwldwh lw1 Wkh
wlplqj ri wkh qhjrwldwlrq surfhvv lv dv iroorzv=
Iluvwo|/ erwk sduwlhv pdnh d sursrvdo wr wkh lqwhuhvw jurxs1 D sursrvdov lv d sdlu
ES�c R�� wkdw ghvfulehv dq dprxqw ri fdpsdljq frqwulexwlrq S� dqg d sodwirup R��

Dw wkh vhfrqg vwdjh/ wkh lqwhuhvw jurxs ghflghv wr dffhsw rqh/ erwk ru qhlwkhu ri

wkh sursrvdov1

Ilqdoo|/ dw wkh wklug vwdjh/ rqfh d sursrvdo kdv ehhq dffhswhg/ wkh lqwhuhvw jurxs

frqwulexwhv S� wr wkh hohfwlrq fdpsdljq ri sduw| �c dqg wklv sduw| frpplwv lwvhoi

wr vxssruwlqj wkh sodwirup R� 1 Zkhq d sursrvdo lv uhmhfwhg/ wkh sduw| vxssruwv

wkh sodwirup R� '
�

2
+zklfk lv lwv grplqdqw vwudwhj|, dqg lw grhv qrw uhfhlyh ixqgv

iru lwv fdpsdljq1
Lq rughu wr foduli| wkh qhjrwldwlrq surfhvv/ zh lqwurgxfh vrph gh�qlwlrqv1 Ohw

xv qh{w gh�qh wkh sursrvdov pdgh e| wkh sduwlhv wr wkh lqwhuhvw jurxs dv iroorzv

Gh�qlwlrq 6141 D frqwudfw sursrvdo iru sduw| � 5 i�c�j lv d sdlu �� '

ES�c R��zkhuh S� 5 Unc R� 5 dfc �o �

Hdfk �� lv wkh dqqrxqfhphqw ri dq dprxqw ri fdpsdljq frqwulexwlrq44 S�

wrjhwkhu zlwk d sodwirup R��

Zh ghqrwh e| F wkh vhw ri doo wkh ihdvleoh frqwudfw sursrvdov

F ' iES�c R�� G S� 5 Unc R� 5 dfc �oj

Zh vkdoo ghqrwh e| �J 5 F/ wkh sdlu �J '

�
fc

�

2

�
c wkdw lqglfdwhv wkdw d sduw|

lv qrw �qdqfhg/ l1h1 S� ' fc dqg wkdw lw vxssruwv wkh sodwirup R� '
�

2
�

Rqfh wkh frqwudfw sursrvdov duh frppxqlfdwhg wr wkh lqwhuhvw jurxs/ zh iru0

pdol}h wkh ghflvlrq pdgh e| wkh lqwhuhvw jurxs dv d frqwudfw uhvroxwlrq1

44Iru hyhu| Fm @ +fm> sm, > fm fdq eh dovr lqwhusuhwhg dv wkh plqlpdo dprxqw ri fdpsdljq

frqwulexwlrq uhtxluhg zkhq wkh srolf| sm lv r�huhg e| sduw| m= Li lqvwhdg ri frqvlghulqj d sdlu

Fm @ +fm> sm, > zh frqvlghu wkdw wkh sursrvdov duh ixqfwlrqv/ iru lqvwdqfh ohw im = ^3>4` �$ U. eh

d sursrvdo zkhuh im +sm, @ fm> rxu uhvxow dovr krogv1

<



Gh�qlwlrq 6151 D frqwudfw uhvroxwlrq iru wkh frqwudfw sursrvdov ��c�� 5 F

lv jlyhq e| wkh vhw

- E��c ��� ' @h} 4@ ` E� �

�
c � �

�
�

r�|� E� �

�
c � �

�
� 5

�
E��c��� c E��c �J�
E�Jc��� c E�Jc �J�

�
�

Iru hdfk frqwudfw uhvroxwlrq/ wkh shufhqwdjh ri yrwhv wkdw sduw| � rewdlqv/ lv

jlyhq e| r� E- E��c ���� � Zh dvvxph wkdw zkhq d frqwudfw uhvroxwlrq frqwdlqv

pruh wkdq rqh dowhuqdwlyh/ hdfk ri wkhvh dowhuqdwlyhv lv fkrvhq zlwk htxdo sured0

elolw| dqg wkhq/ sduwlhv pd{lpl}h wkh h{shfwhg shufhqwdjh ri yrwhv1

Lq rughu wr gh�qh zkdw lv dq htxloleulxp lq wklv qhjrwldwlrq surfhvv/ ohw xv

qh{w gh�qh zkdw lv d ehvw uhvsrqvh iru hdfk ri wkh sduwlhv1

Gh�qlwlrq 6161 Iru � 5 i�c�j c �� lv d ehvw uhvsrqvh wr �&c li r�E-E��c �&�� A
r�E-E� �

�c�&�� iru doo �
�

� 5 F�

Gh�qlwlrq 6171 D srolwlfdo htxloleulxp lv d sdlu ri ihdvleoh frqwudfw sursrvdov

E��c ��� 5 F vxfk wkdw hdfk rqh lv d ehvw uhvsrqvh wr wkh rwkhu sduw| frqwudfw

sursrvdo1

Zh qh{w lqwurgxfh vhyhudo gh�qlwlrqv wkdw duh xvhixo wr fdofxodwh wkh srolwlfdo

htxloleuld ri wkh qhjrwldwlrq surfhvv1

Lq wkh iroorzlqj gh�qlwlrq zh ghvfuleh sdluv ri frqwudfw sursrvdov zlwk wkh

surshuw| ri dfklhylqj wkh srolwlfdo remhfwlyh ri wkh lqwhuhvw jurxs/ Z6�

Gh�qlwlrq 6181 Zh vd| wkdw d sdlu ri frqwudfw sursrvdov ��c �� 5 F dfklhyhv

srolf| Z6 li wkh lpsohphqwhg srolf| R E��c ��� ' Z6�

Qrwh wkdw wkh deryh gh�qlwlrq lv lqghshqghqw ri wkh frqwudfw uhvroxwlrq1 Zh

qh{w xvh wklv surshuw| wr ghvfuleh d frqwudfw sursrvdo wkdw zh ghqrwh dv wkh

mxvw0frpshqvdwlqj frqwudfw1

Gh�qlwlrq 6191 Zh vd| wkdw 	�� ' EeS�ceR�� lv wkh mxvw0frpshqvdwlqj frqwudfw

iru sduw| � li =

l, R

�
	�� c�J

�
' Z6 zkhq � ' �c +RE�Jc 	��� ' Z6 zkhq � ' ���

ll, r�
�
	��c �J

�
'

�

2
n K zkhq � ' � +dqg r�E�Jc 	��� '

�

2
� K zkhq � ' ���
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E| ll,/ 	�� lv vxfk wkdw wkh uhodwlrq ehwzhhq 	S� dqg 	R� lqglfdwhv wkdw wkh dprxqw

ri fdpsdljq ixqgv uhtxhvwhg/ eS�/ mxvw frpshqvdwhv +lq whupv ri yrwhv, wkh orvv ri
yrwhv gxh wr vxssruwlqj srolf| eR�� Iurp wkh ixqfwlrqv r� dqg r� c zh ghgxfh wkdw

��� krogv zkhq

	S� '
E�3k�s@

k�
EeR� �

�

2
�2 iru � 5 i�c�j � +614,

Wkh mxvw0frpshqvdwlqj frqwudfw iru sduw| D jlyhv wkh fdpsdljq frqwulexwlrq eS�

qhfhvvdu| iru vxssruwlqj d sodwirup zlwk zklfk dw wkh hqg Z6 lv lpsohphqwhg1

Iurp wkh oree| srlqw ri ylhz lw zrxog eh mxvw dv jrrg wr jlyh wklv frqwulexwlrq wr

wkh rwkhu sduw| surylghg lw zrxog vxssruw d srolf| zklfk dovr dw wkh hqg zrxog

lpsohphqw Z
6
� Zh fdoo wklv srolf| wkh htxlydohqw srolf| YR�� Irupdoo|/

Gh�qlwlrq 61:1 Ohw 	�� ' EeS�ceR�� 5 F dqg 	�� ' EeS� ceR�� 5 F eh wkh mxvw0

frpshqvdwlqj frqwudfwv iru sduw| D dqg E uhvshfwlyho|1 Wkhq/ zh vd| wkdw YR� 5

dfc �o lv dq htxlydohqw srolf| iru sduw| �c li R EE	S�c YR�� c �J� ' Z61 Dqg YR� 5
dfc �o lv dq htxlydohqw srolf| iru sduw| �c li R E�Jc E	S�c YR��� ' Z6�

Dq lpsruwdqw fkdudfwhulvwlf ri wkh htxlydohqw srolflhv lv wkh iroorzlqj/

` E�Jc E	S�c YR��� ' `
�
	��c�J

�
' �	S�

dqg ` EE	S�c YR�� c �J� ' `
�
�

J
c 	��

�
' �	S�

Lq Iljxuh 4/ zh uhsuhvhqw wkh sdluv ES�c R�� ixo�oolqj R E��c�J� ' Z6 dqg wkh

sdluv ES� c R�� ixo�oolqj R E�Jc ��� ' Z61 Wkhvh ixqfwlrqv45 frqwdlq doo wkh ihdvleoh

frqwudfw sursrvdov wkdw dfklhyh srolf| Z
6
zkhq wkh rwkhu sduw| wdnhv wkh frqwudfw

sursrvdo �J� Srlqwv D dqg E uhsuhvhqw wkh mxvw0frpshqvdwlqj frqwudfwv iru sduw|

D dqg E uhvshfwlyho|1 Dqg srlqwv D* dqg E* duh ghgxfhg iurp wkh htxlydohqw

srolf| YR� dqg YR� �

45Xqghu vrph dvvxpswlrqv wkdw zh qh{w lqwurgxfh lw fdq eh vkrzq wkdw wkh vorshv ri wkhvh

ixqfwlrqv duh vwulfwo| srvlwlyh dqg wkh| gr qrw furvv hdfk rwkhu1

44



Iljxuh 4

Qrwh wkdw iru h{wuhph ydoxhv ri Z
6
c l1h1/ zkhq Z

6
lv forvh wr 3/ lw pd| eh wkh

fdvh wkdw wkh htxlydohqw srolflhv ru hyhq 	R� dqg 	R� duh qhjdwlyh461 Wklv lv gxh wr

wkh idfw wkdw wkh �qdo srolf| R lv d frpsurplvh ehwzhhq wkh sodwirupv vxssruwhg

e| erwk sduwlhv� Wr uxoh rxw wklv srvvlelolw|/ zh uhvwulfw wkh ydoxhv ri Z6/ vr wkdw

wkh htxlydohqw srolf| YR� eh dozd|v ihdvleoh/ l1h1/ YR� 5
�
fc

�

2

�
�

Dvvxpswlrq 4= Zh dvvxph wkdw Z
6
lv vxfk wkdw YR� 5

�
fc

�

2

�
1

Dv zh vkdoo vkrz/ e| Dvvxpswlrq 4 dqg wkh dvvxpswlrq wkdw zh qh{w lqwurgxfhc

lw fdq eh jxdudqwhhg wkdw wkh sodwirupv 	R�c 	R�c YR� 5 dfc �o +vhh iru lqvwdqfh Iljxuh
4,1

Lq Iljxuh 5/ zh uhsuhvhqw wkh lqwhuhvw jurxs*v lqgl�huhqfh fxuyhv lq ES�c R��
vsdfh1 Wkhvh fxuyhv duh ghqrwhg e| `fc `� dqg vr rq/ zkhuh d kljkhu lqgh{

lqglfdwhv d kljkhu ohyho ri xwlolw|1 Wkh lvryrwh fxuyhv iru sduw| D duh r�c r2 dqg vr

rq/ d kljkhu lqgh{ lqglfdwhv d kljkhu shufhqwdjh ri yrwhv1

46Vlqfh zh duh dvvxplqj wkdw �
p
?

4

5
> zh gr qrw phqwlrq wkh fdvh ri �

p
forvh wr 41

45



Lq wkh qh{w dvvxpswlrq zh duh jrlqj wr hvwdeolvk vrph frqglwlrqv rq wkh prgho=

Iluvw= qrwh wkdw dv wkh sodwirup ri wkh sduwlhv R� ER�� pryhv wrzdugv wkh

remhfwlyh ri wkh lqwhuhvw jurxs Z6c zh kdyh wkdw wkh shufhqwdjh ri nqrzohgjhdeoh
yrwhuv rewdlqhg e| sduw| D +sduw| E, ghfuhdvhv vr wkdw lw pd| qrw eh wkh fdvh wkdw
wkh srolf| �qdoo| lpsohphqwhg pryhv wrzdugv Z6� Lq idfw/ e| h{suhvvlrq +516,/ zh
kdyh wkdw

YRE��c�J�
YR�

'

�
R� �

�
2

�
Yr�E��c�J�

YR�
n r�

zkhuh
Yr�E�� c�J�

YR�
: f dqg vr/ wkh �uvw whup lv qhjdwlyh dqg wkh vhfrqg whup lv

srvlwlyh1 Iru wkh sxusrvh ri wklv sdshu/ zh duh jrlqj wr dvvxph wkdw
YRE��c�J�

YR�
: f�

YRE�Jc���
YR�

: f

�
1 Lq sduwlfxodu/ wklv dvvxpswlrq uhtxluhv wkdw wkh sdudphwhu sc eh

vx!flhqwo| vpdoo/ vr wkdw wkh djhqwv eh qrw wrr vhqvleoh wrzdugv d prgl�fdwlrq ri

wkh sduwlhv* sodwirupv1

Pruhryhu/ lw iroorzv wkdw zkhq
YRE��c�J�

YR�
: f

�
YRE�Jc���

YR�
: f

�
dqg wkh sodwirup

ri wkh sduwlhv lv vxfk wkdw R E��c �J�� Z6 : f ER E�Jc ���� Z6 : f� c wkh ghulyd0

wlyh
Y` E�� c�J�

YR�
' �@

YRE��c�J�
YR�

lv qhjdwlyh

�
Y` E�J c���

YR�
' �@

YRE�Jc���
YR�

	 f

�
c khqfh/

wkh lqwhuhvw jurxs lpsuryhv dv wkh sodwirupv ri wkh sduwlhv pryh wrzdug Z6�

Vhfrqg= qrwh wkdw dv wkh lqwhuhvw jurxs frqwulexwhv wr wkh srolwlfdo fdpsdljq

ri wkh sduwlhv/ lw surgxfhv d grxeoh h�hfw rq wkh lqwhuhvw jurxs* xwlolw|/ wkdw lv

ghvfulehg e|=
Y` E��c�J�

YS�
' �@

YRE��c�J�
YS�

� � +615,

zkhuh iru R� 5
�
fc

�

2

�
c zh kdyh wkdw

YRE�� c�J�
YS�

'

�
R� �

�
2

�
Yr�E�� c�J�

YS�
	 f� E| +615,/

zh kdyh wkdw rq wkh rqh kdqg/ wkh fdpsdljq frqwulexwlrqv hqkdqfh wkh yrwhv
ri wkh sduwlhv dqg vr/ wkh zhljkw ri wkh sodwirup R� ER�� lq wkh lpsohphqwhg

srolf| lqfuhdvhv1 Rq wkh rwkhu kdqg/ vshqglqj prqh| dozd|v surgxfhv d glvxwlolw|

wr wkh lqwhuhvw jurxs1 Zh vkdoo dvvxph wkdw wkh qhw h�hfw lv qhjdwlyh vr wkdw
Y` E��c�J�

YS�
	 f +Y` E�Jc���

YS�
	 f�� J0K uhihu wr wklv dvvxpswlrq dv �lq xhqfh prwlyh�/

zklfk whoov xv wkdw zlwk wkh frqwulexwlrqv wkh lqwhuhvw jurxs rqo| wulhv wr lqgxfh

wkh sduwlhv wr vxssruw wkh sodwirupv R� dqg R�c l1h1 lw grhv qrw dlp dw prgli|lqj

wkh hohfwlrq uhvxowv� Lq sduwlfxodu/ wklv dvvxpswlrq uhtxluhv wkdw wkh h�hfwlyhqhvv

ri wkh srolwlfdo fdpsdljqv eh qrw wrr kljk/ l1h1/ wkdw wkh sdudphwhu � vkrxog qrw

h{fhvv fhuwdlq xsshu erxqg1

Wklug= zh duh jrlqj wr dvvxph wkdw iru wkrvh frqwudfw sursrvdov zkhuh wkh

oree| kdv qrw uhdfkhg lwv srolwlfdo remhfwlyh/ wkh pdujlqdo vxevwlwxwlrq udwh eh0

wzhhq fdpsdljq frqwulexwlrqv dqg srolf| eh dozd|v juhdwhu iru wkh lqwhuhvw jurxs

46



wkdq iru wkh srolwlfdo sduwlhv1 Dqdo|wlfdoo|/ lw uhtxluhv wkdw wkh vorshv ri wkh lqwhu0

hvw jurxs*v lqgl�huhqfh fxuyhv eh vwhhshu wkdq wkh vorsh ri wkh lvryrwh fxuyhv

�

Y` E��c�J�
YR�

Y` E��c�J�
YS�

: �

Yr�E��c�J�
YR�

Yr�E��c�J�
YS�

+616,

�

Y` E�Jc���
YR�

Y` E�Jc���
YS�

: �

Yr�E�Jc���
YR�

Yr�E�Jc���
YS�

+617,

Lq sduwlfxodu/ zkhq wkh sdudphwhu @ +wkdw phdvxuhv wkh glvxwlolw| ri wkh lqwhuhvw
jurxs zkhq wkh �qdo srolf| gl�huv iurp Z

6
� lv vx!flhqwo| kljk/ wkh deryh lqhtxdo0

lwlhv duh vdwlv�hg1 Zkhq +616, dqg +617, krog/ zh kdyh wkdw iru hyhu| pdujlqdo
pryhphqw ri wkh sduwlhv* sodwirup wrzdug wkh srolwlfdo remhfwlyh ri wkh lqwhuhvw
jurxs/ wkh lqwhuhvw jurxs lv dozd|v uhdg| wr jlyh pruh �qdqfldo vxssruw wkdq wkh
plqlpxp uhtxhvwhg e| wkh srolwlfdo sduwlhv iru prgli|lqj wkhlu srolf|1

Wkh qh{w dvvxpswlrq frqwdlqv wkh wkuhh frqglwlrqv phqwlrqhg deryh=

Dvvxpswlrq 5= Iru doo �� 5 F +�� 5 F, vxfk wkdw R E��c�J� : Z6
+R E�Jc ��� : Z6,c zh frqvlghuG

+L, YRE��c�J�
YR�

: f

�
YRE�J c���

YR�
: f

�

+LL, Y` E��c�J�
YS�

	 f

�
Y` E�Jc���

YS�
: f

�

+LLL, �
Y` E��c�J�

YR�
Y` E��c�J�

YS�

: �

Yr�E��c�J�

YR�
Yr�E��c�J�

YS�

#
�

Y`E�Jc���
YR�

Y`E�Jc���
YS�

: �

Yr�E�Jc���
YR�

Yr�E�Jc���
YS�

$
�

Dq h{dpsoh vdwlvi|lqj Dvvxpswlrq 5 lv vkrzq lq Iljxuh 51

Dv zh vkrz lq Dsshqgl{ 915/ li wkh sdudphwhuv ri wkh prgho duh vxfk wkdw

l, � 	
2

@k
c ll, s 	

ek�E �

2
3K�

E�3k�E@k�ne�
c +618,

wkhq Dvvxpswlrq 5 krogv1 Lq Dsshqgl{ 915/ zh dovr vkrz wkdw iurp Dvvxpswlrq 5
li iroorzv wkdw wkh vorsh ri wkh lqgl�huhqfh fxuyhv hydoxdwhg dw wkrvh ��c �� 5 F

vxfk wkdw R E��c�J� 	 Z6c+uhvshfw wr R E�Jc ��� 	 Z6,c duh vwulfwo| srvlwlyh1

Dq lpsruwdqw lpsolfdwlrq ri Dvvxpswlrqv 4 dqg 5 lv qh{w vkrzq1

47



Iljxuh 5

Ohppd 61;1 Ohw 	�� eh wkh mxvw0frpshqvdwlqj frqwudfw iru sduw| D1 Ohw 7` eh d

xwlolw| ohyho vdwlvi|lqj wkdw 7` 9 `

�
	��c�J

�
� Ohw � �

�
' ES�

�
c R

�

�
� eh vxfk wkdw

� �

�
5 @h}4@ 

��

r� E��c �J�

r�|� ` E��c �J� A 7̀ �

Wkhq/ xqghu Dvvxpswlrqv 4 dqg 5/ � �

�
lv xqltxh/ ihdvleoh dqg R E� �

�
c�J� ' Z6�

Surri1 +Wkh surri fdq eh iroorzhg lq Iljxuh 6,1
Vlqfh r� E��c �J� lv vwulfwo| lqfuhdvlqj lq S� dqg R�/ wkh vroxwlrq wr wkh deryh

pd{lpl}dwlrq sureohp lv dfklhyhg lq wkh erxqgdu| ri wkh uhvwulfwlrq vhw/ l1h1 � �

�

vdwlv�hv wkdw ` E� �

�
c�J� ' 7̀ �

E| Dvvxpswlrq 5/ zh kdyh wkdw iru doo �� 5 F vxfk wkdw R E��c�J� : Z6c wkh vorsh

ri wkh lqgl�huhqfh fxuyh` E��c �J� lv vwulfwo| qhjdwlyh dqg vwhhshu wkdq wkh vorsh

ri hyhu| lvryrwh fxuyh dw wkdw srlqw dqg iru doo �� 5 F vxfk wkdw R E��c�J� 	 Z6c

wkh vorsh ri wkh lqgl�huhqw fxuyhv ` E��c �J� lv vwulfwo| srvlwlyh1 Zh rewdlq wkhq/

wkdw wkh vroxwlrq wr wkh deryh sureohp lv dfklhyhg lq d xqltxh srlqw � �

�
vdwlvi|lqj

wkdw R E� �

�
c�J� ' Z6� +Vhh Iljxuh 6,
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Ohw xv qh{w vkrz wkdw � �

�
lv ihdvleoh1

Vlqfh ` E� �

�
c�J� ' 7̀ dqg R E� �

�
c�J� ' Z6/ zh kdyh wkdw e| k|srwkhvlv/

7̀ 9 `
�
	��c�J

�
c lw iroorzv wkdw S�

�
A 	S�� Pruhryhu/ e| Dvvxpswlrq 4/ YR� A f/

dqg vlqfh 	R� A YR�c lw lpsolhv wkdw 	R� A f1 Dqg e| Dvvxpswlrq 5 zh kdyh ghgxfhg

wkdw wkh vorsh ri wkh lpsolflw ixqfwlrq R E��c �J� ' Z6 lv vwulfwo| srvlwlyh/ vr wkdw

li S
�

�
A 	S�c R

�

�
A 	R� dqg wkhq R

�

�
A f1 T1H1G1

Iljxuh 6

Uhpdun 41 Vkrzlqj wkh deryh ohppd iru sduw|47 E lv d v|pphwulf fdvh1

E| Ohppd 61; dqg Uhpdun 4/ zh kdyh wkdw zkhq wkh rwkhu sduw| lv qrw

�qdqfhg dqg Dvvxpswlrqv 4 dqg 5 krog/ wkh frqwudfw sursrvdov wkdw pd{lpl}h

wkh yrwhv ri wkh sduwlhv/ vxemhfw wr surylglqj fhuwdlq ohyho ri xwlolw| wr wkh lqwhuhvw

jurxs/ duh vxfk wkdw wkh| dfklhyh wkh srolwlfdo remhfwlyh ri wkh lqwhuhvw jurxs1

47
Ohw �Z eh d xwlolw| ohyho vdwlvi|lqj wkdw �Z 9Z

�
F
r
> aFE

�
= Ohw F

3

E
@ +f3

E
> s

3

E
, eh vxfk wkdw

F
3

E
5 dujpd{

FE

vE +Fr> FE, v=w= Z +Fr> FE, A �Z= Wkhq/ xqghu Dvvxpswlrqv 4 dqg 5/ F 3

E
lv

xqltxh/ ihdvleoh dqg s +Fr>F
3

E
, @ �p=
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71 H{lvwhqfh dqg Xqltxhqhvv ri wkh Srolwlfdo Htxloleulxp

Zh qh{w ghvfuleh d v|vwhp ri htxdwlrqv dqg zh vkrz wkdw lw kdv xqltxh vroxwlrq/

ixuwkhupruh/ zh suryh wkdw wklv vroxwlrq lv d srolwlfdo htxloleulxp1

Ohw 7 eh wkh v|vwhp ri vlpxowdqhrxv htxdwlrqv ghvfulehg e| +4,/ +5, dqg +6,G

` E��c�J� ' ` E�Jc ��� +4,

r� E��c �J� ' r� E�Jc ��� +5,

R E��c �J� ' R E�Jc ��� ' Z6 +6,

Htxdwlrq +4, uhtxluhv wkdw wkh lqwhuhvw jurxs rewdlqv htxdo xwlolw| dffhswlqj hlwkhu
ri wkh frqwudfw sursrvdov �� ru �� dqg uhmhfwlqj wkh rwkhu� E| +5,/ lw lv uhtxluhg
wkdw wkh shufhqwdjh ri yrwhv rewdlqhg e| sduw| D zkhq hlwkhu ri wkh frqwudfw
sursrvdov lv dffhswhg dqg wkh rwkhu uhmhfwhg/ eh wkh vdph1 Dqg �qdoo|/ htxdwlrq
+6, lqglfdwhv wkdw hdfk ri wkh frqwudfw sursrvdov dfklhyhv srolf| Z6�
Wkh v|vwhp 7 frqwdlqv irxu htxdwlrqv zlwk irxu xqnqrzqv1 Qrwh/ wkdw e| +4, dqg
+6, zh kdyh wkdw ` E��c �J� ' �S� '` E�Jc ��� ' �S�c dqg vr/ lq wkh vroxwlrq

S� ' S� � Zh ghqrwh wkh dprxqw ri fdpsdljq frqwulexwlrq rewdlqhg lq wkh vroxwlrq

dv S
W

�

Sursrvlwlrq 7141 Xqghu Dvvxpswlrqv 4 dqg 5/ wkh v|vwhp 7 kdv xqltxh vroxwlrq

E�W

�
c �W

�
� ' EESWc RW

�
� ESWc RW

�
�� � Pruhryhu/ �W

�
dqg �W

�
duh ihdvleoh dqg vdwlvi| wkdw

S
W

5 E	S�c 	S�� dqg r� E�W

�
c�J� :

�

2
n K�

Surri1 Ohw 	�� ' E	S�c 	R�� eh wkh mxvw0frpshqvdwlqj frqwudfw sursrvdo iru sduw|

E dqg YR� wkh htxlydohqw srolf| iru sduw| D1 Wkhq/ e| gh�qlwlrq/ wkh frqwudfw

sursrvdov E	S�c YR�� dqg 	��c vdwlvi| frqglwlrqv +4, dqg +6, ri v|vwhp 7 +vhh �jxuh
4,1 Frpsdulqj wkh shufhqwdjh ri yrwhv rewdlqhg e| sduw| E

r� EE	S� c YR�� c �J� 	 r�

�
�Jc 	��

�
� +714,

Ohw 	�� ' E	S�c 	R�� eh wkh mxvw0frpshqvdwlqj frqwudfw sursrvdo iru sduw| D dqg

YR� wkh htxlydohqw srolf| iru sduw| E1 Wkhq/ e| gh�qlwlrq wkh frqwudfw sursrvdov

E	S�c YR�� dqg 	�� vdwlvi| frqglwlrqv +4, dqg +6, ri v|vwhp 7 dqg

r�

�
	��c�J

�
: r� E�Jc E	S�c YR��� � +715,

4:



AIurp R E��c �J� ' Z6 dqg R E�
J
c ��� ' Z6c S� fdq eh rewdlqhg dv d frqwlqx0

rxv ixqfwlrq ri R�c dqg S� dv d frqwlqxrxv ixqfwlrq ri R� uhvshfwlyho|481 Pruhryhu/

vlqfh wkh ghulydwlyhv ri wkhvh ixqfwlrqv
_S�ER��
_R�

/
_S�ER��

_R�
duh gl�huhqw iurp }hur dqg

frqwlqxrxv lq R� dqg R�c wkhuh lv dq lqyhuvh frqwlqxrxv ixqfwlrq wkdw zh ghqrwh

e| }� dqg }�c zkhuh hdfk }� G Un �$
�
fc

�

2

�
dqg

}� ES�� ' R�c }� ES�� ' R� +716,

wkdw vdwlv�hv
_}�ES��

_S�
: f iru � 5 i�c�j � Wkhq/ e| +716, wkh shufhqwdjhv ri yrwhv

rewdlqhg e| sduw| E lq wkh frqwudfw sursrvdov vxfk wkdw R E��c�J� ' Z6 dqg

R E�Jc ��� ' Z6 duh jlyhq uhvshfwlyho| e|

r� E��c�J� ' r� EES�c }� ES��� c �J� c r� E�Jc��� ' r� E�Jc ES�c }� ES���� +717,

zklfk/ e| frqwlqxlw| ri +716,/ duh frqwlqxrxv ixqfwlrqv lq S� dqg S� uhvshfwlyho|1
Ohw xv gh�qh wkh ixqfwlrq � zkhuh

� ES� ' r� EESc }� ES�� c �J�� r� E�Jc ESc }� ES���

zklfk/ e| frqwlqxlw| ri +717,/ lv frqwlqxrxv1 Vlqfh e| +714,/ zh nqrz wkdw � E	S�� 	
f dqg e| +715,/ zh nqrz wkdw � E	S�� : fc e| wkh lqwhuphgldwh ydoxh wkhruhp

wkhuh h{lvwv S 5 E	S�c 	S�� vxfk wkdw � ES� ' f� Ohw SW � S dqg R
W

�
' }� ES

W� c
RW
�
' }� ESW� � � ESW� ' fc lpsolhv wkdw ESWc RW

�
� dqg ESWc RW

�
� yhuli| htxdwlrq +5, ri

7 dqg vlqfh ` EESWc RW
�
� c �J� ' �S

W

' ` E�Jc ESWc RW��� c ESWc RW
�
� dqg ESWc RW

�
� dovr

yhuli| htxdwlrq +4, ri 7c vr wkdw wklv sdlu ri frqwudfw sursrvdov lv d vroxwlrq wr 7�

Vlqfh e| Dvvxpswlrq 5 wkh vorsh ri wkh lpsolflw ixqfwlrqv R E��c�J� ' Z6

dqg R E�Jc ��� ' Z6 duh vwulfwo| srvlwlyhc wkhq
_}�ES�

_S
: f iru � 5 i�c�j/ dqg

vr r� EESc }� ES�� c �J� lv vwulfwo| ghfuhdvlqj49 lq S dqg r� E�
J
c ESc }� ES��� lv vwulfwo|

lqfuhdvlqj4: lq S� Lw lpsolhv wkdw wkh vorsh ri � lv vwulfwo| ghfuhdvlqj dqg wkhq/ iru

hyhu| S�
5 Un vxfk wkdw S

� : SWc � ES�� : f dqg iru hyhu| S
� 	 SWc � ES�� 	 f dqg vr/

wkh vroxwlrq wr 7 lv xqltxh1

48Wkhvh ixqfwlrqv duh=

fm @
+�p�

4

5
,

+sm�
4

5
,�k

�

+Nm�+4��,id+sm�
4

5
,5,

�k

zkhuh Nm @
4

5
. e li m @ D dqg Nm @

4

5
� e li m @ E=

49 gvE++f>jD+f,,>Fr,
gf

@ +4� �, id5+jD +f,� 4
5 ,

gjD+f,
gf

��k dqg
gjD+f,

gf
A 3> vr wkdw/ wkh ghulydwlyh

lv vwulfwo| qhjdwlyh1
4: gvE+Fr>+f>jE+f,,,

gf
@ � +4� �, id5+jE +f,� 4

5
,gjE+f,

gf
.�k dqg gjE+f,

gf
A 3> vr wkdw wklv ghulydwlyh

lv vwulfwo| srvlwlyh1

4;



Pruhryhu/ vlqfh S
W

	 	S� dqg r�

�
�Jc 	��

�
'

�

2
�Kc zh kdyh wkdw r� E�Jc ESWc RW��� 	

�

2
� Kc lw iroorz wkdw r� E�Jc ES

Wc RW
�
�� : �

2
n K�

Ilqdoo|/ vlqfh S
W

: 	S� dqg
_}�ES�

_S
: fc zh kdyh wkdw }� ESW� ' R

W

�
: YR� '

}� E	S�� � Wkhq/ vlqfh e| Dvvxpswlrq 4/ YR� : fc zh kdyh wkdw RW
�
: f dqg vr/

ESWc RW
�
� lv ihdvleoh1 Iroorzlqj d vlplodu dujxphqw }� ESW� ' R

W

�
: 	R� ' }� E	S�� dqg

vr/ ESWc RW
�
� lv dovr ihdvleoh1 T1H1G1

Iljxuh 7

Lq Iljxuh 7 zh looxvwudwh wkh frqwudfw sursrvdov �W

�
dqg �W

�
� Lq wklv judsk lw

lv vkrzq krz wkh sdlu ri frqwudfw sursrvdov E�W

�
c�W

�
� vdwlv�hv wkh htxdwlrqv ri

v|vwhp 7� Pruhryhu/ qrwh wkdw iru sduw| D/ r� E�W

�
c �J� :

�

2
n K dqg iru sduw| E/

r� E�Jc �
W

�
� 	 �

2
� K�

Ohw xv qh{w vkrz wkdw E�W

�
c �W

�
� lv d srolwlfdo htxloleulxp1

Wkhruhp 7151 XqghuDvvxpswlrqv 4 dqg 5/ wkh sdlu ri frqwudfw sursrvdov E�W

�
c�W

�
�

lv d srolwlfdo htxloleulxp�

Surri1 Vxssrvh qrw1 Lw lpsolhv wkdw dw ohdvw rqh ri wkh frqwudfw sursrvdov lv qrw

d ehvw uhvsrqvh wr wkh rwkhu sduw| frqwudfw sursrvdo1

4<



Ohw xv �uvw vxssrvh wkdw �W

�
lv qrw d ehvw uhvsrqvh wr �W

�
� Wkhq/ wkhuh h{lvwv

�
�

�
'

�
S

�

�
c R

�

�

�
vxfk wkdw r�

�
-
�
�

�

�
c�W

�

��
: r� E�W

�
c�J� � r

W

� Wkuhh fdvhv pxvw

eh frqvlghuhg

��
�
�

�

�
c�W

�

�
5 -

�
�

�

�
c�W

�

�
���

�
�

�

�
c�J

�
5 -

�
�

�

�
c�W

�

�
���� E�Jc �J� 5 -

�
�

�

�
c�W

�

�

Vxssrvh wkdw �
�

�
yhul�hv ��1

Li
�
S

�

�
c R

�

�

�
lv vxfk wkdw S

�

�
' fc wkhq/ r�

�
�

�

�
c �W

�

�
9 r

W

zklfk lv d frqwudglfwlrq1

Li S
�

�
: fc wkhq/

`

�
�

�

�
c�W

�

�
' �@

���R
�
�

�

�
c�W

�

�
� Z6

���� S

�

�
� S

W

	 ` E�Jc �
W

�
� ' �S

W

dqg vr
�
�

�

�
c �W

�

�
*5 -

�
�

�

�
c�W

�

�
zklfk lv d frqwudglfwlrq1

Vxssrvh qrz/ wkdw �
�

�
yhul�hv ����

Wdnh �
�

�
dv iroorzv/

�
�

�
5 @h}4@ 

��M�

r� E��c �J�

r�|� ` E��c �J� A �S
W

E| Ohppd ��H/ wkh vroxwlrq wr wkh deryh sureohp lv xqltxh dqg vdwlv�hv wkdw

R E� �

�
c�J� ' Z6 dqg ` E� �

�
c�J� ' �SW� Lw lpsolhv wkdw �S

�

�
' �S

W

dqg vlqfh

R E� �

�
c�J� ' Z6 ' R E�W

�
c �J� c zh ghgxfh wkdw R

�

�
' R

W

�
� Wkhq/ r� E� �

�
c�J� ' rW�

Vlqfh dprqj doo wkh frqwudfw sursrvdov vdwlvi|lqj wkdw ` E��c�J� A ` E�W

�
c�J� c

�
�

�
lv wkh rqh pd{lpl}lqj r�c zh uhdfk d frqwudglfwlrq1

Vxssrvh wkhq/ wkdw �
�

�
yhul�hv �����

Vlqfh r� E�Jc �J� '
�

2
n K dqg e| Sursrvlwlrq 714/ rW : �

2
n K/ zklfk lv d frqwud0

glfwlrq1

Zh frqfoxgh wkdw �W

�
lv d ehvw uhvsrqvh wr �W

�
�

Ohw xv vhfrqg vxssrvh wkdw �
W

�
lv qrw d ehvw uhvsrqvh wr �

W

�
� Wkhq/ wkhuh h{lvwv

�
�

�
'

�
S

�

�
c R

�

�

�
vxfk wkdw r� E- E�W

�
c� �

�
�� : ��r

W

� Wkuhh fdvhv pxvw eh frqvlghuhg

@� E�W

�
c� �

�
� 5 - E�W

�
c� �

�
� M� E�

J
c � �

�
� 5 - E�W

�
c � �

�
� U� E�

J
c �

J
� 5 - E�W

�
c� �

�
�

Iru wkh fdvhv @� dqg M�/ wkh vdph dujxphqwv dv wkh rqhv dssolhg deryh iru sduw|
D +qrz lq whupv ri sduw| E,/ ohdg wr d frqwudglfwlrq1
Vxssrvh wkhq/ wkdw � �

�
yhul�hv U�1
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Qrz frqvlghu wkh iroorzlqj pd{lpl}dwlrq sureohp

4@ 
��M�

r� E�Jc ���

r�|� ` E�Jc��� A �S
W

E| Ohppd 61; dqg Uhpdun 4/ wkh xqltxh vroxwlrq wr wkh deryh sureohp vdwlv�hv

wkdw R E�
J
c��� ' Z6 dqg ` E�Jc ��� ' �S

W/ wkhq e| wkh vdph dujxphqw xvhg

iru sduw| D zh ghgxfh wkdw wkh vroxwlrq lv ESWc RW
�
� � Vlqfh r� E�Jc �

W

�
� ' � � r

W

dqg e| Sursrvlwlrq 714 zh kdyh wkdw � � r
W

	
�

2
� Kc zklfk lv htxlydohqw wr

� � r
W

	 r� E�Jc �J� � Wkhq/ �J lv qrw d vroxwlrq wr wkh deryh pd{lpl}dwlrq

sureohp vlqfh ` E�Jc �J� 	 �S
W

dqg vr E�Jc �J� *5 - E�W

�
c� �

�
� c d frqwudglfwlrq1

T1H1G1

E| Wkhruhp 715/ zh kdyh vkrzq wkdw wkh xqltxh vroxwlrq wr wkh v|vwhp ri

htxdwlrqv 7/ lv d srolwlfdo htxloleulxp1 Lq wklv htxloleulxp/ wkh oree| �qdqfhv

rqo| rqh sduw| dqg lv lqgl�huhqw ehwzhhq �qdqflqj rqh ru wkh rwkhu srolwlfdo sduw|1

Pruhryhu/ lw lv dozd|v wkh fdvh wkdw wkh oree| dfklhyhv lwv srolwlfdo remhfwlyh Z6�

AIurp wkh sduwlhv srlqw ri ylhz/ wkh vdph hohfwlrq uhvxow lv rewdlqhg zkhq
rqh ru wkh rwkhu sduw| lv �qdqfhg1 Krzhyhu/ lq erwk fdvhv wkh pruh srsxodu sduw|
+sduw| D, ehqh�wv lq whupv ri yrwhv zlwk uhjdug wr wkh fdvh zkhuh wkhuh lv qr
lqwhuhvw jurxs1

Zh qh{w vkrz wkdw wkh ghvfulehg srolwlfdo htxloleulxp lv xqltxh1 Zh �uvwo|
suryh wkdw wkhuh duh fhuwdlq sdluv ri frqwudfw sursrvdov E��c��� c wkdw fdq eh

glvfdughg iurp txdoli|lqj dv d srolwlfdo htxloleulxp1

Lq wkh iroorzlqj ohppd/ zh vkrz wkdw wkhuh fdq qrw eh d srolwlfdo htxloleulxp

zkhuh qrqh ri wkh frqwudfw sursrvdov duh dffhswhg1

Ohppd 7161 Xqghu Dvvxpswlrqv 4 dqg 5/ li E��c ��� lv d srolwlfdo htxloleulxp

E�Jc �J� *5 - E��c ��� �
Surri1 +Lw lv lq wkh dsshqgl{,1

Dv d vhfrqg vwhs/ zh vkrz wkdw wkhuh fdq qrw eh d srolwlfdo htxloleulxp zkhuh wkh

lqwhuhvw jurxs dffhswv dw wkh vdph wlph wkh frqwudfw sursrvdov ri erwk sduwlhv1

Ohppd 7171 Ohw �� 9' �
J
dqg �� 9' �

J
� Wkhq/ xqghu Dvvxpswlrqv 4 dqg 5/ li

E��c ��� lv d srolwlfdo htxloleulxp E��c ��� *5 - E��c ���1
Surri1 +Lw lv lq wkh dsshqgl{,1
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Dv d wklug vwhs/ zh vkrz wkdw wkrvh frqwudfw sursrvdov wkdw gr qrw dfklhyh srolf|

Z
6
c fdq qrw txdoli| dv d ehvw uhvsrqvh1

Ohppd 7181 Ohw �� E��� vxfk wkdw R E��c�J� 9' Z6 ER E�Jc ��� 9' Z6� � Wkhq/
xqghu Dvvxpswlrq 4 dqg 5/ li E��c��� lv d srolwlfdo htxloleulxp E��c �J� *5
- E��c ��� EE�Jc��� *5 - E��c ����1
Surri1 +Lw lv lq wkh dsshqgl{,1

Dqg �qdoo| zh vkrz xqltxhqhvv ri htxloleulxp1

Wkhruhp 7191 Xqghu Dvvxpswlrq 4 dqg 5/ wkh srolwlfdo htxloleulxp E�W

�
c �W

�
� lv

xqltxh1
Surri1 +Lw lv lq wkh dsshqgl{,1

81 Frqfoxvlrqv

Lq wklv vhfwlrq/ zh �uvwo| dqdo|}h wkh rewdlqhg htxloleulxp dqg vhfrqgo|/ lw lv
frpsduhg zlwk wkh htxloleulxp rewdlqhg e| J0K lq wkhlu dssurdfk1

Zh qh{w hvwdeolvk vrph olqnv ehwzhhq pdunhw frpshwlwlrq lq Ehuwudqg*v prgho
dqg sduwlhv frpshwlwlrq lq rxu prgho1

Xqghu rxu sursrvdo ri qhjrwldwlrq/ wkh srolwlfdo sduwlhv duh frpshwlqj lq d
wzr glphqvlrqdo vsdfh/ l1h1/ wkh| frpshwh vlpxowdqhrxvo| lq srolflhv dqg dprxqw
ri fdpsdljq frqwulexwlrq1 Wkhuhiruh/ lw lv qrw srvvleoh wr ghgxfh dq vwdqgdug
uhdfwlrq ixqfwlrq +dv lq Ehuwudqg frpshwlwlrq, iru hdfk ri wkh sduwlhv zklfk pd|
idflolwdwh wkh htxloleulxp dqdo|vlv1 Zh vkrz krzhyhu/ wkdw rxu htxloleulxp kdv
vrph ihdwxuhv lq frpprq zlwk Ehuwudqg*v htxloleulxp1 Zh qh{w vwdwh vrph ri
wkhvh vlplodulwlhv=

40 Hdfk ri wkh sduwlhv r�huv d srolf| zklfk dw wkh hqg lpsohphqwv wkh remhfwlyh

ri wkh lqwhuhvw jurxs Z61 Lq pdunhw whupv zh frxog vd| wkdw wkh sduwlhv vxsso|

�dq krprjhqrxv jrrg�1

Dv lw iroorzv iurp Ohppd 61;/ iurp wkh sduwlhv srlqw ri ylhz/ wkh ehvw sursrvdo

wkdw wkh| fdq pdnh wr wkh lqwhuhvw jurxs frqvlvw ri r�hulqj d srolf| zklfk dw wkh

hqg lpsohphqwv Z
6
� Ixuwkhupruh/ iurp wkh lqwhuhvw jurxs srlqw ri ylhz/ lw lv dv

jrrg wr rewdlq srolf| Z6 iurp rqh ru wkh rwkhu srolwlfdo sduw|1

50 Sduwlhv mxvw frpshwh lq dprxqwv ri fdpsdljq frqwulexwlrq1 Lq pdunhwv whupv

zh frxog vd| wkdw sduwlhv �frpshwh lq sulfhv�1

Hdfk ri wkh sduwlhv nqrzv wkdw wkh lqwhuhvw jurxs/ rqfh lw rewdlqv Z
6

c vkdoo

ehqh�w iurp frqwulexwlqj zlwk wkh plqlpdo dprxqw ri fdpsdljq ixqgv1 Krzhyhu/
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dv wkh frqwulexwlrq ghfuhdvhv wkh sduwlhv orvh lpsuhvvlrqdeoh yrwhuv zklfk hqwluho|

ghshqg rq lw1

60 Lq htxloleulxp wkh sursrvdov ri wkh sduwlhv frqyhujh/ l1h1/ S� ' S� ' S
W

� Lq

pdunhw whupv zh frxog vd| wkdw sduwlhv �vhw htxdo sulfhv�1

Fohduo|/ e| Wkhruhp 715/ qrqh ri wkh sduwlhv fdq dqqrxqfh dq dprxqw ri

fdpsdljq frqwulexwlrq orzhu wkdq S
W

1 Wkh uhdvrq lv/ wkdw wkh frvw +lq whupv
ri yrwhv, ri uhgxflqj wkh dprxqw ri frqwulexwlrq h{fhhgv wkh ehqh�wv +lq whupv
ri yrwhv, iurp ehlqj �qdqfhg e| wkh lqwhuhvw jurxs1 Khqfh/ lq wkh fdvh wkdw
erwk sduwlhv eh htxdo/ qrqh ri wkh sduwlhv fdq ehqh�w iurp ehlqj �qdqfhg e| wkh
lqwhuhvw jurxs1 Lq rxu htxloleulxp/ krzhyhu/ sduw| D ehqh�wv/ lqghshqghqwo| ri
zklfk sduw| lv dfwxdoo| �qdqfhg/ vlqfh lw kdv dq lqlwldo dgydqwdjh lq yrwhv uhvshfw
wr sduw| E1

Ohw xv qh{w frpsduh rxu uhvxow zlwk J0K* uhvxow1
J0K vxssrvh wkdw wkh qhjrwldwlrq surfhvv lv lqlwldwhg e| wkh lqwhuhvw jurxs1

Zh vxjjhvw dowhuqdwlyho|/ wkdw wkh qhjrwldwlrq lv lqlwldwhg e| wkh srolwlfdo sduwlhv1
J0K �qg wkdw wkh lqwhuhvw jurxs dozd|v jlyhv ixqgv wr erwk srolwlfdo sduwlhv1 Zh
�qg krzhyhu/ wkdw wkh lqwhuhvw jurxs rqo| jlyhv ixqgv wr rqh ri wkh sduwlhv1 Ixu0
wkhupruh/ zlwk rxu dssurdfk/ wkh hohfwlrq uhvxowv dozd|v vkliw lq idyru ri wkh prvw
srsxodu sduw|/ zkhuhdv J0K rewdlq wkdw/ lq jhqhudo/ wkh uhvxowv ri wkh hohfwlrqv
duh qrw d�hfwhg1 Wkhuhiruh/ wkh prvw srsxodu sduw| lv prvwo| lqwhuhvwhg lq rxu
qhjrwldwlrq surfhvv vlqfh lw lpsuryhv lwv hohfwlrq uhvxowv1

Krzhyhu/ iurp wkh lqwhuhvw jurxs srlqw ri ylhz/ lw lv pruh sur�wdeoh wr eh wkh
rqh zkr lqlwldwhv wkh qhjrwldwlrqv vlqfh lw dfklhyhv wkh vdph srolwlfdo remhfwlyh
zlwk erwk dssurdfkhv exw qhjrwldwlrqv duh fkhdshu xqghu J0K*v dssurdfk1

Lw lv lpsruwdqw wr srlqw rxw/ wkdw dvvxplqj wkdw wkh lpsohphqwhg srolf| lv
ghwhuplqhg e| srolf| frpsurplvh/ grhv qrw lpso| wkdw wkh lqwhuhvw jurxs dozd|v
�qdqfhv erwk sduwlhv1 Dv zh kdyh douhdg| vkrzq/ lw lv wkh surfhvv ri qhjrwldwlrq
zklfk ghwhuplqhv zkhwkhu rqh ru erwk sduwlhv duh �qdqfhg1

Li zh dvvxph wkdw wkh ohjlvodwxuh rshudwhv e| pdmrulw| yrwlqj/ lw lv qrw gl!fxow
wr vkrz4; wkdw rxu sursrvdo ri qhjrwldwlrq jlyhv vlplodu uhvxowv1 Lq wklv fdvh/ wkh
prvw srsxodu sduw| +sduw| D, lv wkh rqo| sduw| wkdw lv �qdqfhg4< dqg lw rewdlqv
ehwwhu hohfwlrq uhvxowv wkdq xqghu srolf| frpsurplvh1 Ixuwkhupruh/ wkh lqwhuhvw

4;Iru wklv uhvxow zh rqo| uhtxluh d uhod{hg yhuvlrq ri Dvvxpswlrq 4 dqg sduw +LLL, ri Dvvxps0
wlrq 51

4<Jurvvpdq dqg Khospdq +4<<9d, vkrz lq wkh Dsshqgl{ wkdw zkhq wkh sduwlhv duh v|pphw0
ulf wkhlu uhvxow lv wkh vdph wkdq wkh v|pphwulf htxloleuxp wkdw hphujhv zkhq wkh ohjlvodwxuh
rshudwhv e| vwulfw pdmrulw| uxoh dqg sduwlhv pd{lpl}h wkhlu fkdqfhv ri zlqqlqj d pdmrulw|1
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jurxs dozd|v rewdlqv lwv srolwlfdo remhfwlyh Z
6
�

AIurp wkh frpsdulvrq ri rxu uhvxowv dqg J0K*v/ zh ohdyh wkh iroorzlqj txhv0

wlrqv rshq= Zkdw fdq eh ghgxfhg iurp wkh hpslulfdo gdwdB Lv wkhuh d fruuhodwlrq

ehwzhhq wkh qhjrwldwlrq surfhvv dqg wkh wzr gl�huhqw uhvxowv/ l1h1/ �qdqflqj rqh

ru erwk sduwlhvB Lv wkhuh d fruuhodwlrq ehwzhhq wkh qhjrwldwlrq surfhvv dqg wkh

hohfwlrq uhvxowvB

Vrph dgglwlrqdo dujxphqwv wkdw fdq h{sodlq zk| vrph lqwhuhvw jurxsv �qdqfh

rqh ru erwk srolwlfdo sduwlhv/ duh uhodwhg wr wkh ghjuhh ri xqfhuwdlqw| derxw wkh

hohfwlrq uhvxowv1 Zlwk wklv sdshu zh kdyh hpskdvl}hg wkdw wkh rughu ri wkh fdp0

sdljq qhjrwldwlrqv lv dovr d fuxfldo lvvxh wkdw h{sodlqv zk| vrph lqwhuhvw jurxsv

�qdqfh rqh ru erwk frpshwlqj srolwlfdo sduwlhv1 Ixuwkhupruh zh kdyh surylghg

d srzhuixo dujxphqw zklfk h{sodlqv zk| wkh fdpsdljq ixqglqj lq xhqfhv wkh

hohfwlrq uhvxowv1

Zh ohdg iru ixwxuh uhvhdufk wkh h{whqvlrq ri wklv prgho wr wkh fdvh lq zklfk

wkhuh duh vhyhudo lqwhuhvw jurxsv1

91 Dsshqgl{

9141 Wkh suhihuhqfhv ri wkh lqwhuhvw jurxs

J0K dvvxph wkdw wkh suhihuhqfhv ri wkh lqwhuhvw jurxs duh uhsuhvhqwhg e| wkh mrlqw

vxusoxv ri wkh phpehuv ri wklv jurxs/

` ERc S�c S�� ' �

Z2]

Z�

@ mR� Zm _Z � S� � S�c +914,

Wkh| vxjjhvw wkdw wkh rswlpdo frqwudfw sursrvdov wkdw wkh lqwhuhvw jurxs r�huv wr

wkh sduwlhv lv rewdlqhg iurp wkh iroorzlqj pd{lpl}dwlrq sureohp wkdw zh ghqrwhg

e| P=
�@%

S�cS� cR�cR�
` ERc S�c S��

v1w1 S� A
E�3k�s@

k�

�
R� �

�

2

�
2

S� A
E�3k�s@

k�

�
R� �

�

2

�
2

S�c S� A fc R�c R� 5 dfc �o

+P,

Wkh wzr �uvw frqvwudlqwv lqglfdwh wkh plqlpdo frpshqvdwlrq wkdw rqh sduw| kdv wr

uhfhlyh wr vxssruw d soldeoh sodwirup gl�huhqw iurp R� '
�

2
+vhh h{suhvvlrq +614,,�

J0K �uvwo| frqvlghu wkh fdvh lq zklfk erwk frqvwudlqwv elqg dqg wkh| rewdlq
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wkdw/ lq wkh vroxwlrq/ wkh lqwhuhvw jurxs �qdqfhv erwk sduwlhv/ dqg jlyhv pruh

frqwulexwlrq wr wkh pruh srsxodu sduw|1 Qrwh wkdw J0K*v uhvxowv iroorzv iurp wkh

frqyh{lw| ri wkh ixqfwlrqv

S� '
E� � k� s@

k�
ER� �

�

2
�2 +915,

dv zh qh{w vkrz1 Wkh lqwxlwlrq lv wkh iroorzlqj= ohw +S�c R�� vxfk wkdw R
�
S�c R�c fc

�

2

�
'

Z6 dqg ohw +S�

�
c R

�

�
� dqg ES� c R�� vxfk wkdw R ES�

�
c R

�

�
c S�c R�� ' Z6� Wkhq/ e| +915,/

lw lv dozd|v wkh fdvh wkdw S� : S
�

�
n S�/ dqg vr/ iru wkh lqwhuhvw jurxs/ lw lv fkhdshu

wr rewdlq wkh srolf| Z6 �qdqflqj erwk sduwlhv wkdq �qdqflqj rqo| rqh1

Lq rxu dssurdfk/ zh kdyh dvvxphg wkdw wkh suhihuhqfhv ri wkh lqwhuhvw jurxs duh

uhsuhvhqwhg e|

` ERc S�c S�� ' �@ mR� Z6m � S� � S�c +916,

zkhuh/ Z
6
fdq eh lqwhusuhwhg dv wkh prvw suhihuuhg soldeoh sodwirup iru wkh phgldq

djhqw ri wklv jurxs1 Dqg vxevwlwxwlqj +914, e| +916, lq sureohp P* remhfwlyh
ixqfwlrq/ zh �qg wkdw/ lq wkh vroxwlrq/ wkh lqwhuhvw jurxs dovr �qdqfhv erwk sduwlhv
+lw dovr iroorzv iurp wkh frqyh{lw| ri +915,,1

Ilqdoo|/ qrwh wkdw rqh ri wkh gl�huhqfhv ehwzhhq wkh xwlolw| ixqfwlrqv +914, dqg
+916, lv wkdw +914, lv hyhu|zkhuh gl�huhqwldeoh dqg +916, lv qrw gl�huhqwldeoh zkhq
R ES�c R�c S�c R�� ' Z6� Dv zh vkrz lq Ohppd 61;/ wklv gl�huhqfh lv fuxfldo lq
rughu wr rewdlq rxu uhvxowv1

9151 Dqdo|vlv ri Dvvxpswlrq 5

E| frqglwlrq +L, zh uhtxluh wkdw53

YRE�Jc���
YR�

'

�
2
� K� �

�
R� �

�

2

�
2

E�� k� s@n k�S� : f� +917,

Qrwh wkdw li +917, lv vwulfwo| srvlwlyh zkhq S� ' f dqg R� ' fc lw lv dovr vwulfwo|

srvlwlyh iru doo S� : f dqg R� 5 Efc �o � Vxevwlwxwlqj wkh ydoxhv ri S� ' f/ R� ' f

dqg uhduudqjlqj whupv/ zh ghgxfh wkdw +917, lv vwulfwo| srvlwlyh li

s 	
eE

�
2
3K�

�E�3k�@
� +918,

Uhjduglqj frqglwlrq +LL,/ zh uhtxluh wkdw

53Qrwh wkdw li
Cs+Fr>FE,

CsE
A 3 iru ;fE >sE 5 U. � ^3>4` > wkhq

Cs+FD>Fr,
CsD

A 3 iru ;fD> sD 5

U. � ^3>4` =
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Y` E��c�J�
YS�

' @E�
2
� R��k�� � 	 fc Y` E�Jc���

YS�
' @E�

2
� R��k�� � 	 f +919,

Qrwh wkdw li wkhvh ghulydwlyhv duh vwulfwo| qhjdwlyh dw R� ' f dqg R� ' fc +919,
krogv iru doo R� 5

�
fc

�

2

�
� Vxevwlwxwlqj wkh ydoxhv ri R� ' f dqg R� ' f/ zh �qg

wkdw wkh iroorzlqj lqhtxdolw| jxdudqwhhv wkdw +919, krogv=

@k� 	 2� +91:,

Ilqdoo|/ uhjduglqj +LLL,/ zh fdofxodwh wklv lqhtxdolw| lq whup ri sduw| E=

�@

�
r� � 2ER� �

�

2
�2 E� � k� s@

�

@

�
�

2
� R�

�
k�� �

:

2s@ E� � k�
�
�

2
� R�

�

k�
�

Vlpsoli|lqj/

s@ E� � k�

�
R� �

�

2

�
2

n
2s E� � k�

�
�

2
� R�

�

k�
	

�

2
� Kn k�S��

Qrwh wkdw li wklv lqhtxdolw| krogv zkhq S� ' f/ R� ' f dqg � ' 2

@k
c lw lv vdwlv�hg

lq jhqhudo1 Vxevwlwxwlqj wkhvh ydoxhv zh rewdlq wkdw

s 	
ek�

�
�

2
� K

�

E�� k� E@k�n e�
� +91;,

Ilqdoo|/ lw lv hdv| wr ghprqvwudwh wkdw +91;, dovr jxdudqwhhv wkdw wkh lqhtxdolw| ri
+LLL, h{suhvvhg lq whupv ri sduw| D dovr krogv1

Ohw xv �qdoo| vkrz wkdw frqglwlrqv +91:, dqg +91;, lpso| +918,= ohw � '
eE

�
2
3K�

�E�3k�@
c

wkhq/ +918, fdq eh h{suhvvhg dv s 	 ��

E| +91;, zh kdyh wkdw s 	 � �@k�

@k�ne
/ pruhryhu e| +91:, lw lv hdv| wr ghgxfh wkdw

�@k�

@k�ne
	 �c dqg frqvhtxhqwo|/ zh kdyh wkdw s 	 �1

9161 Suryhv ri Vhfwlrq 7

Surri ri Ohppd 716=

Vxssrvh wr wkh frqwudu| wkdw E��c ��� lv d srolwlfdo htxloleulxp zkhuh E�Jc �J� 5
- E��c ���1 Vlqfh - E��c��� pd| frqwdlq rqh ru pruh dowhuqdwlyhv/ zh frqvlghu

wzr fdvhv=
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Fdvh 4= r� E- E��c ���� 9
�

2
n K1

Ohw xv gh�qh wkh iroorzlqj frqwudfw sursrvdo � �

�
c

� �

�
5 @h}4@ 

��M�

r� E��c �J�

v1w1 ` E��c �J� A` E�
J
c �

J
� n 0

zlwk 0 : f dqg forvh hqrxjk wr 31 Iurp Ohppd 61;/ � �

�
lv ihdvleoh dqg vdwlv�hv wkdw

R E� �

�
c �J� ' Z6� E| Dvvxpswlrq 5/ wkh vorsh ri wkh lqgl�huhqw fxuyh` hydoxdwhg

dw �� ' �
J
dqg �� ' �Jc lv vwhhshu wkdq wkh vorsh ri wkh lvryrwh fxuyh r�

hydoxdwhg dw wkh vdph srlqw/ r� E� �

�
c�J� :

�

2
n K� Vlqfh - E� �

�
c��� ' iE� �

�
c�J�j

dqg r� E- E� �

�
c���� : r� E- E��c ���� zh rewdlq wkdw �� lv qrw d ehvw uhvsrqvh

wr ��1

Fdvh 5= zkhq r� E- E��c ���� :
�

2
n K�

Lw lpsolhv wkdw r� E- E��c ���� 	
�

2
n K� Wkhq/ wkh vdph dujxphqw ghvfulehg lq

Fdvh 4/ qrz lq whupv ri sduw| E/ ohdgv wr d frqwudglfwlrq1 T1H1G1

Surri ri Ohppd 717=

Vxssrvh wr wkh frqwudu| wkdw E��c ��� lv d srolwlfdo htxloleulxp zkhuh E��c ��� 5
- E��c ��� � Zh frqvlghu wkh iroorzlqj irxu fdvhv=

Fdvh 4= r� E- E��c ���� 9
�

2
n K dqg r� E�Jc ��� 	 �

2
� K�

Frqvlghu wkh frqwudfw sursrvdo � �

�
' �J1 Vlqfh E�

J
c ��� ehorqjv wr d orzhu

lvryrwh fxuyh wkdq E�
J
c �

J
� c iurp Dvvxpswlrq 5/ zh kdyh wkdw ` E�

J
c ��� :

` E�Jc �J�1 Frqvhtxhqwo|/ - E� �

�
c��� ' iE�

J
c ���j dqg vlqfh r� E�Jc ��� 9 �

2
nKc

r� E- E� �

�
c ���� : r� E- E��c���� zklfk lv d frqwudglfwlrq1

Fdvh 5= r� E- E��c ���� 9
�

2
n K dqg r� E�Jc ��� A �

2
� K�

Frqvlghu wkhq/ wkh frqwudfw sursrvdo � �

�
' ES�

�
c R

�

�
� zkhuh S

�

�
' S��0 +zlwk 0 : f

dqg forvh hqrxjk wr 3, dqg R�

�
vdwlvi|lqj wkdw

R E� �

�
c �J� ' R E�Jc ��� � +91<,

Dvvxpswlrq 5 uhtxluhv wkdw YRE��c�J�
YR�

: f dqg vlqfh iru hyhu| frqwudfw sursrvdo �

zh kdyh wkdw sduw| D rewdlqv pruh yrwhv/ l1h1/ r� E�c �J� : r� E�Jc �� wkhq/ e|
+516,/ zh kdyh wkdw +91<, rqo| vdwlv�hv li R�

�
: R��Frqvhtxhqwo|/ vlqfh r� E�

J
c ��� A

�

2
� Kc

r� E� �

�
c �J� :

�

2
n K� +9143,

5:



Dqg vlqfh r� E� �

�
c ��� '

�

2
nKnE�� k� s@

�
ER� �

�

2
�2 � ER�

�
�

�

2
�2
�
nk� ES�

�
� S��

zkhuh wkh whup lq vtxduh eudfnhwv lv srvlwlyh dqg S
�

�
� S� * fc zh ghgxfh wkdw

r� E� �

�
c��� : �

2
n K� +9144,

E| +91<, dqg vlqfh S
�

�
' S� � 0c zh kdyh wkdw

` E� �

�
c�J� : ` E�Jc��� � +9145,

Vxssrvh wkdw` E�Jc�J� 9 4@ i` E� �

�
c��� c` E� �

�
c �J�j c lq wklv fdvh e| +9143,

wurxjk +9145,/r� E- E� �

�
c ���� :

�

2
n Kc dqg wkxv/ �� lv qrw d ehvw uhvsrqvh zklfk

lv d frqwudglfwlrq1

Vxssrvh vhfrqg wkdw ` E�
J
c �

J
� : 4@ i` E� �

�
c��� c` E� �

�
c �J�j c wkxv +9145,

lpsolhv wkdw - E� �

�
c ��� ' iE�

J
c �

J
�j � Wkhq/ frqvlghu wkh iroorzlqj frqwudfw sur0

srvdo � ��

�

�
��

�
5 @h}4@ 

��M�

r� E��c �J�

v1w1 ` E��c �J� A` E�Jc �J� n 0

+zkhuh 0 : f dqg forvh hqrxjk wr 3,1 E| Ohppd 61;/ � ��

�
lv xqltxh dqg ihdvleoh

dqg e| Dvvxpswlrq 5 zh kdyh wkdw r� E� ��

�
c �J� : r� E�Jc �J� � Vlqfh - E� ��

�
c��� '

iE� ��

�
c�J�j dqg r� E- E� ��

�
c ���� :

�

2
n Kc �� lv qrw d ehvw uhvsrqvh zklfk lv d

frqwudglfwlrq1

Fdvh 6= r� E- E��c ���� :
�

2
n K dqg r� E��c�J� 9

�

2
n K�

Zh kdyh wkhq wkdw/ r� E- E��c ���� 	
�

2
� K� E| wkh vdph dujxphqw wkdq lq wkh

Fdvh 4/ qrz lq whupv ri sduw| E/ zh uhdfk d frqwudglfwlrq1

Fdvh 7= r� E- E��c ���� :
�

2
n K dqg r� E��c�J� :

�

2
n K�

Zh glvwlqjxlvk wzr vxefdvhv=

Fdvh 714= r� E- E��c ���� : r� E��c �J� �
Wklv lpsolhv wkdw r� E- E��c ���� 	 r� E��c �J� 	

�

2
� K� Dqg vlqfh iru �

�

�
' �Jc

zh kdyh wkdw - E��c � �

�
� lv hlwkhu E��c �J� ru E�Jc �J� ru erwk/ zh rewdlq wkhq

wkdw r� E- E��c � �

�
�� : r� E- E��c ���� � Frqvhtxhqwo|/ �� lv qrw d ehvw uhvsrqvh

wr �� zklfk lv d frqwudglfwlrq1

Fdvh 715= r� E- E��c ���� 9 r� E��c�J� dqg ` E��c ��� : ` E�Jc ��� �
Frqvlghu wkhq/ wkh frqwudfw sursrvdo � �

�
' ES�

�
c R

�

�
� zkhuh S

�

�
' S�c dqg R

�

�
vdwlv�hv

wkdw

` E� �

�
c ��� ' 4@ i` E�Jc��� c` E�Jc �J�jn 0

+zlwk 0 : f dqg forvh hqrxjk wr 3,1 Vlqfh e| Dvvxpswlrq 5 zh kdyh wkdw
Y` E��c���

YR�
	 f/ R

�

�
: R� dqg vlqfh ` lv frqwlqxrxv lq R�c �

�

�
lv ihdvleoh1 Wkxv/

5;



- E� �

�
c��� lv hlwkhu E� �

�
c��� ru E� �

�
c�J� ru erwk vr wkdw r� E- E� �

�
c���� :

r� E- E��c ���� c zklfk frqwudglfwv wkdw �� lv d ehvw uhvsrqvh wr ��1

Fdvh 716= r� E- E��c ���� 9 r� E��c�J� dqg ` E��c ��� ' ` E�Jc ��� �
Frqvlghu wkhq wkh frqwudfw sursrvdo � �

�

� �

�
5 @h} 4@ 

��

r� E�Jc ���

v1w1 ` E�Jc ��� A �̀

zkhuh �̀ ' ` E�Jc���n0czlwk 0 : f dqg forvh hqrxjk wr 31 Vlqfh r� E- E��c ���� 9
r� E��c �J� dqg r� E��c �J� : �

2
n Kc zh kdyh wkdw r� E�Jc ��� A �

2
� K� Wklv

lpsolhv wkdw � �

�
lv ihdvleoh1 Dqg e| Ohppd 61;/ zh nqrz wkdw � �

�
vdwlv�hv

wkdw R E�Jc �
�

�
� ' Z61 Khqfh/ - E��c �

�

�
� ' iE�Jc�

�

�
�j +qrwh wkdw E��c��� 5

- E��c ��� lpsolhv wkdw ` E��c �J� 9 ` E��c ��� dqg vlqfh zh vxssrvh wkdw

` E��c��� ' ` E�Jc ���/ iurp wkh uhvwulfwlrq ri wkh pd{lpl}dwlrq sureohp

E��c�J� *5 - E��c�
�

�
��1 Pruhryhu/ vlqfh E��c ��� 5 - E��c ��� c zh kdyh wkdw

R E�
J
c ��� : Z6c dqg wkhq/ iru 0 vx!flhqwo| vpdoo dqg e| Dvvxpswlrq 5/ zh

rewdlq wkdw r� E�
J
c ��� 	 r� E�Jc �

�

�
� � Wkxv/ r� E- E��c�

�

�
�� : �

2
� Kc dqg vr

r� E- E��c � �

�
�� : r� E- E��c ����/ d frqwudglfwlrq1 T1H1G1

Surri ri Ohppd 718=

Vxssrvh wr wkh frqwudu| wkdw wkhuh lv d srolwlfdo htxloleulxp E� �

�
c � �

�
� dqg E� �

�
c�J� 5

- E� �

�
c� �

�
� c R E� �

�
c�J� 9' Z

6
1

Ohw 	�� wkh mxvw0frpshqvdwlqj frqwudfw iru sduw| D1 Dffruglqj wr wkh uhvwulf0

wlrq ri wkh pd{lpl}dwlrq sureohp lq Ohppd 61;/ zh glvwlqjxlvk wzr fdvhv=

Fdvh 4= ` E� �

�
c �J� 9 `

�
	��c�J

�
�

Frqvlghu wkhq/ wkh frqwudfw sursrvdo � ��

�

� ��

�
5 @h}4@ 

��M�

r� E��c �J�

v1w1 ` E��c �J� A` E� �

�
c�J�

+9146,

E| Ohppd 61;/ � ��

�
lv ihdvleoh dqg vdwlv�hv wkdw R E� ��

�
c �J� ' Z6c wklv lpsolhv wkdw

� ��

�
9' � �

�
dqg vr r� E� �

�
c�J� : r� E� �

�
c �J�1 E| wkh uhvwulfwlrq ri wkh sureohp

+9146,/ zh nqrz wkdw` E� �

�
c�J� ' ` E� ��

�
c�J� c dqg vlqfh E� �

�
c�J� 5 - E� �

�
c� �

�
� c

zh kdyh wkdw E� ��

�
c�J� 5 - E� ��

�
c� �

�
� � Frqvhtxhqwo| dqg vlqfh r� E� �

�
c�J� :

r� E� �

�
c �J� c zh rewdlq wkdw r� E- E� ��

�
c� �

�
�� : r� E- E� �

�
c � �

�
�� � Exw wklv frq0

wudglfwv wkdw � �

�
lv d ehvw uhvsrqvh wr � �

�
�

5<



Fdvh 5= ` E� �

�
c�J� : `

�
	��c �J

�
�

+Qrwh wkdw lq wklv fdvh zh fdq qrw dsso| Ohppd 61;/ vlqfh wkh vroxwlrq wr
sureohp +9146, pd| qrw eh ihdvleoh1,
E| Dvvxpswlrq 5/ wkh vorshv ri wkh lqwhuhvw jurxs* lqgl�huhqw fxuyhv hydoxdwhg dw�
	��c �J

�
duh vwhsshu wkdq wkh vorsh ri wkh lvryrwh fxuyhv hydoxdwhg dw

�
	��c�J

�
c

zh kdyh wkdw ` E� �

�
c �J� : `

�
	��c �J

�
� Wklv lpsolhv wkdw

r� E� �

�
c�J� 	

�

2
n K +9147,

Zh glvwlqjxlvk wzr vxefdvhv=

Fdvh 514= ` E�
J
c� �

�
� A `

�
	��c�J

�
�

Wkhq/ e| Dvvxpswlrq 5/ zh kdyh wkdw r� E�Jc�
�

�
� 	 �

2
� K� Wklv lpsolhv wkdw

r� E�Jc �
�

�
� : �

2
n K� +9148,

Dqg vlqfh - E� �

�
c� �

�
� lv hlwkhu iE� �

�
c�J�j ru iE� �

�
c�J� c E�Jc�

�

�
�j Eqrwh wkdw

e| Ohppd 716 dqg 717 lq htxloleulxp qhlwkhu E�Jc �J� qru E� �

�
c� �

�
� ehorqjv wr

- E��c ���,/ wkhq/ e| +9148, dqg +9147,/ zh kdyh wkdw

r� E�
J
c � �

�
� : r� E- E� �

�
c � �

�
�� � +9149,

Wdnh wkhq/ � ��

�
' �

J
� Dqg qrwh wkdw - E� ��

�
c� �

�
� ' iE�

J
c � �

�
�j � Frqvhtxhqwo| dqg

iurp +9149,/ r� E- E� ��

�
c � �

�
�� : r� E- E� �

�
c � �

�
�� dqg vr/ � �

�
lv qrw d ehvw uhvsrqvh

wr � �

�
zklfk lv d frqwudglfwlrq1

Fdvh 515= ` E�Jc �
�

�
� 	 `

�
	��c �J

�
�

Lw lpsolhv wkdw` E�Jc �
�

�
� 	 ` E� �

�
c �J� � Frqvlghu wkhq/ wkh frqwudfw sursrvdo

� ��

�
zkhuh

�
��

�
5 @h} 4@ 

��

r� E��c�J�

v1w1 ` E��c �J� A ` E�Jc �
�

�
�n 0

+914:,

zlwk 0 : f dqg forvh hqrxjk wr 31 Vlqfh ` E�
J
c� �

�
� 	 `

�
	��c�J

�
c e| Ohppd

61;/ zh nqrz wkdw � ��

�
lv ihdvleoh dqg R E� ��

�
c�J� ' Z6 +dqg vr/ � ��

�
9' � �

�
�� Dqg vlqfh

�
�

�
dovr vdwlv�hv wkh uhvwulfwlrq ri wkh sureohp +914:, dqg � ��

�
9' � �

�
/ zh kdyh wkdw

� �

�
grhv qrw pd{lpl}hv r� dqg vr/ r� E� ��

�
c�J� : r� E� �

�
c �J� � Ilqdoo|/ vlqfh 0 : fc

zh kdyh wkdw- E� ��

�
c� �

�
� ' iE� ��

�
c�J�j c dqg vr r� E- E� ��

�
c� �

�
�� : r� E- E� �

�
c � �

�
��1

63



Lw lpsolhv wkdw � �

�
fdq qrw eh d ehvw uhvsrqvh wr � �

�
dqg lw lv d frqwudglfwlrq1

T1H1G1

Surri ri Wkhruhp 719=

Vxssrvh wr wkh frqwudu| wkdw wkhuh lv d srolwlfdo htxloleulxp E��c��� dqg

E��c ��� 9' E�W

�
c�W

�
�1

Vlqfh e| Sursrvlwlrq 714/ wkh v|vwhp ri htxdwlrqv 7 kdv d xqltxh vroxwlrq/

zh nqrz wkdw E��c��� fdq qrw eh d vroxwlrq wr wkh v|vwhp 7� Frqvhtxhqwo|/ zh

glvwlqjxlvk wkuhh fdvhv=

Fdvh 4= E��c ��� grhv qrw vdwlv�hv htxdwlrq +6, ri v|vwhp 71

Wkhq/ R E��c �J� 9' Z6 ru R E�Jc ��� 9' Z61

Fdvh 414= R E��c�J� 9' Z6 dqg R E�Jc ��� 9' Z6�

Wkhq/ e| Ohppdv 716 dqg 717/ zh kdyh wkdw E�
J
c�

J
� *5 - E��c ��� dqg

E��c ��� *5 - E��c��� � Dqg e| Ohppd 718/ zh kdyh wkdw E��c�J� *5 - E��c ���
dqg E�Jc ��� *5 - E��c��� � Frqvhtxhqwo|/ - E��c ��� ' > zklfk lv d frqwudglf0

wlrq1

Fdvh 415= R E��c �J� 9' Z6 dqg R E�Jc ��� ' Z6�

Wkhq/ e| Ohppdv 716/ 717 dqg 718/ zh kdyh wkdw - E��c ��� ' iE�
J
c ���j �

Wklv lpsolhv wkdw ` E�
J
c ��� : 4@ i` E��c �J� c` E�Jc �J�j �

Vlqfh R E�
J
c ��� ' Z6 lv frqwlqxrxv lq S� dqg R� c wkhuh lv � �

�
' ES�

�
c R

�

�
� vxfk

wkdw R E�Jc�
�

�
� ' Z6 dqg

` E�
J
c ��� : ` E�Jc �

�

�
� : 4@ i` E��c �J� c` E�Jc �J�j � +914;,

E| Dvvxpswlrq 5/ lq ES�c R�� wkh vorsh ri wkh ixqfwlrq R E�Jc ��� ' Z6 lv vwulfwo|
srvlwlyh1 Wkhq/ iurp +914;,/ zh frpsduh �� dqg � �

�
dqg zh kdyh wkdw S

�

�
: S�

dqg R�

�
: R�� Wkxv/ vlqfh wkh ixqfwlrq r� lv vwulfwo| lqfuhdvlqj lq S� dqg R�c

r� E�Jc �
�

�
� : r� E�Jc ��� � +914<,

Ilqdoo|/ iurp +914;, dqg wkh idfw wkdw R E�
J
c� �

�
� ' Z6c zh nqrz wkdw - E��c �

�

�
� '

iE�
J
c � �

�
�j1 Khqfh/ e| +914<,/ �� fdq qrw eh d ehvw uhvsrqvh wr ��/ zklfk lv d

frqwudglfwlrq1

Fdvh 416= R E��c �J� ' Z6 dqg R E�Jc ��� 9' Z6�

Wkhq/ e| wkh vdph dujxphqw dv lq Fdvh 415/ qrz lq whupv ri sduw| D/ zh uhdfk

d frqwudglfwlrq1

Frqvhtxhqwo|/ E��c��� pxvw vdwlvi| htxdwlrq +6, ri v|vwhp 71

Fdvh 5= E��c ��� grhv qrw vdwlvi| htxdwlrq +4, ri v|vwhp 71
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Wkhq/ hlwkhu ` E��c�J� : ` E�Jc��� ru ` E��c �J� 	 ` E�Jc ��� zklfk e|

Ohppdv 716 dqg 717/ lpsolhv wkdw - E��c��� ' iE��c�J�j iru wkh �uvw fdvh/ dqg

- E��c ��� ' iE�Jc ���j iru wkh vhfrqg fdvh1

Vxssrvh �uvw wkdw - E��c��� ' iE�Jc ���j c l1h1/ ` E��c �J� 	 ` E�Jc��� �
Lq wkh deryh Fdvh 4/ zh douhdg| vkrzhg wkdw R E�Jc ��� ' Z6� Wkhq/ wkh vdph

dujxphqw dv lq Fdvh 415 fdq eh xvhg wr rewdlq d frqwudglfwlrq1

Vxssrvh vhfrqg wkdw - E��c��� ' iE��c �J�j �

Wklv fdvh lv vlplodu wr wkh rqh lq Fdvh 416/ dqg vr/ xvlqj wkh vdph dujxphqw

dv lq 416/ zh uhdfk d frqwudglfwlrq1

Frqvhtxhqwo|/ E��c��� vdwlv�hv htxdwlrq +4, ri v|vwhp 7 vr wkdw` E��c �J� '
` E�Jc ��� � Wklv htxdolw| dqg Ohppdv 716 dqg 717 lpso| wkdw

- E��c��� ' iE��c�J� c E�Jc���j � +9153,

Lq Fdvh 6/ zh wdnh lqwr dffrxqw h{suhvvlrq +9153,1
Fdvh 6= E��c ��� grhv qrw vdwlvi| htxdwlrq +5, ri v|vwhp 71

Wkhq/ hlwkhu r� E��c �J� : r� E�Jc ��� ru r� E��c �J� 	 r� E�Jc ���
Vxssrvh �uvw wkdw r� E��c �J� : r� E�Jc ��� �
Vlqfh wkh ixqfwlrq ` lv frqwlqxrxv lq S� dqg e| Dvvxpswlrq 5/ Y`

YS�
	 f/ zh

fdq gh�qh d frqwudfw sursrvdo � �

�
' ES�

�
c R

�

�
� zkhuh S

�

�
	 S�/ R

�

�
' R� dqg

` E� �

�
c�J� ' ` E�Jc ��� n 0 +9154,

+zkhuh 0 : f dqg forvh hqrxjk wr 3,1
Vlqfh/ iurp Fdvh 4/ zh nqrz wkdw R E�Jc��� ' Z6c zh kdyh E� �

�
c��� *5

- E� �

�
c��� � Pruhryhu/ iru 0 vx!flhqwo| vpdoo/ E�Jc �J� *5 - E� �

�
c��� � Wkhq/ e|

+9153, dqg +9154, zh rewdlq wkdw- E� �

�
c��� ' iE� �

�
c�J�j dqg vr/ r� E- E� �

�
c ���� :

r� E- E��c ���� � Frqvhtxhqwo|/ �� lv qrw d ehvw uhvsrqvh wr ��c zklfk lv d frq0

wudglfwlrq1

Vxssrvh vhfrqg wkdw r� E��c �J� 	 r� E�Jc ���1
Frqvlghu wkhq/ wkh frqwudfw sursrvdo� �

�
' �J1 E| +9153,/ zh kdyh- E� �

�
c��� '

iE�Jc ���j dqg vr/ r� E- E� �

�
c���� : r� E- E��c ���� � Frqvhtxhqwo|/ �� lv qrw d

ehvw uhvsrqvh wr ��c zklfk lv d frqwudglfwlrq1 T1H1G1
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:1 Uhihuhqfhv

0 D1 Dohvlqd dqg K1 Urvhqwkdo +4<<8,/ �Sduwlvdq Srolwlfv/ Glylghg Jryhuqphqw
dqg wkh Hfrqrp|�/ Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
0 D1 Dohvlqd dqg K1 Urvhqwkdo +4<<9,/ �D Wkhru| ri Glylghg Jryhuqphqw�/ Hfrqr0
phwulfd/ 97/ 4644046741
0 G1 Dxvwhq0Vplwk +4<;<,/ �Vlqfhuh Yrwlqj lq Prghov ri Ohjlvodwlyh Hohfwlrqv�/
Vrfldo Fkrlfh dqg Zhoiduh/ 9/ 5;:05<<1
0 G1 Dxvwhq0Vplwk dqg M1 Edqnv +4<;;,/ �Hohfwlrqv/ Frdolwlrqv dqg Ohjlvodwlyh
Rxwfrphv�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;5/ 73807551
0 G1 S1 Edurq +4<<7,/ �Hohfwrudo Frpshwlwlrq Zlwk Lqiruphg dqg Xqlqiruphg
Yrwhuv�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;;/ 6607:1
0 E1 G1 Ehuqkhlp dqg P1 G1 Zklqvwrq +4<;9,/ �Phqx Dxfwlrqv/ Uhvrxufh Door0
fdwlrq dqg Hfrqrplf Lq xhqfh�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 434/ 40641
0 D1 Jhuehu dqg L1 Ruwxôr0Ruwðq +4<<;,/ �Srolwlfdo Frpsurplvh dqg Hqgrjhqrxv
Irupdwlrq ri Frdolwlrqv�/ Vrfldo Fkrlfh dqg Zhoiduh/ 48/ 77807871
0 J1 P1 Jurvvpdq dqg H1 Khospdq +4<<7,/ �Surwhfwlrq iru Vdoh�/ Dphulfdq Hfr0

qrplf Uhylhz/ ;7/ ;660;831
0 J1 P1 Jurvvpdq dqg H1 Khospdq +4<<9d,/ �Hohfwrudo Frpshwlwlrq dqg Vshfldo
Lqwhuhvw Srolwlfv�/ Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 59805;91
0 J1 P1 Jurvvpdq dqg H1 Khospdq +4<<9e,/ �Hohfwrudo Frpshwlwlrq zlwk Srolf|
Frpsurplvh� Wkh Irughu Lqvwlwxwh Iru Hfrqrplf Uhvhdufk/ zrunlqj sdshu q1 430
<91 Who0Dyly Xqlyhuvlw|1
0 O1 O1 Odqjehlq +4<<6,/ �SDFv/ oreelhv dqg srolwlfdo frq lfw= Wkh fdvh ri jxq
frqwuro�/ Sxeolf Fkrlfh/ ::/ 88408:51
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