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RESUMEN

En este articulo una solucién analitica de un guia de onda con un nucleo circular y del revestimiento ilimitado en la
proximidad a un medio espacio dieléctrico se presenta. Este modelo se aplica a la fibra tipo D en proximidad cerrada a
un plano. Los resultados explican las caracteristicas de la birrefringencia de estas estructuras.

Los graficos de algunos parametros de la fibra se calculan en funcién de la frecuencia espacial normalizada.

Palabras clave: Fibra tipo D, formulacién hibrida, modos TE y TM, estados de polarizacién Y y X del modo fundamental,

teorema de la dualidad.

ABSTRACT

In this paper an analytical solution of a waveguide with a circular core and unbounded cladding in the proximity to a
dielectric halfspace is presented. This model is applied to D-shaped fiber in closed proximity to a plane. The results

account for the birefringence properties of these structures.

Graphics of some parameters of the fiber are calculated as a function of the normalized spatial frequency.

Keywords: D-shaped fiber, hybrid formulation, TE and TM modes, polarization-states Y and X of fundamental mode,

duality theorem.
INTRODUCTION

The analytical solution of optical waveguide is generally
a very complex problem. There is a great number of
known solutions for relatively simple structures such as
the circular and elliptical waveguide, and also for some
refractive-index profiles, such as step and graded profiles
[1]. The analysis of D-shaped fibers is complex. It is
described in detail [2] by vector normal modes.

In this paper, we develop a new methodology suitable to
analyze the two polarization states of the fundamental
modes of the polished-optical fibers, as shown in Fig.1.
The birefringence properties of these structures are
shown. It is also shown that theses modes approach the
properties of TE and TM modes, respectively.

The analysis is done by the hybrid-formulation. The
longitudinal components are calculated by Helmhotz
equations in generally regions. It is assumed that the

permeability and the permittivity of each region are
different.

The analysis is developed in two Cartesian coordinate
systems: the rectangular and cylindrical polar coordinates.
The procedure for connecting the corresponding field
expressions in both coordinate systems is the same
as used by [2], [3]. The field components, which are
expressed in both systems, are matched in the plane
interface.

A system of equations in matrix form is obtained in such
a way that relates the longitudinal field components. This
matrix is called the equivalent scattering-matrix.

This procedure yields a general formulation which
is suitable to obtain orthogonal polarization of the
fundamental mode.

By considering the relative permeability as one value
the formulation provides the TE-mode solution. By
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applying the duality theorem in the general expression
and in the equivalent scattering-matrix, the formulation
now provides the TM-mode solution.

Thus, the two polarization states of the polished-
optical fiber can be modeled by just using one system
formulation.

The theory is verified by plotting the effective-index and
the core phase-transversal parameter as function of the
normalized-spatial frequency.

The raising of the fiber birefringence was verified by
plotting the core phase parameters of both polarization
states, at V=23, as function of normalized distance
between the core and the plane interface.

MATHEMATICAL MODEL

An implicit time dependence ¢/ is assumed.
The waveguide is uniform and only forward wave
propagations are considered.

The longitudinal component equations of the electric and
magnetic fields are not coupled in regions of constant
index. With these assumptions the following pair of
equations are obtained:

[Vf +(k2n2 -B? )]Ez =0

(V2 + (e =) [ =0 M
The transversal components are obtained by Hybrid-
formulation [1].
A. Fields in the core and cladding
In the core, the polarization state-y (TE-modes) consists

of superposition of the normal modes expressed by polar
coordinate system as follows:

e, =Y AJ (UR)sen(nb)

h, = i B J (UR)cos(n®) (2)

In the cladding, the corresponding solutions are given by

e, = i[CﬂKn (WR)+ D, I (WR) |sen(nf)

h, = i[Eﬂ K, (UR)+ F,I,(UR) |cos(n®)
()

where: A, B, C,, D, E,, F, are constants to be
determined, J, K, I, are Bessel functions of order n,
R is the normalized radial coordinate (R = r/a), and
U, W are the normalized modal parameters, which are
defined as:

U =a(K12 —[32 )1/2
12 12 “4)
W=a(p-K3) =(v2-1?)

In these equations V is the normalized spatial frequency.
The polarization state-X (TM-modes) is obtained
interchanging the sine and cosine functions in (2) and (3).

B. Planar Representation of the Cladding Fields

As the fields in the halfspace are expanded in terms
of continuum plane waves, the representations of the
cladding fields by Fourier-Bessel expansion are not
appropriate. We used the same approach of [2], [3] to
overcome this difficulty.

The cladding fields on the neighborhood of the interface
are expanded in rectangular coordinate system by
superposition of plane waves:

_ -o(X-D) o(X+D) —jYv
e, = j[lee +0,e ]e dv

f (X-D) (x+D) | —j¥ ©)
—o(X- o(X+ —jYv
h, = I[Rve +8,e Je Vv

—oc0

where X =(x/a), Y =(y/a) are the normalized coordinates.
The normalized modal parameter satisfy:

0'2:v2+a2(ﬂ2—K22):(v2+W2) (6)
The equivalent terms in (3) and (5) are expressed by two
set of equations.
The first set links (Q,, S,) to (D, F,,)

anln(VVR) sen(n@) = I QVQU(X*D)e*/YvdV

n=o —oo

- w _ @)
> F, I, (WR)cos(m®) = [ S,e”* e ™ ay

m=o0 —oo

The second set links (P,, R)) to (C,, E,)-
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ZCnKn(WR)sen(ne) - J‘RIeiG(X?D)einVdV
> i | (8)
S E, K, (WR)cos(md) = [ R, e dy

m=o —oo

It is possible to solve (7) and (8) by appropriate relations
of Bessel functions integrals [2]-[3]. The equation
coefficients of (7) and (8) are express by:

e, F, =2 S,e" cosh(mg)dv

m- m

—oo

D =2 jj 0,e™°” sinh(ng)dv

6D o 9)
> = Y C, sinh(ng)
26 o "
e—cD oo
R = E cosh(m
v 26 Z m ( g)

m=1

where: €, =21fm =0, g, = 1 otherwise
g =cosh'(6/W)

C. Field in the halfspace

The normalized modal parameters satisfy the separation
variable equations

=V’ +a2([32—K32)
for X > D.

As (7, v) are continuous variables in this region, the
expressions for (e,, h;) consist of superposition of
continuum plane waves:

e, = _[ Gve_jyve_T(X'D)dv
:° (10)
h, = J‘HveijvefT(XfD)dV

—oo

where G, and H, are the v functions to be determined.

The representations (10) of the fields are applicable to
both polarizations. The transverse field components,
in rectangular system, are given by hybrid formulation

[1].
D. Equivalent scattering parameters

The set of coefficients (P, , Q,, R,, S,, G,, H,) can be

expressed by matching the fields tangential components
on the planar interface. This leads to the equivalent
scattering matrix.

0, {Snm jsu(v)}[a) a
S, ) L8, S, &y

The term equivalent is used to emphasize that the
fields are not power orthonormalized. The (Q,, S,) and
(P,,R,) parameters are respectively the coefficients of the
reflected and incident waves on the planar interface.

The generalized equivalent scattering matrix parameters
are:

5,0)= [(o0,,0} 0,01 Xm0} +mi)) o]

Slz(v)=l|:2nff\/EYUGVm2Q3V3)Z] (12)
Syv)=— |:2ne/ \/I WOV, (O j|

S,(v) :;[(cmjgf —mI0} o, ,0; +T,,0)+0 |

where Y =[(01,,Q;%+11,,Q,?)(0M,*Q:*+;?Q,%)-a]
o= (Mg V3% ) Mg Mer Mep)2 =B/ K,
V3 :aKo( n32 ur3 'n22 I'LrZ)l/2 Z0 =120m

DUALITY THEOREM APPLICATION

Both polarization states of the fundamental mode are
obtained by (12).

The equivalent scattering-matrix parameters related to
polarization state-Y or TE, as described by (2) and (3), is
obtained by doing: L ; =, =W ;3= U= 1in (12).

The other polarization state, the TM approach formulation
or state-X, is obtained by applying the duality theorem
in (12), and also by considering the new relative
permeability values equal to one.

EIGENVALUE EQUATIONS

In this section, the general eigenvalue matrix of the
polished-optical fiber with reduction of the index profile
in the cladding is derived.

We express the cladding coefficients (3) in terms of the
core coefficients (2). This is obtained by considering the
continuity of the polar tangential components across the
core/cladding interface, as follows:
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Cn (Jn[r: +(X'1Jn’1n) _(nG'ZJnIn)
D, | 1|-(J,K +o,JK,) (no,J K, A
E |7y , , (13)
v —(nega ) (7,10 +a,J1) |\ B,
F, (no,J K,) ~(J,K +a,J/K,)
o i Vg My
L oUnjn, UL, (g
V|1, w
T T

The continuity of the tangential components across the
interface-plane, in rectangular system, is expressed by:

Qy=7e(0) XC,sinh(mg)S;;(V)+ je(0)X E,, cosh(mg)S,;,(v)

(15)
S,=-e(0)2C,,sinh(mg)S,,(v) + e(c)Z E,, cosh(mg)S,,(V)
(16)
where: S (v) Lk = 1, 2 are given by (12)
C,, , E,, are expressed by (13)
g = cosh'(6/W), and
D = ZjJ 0,e°” senh(mg)dv
- (17)
e, F, =2 S,e” cosh(mg)dv
where:
e(0)=e°P/c (18)

If (15) is multiplied to sinh(mg), (16) is multiplied to
cosh(mg) and both are integrated on v variable, then, the
respective terms of the resulting equations are substituted
by (13) and (17).

The final results corresponding to the general eigenvalue
matrix in terms of the core expansion coefficients is as

o] Do)

where: [M!X] are the matrix defined by
n=0,1,2,3

Mnmllzgn(Jn I<n,+0(4 Jn’I<n) + 2:0 (TAmSnm11 +TBmsnmlz)
Mnm21:(n(x2 Jn Kn)snm+ z (TArnSnm21 +TBmSnm22)
m=0

n=1,23,4

m=1 o

Mnmzzzgn(‘]n Kn,+a4 Jn,Kn) + InE:‘() (TCmSl’lm22 +TDmSnm21)

19)
TA, =1, 1, +o, ). I, TB,=mo,J, I
TCp=July tou I 1, TD,=moyJ, 1,
O, is the Kronecker delta function
[A] and [B] are infinite column vectors
o k=1,2,3,4 is given by (14).

The polarization state-Y eigenvalue matrix, also called
the equivalent TE-mode (h-mode) eingenvalue matrix,
is obtained by doing the permeability values equal to
one in (12) - (14) and (19).

The polarization state-X eigenvalue matrix, also known
by equivalent TM-mode (e-mode) is obtained by applying
the duality theorem in (12) — (14) and (19) and by
considering the new permeability values equal to one.

The scattering parameters of the both polarization states
are:

St (h) =] Sh,(v) cpsh(ng) cpsh(mg) e(o) dv
S22 (e) =] Sh,,(v) sinh(ng) sinh(mg) e(c) dv
Sz (h) =] Sh, (v) sinh(ng) cosh(mg) e(c) dv  (20)
S2 () =] S",(v) sinh(ng) cosh(mg) e(c) dv
§2 (h) =/ Sh,(v) sinh(ng) sinh(mg) e(c) dv
S!(e)=/Sh,,(v) cosh(ng) cosh(mg) e(c) dv

where e(0) is given by (18) and the integration limits
are (-oo, o),
RESULTS

In this section, various results obtained from the theory
developed here are presented.

The integration of the set of equations in (20) is done
on g-plane. Therefore the following transformations
are used:

cosh(g) = o/W, sinh(g) = wW, dv = Wcosh(g)dg
The numerical calculations were performed by using

standard library subroutines of Visual Fortran 77 for
Bessel functions, matrices and determinants.
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The waveguide geometry of the analysed polished-
optical fiber is shown in figure 1. The cross-section
shows the radius “a” of the circular core and “d” is the
halfspace distance from the core. m; = 1447, n, =
I,m; = 14, A=13 um, a=4.95um.

Figure 2 shows the n variation versus normalized
frequency “V”. In figure 3 we can see a slice of this
result in detail. It can also be seen the birefringence
characteristic of the two polarization states.

Figure 4 shows the core transversal phase parameter
“U” variation versus normalized frequency. In figure 5
a slice of the figure 4 is presented in detail.

The two normalized modal parameters “U” of the
respective orthogonal polarizations are plotted in figure
6 for V=23 in terms of the core / halfspace normalized
separation “D”. We verify that the birefringence becomes
apparent only for “D” very close to core contact (D = 1).
The solid lines correspond to the polarization state-X and
the dashed line to the polarization state-Y.

The U values in figure 6 have been compared with those
calculated by [2]. Agreement is found to be better than
3%.
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Figure 2. The effective-index variation versus
normalized frequency V.
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Figure 1. Waveguide geometry.

The cross-section shows the radius “a” of the circular
core and “d” is the halfspace distance from the core.
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Figure 3. A graphic slice of the effective-index variation
versus normalized frequency V.
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Figure 4. The core transversal phase parameter U
variation versus normalized frequency.
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Figure 5. A graphic slice of the core transversal phase
parameter U variation versus normalized
frequency V.
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Figure 6. The two normalized modal parameters U of the respective orthogonal polarizations, for V = 23, in terms of
the normalized distance D. The solid lines correspond to the polarization state-X and the dashed line to the

polarization state-Y.

CONCLUSION

In this paper a new approach to model the polished fiber
waveguide is developed. This model corresponds to only
one set of equations which both polarization states of the
fundamental mode can be analyzed.

The results were compared to [2] and an error smaller
than 3% was obtained. Further verification with classical
numerical methods will be done in the near future.
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The D-shaped optical fiber is an optical element whose
analysis still offers a lot of practical results to be
obtained. Nowadays, the D-shaped fiber is considered
the essential component in several optical devices.
Its most common applications are as components of
sensors, filters, antennas and even in chemical devices
[4-12]. So, the studies about D-shaped fibers are very
promissory enterprises that promise to reveal several
useful applications.
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