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ABSTRACT

In this work we consider the operator J(®# associated with the three-term re-
currence relation for the Jacobi polynomials and we study some classical operators
in Harmonic Analysis in this context. Particularly, we are interested in the heat and
Poisson semigroups and in the maximal operators related to them, in the Riesz trans-
forms, and in the Littlewood-Paley-Stein gi-functions. We obtain weighted ¢P(N)-
inequalities for the heat and Poisson maximal operators and for the Riesz transforms
when 1 < p < 0o and o, > —1/2, and weighted weak inequalities in the case
p=1and o, 3 > —1/2. We give weighted ¢*(N)-estimates for the gy-functions when
l<p<ooand a,f > —1/2.

The method to prove these inequalities is based on the vector-valued Calderén-
Zygmund theory in spaces of homogeneous type.
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RESUMEN

En esta memoria consideramos el operador J(*#) asociado a la relacién de recu-
rrencia a tres términos de los polinomios de Jacobi y estudiamos varios operadores
clasicos del analisis armoénico en este contexto. En concreto estamos interesados en
los semigrupos del calor y de Poisson, que dan lugar al operador maximal del calor
y al operador maximal de Poisson, respectivamente, en las transformadas de Riesz y
en las gi-funciones de Littlewood-Paley-Stein. Para los operadores maximales y las
transformadas de Riesz se obtienen acotaciones de tipo fuerte en espacios ¢7(N) con
peso, 1 <p < ooy a,f > —1/2 y acotaciones de tipo débil con peso cuando p = 1
y a, 8 > —1/2. En el caso de las gg-funciones se presentan acotaciones de tipo fuerte
con peso en estos espacios para 1 <p < ooy «a,f > —1/2.

El método para probar estas acotaciones se basa en la teoria de Calderén-Zygmund
en espacios de tipo homogéneo para operadores con valores vectoriales.

ix






CHAPTER 1

INTRODUCTION

Harmonic Analysis is a very active and fruitful branch of Mathematics with many
applications to other branches and fields such as Partial Differential Equations, Er-
godic Theory, Group Theory, Number Theory, Probability Theory, Signal Processing,
and Quantum Physics. Historically, classical Harmonic Analysis was intimately con-
nected with Fourier Analysis. The beginnings of the story go back to some research
carried out by D. Bernoulli, J.-B. le Rond D’Alembert, J.-L. Lagrange, and L. Eu-
ler while trying to solve the vibrating string problem during the mid and late 17th
century. However, the landmark is the work Théorie analytique de la chaleur [23] by
J.-B. J. Fourier. There, Fourier formulates and solves the heat initial value problem
involving the heat equation

ou(z,t)  *u(x,t)
ot 022

which is a second order partial differential equation that describes the variation of
temperature in a region over time. To do so, he introduced an original technique
called Fourier’s method or the method of separation of variables where the key step
in the process was to assume that a periodic function f (the initial data) of period
say 1 can be represented by a trigonometric series of the form

(1.1) 3" Fk)er ke,

kEZ

The series in (I.1) is called the Fourier series (in its complex form) of the function f
and the coefficients f(k) are the so-called Fourier coefficients of f given by

1 )
Flk) = /0 e q ke

These notions are easily reformulated when the function f is no longer periodic.
In that case, we have the so-called Fourier integral

L, f@emeae,
R

where now the Fourier transform of f is defined by

n o —2mix-€
f&) = [ f@e < dr.
The central problem in Fourier Analysis is to study when and in what sense

the Fourier series (equivalently, the Fourier integral) of a function converges to the
function which represents. Most of the efforts in classical Harmonic Analysis focused

1



I. INTRODUCTION

on investigating this representation and led the research on this topic until the mid-
19th century.

Fourier Analysis was initially in close connection with Complex Analysis and
boundary values of analytic functions. Some operators can be studied naturally in
this context. Concerning Fourier series we have the conjugate function

fla)= 3" —isgn(k)f(k)e*™.
k=—o00
The analogue operator in the one-dimensional Fourier integral setting is the Hilbert

transform .
TJrRT—Y

Due to the singularity the integral must be interpreted in the principal value sense,
that is,

Lo,

m Rx—y

(12) Hf(2) =

The interest lay in obtaining LP bounds for these operators. An example of the
applications of this is that the L? boundedness of the conjugate function (equivalently,
the Hilbert transform of a function) implies the LP-norm convergence of the Fourier
series (equivalently, Fourier integral) of that function.

In dimension one, the first proofs [52] of the boundedness for both conjugate func-
tion and Hilbert transform used methods of Complex Analysis and this was an ob-
stacle to study higher dimensions. This problem originated a second era in Harmonic
Analysis in the mid-past century. The first step to deal with the multidimensional
case was due to A. P. Calderén and A. Zygmund and appeared in their seminal paper
[14]. They considered singular integral operators of convolution type of the form

Tf@)=p.v. | Fy)K(z—y)dy

and obtained mapping properties for them under certain decay conditions on the
kernel K which presents a singularity at the diagonal = y. The main ingredient was
the so-called Calderén-Zygmund decomposition. The work of Calderén and Zygmund
initiated a new line of research in Harmonic Analysis known as Calder6n-Zygmund
theory.

The above discussion shows the huge development that underwent Harmonic Anal-
ysis on Euclidean spaces. Later on, B. Muckenhoupt and E. M. Stein investigated
Harmonic Analysis associated with ultraspherical expansions in [41]. The idea was
to study the analogue of the conjugate function in this context. The former author
continued the analysis for other orthogonal families of polynomials in [38] and [39].
These papers are the starting point of the so-called Harmonic Analysis associated
with classical orthogonal expansions which we outline below.

Let {¢n(7)}nen be a complete orthonormal system on L?(X, du), X C R. Then,
we have that

(s S)in = [ 0u(@)0n () dp(z) = b,



where 0, is the Kronecker’s delta function. In analogy with classical Fourier theory,
we form the Fourier expansion of a function f with respect to the system {¢, },en by
means of the expression

13) i enl)6n(),

where now the Fourier coefficients ¢, (f) are given by

en) = (fo0ndan = [ F@)En() diuty).

One can ask for the same representation problem as in the classical Fourier theory,
that is, when and in what sense the series (I.3) converges to the function f.

The next stage in the development of Harmonic Analysis is the seminal work
[59] by E. M. Stein in 1970. The main goal was to carry out some topics in classical
Harmonic Analysis such as Littlewood-Paley theory, Riesz transforms (generalisations
of the Hilbert transform (I.2)), and maximal operators to the abstract setting of
symmetric diffusion semigroups and Lie groups.

Harmonic Analysis has also been analysed from a discrete point of view. Let us
focus on the one-dimensional case. It turns out that the mapping f — {f(n)}nen
is an isometry from L%(0,1) to £*(Z). Therefore, for an appropriate sequence f =
{f(n)}, ez we can define the discrete Fourier transform by

Fflx)=> f(n)er™, 0<z<1,

neL

and try to recover the sequence f from the inverse of the discrete Fourier transform

1 .
]:_lg(n) :/0 g(x)e_%mr dz,

by the formula F~1F f(n).

This idea is the basis of discrete Fourier Analysis, the discrete counterpart of
Fourier Analysis.

It may be say that this theory began with the work [52] by M. Riesz (see also
[71]). He observed that the LP-bound of the Hilbert transform (I.2) implies that of
the discrete analogue PNId given by

- 1
Haf) = > S0,
m#n

on (P(N). The same procedure is found in [14] were ¢P-bounds are obtained for
discrete singular integrals from the LP-bounds in the continuous setting. Moreover,
one can apply this technique to other classical operators such as the discrete maximal
function. However, there are some cases were it is not possible such an immediate
conclusion (see for example [49]). A proper study of the latter was initiated with
the work of J. Bourgain in the late eighties (see [12] and [13]) and was continued in
several papers, for example, [61, 62, 63, 64], and [36].
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Our work here aims to be a generalisation of the ones in [17] and [10]. The former
is a study of discrete Harmonic Analysis associated with the discrete Laplacian

Agf(n)=fln—1)=2f(n)+ f(n+1), n € 7.

In particular, the authors study the heat semigroup related to Aq and mapping
properties of the heat maximal operator. The same inequalities are obtained for the
Poisson maximal operator by subordination. In addition, they analise the Littlewood-
Paley-Stein g-functions and give weighted inequalities for them. The main tools to
prove these results are semigroup theory, vector-valued Calderén-Zygmund theory in
spaces of homogeneous type, and certain properties of the modified Bessel functions.
They also consider the fractional Laplacian (—A4)?, 0 < ¢ < 1, and prove maximum
and comparison principles for it. Finally, the authors deal with the Riesz transforms.
The definition is based on a factorization of Ay as a composition of first order dif-
ference operators. However, the usual construction of the Riesz transforms is not
well defined in this setting and a limiting procedure is carried out. These operators
turn out to be bounded on ?(N, w) spaces and reduce to convolution operators with
{1/(m(n +1/2))}nez or {1/(m(n —1/2))}nez. One of them is precisely the discrete
Hilbert transform (see [71] and Footnote 1 on page 40).

In [10], a study of discrete Harmonic Analysis associated with ultraspherical ex-
pansions is presented. They consider the discrete A-Laplacian

Axf(n) =a)_f(n—1)=2f(n) +a)f(n+1), neN, X>0,

where f(—1) = 0 and the elements of the sequence {a}},en are the ones involved in
the three-term recurrence relation for the ultraspherical polynomials. In this way, the
identity Ag = Aq holds. That paper develops discrete vector-valued local Calderén-
Zygmund theory which plays a fundamental role in proving mapping properties for
the heat and Poisson maximal operators associated with Ay, a transplantation result
for ultraspherical coefficients, and the boundedness on ¢?(N,w) of the Littlewood-
Paley-Stein g-functions.

In this dissertation we consider a discrete Laplacian related to the three-term
recurrence relation for Jacobi polynomials and we analise some classical operators in
Harmonic Analysis for it. We are especially concern in the heat and Poisson maximal
operators, the Riesz transforms, and Littlewood-Paley-Stein gi-functions that arise in
this discrete Jacobi setting. We have tried to make the present chapter independent
of the rest of the dissertation. In this way, we will consider again and recall some
topics or definitions that have already appeared in this chapter. The rest of the work
is organised as follows:

In Chapter II we set some notation and we review some concepts and results
of Jacobi polynomials that we will use throughout the next chapters. We reserve
the final part of the chapter to include some aspects of the discrete vector-valued
local Calderén-Zygmund theory of [10, Section 2]. All of this material is known and
nothing original is found in it. Nevertheless, we believe that it is convenient to recall
some of it in order to facilitate the reading.

In Chapter III we define the discrete Laplacian J(*?) associated with the three-
term recurrence for Jacobi polynomials that will be the main object in the disser-
tation. We analyse the initial-value problem for the heat equation and the heat

4



semigroup associated with J(*# and we obtain some necessary conditions for the
positivity of the heat semigroup {Wt(a’ﬁ )}tzo- We also note that it is possible to carry
out some of these notions to the Jacobi matrix setting. Finally, we prove weighted
(P inequalities for the heat and Poisson maximal operators, 1 < p < oo and weak
estimates when p = 1. The boundedness of the former is obtained by using the
discrete vector-valued local Calderén-Zygmund theory of Chapter II. The latter is
readily obtained by subordination.

In Chapter IV, we study the Riesz transforms. As in [17], we find an appropriate
factorization of the operator J(*#) . Again, a limiting procedure is used to define the
Riesz transforms. In the last part of the chapter we include mapping properties of
the Riesz transforms in weighted (N, w)-spaces, 1 < p < oo (weak estimates when
p =1). In this occasion, we apply the discrete local Calderén-Zygmund theory in the
scalar case in the proof.

In Chapter V, we consider the Littlewood-Paley-Stein gi-functions associated with
both the heat and Poisson semigroups. By means of a duality argument, a trans-
plantation theorem for Jacobi coefficients, and the classical vector-valued Calderon-
Zygmund theory in spaces of homogeneous type we get weighted /7(N, w)-inequalities
for the former, 1 < p < oo. The bound for the latter is deduced by expressing the
gr-functions associated with the Poisson semigroup in terms of the g,-functions as-
sociated with the heat semigroup. As a consequence of these results, we obtain some
corollaries about Laplace type multipliers and then, for imaginary powers of J(®#).

At the end of the work it is possible to see the main conclusions and some further
work as well as the publications related to the dissertation and the bibliography.






CHAPTER 1I

PRELIMINARIES

This chapter must be conceived as preparatory and it contains some notions, facts
and results that we will use frequently in the forthcoming chapters. Most of them are
well known and can be found in the wide specific literature dedicated to them (see,
for example, [54, 20, 24, 67], [45, Section 6], and [10, Section 2]). We distinguish three
main sections. First, we set the main spaces which we are interested in. Second, we
review some well-known facts concerning Jacobi polynomials. Finally, the remaining
section is devoted to discrete vector-valued local Calderén-Zygmund theory.

II.1 Notation and basic spaces

Let (X,%,u) (also (X, ) or simply X) be a positive measure space and p a
positive real number. We define the classical Lebesgue spaces LP(X,du) to be the
class of all measurable functions f on X for which

1) o = ([ 1P anta))

is finite. As usual, we identify functions that are equal almost everywhere in X so
that the elements of LP(X,du) are in fact equivalence classes of functions with (II.1)

finite. If p = oo, we say that a measurable function f on X is essentially bounded
on X if

(I1.2) p{z e X [f(x)] > C}) =0

for some constant C' > 0. We denote by || f||re(x,4u) the infimum of the constants
C satisfying (I1.2) and L*(X,du) the class of all measurable functions f on X with

| f1l zoo (x,dp) finite.
In addition, when p = 1, we define the weak version of (II.1) by

[ fllEree (xa0) = iggtu({ﬂf € X 1 |f(x)] >t})

and we define L"*(X,dyu) in a similar way to L'(X,dp) replacing || - ||11(x.au) by
1 2o (-

Given 1 < p < oo, the conjugate exponent of p is denoted by p’ and satisfies
1/p+1/p’ = 1. Two important inequalities very useful for our purposes are Hélder’s
and Minkowski’s inequalities.

Theorem II1.1.1 (Holder’s inequality). Let (X, ) be a positive measure space and
1 <p<oo. Let f € LP(X,du) and g € LP (X, dp). Then, fg € L'(X,du) and

179l xawy < I llzexamllgll Lo (x ap-

7
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Theorem II.1.2 (Minkowski’s inequality). Let (X, u) be a positive measure space
and 1 < p<oo. Let f € LP(X,du) and g € LP(X,du). Then, f+g € LP(X,du) and

1f +gllzexany < 1 llocxaw + 19l zex -

Theorem I1.1.2 can be proved via Theorem II.1.1 (see [54, Chapter 3]). It is now
clear that the functional |- || Lr( x4y is @ norm on LP(X,dpu), 1 < p < oo. Furthermore,
we have that LP(X,dpu) is a Banach space for 1 < p < 0.

Another important inequality is the so-called Minkowski’s inequality for integrals.

Theorem I1.1.3 (Minkowski’s inequality for integrals). Let (X,u) and (Y,v) be
measures spaces with o-finite positive measures and f(x,y) a measurable function on
the o-finite product measure space X x Y. Then,

(1] s av)” < [ ([ 15 paw)” )

When the underlying measure p is the counting measure on a countable set A, it
is common to write /?(A) instead of LP(A,du). In this particular case the elements
of (P(A) are sequences f = {f(n)}nea satisfying

1/p
T (z|f )<oo, 1 <p< oo,

neA

and
|| fllese 4y = sup | f(n)| < oc.
neA

Set A =N = {0,1,2,3,...}. A weight on N is a strictly positive sequence
w = {w(n)tnen = {w(n)}n>0. We define the weighted spaces ¢7(N, w) by

1/p
CP(N,w) = f ={f(n)}nzo : [[flleruw) = (Z |f(m)[Pw(m ) <00y,
1 < p < oo, and the weighted weak space (1>°(N, w) by

(5(N, w) = {f = {f(n)}nz0 ¢ [|flleroo(,wy := supt > w(m) < OO} :

>0 fmeN:|f(m)[>1}

and we simply write £7(N) and ¢°°(N) when w(n) = 1 for all n € N.
In this context, we say that a weight w = {w(n)},>¢ belongs to the discrete
Muckenhoupt A,(N) class provided

p—1
1 m m
— 3 1)~ 1/(0-1)
ogjgm (m—n—|—1)p(kz;w( )) (%w( ) < 00,
n,meN

for 1 < p < oo, and
su w max w(k)™! < oo,
0<n£mm—n+1<z )ngkgm (k)

n,meN

for p = 1.



I1.2.  Jacobi polynomials

I1.2 Jacobi polynomials

Jacobi polynomials were introduced for the first time by C. G. J. Jacobi in Unter-
suchungen tber die Differentialgleichung der hypergeometrischen Reihe [32] in 1859.
He arrived at such a definition while studying Gauss’s hypergeometric differential
equation.

Given a and f3 real numbers and n € N, the Jacobi polynomials P{®#)(z) may be
defined by means of Rodrigues’ formula (see [67, p. 67, eq. (4.3.1)]), by

(_1)n dn

(aL3)  POa) = 5 OO (1 =21+ 2)%m).

Note that we can apply Leibniz’ rule to calculate the nth derivative in this identity

and then, ' .
- +a\(n+ B\ [fx—1\ fx+1\"
£ ()07 5 ()

(z) JX:(:] n—7j J 2 2

where the symbol (Z) stands for the binomial coefficient. From this expression we
readily obtain the normalisation

plas) (1) — (n - Oz>.

n

For a, 8 > —1, Jacobi polynomials are orthogonal on the interval [—1,1] with
respect to the measure

dptap(x) = (1 — 2)*(1 + 2)° dx.

By using Rodrigues’ formula and integrating by parts n times it is not difficult to see
that

1
[ PO @PED @) dita o) = (007) 26,
-1

where 9 2
(w(a,ﬁ)y = HPT(lO"B)HLz([le}

n 7d;ufo¢,ﬁ)

20t P (p + a+ D)I(n+ B+ 1)
Cn+a+p+ ) (n+D)In+a+5+1)

(if n = 0, we replace the product 2n+a+p+1)I'(n+a+pF+1) by '(n+a+5+2))
and we have denoted Kronecker’s delta by 0y, (that is, 0 if n # m and 1 if n = m).

Therefore, the family {p{®® (x)},>0, given by p{®?) (x) = w(®A Pl (1) is a com-
plete orthonormal system in the space L?([—1,1], dja5). We will adopt the notation
P{P) (capital letter) for the (orthogonal) Jacobi polynomials and p(*#) (small letter)
for the orthonormalised Jacobi polynomials in the rest of this dissertation.

It turns out that there exists a three-term recurrence relation for the orthogonal
Jacobi polynomials, namely [67, eq. (4.5.1), p. 71]

(I1.4)
on(n+a+B)2n+a+ —2)PP (z)
=@n+a+B-1)(2n+a+B)2n+a+f-2z+a’—p) P2 ()
—2n+a—1)(n+8—-1)2n+a+ B)PY (2)
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for n > 2, with

o o' 2 -
P} ’6)(33):1, and P| ”3)(@:04—1-5—1— x+a26.

An important fact is that the Jacobi polynomials P{®% () satisfy the linear ho-
mogeneous differential equation of second order
d*y
dx2

+(6—a—(a+ﬁ+2)x)d—y

(1—2?)-2 I

+nn+a+p8+1)y=0.

Thus, we define the differential operator L** by

d? d
a,f 2
Clearly, the Jacobi polynomials are eigenfunctions of L*? with eigenvalue A\(®%) =

nn+a+g+1),ie
Laﬁ aﬁ) )\ 045)

It is well known that L®? is a symmetric operator on the domain C?(—1,1) C
L*([-1,1],duqp) and for some interval [r,s] C [—1,1], r < s, it is satisfied that

(5) [ F@)Lg(w) dhap(@) = Uas(f.9)

+/ Laﬁf ) dpt (),

with

Uas(F,0)() = (1 = )7 (14 2) (g(0) T 2) — f0) L)),

To prove this identity put

L*Pg(x) =

—1 d o+l 1dg
(1—x)~ (1-{-3;)6% ((1 —z)* (14 2)7" Cw(x)>

and then integrate by parts twice to get

/rs f(@)L*Pg(x) dpig p(2) = — /TS f(:z:)a;i <(1 — )t (1 + x)ﬁﬂjg(g;)) dz

X

= a[j f, +/ Laﬁf dﬂa,ﬁ(x)'

Moreover, we have some connection formulas between L®?. More precisely,

(I1.6)
L (hiho)(x) = ho(x) L hy (2) — (1 + 2)ho(x )‘;’;1( ) —2(1 — 2 )‘g;% )‘;h;(g;)

()~ (5 — o~ (o + 5+ 2)) () 2 ()

10
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and
(IL7)
La+1’ﬁ(h1h2)($) _ hQ(ZL‘)La’ﬂhl(m) (1 + ZE)h2< )Cfi};l («T) - 2(1 — mQ)CZ;l(x)CgL;(w)

d?h,
dax?

— (- @) T2 @)~ (8- a 1 (@ A 3 () T2 ()

It is very useful to have identities and estimates for the Jacobi polynomials and
its derivatives. Here we include some of them which we will use later.
First, note that

1
(I1.8) w@F) ~ pt/? a, 3 > —5 > 0,

and w{™” = C.
For the Jacobi polynomials we have the following identities (see [67, p. 94,
eq. (4.10.1)] or [48, p. 446, eq. 18.9.16] and [67, p. 71, eq. (4.5.4)]):

(11.9) d‘i (1= 2)*1+2)PD(@)) = —2(n+ 1)(1—2)* ' (1 +2)" PV ()

and
2 2
(10) 220020 et (g) = (n+a+ PO (@) = (n+ 1) PP (a),
where «, § > —1. In addition, from [48, 18.9.6] it is possible to conclude that
(IL.11)
2n+a+ [ +2

(1 —2) Pt (z) + aP®P (z) = (n + 1)(PSY (x) — P(2)),

n

2

where a, 5 > —1.

There is also a formula for the derivatives of the Jacobi polynomials (see [48,
18.9.15] or [67, p. 63, eq. (4.21.7)])

dP{?) n+a+5+1pa+16+1)

(I1.12) o (x) = 5 1

(x), n > 0.

Finally, the estimates of the Jacobi polynomials are given by (see [40, eq. (2.6)
and (2.7)])

(IL13)  [p{? ()]

(n+ 1)o+1/2, 1-1/(n+1)2<z<1,
<O —a) @2V 4 ) B2V 141/ (n+1)2<2<1-1/(n+1)?
(n+ 1)7+1/2, —l<az<-1+1/(n+1)3

where C'is a constant independent of n and x. Note that for «, 5 > —1/2 the previous
bound can be replaced by the simpler one (see [67, eq. 7.32.6])

(I1.14) PP (2)] < C(1 — o) /2 VA1 4 2) P27 1< <1,

11
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Since L%*(X,du) is a Hilbert space with the usual inner product, we also have
some facts about Fourier theory that can be adapted to the Jacobi setting. As it is
well known, for each function f € L*([—1,1],du, ) its Fourier-Jacobi coefficients are
given by

£y = [ F@Rs? @) dislo)

and
o

f(z) =3 (Hpe? (@),

m=0

where the equality holds in L?([—1,1], dis g). Moreover, {c/®#)(f)},,50 is a sequence
in 2(N). Conversely, for each sequence f € £?(N), the function

(1L.15) EPWICERE

belongs to L*([—1, 1], dua ) and Parseval’s identity

(IL.16) [ fllezy = 1 Fosll 22((-1,1) dpa )

holds. Moreover, c!®?)(F, 3) = f(m).
Note that an obvious consequence of (I1.16) is the useful polarisation type identity

(e}

1n) 3 gt = [ Fap@GosE s, f€ 4N,

where F, s is given by (II.15) and G, g is defined in a similar way.

The Jacobi polynomials form one of the so-called classical orthogonal families
of polynomials for which there is a vast theory (see for example [67] and [15]). To
conclude this section we mention some specific cases of the Jacobi polynomials which
are of interest in this dissertation. For a« = f = A —1/2; A > —1/2 we obtain the
ultraspherical (or Gegenbauer) polynomials C(x). For a = 8 = —1/2 we have the
Chebyshov polynomials of the first kind, i.e.,

2
(I1.18) p A2 (g \/ = |/ —cos(nd),
m

for n # 0 and where z = cosf, 0 < 6 <, and p\ >V (z) = 1/\/7To(z) = 1//7.
Finally, the Legendre polynomials P, appear when a = 3 = 0.

I1.3 Discrete vector-valued local
Calderén-Zygmund theory

In the 1950s, A. P. Calderén and A. Zygmund [14] developed real-variable tech-
niques to obtain boundedness properties of the so-called Calderén-Zygmund operators
(of convolution type) on RY. The subsequent years brought further research on the
topic and consequently a better understanding of it.

12
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All of this was mainly achieved on the Euclidean space R? for complex-valued func-
tions. A. Benedek, A. P. Calder6n, and R. Panzone [9] considered a more general
setting consisting on Banach space valued Calderén-Zygmund operators of convo-
lution type on R? but applied the results essentially to Hilbert spaces. In [53] the
authors revisited the theory in [9] and presented an extent account of the Calder6n-
Zygmund theory in a vector-valued setting which allows the use of weights. Later
on, two of those authors [55] investigated vector-valued singular integrals on spaces
of homogeneous type in the sense of R. Coifman and G. Weiss [19]. In this spirit, see
also the paper by L. Grafakos, L. Liu, and D. Yang [28].

In [45], A. Nowak and K. Stempak introduced the notion of local Calder6n-
Zygmund operator in dimension one to obtain weighted mapping properties for the
Hankel transform transplantation operator. Some aspects of the local Calderdn-
Zygmund theory of [45, Section 4] have their discrete counterpart in [10, Section 2]
and have been stated in a vector-valued setting. In this section we are interested in
this discrete vector-valued local Calderéon-Zygmund theory and we believe that it is
more convenient for the reader to recall briefly some of the notions and results of this
theory below.

Suppose that B; and B, are Banach spaces. We denote by £(B;,Bs) the space of
bounded linear operators from B; into B,. Let us suppose that

K: (NxN)\ D —s L£(By,B,),

where D := {(n,n) : n € N}, is (strongly) measurable (see [28] or [20, p. 105]) and
that for certain positive constant C' and for each n, m € N, the following conditions
hold:

(a) The size condition:

C

[ K (n,m) || ceey By < In—m|

(b) The regularity properties:
(bl) for |n —m| > 2|m — ] and 2m/3,20/3 < n < 3m/2,3l/2,

m — |
| K(n,m) — K(n,1)||z@,p) <C | |

n—m|*’
(b2) for |[n —m| > 2|n — s| and 2n/3,2s/3 < m < 3n/2,3s/2,

In — s
K (n,m) — K(s,m)| e 22 < = mp

We say that a kernel K is a semi-local £(B;, By)-standard kernel if it satisfies con-
ditions (a) and (b). A local L£(B;,Bs)-standard kernel K(n,m) will be a semi-
local L£(B;,Bs)-standard kernel supported in the region 2n/3 < m < 3n/2. Local
L(B1,Bs)-standard kernels are discrete vector-valued analogues of the local Calderén-
Zygmund kernels introduced in [45, Definition 4.1]. Here we have followed the ter-
minology used in [45] and we have added the prefix “semi” to refer to the kernels
in [10].

13
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These kind of kernels define Calderén-Zygmund operators in a natural way. Let
us denote by BY the space of B-valued sequences f = {f(n)},>0 such that there exists
j € N such that f(n) =0 for all n > j. By a (discrete) semi-local Calderén-Zygmund
operator we mean a linear and bounded operator 7" from £ (N) into (g, (N), for some
1 < r < 00, and such that there exists a semi-local £(B;, B,)-standard kernel K such
that, for every sequence f € (By)y,

o0

Tfn) = 32 Knm) - J(m),

for every n € N such that f(n) = 0.

A (discrete) local Calderén-Zygmund operator is a linear and bounded operator
T from (g (N) into ¢ (N), for some 1 < r < oo, and such that there exists a local
L(B;,By)-standard kernel K such that, for every sequence f € (By)y),

Tfn)= > K(nm)-f(m),
2n/3gfl§3n/2

for every n € N such that f(n) = 0.
Here we are only interested in semi-local Calderén-Zygmund operators. To see

some applications of local Calder6n-Zygmund operators see [6] and [4].
For a Banach space B and a weight w = {w(n)},>0, we consider the space

(N, w) = {B-valued sequences f = {f(n)}n>0: {||/(n)|lB}ns0 € (N, w)}

for 1 < p < oo, and

(5 (N, w) = {B—valued sequences f = {f(n)}nso : {[|f(n)||5}ns0 € £°(N, w)} ;

in both cases, and in what follows, we tacitly assume that the sequences f are
(strongly) measurable. As usual, we simply write 5 (N) and ¢ (N) when w(n) = 1
for all n € N.

We conclude this section stating the main result concerning discrete vector-valued
local Calderén-Zygmund theory. In forthcoming sections we will always apply it in
the case when r = 2 in the definition of semi-local Calderén-Zygmund operator but
we present it here in full generality. In addition, we give the proof to make the
dissertation as self-contained as possible.

Theorem I1.3.1 (Theorem 2.1 in [10]). Let By and By be Banach spaces and T a
semi-local Calderon-Zygmund operator. Then,

(i) for every 1 < p < oo and w € A,(N) the operator T can be extended from
ly, (N) N 65 (N, w) to £z (N,w) as a bounded operator from (5 (N,w) into
Oy, (N, w).

(i) for every w € A\(N) the operator T' can be extended from C (N) N ¢y (N, w) to
U, (N,w) as a bounded operator from (g (N,w) into %’;O(N, w).

14
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Proof. First, we split the operator in the local and global version of it by defining

Taobf(n) = T (xmw, f)(n), n €N,

and
Tlocf(”) = Tf(n) - Tglobf<n)7 n €N,
for all f = {f(n)}nen € (B1)Y and where

W, ={j eN:2n/3<j<3n/2}.
We first deal with the global part. Let f € (B;)) and note that

Taonf(n) = > K(n,m)- f(m)

mEN\Wn

since xmw, (n) = 0 for all n € N. By the size condition (a) we have that (we adopt
the usual convention for empty sums)

C
HTglobf HIBz < C Z ||f(m)||]B1 < — Z Hf H - + C Z ||f ||Bl

meN\W,, In—m| meN men Mt 1
m<2n/3 m>3n/2

< C(P(Iflle) () + QU fllz) (1)),

where || f|ls, = {||f(m)||B, }men and P and @ are the discrete Hardy operators defined
by

and

|
WE

for g = {g(m)}men € CV. These operators are bounded on ¢*(N,w) (see [1]) so we
have that Ty, can be extended to £ (N, w) as a bounded operator from g (N, w)
into £z, (N, w) if 1 < p < 0o and w € A,(N), and to {3 (N, w) as a bounded operator
from £z (N, w) into KB (N, w).

We analyse now the local operator Ti,.. Given f € (B;)}, for all n € N such that

f(n) =0 we have
Tioef(n) = Y K(n,m)- f(m).
meWy,
For n,m € N, n # m, define the local kernel K (n,m) = xw, (m)K (n,m). Note that
xw, (m) = xw,,(n).

It turns out that K satisfies certain Hérmander type conditions that are natural
discrete (vector-valued) analogues of (4.4) and (4.5) in [45]. More precisely, if a,b € N,
a < b, an interval in N is given by I = [a, b)NN and we set [ = (} if b < a. Furthermore,
we will denote by 21 the interval

o = a—b_a,b+b_a1 NN = [?ﬂ_b,%_a] AN.

2 2
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In this way, we have that

(1119) Z ||IN((n,m) - k(n7 l)||£(BLB2)||f<n)||Bl < CM(HfHBl)(m)? m,l e,

neN\21

and

(1120) Y & (n,m)—K(s,m)lemmn | m)l < CM(Ifls)m),  nosel,
meN\27

for all intervals [ in N, f € (B;)}, and where M denotes the discrete Hardy-
Littlewood maximal function given by

M) = s 5 S o), mem
The proof of (I1.19) and (H.20) follows essentially the same ideas of [45, Proposi-
tion 4.1]. Moreover, the proofs of both Hérmander type conditions are similar so we
only prove (II.19).
Let a,b € N, a<b, I =[a,b)NN, and f € (B;)}. We assume that m,l € I and
m < [. The case | < m is similar.
First, observe that we have that

[m — nl
3

if n € N\ I. For a proof of this fact see [10, eq. (20)]. Now we split the sum in (II.19)
into three terms:

(22) > [[K(n,m) = K(n,0)lle, s |1 £(0)]5,

neN\21

(I1.21) <|l—n| < 3lm —n|

- Z ”K<n7m> - K(n’ Z)HC(Bhle)Hf(n)H&

neN\27
neWm,NW,

+ > K m) e 5, ()]s,

neN\21
nEWm\Wl

+ > KM Dllee 5o 1f ()]s,

neN\27
nEWl\Wm

=: S1(m, 1) + Sa(m, 1) + Ss(m, ).

We consider two cases. If 9m < 41, we have that W,,,NW; = 0 and then S;(m, ) =
0. In addition, by using (a) and (H.21) we obtain that

So(m, 1) + Sz(m,1) < Hf( )IB, i Z Hf( )|B,
neN\21 [ —m| neN\27 In—m|
neWnm, new;

Note that if n € N\ 27, |[n —m| > (b—a)/2 > (I —m)/2 > 5]/18 and then,

C
Sa(m. )+ S5m) <Y e, < X 150
neN\21 neJ
neEWnmUW,
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where J = [2m/3,3]/2] N N. Since 31/2 > 31/2 — 2m/3 > 651/54,

(11.23) Sy(m, 1) + Ss(m, 1) < CM(|| f|ls,)(m).

Now we suppose that 9m > 4[. In this case m # 0 because m < [. We have that

21
W, AW, = [ 3m

Lo o

2m 2l
W, \ W, = AN,
\ W [3 3]

and

3m 3l
Wi\ Wy, = [272] NN.

Clearly, /3 <l —nifn e W, \ W, and m/2 <m —nif n € W; \ W,,.

and (I1.21),
(I1.24)
neN\2I |l - n| neN\2I |m —n
2m/3<n<2l/3 3m/2<n<31/2
C

So, by (a)

<* > Iflls +— > [1f()lsy < CM(|£lls,)(m).

neN neN
1<n<lI m<n<4m

To study S; we decompose the sum into two terms:

Sim, )= > |K(n,m) = K1), zlf(0)]5

neN\21
21/3<n<3m/2
[n—m|<2|m—I|

(I1.25) + 0 > K ®mm) = KDl 2.1 (0)=,

neN\21
21/3<n<3m/2
[n—m|>2|m—I|

= Slyl(m, l) + 5172(77”&, l)
To estimate S;; we use (a) and (I1.21) to get

Sll(ml <O Z | m|2||f( )H]Bl

neN\2J

and the same estimate holds for S 5 by using (b1). Therefore,
(11.26)

Sll(m l)+512ml CZ Z

k=1 ne2k+11\2k]

m =1

1f(n)le,

[n—mf?

— #U)
C n)|s, <CM B, )(Mm).
< £22k(#(1))2 > I m)lle, < CM(f]ls,)(m)

ne2k+1y
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The Hérmander type condition (I1.19) follows from (I11.22), (11.23), (I1.24), (I1.25),
and (I1.26).

Now, it is clear that Ti,. is bounded from /g (N) into (g, (N) because so are T" and
Tyiob- By Theorem 1.1 in [28] (note that (N, p., |-|), where p is the counting measure
and |-| is the usual metric on N, is a space of homogeneous type), (I1.19), and (I1.20),
for 1 < p < 00, Tjoc can be extended from ¢z (N) N ¢5 (N) to ¢ (N) as a bounded
operator from £ (N) into £5, (N) and Tioc can be extended from ¢ (N) N ¢ (N) to
4 (N) as a bounded operator from £} (N) into £5>°(N). Moreover, these properties
also hold for T because Ty, also verifies them.

Finally, by adapting the arguments in Lemmas 5.15, 7.9, and 7.10, and Theo-
rems 7.11 and 7.12 in [20] to vector-valued homogeneous settings, we conclude that
Tioc, and therefore T', can be extended from ¢ (N)N6g (N, w) to £5, (N, w) as bounded
operators from g (N, w) into fg, (N, w), for 1 < p < oo and w € A,(N), and from
05 (N) N6k (N, w) to €4 (N,w) as bounded operators from ¢ (N,w) into £5>°(N, w),
for every w € A;(N). O
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CHAPTER III

THE HEAT SEMIGROUP

One of the most fundamental partial differential equations in Mathematics is the
so-called heat equation. Its classical form is
ou(z,t)
ot

where the spatial variable z is in (an open set U of) R? and the time variable ¢ is a
non-negative real number. Here,

= Au(x,t)

u: RT'x[0,+00) — R
() — uf,t)

and the Laplacian is taken with respect to x. Physically speaking, the heat equation
describes the variation in temperature in a given region over time. In this way, u(z, t)
is the temperature at position x at time ¢.

One typically considers the initial-value (or Cauchy’s) problem

ou(xz,t)
(I11.1) o~ Aul@t)
u(z,0) = f(x).

A solution, the heat semigroup, is given by the convolution of the initial data f and
the so-called fundamental solution (or heat kernel)

2
—lz|

L d
(47rt)d/26 EIa reRY t>0.

O(z,t) =

More precisely,

ulw,t) = ¢ f(@) = [ f@)2( ~y.0)dy.

d

The heat equation may be regarded as the beginning of Harmonic Analysis. In-
deed, the theory of classical Fourier Analysis emerged from the necessity of explaining
the distribution of heat along a region over time. It was J.-B. J. Fourier who solved
(II1.1) introducing the method of separation of variables in [23].

As we have mentioned in Chapter I, the study of Harmonic Analysis associated
with orthogonal expansions was initiated in the seminal paper by B. Muckenhoupt
and E. M. Stein [41]. Briefly, let (X, X, ) be a positive measurable space, X C R,
and {¢,},>0 be a complete orthonormal system in L*(X, du), that is,

span{ ¢, fnso = L*(X, du) (closure in L*(X, dpu))

and

<¢n7 ¢m>du = /X ¢n<x>¢m(x) d,u(l') = 6nm7
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III. THE HEAT SEMIGROUP

where we have denoted by “span” the set of all finite linear combinations of ¢,. In
this setting, we construct the Fourier expansion of a suitable function f with respect
to this system by the expression

o0

S enlf)dnl),

n=0

where the Fourier coefficients of f are

enlF) = fsba)an = [ S@)Puly) diy).

The Jacobi setting was revisited using the semigroup theory and vector-valued
Calderén-Zygmund methods in [42] (see also [43]). The Jacobi differential operator
L@B) is given by (see Section I1.2)

4> d [a+B+1)°
L£eP) = (22 - 1)— - Nw)— + | ——— | .
(x )de—l—(oz B+ (a+ 5+ >x)dx+ 5
We have that £@8)p@8) — (X@B))2p@8) with XA = n 4 (a + 4 1)/2. In this
setting, the natural semigroup to study is the Poisson semigroup given by

a, —tV/L(@B) o= _y[3eB) N N
(@) f = e VET fa) = S0 eI pedy,  plef(z),  —1<a <1
n=0

Between a great variety of operators considered in [42], the authors analyse the Pois-
son maximal operator
PED f(x) = sup [P f(x)]
>0
obtaining mapping properties in weighted L” spaces.
There exists a discrete analogue of the classical Laplacian operator, the discrete
Laplacian

Aaf(n) =fln=1) =2f(n) + f(n+1), neZ,

where now f = {f(n)},ez is an appropriate sequence on Z. A natural question is to
study discrete harmonic analysis associated with A4. In this context, the initial-value
problem (III.1) can be reformulated to obtain

du(n,t)
82& = Adu(n, t),
u(n,0) = f(n).

It is known [29, 30] that the heat semigroup related to A4 is

W) = e f(n) = 3 e L, (2) f(m),

mEZ

where [, denotes the modified Bessel function of order v. The study of fP-mapping
properties for the maximal heat semigroup in this context was carried out in [17].
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Shortly after, a generalization of this problem was investigated in [10]. The authors
consider the ultraspherical context and define the discrete A-Laplacian by

Arf(n) =ap_f(n—=1) = 2f(n) +apf(n+1),  A=0,

for sequences f = {f(n)},>0 € CY and where the elements of the sequence {a}},>o
are the ones involved in the three-term recurrence relation for the ultraspherical
polynomials. As a consequence, Ag = Aq. Again, (P-mapping properties are derived
for the heat maximal semigroup.

In this chapter we pursue a generalization of the aforementioned results both [17]
and [10]. More precisely, we consider the Jacobi setting and we construct an operator
that generalises in a natural way both Ay and A). The aim of this chapter is to
study the heat semigroup related to this operator.

III.1 The discrete heat semigroup for Jacobi
expansions

We consider the sequences {a{*},5¢ and {b{*?}, 50, a, B > —1, given by

a(@h) — 2 m+D(n+a+)(n+8+1)(n+a+5+1) 0> 0
" 2n+a+ f+2 C2n+a+B+1)(2n+a+5+3) ’ -
and ) ,
bl = b« n>0
" 2n+a+p)2n+a++2) T
(we assume the natural interpretation when n = 0). Note that these sequences

are the ones involved in the three-term recurrence relation for the normalised Jacobi
polynomials p{®?)(z), —1 < x < 1 (see (I1.4)). For any given sequence f = {f(n)}n>0
we define {J@# f(n)},>o by the relations

n—1

JEDf(n) = al fn = 1) + 0P f(n) + D fn+1),  n>1,

and J©7 £(0) = b5 £(0) + ag™” £ (1).
By definition, it is immediate that

TN @) = apleDa), e [1,1]
It is convenient for us to work with the operator
TP f(n) = (17 =D f(n),

rather than working with J(®# (here I denotes the identity operator), since the
translated operator —J(®#) is non-negative. In fact, the spectrum of J(*# is the
interval [—1, 1], so that the spectrum of —7@# is [0,2]. Observe that one could also

get a positive operator by defining j(a”g)f(n) = (J@P 4 I)f(n), where in this case
the spectrum would be the interval [0, 2] and similar results would be attained.
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Our main goal in this section is to give a precise and simple expression of the heat
semigroup associated with J (%),
In this setting, for n > 0, «, > —1, and ¢t > 0, the heat equation is given by

ou(n,t N
(at Lot Du(n,t)
and for each sequence {f(n)}n>o the corresponding initial-value problem is
ou(n,t
(815) = J“Pu(n, 1),
u(n,0) = f(n).

Let us begin checking that W(a’ﬁ ) f(n), where
(111.2) wie Z Fm) K (m,n)

and the kernel has the form

1
KD mom) = [0 @)l (@) diaa (),
is a solution of the initial-value problem. First, note that Wt(a”B ) f

each sequence f € (*(N). Indeed,
(WD £ )] < N flleeqen KL Con) ey
and taking into account that
K (1, n) = @) (e~ 1-Otpfad)).

by Parseval’s identity (I1.16) we have

is well defined for

B —(1—(- o, a, _
167 Com) ey = e ot agdun < 1P 21t dum = L1
Following a similar argument we have that QWt(a’B ¥ (n) is well defined and

J (o z a
W zf ) [ 0= e (@l 0) ),

Then, using that
TP (z) = —(1 = 2)p{P(x),  wel-1,1],
we get %Wt(a’ﬁ)f(n) = 7AW P f(n). In addition, by means of the identity
K§™ (m,n) = 8,

it is immediate to see that Wo(a’ﬁ)f(n) = f(n).
By construction, W*? f = et7? f where

1
etj(a,za)f _ / 1 e t1=2) dE s (N f

and Ej is the spectral measure associated with J(®#) . Therefore, from the general
theory (see [72]), it turns out that the family of operators {Wt(a’ﬁ )}tzo is a is a strongly
continuous semigroup of operators on ¢?(N), i.e., we have the following theorem:
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ITI.1. The discrete heat semigroup for Jacobi expansions

Theorem III.1.1. Let Wt(a’ﬂ) be the operator defined by (II1.2). Then, for each
sequence f € (*(N) we have that

(IL.3) W Fllegy < [ flleq)
Moreover,
(a) WP WD pny = WD f(n), for ti,t; >0, n €N,
(b) Wi f(n) = f(n), n €N, and
(¢) lim;_o+ HWt(a’ﬁ)f — flleqy = 0.
From item (c), we have the pointwise convergence of the heat semigroup, that is,

lim W7 f(n) = f(n),  n>0,

t—0t+

for all sequence f € (*(N).
Now, for each f € (*(N), bring in the heat maximal operator

(I1L.4) W) f(n) = sup (W) f(n)].

>0

Using the ideas in [59, Chapter III] and the estimate (II1.3) we can conclude the
2-boundedness of W *? that is,

(IIL5) WD flemy < Cllfllee
The sketch of the proof of this inequality is as follows. Following [59, p. 74 and 75],
WD fn) < M@ f(n) + g2 (f)(n),

where ¢(®? (f)(n) denotes the Littlewood-Paley-Stein function and M (%) f(n) is the
supremum of the averages of the heat semigroup in this context. They are respectively

given by
1/2
2t
t

L Wt

Both operators are bounded from ¢*(N) into itself, that is,

g (f)(n) = (/0 ] W ()

and

(e, B)f =sup |-
s>0

19 (Flleay < Cllflew and MO fllag < Clflew

so (IIL.5) follows directly. The proof for the bound (in fact, an equality is attained for
some constant) for g(*%(f) is given in Chapter V, Lemma V.2.1. On its behalf, the
bound for M@A) f is the discrete analogous of the continuous one presented in [58,
Corollary 2] and it can be proved in a similar way. The contractivity of the semigroup

(WP}~ given in (IT1.3) is a requirement there.
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III. THE HEAT SEMIGROUP

The heat semigroup for Jacobi matrices

All the results in the previous section carry over to a more general framework.
We briefly describe the details below. An infinite tridiagonal matrix

bo Qo 0 0
ao b1 aq 0
J = 0 aq b2 a9
0 0 as b3

with a, > 0 and b, € R for all n € N, is called a Jacobi matrix. We suppose
that the sequences {ay,},>0 and {b,},>0 are bounded so that J defines a bounded
self-adjoint linear operator on ¢*(N) (that we still denote by J). In this situation,
Favard’s theorem (see [22] and [15, Chapter 1, Theorem 4.4]) states that each Jacobi
matrix corresponds to a spectral measure p with a compact support X having an
infinite number of points. Moreover, there exists a family of polynomials {p; },>0
orthonormalised in L?(X,du), i.e.,

[ Pal@)pe) dp(@) = o,

satisfying the three-term recurrence relation

:I:‘pn(iC) = anflpnfl(x) + bnpn<x> + ApPn+1 (:U), r e X,

with p_1(x) = 0 and where the sequences {a, },>0 and {b,},> are the entries of the
Jacobi matrix J associated with the measure p.

It is known that the measure p related to a Jacobi matrix may not be unique
(see [66, § 56]). However, if it is unique, then the family of orthonormal polynomials
{pn}n>o0 is dense in L*(X,du) (see [56, Theorem 2.14]). Hence, the Fourier series of
an arbitrary function in terms of the polynomials {p, },>0 is convergent in the space
L*(X,du), that is, for each f € L*(X,du), with the Fourier coefficients given by

en(F) = [ FOPn(t) du(t)

the identity

[e.e]

f(l’) = Z Cm(f)pm($)a

m=0

holds in L?(X, dy). In order to guarantee the uniqueness of the measure y, we suppose
that a, — a and b, — b (with both a and b finite), so X is bounded with at most
countably many points outside the interval [b— 2a, b+ 2a], with b=+ 2a the limit points
of X (see [15, Chapter 2, Theorem 5.6]).

Conversely, for each sequence in f € ¢*(N) there is a function F' € L?(X, du) such
that

o0

(I11.6) F(x) = ZO f(m)pm (),
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IT1.2. The positivity of the heat semigroup Wt(a’ﬁ )

where the convergence holds in the L?(X, du) sense and we have that c¢,,,(F) = f(m).
Furthermore, Parseval’s identity

1 22 x 0y = [1F )

holds. Obviously, given two sequences fi, fo € £2(N), the polarisation type identity

/X Fi(2)Fa(@) du(z) = 3 fi(m) fa(m),

where the functions F; and F; are defined as in (II1.6), holds.
For each Jacobi matrix J, let s be the maximum of the support of the measure p
and s = max{s,0}, and define the operator

J=J—s"1,
where [ is the infinite identity matrix. Observe that now
Ipu(@) = (z = s )pu(x), x€X.

Then, for n > 0 and ¢ > 0, and each appropriate sequence {f(n)},>0, we consider
the initial-value problem corresponding to the heat equation associated with the
operator J given by

8“;1’ D~ Fu(n,),

u(n,0) = f(n).
Define W; by

Wi f(n) =Y f(m)K(m,n),
m=0
where
Ki(m,n) = [ e p,, (@)pua) dyuz).

Again,

Waf(n) = e f(n) = [ e dB,(N) .

where E; is the spectral measure associated with J, is a solution of the initial-value
problem and we have an analogue of Theorem III.1.1 in this setting.

II1.2 The positivity of the heat semigroup I/Vt(a’ﬁ )

In this section we study the positivity of the heat semigroup Wt(a’ﬁ ). In other
words, we are interested in proving that Wt(a’ﬁ ) f is non-negative provided f is a non-
negative sequence in ¢>°(N). Tt is not possible to us to deal with the same question
in the general setting of Jacobi matrices because we need extra information of the
associated family of orthogonal polynomials.

The first step we take in our goal is to extend the definition of Wt(a’ﬁ ) to the space
(>°(N). This is attained in view of the following lemma.
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III. THE HEAT SEMIGROUP

Lemma II1.2.1. Let a, f > —1/2 and n # m. Then,

KD (m,n)| < oM
! T T m—nf?
The proof of this result is quite technical and we postpone it to the last section
of this chapter.
The main tool to prove the positivity of Wt(a’ﬁ ) is a well-known linearisation for-
mula for the product of two Jacobi polynomials due to G. Gasper. For the normalised
polynomials p(*# n >0, a, 8 > —1, it reads as follows

m—+n

(ITL.7) peN @) (z) = 3 ek,n,m, o, B)p ) (2),

k=|m—n|

where all the coefficients ¢(k,n, m, «, ) are non-negative if and only if (a, 5) € V.
Here we say that (a, 3) belongs to the set V if a, # > —1, a > (8 and

(a+B+1D)(a+B+4)>* (a+B+6)> (a—B)*((a+B+1)*—T(a+B+1)—24).

The previous general result was given in [27]. In [26], the positivity of the coefficients
c(k,n,m,a, B) was established under the simpler (but less general) conditions o > /3
and o+ 3 > —1.

Now we can state the main result of this section.

Theorem II11.2.2. Let a« > > —1/2 and t > 0. Then for each non-negative
sequence [ € (>°(N), the heat operator Wt(a’ﬁ)f s mon-negative.

Proof. The operator W is well defined for sequences in ¢*°(N) by Lemma III.2.1.
In order to prove the result it suffices to see that the kernel Kt(a’ﬁ ) is non-negative.
By using the linearisation formula (II1.7), we can express the kernel in the following
way:

m+n 1
(I11.8) K mn)= 3 clk,n,m,a,p) / et P () dpteys (),
k=|m—n| -

with c¢(k,n,m,a, ) > 0. So, by using that

1
WP (k) ::/ e~ (1mo)tpleh) (o ) dpap(x) =€ ‘] ﬁ)/ e P (x ) dpta,p()

-1

the proof reduces to show the non-negativity of the last integral, but it is almost
immediate from Rodrigues’ formula (I1.3) and integration by parts &k times. Indeed,

/_11 extplgaﬁ)(x) dﬂa,ﬂ(x) _ (1) /1 €zti ((1 _ x)a+k(1 + x)ﬁ+k) dx

2kEl Jo1 o dxF
tk ! Tt a+k B+k
which is clearly non-negative. O]
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IT1.3. Weighted inequalities for the heat and Poisson maximal operators

It is worth pointing out that by means of the linearisation (II1.7) it is possible
to define a positive convolution operator in ¢*(N) [27, Corollary 1]. Actually, this
procedure is extensible to other orthogonal polynomials and it has been widely stud-
ied for example in [68], where general orthogonal polynomials are considered. This
convolution structure is used in [10, eq. 13] to study several issues related to the
heat semigroup in the ultraspherical setting. Regarding the Jacobi case, for any two
sequences f = {f(n)}n>0 and g = {g(n)},>0 the convolution operator is given by

(f*g)(n if g(m), neN,

m=0

where 7(®% g(m) denotes the translation operator

m-+n

T Dg(m) = Y e(k,n,m,a,B)g(k).

k=|m—n|

(avﬂ) (

Rewriting the equation (II1.8) in terms of the translation operator as K, m,n) =

T}ﬁvﬁ)h?"ﬁ )(m) it is straightforward to give an expression for the heat semigroup as a
convolution by

WP f(n) = (f = B (n).

However, we will not follow this approach to analyse the heat semigroup.

III.3 Weighted inequalities for the heat and
Poisson maximal operators

In this section, we consider the heat maximal operator Wi and the Poisson
maximal operator pLed (see below for the definition) and we prove weighted inequal-
ities for them when «, 5 > —1/2. We use the discrete vector-valued local Calderén-
Zygmund theory of Section II.3 as an indispensable tool.

The next theorem includes mapping properties in weighted ¢P-spaces of Wi

Theorem II1.3.1. Let o, f > —1/2 and consider the maximal operator Wi ge-
fined by (111.4).

(a) If 1 <p < oo and w € A,(N), then

WD flloeiuy < Clfloew, — f€CN)NEN,w),

where C' is a constant independent of f. Consequently, the operator wied)
extends uniquely to a bounded operator from (P(N,w) into itself.

(b) If w e A;(N), then
WD flloe iy < Cllfloay, € CN) N LN, w),

where C' is a constant independent of f. Consequently, the operator Wi
extends uniquely to a bounded operator from (*(N,w) into £%°(N,w).
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III. THE HEAT SEMIGROUP

The Poisson maximal operator PP ig defined by

(111.9) P9 f(n) = sup [P f(n)],

>0
where the Poisson semigroup {Pt(a’ﬁ )}tzo is given by subordination by the identity

L o=et i@
S rh e

for sequences f € ¢>°(N). Note that it is well defined by Lemma III.2.1.
As an immediate consequence of Theorem I11.3.1 and the pointwise domination

(111.10) PP f(n) fn)du, t>0,

PeBfn)y <WeDfm), n>0, af>—1,

which follows from the expression (II1.10), we deduce the following result for ple?
Corollary I11.3.2. Let «, 5 > —1/2 and consider the maximal operator pLed defined
by (I11.9).

(a) If 1 <p < oo and w € A,(N), then

1P flogiwy < Cllfloww, — f€CN)NEN,w),
where C' is a constant independent of f. Consequently, the operator pLed)
extends uniquely to a bounded operator from (P(N,w) into itself.

(b) If w e A (N), then
1P flacemiw) < Cllfllagiw, — f € CN)NEN,w),
P(avﬂ)

where C' is a constant independent of f. Consequently, the operator Pi
extends uniquely to a bounded operator from (*(N,w) into (N, w).

Noteworthy, the previous corollary can be stated for other subordinated semi-
groups. Due to (III.10), it is clear that the Poisson semigroup is subordinated of
the heat one, so the properties related to weighted norm inequalities for the latter
can be transferred to the former (see for instance [59, Theorem 1’, p. 46]). Unsur-
prisingly, this transfer property does not only work for the Poisson semigroup, but
also for other subordinated semigroups of the heat one. As it is explained in [72,
Chapter IX, Section 11|, one possible way to construct subordinated semigroups of
Wt(a’ﬁ ) is essentially by means of the positive powers of the infinitesimal generator
J @), To be more specific, the semigroup with infinitesimal generator —(—J(*#)7,
where 0 < o < 1, is subordinated of Wt(a’ﬁ ). In the particular case of the Poisson
semigroup, its infinitesimal generator is given by —v/—J(@5),

Now, in order to prove Theorem III.3.1 we use the discrete vector-valued local
Calder6n-Zygmund theory of Section I1.3. Set B = L>°(0,00). We observe first that
the operator

T : (*(N) — (2(N)
foo Tt = W7 f(n),
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IT1.3. Weighted inequalities for the heat and Poisson maximal operators

is bounded from ¢?(N) into ¢3(N). Indeed, it is a consequence of the £>-boundedness
of the heat maximal operator (see (IIL.5)).

To obtain the regularity properties (b1) and (b2) for the kernel KP) it suffices
to prove the inequalities

(0% (0% C
(ITL11) 1B (n,m 4 1) = K (n,m)| 1 (0,00) < gt
for n,m € N, n # m, and 2m/3 < n < 3m/2, and

(0% (0% C

for n,m € N, n # m, and 2n/3 < m < 3n/2. The proof of this fact is based on the
ideas of [10, p. 17 and 18] and it actually works when the norm comes from a general
Banach space.

Let us see that (I11.12) implies (b2) (the proof that (ITII.11) implies (b1) is anal-
ogous in a general context but note that in our case K " (n,m) = Kl (m,n)).
If n = [ the conclusion follows readily. Let us suppose that n < s. By the triangle
inequality, we obtain

1P (n,m) — K (s,m)| o (0.00)
s—n—1

< S ES (4 jm) — KPP (4 5+ 1,m)| e 0.00)-
§=0

If n > m we apply (II1.12) to get the desired estimate. When n < m we apply (I11.12)
and then use that |n —m| > 2|n — s| so the result follows. The case n > s is similar
and we omit the details.

Lemma II1.3.3. Letn,m € N, n #m, o, > —1/2, and t > 0. Then,

o C
(I11.13) 1 (2, m) [ 10 0,00) < n—m|
Moreover,
(IIL.14) 17 (1, m) [ o 0.00) < C-

Lemma II1.3.4. Letn,m € N, n #m, 2m/3 <n <3m/2, a, > —1/2 and t > 0.

Then,

(0% @ C
157 (0 1om) = K7 ) 000 <

We postpone the proofs of both lemmas to the next section. Therefore, we have
that

Wi f(n) < Z Fm) K (m, n) + K (0,0 (0,00
m;ﬁn L°(0,00)

= Ty f(n) + Tof(n).
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III. THE HEAT SEMIGROUP

By using Theorem I1.3.1, we obtain that
N Ty fller v,y < O S |ler )

and the corresponding weak inequality for p = 1. The bound
T2 fller vy < Cllf lleraia),

1 < p < o0, becomes clear by using (II1.14). Thus, Theorem II1.3.1 is proved.

II1.4 Technical results

Throughout this section we adopt the following notation
1
,Jga,b,A,B,a»ﬁ) (n’ m) — / eft(l—:p)PTga,b) (x)PéA’B) (Q:)(l _ (I})a(l 4 x)ﬁ dx,
~1

where n,m € N, a,b, A, B,a,3 > —1, and t > 0.
We begin this section by giving a technical lemma related to the family of inte-

grals JiebABeb )(n, m) which we will use to prove Lemma II1.2.1 and the required

Calderéon-Zygmund estimates contained in Lemmas I11.3.3 and 111.3.4.

Lemma I11.4.1. Letn, m € Nanda, b, A, B, a, 8 > —1 such that n+a+b+1 # 0,
m+A+B+1#0,andn(n+a+b+1)#m(m+A+B+1).

(a) If n, m # 0, we have that

(n+a+b+1)(m+A+B+1)
2(n(n+a+b+1)—m(m+A+B+1))

,jga,b,A,B,a,,B) (TL, m) _

t ~(at1,b+1A,B,at1,5+1)
PHAB LI ()

T m4 Z;CJLB + 1~§a+1’b+1’A’B’a’B+l)( —1,m)
Tt fl :LZJ)B i 1j§a+1’b+1’A’B’a+l’B) (n—1,m)
_ Wﬂgamﬂﬂ“’a“ﬁ Pn,m—1)
o AT 1)

B —B (a,b,A+1,B+1,a41,8)
Ry Pt —-1].
n+a+b+1"" (n,m )

(b) If n =0 and m € N,

B t o
FabAB, ’ﬂ)(O,m) _ b glebarrB, +1,B+1)(07m - 1)
m
o — A a «@
_ jl(t b,A+1,B+1, ,ﬁ+1)<0’ m — 1)
2m
— B _, o
N I} jl(f b, A+1,B41, “’B)(O,m —1).
2m
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(C) [inEN andm—o,
Jﬁrg(l’b’A7B7a7/8) (n’ O) 5 J(a+1 ,b+1,A,B,a+1, }3+1)( 1 ’ O)

a—Qa
,J(a+1,b+1,Avaaﬂ+1)(n —1, 0)

on
—b_(a a

n ﬁzjg FLAFLABALA) () ().
n

Proof. First, we prove case (a). By using the identities (I1.12) and (I1.9) and applying
integration by parts we have

jga,b,A,B,a,ﬁ) (n’ m)

-1 /1 d
= o [ e (P @) (1 - @) (L4 2) ) P ()
-1

2n drx \ " "
x (1—2)* %1+ ) da
U ~(a+1,b+1,4,B,a+1,8+1)
ettt ~1
- (0 —1,m)
m+A+B+1 ot Lo+LA+LELL, a+1,5+1)(n —Lm—1)
4dn
& — G (a+1,b+1,A,B,0,6+1)
— J 1
- (0 —1,m)
b a (0%
+52 o Lo1AB, +15)( ~1m).
n

In a similar way, we obtain that

HLb+1L, A+ B41,a-+1,6+1
3 oathp )(n—lm—l)

2 H(1—z) 4 d <
- =~ T P(a,b) )
n+a+b+1 de \ " (z)
% (PT(RA_-El,B—s—l)(x)(l _ $)A+1(1 + I)B+1> (1— x)a—Au 4 x)ﬁ—B dr
—21 ~(a,b,A+1,B+1,0+1,6+1)
= Jpooo TR -1
n+a+b+1" (r,m —1)
4m ~(a,b,A,B,a,)
J " b b b
nt+a+b+1"" (n,m)
20— A) _(abA+1,B+1a,8+1)
J,oT T ,m—1
n+a+b+1"" (n,m = 1)
2(p— B a o
. (/8 ) jg b,A+1,B+1, —‘rl,ﬁ) (n’m . 1)
n+a+b+1

and the result follows.
For cases (b) and (c) write

~(a,b,A,B,a, — T d A
Jg B ,6’)( _ _7/ (11— ) ( )A+1(1+$)B+1P£@ 4;1 B+1)($))

x@—)a%uwﬁBm
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in the former and
~(a,b,A,B,a,8) _ _i ! —t(l—z)i o a+1 b+1 plat+1,b+1)
e (n,0) = =5 [ 02 (1= 2 (14 2) P @)

x (1 —2)* (1 +2)" b de
in the latter and integrate by parts. O]

Proof of Lemma I11.2.1. We only check the cases n,m > 2, with n # m, by using (a)
in Lemma III.4.1. The remaining cases can be obtained from (b) and (c¢) in the same
lemma. Takinga = A =« and b = B = (5 in Lemma II.4.1 case (a) and noting that

nn+a+pf+1)—mm+a+pF+1)=n—-—m)n+m+a+p+1)

we have

Ct

(IL15) K™ (n,m) wg“f%ﬁ?ﬁ)(\Jﬁa“ﬁ“’“ﬂ’““ﬁ“><n—Lm)\

| <
In —ml|
)

Lemma III.4.1 gives that

j§a+1,5+l,a,ﬁ,a+1,ﬁ+l) (77, _ 1’ m)‘ <

~ |n—m|

(t‘j(a+2,,8+2,a,/370¢+2v8+2)(n -2, m)|

i t|j(a+1,6+1,a+1,5+1,a+2,5+2) (n—1,m—1)|

i |j(a+1,5+1,a+1,5+1,a+1,6+2)(n —1,m—1)|
+ |j(aJrl,B+1,Oz+1,5+1,a+2,5+1)(n —1.m— 1)‘)

Now, with the uniform bound (II.14), taking into account the asymptotic behaviour
(I1.8) and the bound

/0 e_t(l—x)(l . :B)_1/2 dr — /1 e_t(1+x)(1 + x)_1/2 dx

1 0
1
< / e~t1=2)(1 — )71/2 g,
0
we obtain that

j§a+l,ﬂ+1,a,ﬂ,a+l,ﬂ+1) (n . 17 m)‘

C 1 1
< t/ —t(1-2) (] _ \1/2 4 / —t(1-2) (] _ )12 g
S Jrmin ] ( € (1—2)"*de+ € (1—2x) x

< G /2 /1 e t=2)/2 qgp 4 7172 /Oo e s 12 ds
— /nm|n —m)| -1 0

Ct_1/2
< —mmm.
— /nm|n —m)|
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Following the same procedure, we deduce that

Ct=1/2
< —.
— V/nm|n —m)|

‘3§a75,a+1,5+1,a+1,5+1)(m m — 1)‘

Then, from (II1.15), the result follows.

]

Proof of Lemma II1.3.3. For the cases n,m > 1, with n # m, the result follows
from (II1.15), (II.14), and (I1.8). The estimate (II1.13) for the remaining cases is a

consequence of (b) and (c) in Lemma I11.4.1. The bound (III.14) is obvious.

[]

Proof of Lemma I11.5.4. Note that the conditions n # m and 2m/3 < n < 3m/2

imply that n,m > 2.
We begin by using the relation (I1.10) to get

() (@8) (1) ’
o a, wn [e* @, n fﬂ b
pgl B () _p7(1+/13)(x) — (1 _ wn{:;)) pgl B () + w7(1+f) ( oo _ n+17
(Oz,ﬁ) (a»ﬁ)
I e O N O L X5 B ()
_(1 wym>“ O et )
(a,8)

Mm+a+B+2 w (1— )
2Gn+1) gettd Pn

Therefore,

K (n,m) — K7 (n 4 1,m)

(a,8) (a,8)
- (1 — ol ) K| ’B)(n,m) — +71 K} ’6)(n,m)

w(a,ﬁ)

n

. Mm+a+pf+2 w Dl
2(n+1)  letth) !

with
D}ga’ﬁ) (n’ m) _ w£a+175)w7(3,5)jga—o—lﬁ,aﬁ,a—i-lﬂ) (n7 m)

(avﬁ) 1
lim n | 2l _p) = -,
n—00 w(a»ﬁ) 2

n

Now, the limit

which is a consequence of (I1.8), gives us the estimate

s

o)

C
Si
n

The last inequality is used together with Lemma III.3.3 to obtain
C

sup ’Kt(a’ﬁ)(n, m) — Kt(a’ﬁ)(n +1, m)‘ < ——+Csup ’Dt(a’ﬁ)(n,m)’ .

>0 ~ In—m|? >0

33



III. THE HEAT SEMIGROUP

So the study reduces to prove that

(111.16) sup | i (n, m)| < ¢

>0 In —m|?

First, we apply Lemma III.4.1 to obtain that

j§a+1’ﬁ7a767a+176) (n’ m) ’ <

< t ‘j§a+2,ﬁ+l,a,5,a+2,6+1) (n . 17 m)‘
[n —mj

+tl3 ‘~(a+1,ﬂ ,a+1,8+1,a+42, 5+1)(

n )ﬁ(aﬂ Brat1,6+1, a+1’5+1)(n, m — 1)‘ ) )

n,m—l)‘

Now, applying again Lemma II1.4.1 to each term on the right-hand side of the previous
inequality we have

C
t j§a+2,5+1,a,ﬁ,a+2,ﬁ+l) (n . 1’ m)‘ <

~ [n—ml|
« (tQ ‘j§a+3,ﬂ+2,a,,@,a+3,ﬁ+2) (n—2 m)’
e ‘j(a+2,5+1 AFLBHLatEE () g 1)’
Y
e ’Jtoz+2,6+1,oz+1,ﬁ+17Oé+2,5+2) (n—1,m— 1)’

e ‘j§a+2,5+1,a+1,B+1,a+3,B+1)(n —1,m-— 1)‘ ) 7

nm—l)‘_

x <t2 ‘j£a+2,,6’+1,a+1,,8+1,a+3,ﬂ+2) (n . 17 m— 1)’

+ |7
+1|
)3

tl3 ’~(a+2 B+1,a41,8+1, a+3,ﬁ+1)( —1m— 1)’ ) ’

(a+1757a+275+2,a+375+2) (n,m — 2)’
b
(0h2, 541011t 2042) (1) g 1)‘
a+1,8,a+2,8+2,a+2,3+2
BRI gy )
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and

j§a+1,5,a+1,3+1,a+1,5+1)(n’ _— 1)‘ < C
In —m|

o (t ‘j§a+2,,8+1,a+1,ﬁ+l,a+2,5+2) (n—1,m— 1)‘

el aesss o)

n ‘j§a+2,5+1,a+1,,5+1,a+2,/3+1)(n —1,m— 1)’ )

Finally, by using the bound (II.14) and (I.8) we conclude that

’D,EO‘”B)(”’m)’ < |71—C’77”L‘2

1 1
X (tz/ e’t(l"”)(l —z)(1+ x)1/2 dx + t/ e’t(l’m)(l + x)1/2 dx
—1 —1

1 1
+ t/ e =1 — ) (1 4 2) Y2 dx + / e 10 (1 4 g)71/2 d:c)
-1 —1
C
L —
~ [n—mf?

and the proof of (II1.16) is completed. O
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CHAPTER IV

THE RIESZ TRANSFORMS

This chapter is a continuation of the study of discrete Harmonic Analysis associ-
ated with the discrete Laplacian J (@5) related to the three-term recurrence for Jacobi
polynomials. In this occasion we focus on the Riesz transforms which arise in this
setting.

The Riesz transforms are classical operators in Harmonic Analysis. In the Eu-
clidean context, they are a straightforward generalization to higher dimensions of the
Hilbert transform on the real line

_ 1t

TIJRT —Y

Hf(x) dy,

defined for suitable functions f and where the integral is interpreted in the principal
value sense. More precisely, the Riesz transforms are singular integral operators of
the form

- Tj —Yj .
ij(x)_cd/Rd’x_y’dHf(y)dy’ 1<j<d,

with ¢; a constant which depends only on the dimension d (¢; = 1/7). Mapping
properties for the Hilbert transform (and for the conjugate function) were obtained
by M. Riesz in his celebrated paper [52]. The boundedness on L? of a wide class of
singular integrals in R? was first studied by A. P. Calderén and A. Zygmund in the
classical article [14].

In the non-trigonometric setting, the Riesz transforms have been studied in many
situations. We recommend [44] to the interested reader and the references therein.
These operators have also been treated in very abstract settings as for example Rie-
mannian manifolds or compact Lie groups (see for example [18] and [21], respectively).

The chapter is organised as follows: the definition of the Riesz transforms is given
in the first section. It is based on the Riesz potentials (also called fractional integrals)
of J@P) which are also included in that section. The next section contains the main
theorem of the chapter about ¢P-mapping properties of the Riesz transforms. The
result generalises the one presented in [17] for the corresponding Riesz transforms
associated with the discrete Laplacian Ay. The proof of the main theorem relies on
discrete Calderén-Zygmund theory so the last section is devoted to show the estimates
that are necessary to apply it.

IV.1 The Riesz transforms associated with
Jacobi polynomials

In Chapter III we have seen that the infinitesimal generator of the heat semigroup
{Wt(a’ﬁ )}tzo is (@9 In order to define the Riesz transforms we follow a standard
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IV. THE RIESZ TRANSFORMS

procedure (see [59, p. 57], [69], and [70]).
First, we decompose the operator J(*# by noting that the sequences {dn}n>0
and {e, },>0 given by

n

B 2ln+a+B+1)(n+a+1)
\N@n+a+B8+1)2n+a+B+2)

and

_ 2(n+pB+1)(n+1)
“T\@ntatBt+2)@ntatB+3)

for n > 0 (we assume the natural interpretation for dy), satisfy the relations

al®? = dyey, n >0,
beh) =1 —d2 —e?_ |, n>1,

and b7 =1— 2.
In this way, we have that

j(a,ﬁ) = —§%0,
where
df(n) =d,f(n) —e,f(n+1), n >0,
5*f(n) - dnf(n) - en—lf(n - 1)7 n =1,

and 6*f(0) = dof(0). Note that both ¢ and §* are adjoint operators in ¢*(N).
Second, we define the Riesz potentials (also fractional integrals) (—J(*)7 fol-
lowing [60, Chapter 5]. So, by using the formula [51, Section 2.3.3, eq. 1]

/ t" et dt =T'(o)r 7,
0

which holds for o,r > 0, the Riesz potentials (fractional integrals) are given by

1 ° Wt(aﬁ) f(n)
J

<_x7(a’ﬂ))_af(n) = F(O’) tl—o

dt, o> 0.

Finally, we formally define the Riesz transforms R(®?) associated with the oper-
ator J (@0 by the composition

RO f(n) = 3(=T )2 (n).

Unfortunately, the next result shows that the operator (—J (""5))_1/ 2 is not well de-

fined for a, > —1/2, so we will need and alternative way to define the Riesz trans-
forms.

Throughout the rest of the work we will use the standard notation cyg instead of
the less usual (C)Y.

Proposition IV.1.1. Let o, > —1/2, 0 > 0, and f € coo. Then (=T @)= is
well defined if and only if o < 1/2.
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IV.1. The Riesz transforms associated with Jacobi polynomials

Proof. First of all, we have that Wt(a’ﬂ ) f is well defined for f € cq (it is well defined
for sequences in (*°(N) by Lemma III.2.1 and then for those in ¢oo C ¢*°(N)). Then,
we will prove that (—J ()~ is finite if and only if 0 < o < 1/2.

The argument for the sufficiency is as follows. It is clear that

- CW)W(Msd;A“m&@ﬂw;ﬁ

<ty ([ e i+ [T sl 2

' 11 + L,
Llo)

For I; we use the estimate (see Lemma II1.2.1 for the case m # n and note that for
m = n is obvious)

tl/2
K ) < € Tm—np ™7
1, m=n,
to obtain that
— [flm)| + dt Lodt
L<C
1= mzz:o im —nl2Jo t1/2-0 +1f(n)] 0 ti—o
m#n

and both terms are finite for 0 > 0. To deduce the convergence of I, using that
f € coo and the bound (II.14), it is enough to show that

dt
/i/yﬁip 7 =0
Since
1 o™ (1—z)t —x) C te—s C
dr < C/ ~—,
Vi ﬁ?z “Vih EEE T
we have

dt

//\/1_7%2 <C/ 324t < C,

where we have used that o < 1/2.
To show the necessity of the condition o < 1/2, we will use the inequality

1 e—(1=z)t 1
31_7562 dx < lim inf 2 e~ =D (PP (1)) dpug 5 ().

This is a particular case of a classical result due to A. Maté, P. Nevai, and V. Totik
[37, Theorem 2]. From this fact, there exists N € N such that for every n > N,

16(11‘

M</ P () dp ().
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IV. THE RIESZ TRANSFORMS

Then, taking j € N such that j > N and the sequence {f;(m) = 0, }m>0 we have

(TN G) 2 [T RN G
) [ 1xf<p<a’ﬁ><x>>2dua,ﬁmtfli

1 e=(1-2) dt
>C / /
11— a:2
Now, using that ¢ > 1, we obtain that

16(1x> 1 (1)t

C
i mw/f\f

Then, since (—J @)= f;(j) is well defined, from (IV.1) and (IV.2) we deduce that
o<1/2. O

(IV.2)

Motivated by [17], we define the Riesz transforms R(*%) by

(IV.3) REAf(n) = lim §(=T)7 f(n).

o‘—>7

This is a natural way to proceed because in that paper it was shown that the Riesz
transform associated with A4 turns out to be the discrete one-dimensional Hilbert

transform?

Hifm =2y L eg

i n—m+1/2

defined for appropriate functions f = {f(n)}nez.

IV.2 Mapping properties of the Riesz transforms

In this section, we are going to prove (P-estimates for the Riesz transforms R(*#)
for a, 5 > —1/2. As in the proof of Theorem III.3.1, we use the discrete Calderén-
Zymgund theory of Section I1.3. The difference here is that we invoke it in the simpler
scalar case.

To do so, we first express the Riesz transforms given in (IV.3) in the form of
Theorem I1.3.1. Taking into account Proposition IV.1.1, for o, 5 > —1/2, 0 < 0 <

!This definition is the one given in [71]. There is another typical definition of the discrete
one-dimensional Hilbert transform for sequences in the literature given by

_ 1 f(m)
)—;Zm, n € Z.
m#n

In this direction see [2, 3, 31] and [8].
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IV.2. Mapping properties of the Riesz transforms

1/2, and f € cqg, Fubini’s theorem gives

(_j(aﬂ)) (n) = OO / K(aﬂ d
1 o0
(ay ﬂ) ,B) / ta—l —(1—=x)t dt d
= o) 2 Z_ m) [ ol () [ 17t Has ()

0 aﬁ) B)
= 5% g [ ()duw()

By [48, 18.9.6], it is easy to check that
api (@) = (1 — 2)pi 9 (@),

and therefore, for each sequence in f € cg,

RO f(n) = lim_ 5(=7))" f(n)

o—1"
(045) 0¢+1 B)
Pm
= hm Z f / )G - ( )duawg(l')
o1

— Z f(m)R(a’B)(m,n),
m=0
with 1
R(@:8) (m,n) = [1<1 _ x)1/2p£7($,,3)($)p7(1a+1,5) (2) dpta,g(z).

We now state the main theorem of this chapter.

Theorem IV.2.1. Let o, > —1/2 and let R be the Riesz transforms defined
n (IV.3).

(a) If 1 < p < oo and w € A,(N), then
IR flervy < Cllfllervays € E(N) N (N, w),

where C is a constant independent of f. Consequently, the operator R(*F)
extends uniquely to a bounded linear operator from ¢P(N,w) into itself.

(b) If w € A;(N), then
IRCD fllpcomu < Cliflogwy,  f € CN) NN, w),

where C is a constant independent of f. Consequently, the operator R(5)
extends uniquely to a bounded linear operator from (*(N,w) into (1 (N,w).

As it was mentioned above, the proof of this result relies on the discrete Calderén-
Zygmund theory of Section I1.3 (in the scalar case). Below, we include the steps for
the proof of the theorem.

First, we present an auxiliary result concerning A,(N) weights that we will use
later.
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IV. THE RIESZ TRANSFORMS

Lemma IV.2.2. Let 1 <p < oo and w € Ay(N). Then, w(n) ~ w(n + 1).

Proof. For 1 < p < oo and w € A,(N), it is clear that

1
[w] a4, v) > 2—p(w(n) +w(n + 1))(w(n)’1/(p*1) +w(n + 1)’1/(1”’1))1”’1, n € N.

Now, by means of the inequality (a 4+ b)" > C,(a” + b"), where a,b,r > 0 and
C, =min{2" 7!, 1}, we have

o
op

(w(n) +wrn + 1)) (wrn) +wrn+ 1)1 > Cpflw(n)w(n + 1)

[w]a, ) 2 o

and, similarly,
Cp1 _
[w] 4, ) > #w(n + Dw(n)~t

So,
Cp-1

213 [w]Ap(N) w(n)
27 [w]a, v

Cp—1
For p = 1, if we suppose first w(n) < w(n + 1), then it is clear that

w(n) <w(n+1) <

—_

(w(n) +wn + 1)) max{w(n) " wrn + 1)1}

w(n + Dw(n)™!
2

[w]Al(N) =

— ~(L+w(n+ Du(n) ) >

\)

and we obtain w(n) < w(n + 1) < 2[w|a,wyw(n). On the other hand, supposing
w(n + 1) < w(n) the procedure is exactly the same. O

Let us see now that the operator R(*# is bounded from ¢?(N) into itself. Let
F, 5(z) be defined by (I11.15), which belongs to L*([—1, 1], due.5) for each sequence f
in *(N). Recall that (see (I1.16))

(IV.4) [l = 1ol 21104000, )-

Therefore, noting that

—

RO fn) = [ (1= 2) 2549 () Fyy o (0) da o)

= (L= ) E ),

n

by (IV.4) we have that

IR fllezqey = Nl (1 =)~V 2 Fag)llexqry
= [1(1 = )72 Fasll 2ttt p) = 1Fasll2=111dpa 5 = I1f lee)
and then R(*#) is a bounded operator from ¢?(N) into itself.

Next, we note that it is possible to split the m variable into even and odd parts,
that is,

R@H f(n) = i f@m)R“® (2m,n) + i f@m 4+ DR (2m +1,n),
m=0

m=0
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IV.2. Mapping properties of the Riesz transforms

which motivates the following definitions

e eR(a B)f Z f e eR a,f3) (m n) e,eR(Oé,,B) (m’ TL) — R(Oéﬁ) (Qm’ 2n)7
m=0

coR(@f) f f: Fm)*°R@ (m,n), R (m,n) = R (2m,2n + 1),
m=0
oeR(@f) f i f(m)°¢R@H (m,n), *°R@H(m,n) = R@P(2m +1,2n),
m=0
and
0oR(@H) f(p i f(m)°°R@HA (m,n), °°R@D(m,n) = RP(2m +1,2n + 1).

Hence, we obtain that
RED f(2n) = **RD f(n) + R f(n)

and

REDf(2n+1) = “"RED f(n) + 2R f(n),

with f(n) = f(2n) and f(n) = f(2n + 1), n € N. In addition, note that ®°R(®)
oeR(f) eoR(@f) and @R are bounded operators in £2(N) because so is R(*?).
Indeed, let us define the functions

g(n) = f(n/2)xe(n)  and  h(n) = f((n —1)/2)xo(n),

where £ and O denotes the sets of even and odd numbers respectively. Then, we
have that ®**R(®A) f(n) = R@Fg(2n), “eR@A) f(n) = RADh(2n), R f(n) =
R g(2n +1), and “°R@H) f(n) = R@HDh(2n + 1), so the boundedness on £2(N) of
each operator follows immediately.

Therefore, it is enough to prove that the kernels #¢R(®#) oeR(@8) eop(ef) and
o0 R(@A) are semi-local £(C,C)-standard kernels. This fact is an immediate conse-

quence of the following propositions?.

Proposition IV.2.3. Let n,m € N, n #m, o, > —1/2. Then,

C
V.5 R@P) < :
(1v.5) RO )] <
Moreover,
(IV.6) IR (n,n)| < C.

?Note that in Proposition IV.2.4 we estimate the difference R(®#) (m + 2,n) — R(*#)(m, n)
instead of R(#)(m + 1,n) — R(®(m,n). The reason is that the former is more appropriate

because pi*’ )( ) — pﬁffz)( ) behaves better than pi b)( ) — pgﬂbl)( ) (see [50]).
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IV. THE RIESZ TRANSFORMS

Proposition IV.2.4. Let n,m € N, n # m, 2m/3 < n < 3m/2, o, > —1/2.
Then,

C
a,f a,p
and
C
a,B a,B

The proofs of these two propositions are the most delicate points of the chapter
and they are postponed to the next section.

In this way, by Theorem I1.3.1 (invoked in the scalar setting), taking the weights
we(n) = w(2n) and w,(n) = w(2n + 1) (note that both of them belongs to A,(N)
because w € A,(N)), and applying the bound (IV.6) to control the diagonal terms,
for 1 < p < oo, we have

1R llow vy < ClFler 000
HO’ER(O"B)fHZP(N,we) < C“fHZP(N,we)a
19°R fll o .00) < ClIFller (.00
Ho,oR(a,B)fHep(NMJ < C||f||£p(N,wo)7

and the corresponding weak inequalities for p = 1. To complete the proof, it is enough
to observe that, by Lemma IV.2.2,

[ flleevwe) < Cllf ller o) < Cllfller )

and ) )
[ fller o) < Cllfllervwe) < Clfllerw)-

IV.3 Proofs of Propositions IV.2.3 and 1V.2.4

Proof of Proposition 1V.2.53. The proof of (IV.6) is obvious, so we will focus on the
proof of (IV.5).

First, we suppose that n > m. We decompose R (m,n) according to the
intervals I, = (—=1,-1+1/(n+1)?), L, = [-1+1/(n+ 1)1 —1/(n + 1)%], and
I3 = (1—1/(n+1)2,1) and denote the corresponding integrals by Ri(m,n), Ry(m,n),
and R3(m,n). From (I1.13), for o, 8 > —1/2, we have

|Ry(m,n)| < C(n+ 1) 2(m + 1)B+1/2/ (1+2)dx <
I n+1

and

|R3(m,n)| S C’(n+1)°‘+3/2(m+ 1)a+1/2/ (1 _x)a—l—l/Q dr S C 7
I n+1

and these estimates are enough to prove (IV.5).
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Let us focus on Ry(m,n). We consider the notation

J(m.n) = | Hop(@)pi 7 (2)p? () dpta s (),

with
26 — 20+ 1 — (2a + 26 + 3)z
IV. H, =
( V9) avﬁ(w) 4(1_1,)1/2
and

12, (ab1,8) o (adny (| Y
S<m’n) = Uaﬂ((l - ()) pna ’ ,pﬁ’ )(I) .
z=—1+1/(n+1)2

To give a proper expression of the integral Ro(m,n), we use (IL.5), with f(z) =
(1 — ) 2p+18) (1) and g(z) = p{@P(z), and (I1.6), with hy(z) = ple+1¥(z) and
ho(z) = (1 — 2)'/2. Then, we get that

NP Ray(m,m) = [ (1= @) 29 @) L pe ) (2) dpt o (2)

Iy "
= S(mm)+ [ L1 = ()2 (@)ple ) (2) dpt ()
Iz
= S(m,n) + Nt Ry(m,n) + J(m,n).
Therefore, noting that \(®#) £ \(@+1.6)

S(m,n) + J(m,n)
)\7(_’?,5) o )\gla-i-l,ﬁ)

(IV.10) Ry(m,n) =

Now, we use the identity (I1.12) (if n = 0 then dP*#(z)/dz = 0), the estimate
(I1.13), and the restrictions a, 8 > —1/2 to obtain that

(IV.11) |S(m,n)| < C(n+1).

In order to estimate the term J(m,n) we decompose it according to the intervals
Vi=[-1+1/(n+1?-1+1/(m+1)%), Vo, =[-14+1/(m+1)*,1-1/(m+ 1),
and V3 = (1 —1/(m+ 1)%,1 — 1/(n + 1)?]. We denote the corresponding integrals
by Ji(m,n), Jo(m,n), and J3(m,n). In this way, by using (II.13), the estimate
|H,p5(z)] < C(1 —2)71/2 for =1 < 2 < 1, and the condition a, 8 > —1/2, we deduce
the bounds

|J1(m,n)| < C(m + 1)B+1/2/ (14 2)P/2 14 dg
|4

<C (1+:13)_1/2d:p§0,
Vi

| Ja(m,n)| < c/ (14 2)"2(1 — 2)"* de
\ %}

<C(m+1),
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and

| Js(m,n)| < C(m + 1)a+1/2/ (1= 2)2/254 g

V3
<C|[| (1-2)3de <C(n+1).
Vs
Then, we have
(IV.12) |J(m,n)| < C(n+1),

and, from (IV.10), (IV.11), and (IV.12), we obtain that |Ry(m,n)| < Cln—m|™! and
the estimate (IV.5) is proved for n > m.

The case n < m follows from the above argument by interchanging the roles of n
and m but we include some details for the sake of completeness.

We decompose R (m,n) according to the intervals I} = (=1, —1+1/(m+1)?),
L=[-1+1/(m+1))1-1/(m+1)?],and I} = (1 — 1/(m + 1)%,1) and denote the
corresponding integrals by R (m,n), Ry(m,n), and Ry(m,n). By similar arguments
than above we obtain that

C , C
and |Ry(m,n)| < —T

R) <
Ry )] <

Now, for R, (m,n), by using (I1.7) and noting again that \(®%) #£ \@+1.8) e deduce
the identity

S’'(m,n) — J'(m,n)

/ _
(IV.13) Ry(m,n) = )\SlaJrl,ﬁ) _ )\%vﬁ) ’
where
J'(m,n) = | Hapg(x)pt™ P (@)pl?(x) dpta,s(x),
I,

with H, g as in (IV.9), and

) s . x=1-1/(m+1)?
S'(m,n) = Uns1,5((1 = (-) 7257 plet ) ()

" e=—141/(m+1)2

As in the previous case, we deduce the estimate
(IV.14) 15" (m,n)| < (m+1).

To analyze J'(m,n) we decompose it according to the intervals V] = [-1 4 1/(m +
D2, -1+1/(n+1)?), Vi=[-1+1/(n+1)*1—-1/(n+1)*,and Vi = (1 —1/(n+
1)2,1 —1/(m + 1)?]. The corresponding integrals are denoted by Jj(m,n), J5(m,n),
and Ji(m,n), and we have

| Ji(m,n)| < C, | Jy(m,n)| < C(n+1), and | J3(m,n)] < C(m+1).
Therefore
(IV.15) |J'(m,n)| < C(m+1).

Then (IV.5) is also proved for n < m and the proof of the proposition is finished. [
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In the proof of the Proposition IV.2.4 we will use the following lemmas.

Lemma IV.3.1. Letn € N and a,b > —1. Then,

(lb a
P58 () — ple ()

(n 4 1)*=1/2, 1-1/(n+1)2<x<1,
<O —g) A1 4 ) b2 141/ (n+1)2<2<1—1/(n+1)2
(n+1)b-1/2 —l<z<-1+1/(n+1)2%

Proof of Lemma IV.3.1. First of all, note that it is enough to proof that

4 1)e-1/2 1-1/(n+1)2<x<1
IV.16 (@) @) <" ’ ’
( ) | n+2( ) Pn (IL')| = (1 o x)—a/2+1/4, 0<zx<1-— 1/(n + 1)2’

because the bound for —1 < x < 0 is obtained immediately from latter by using the
relation P{®)(—z) = (=1)"P®D(z), -1 < z < 1.
It is straightforward to check that

(ab)
a a wn a a a
<Nmpwu1MW=<£‘Q(%H%MﬂW>%mm

From the estimate

C
n+1

wn+2
(@b) ~ 1

‘ (a,b)

and the uniform estimate (I1.13) (note that if 0 < <1 —1/(n + 1)?, then 5 <
(1 —2)'/%), we conclude that

w(ﬁbz) b)
(IV.18) w?“’“ — 1] pl(z)

n

<c (n+1)271/2, 1-1/(n+1)2 <z <1,
- )TV o< <1—-1/(n+1)2

Now we apply the identity (II.11) to deduce the estimate

wi | P (@) — P ()|
(a.b)

2n+a+b+2) w™?) la| w!%Y
1 — n (a+1,d) n+
2(n + 1) ( $) w7(1a+17b) ’pn (l’)’ + n + 1

i (@)].
Therefore, the uniform estimate (I1.13) implies that

(Iv19) w9 Py (x) — PP ()]

<c (n+1)271/2, 1-1/(n+1)2 <z <1,
Tl —a) A 0< <1 —-1/(n+1)?

and the same bound holds for the term w9 |P%Y () — P%"(z)|. Then, (IV.16)
follows from (IV.17), (IV.18), and (IV.19). O
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Lemma IV.3.2. Letn € N, a,b > —1. Then,

(P — pl@Y (z)] < C(n+1)

(n + 1)+1/2, 1-1/(n+1)? <z <1,
X (1 — o)™ VAL 4 )72V 141/ (n+1)2<2<1—-1/(n+1)2
(n+1)b+1/2) —l<z<-1+1/(n+1)2%

Proof of Lemma 1V.3.2. First, we assume that n # 0. By (I1.12), it is easy to check
that

(a,b)
a,b a Wy, n+a+b+3 a+1,b+1 a+1,b+1
(S — Py (@) = — 2 (P (@) = plt ()
(+1’ ) 2

+( wity nta+b+3  wl n+a+b+1) (at+1,6+1)

(a+1,b+1) 2 LD 9 DPn—1 ().

n+1 n—1

Then, using that

<C,

‘ w n+a+b+3 w)  n+a+b+1

(a+1,b+1) T (at1b+1)
n+1 2 Wy 2

and the estimate (I1.13) and Lemma IV.3.1, the result follows. If n = 0, we proceed
in a similar way using that dP\*” (z)/dz = 0. O

Proof of Proposition 1V.2.4. We will prove the estimate (IV.7) for n > m and (IV.8)
for n < m. The remaining two cases can be treated in a similar way and we omit the
details.

In this way, we first assume that n > m and prove (IV.7).

We decompose the difference R(% (m + 2,n) — R (m,n) into three integrals
Ri(m,n), Ra(m,n), and R3(m,n) over the intervals I; = (=1,—1+ 1/(n + 1)?),
L=[-1+1/(n+1)*1-1/(n+1)?,and I3 = (1—1/(n+1)?1). From (II.13) and
Lemma IV.3.1 (note that by hypothesis 2m/3 < n < 3m/2), we have

C
[Ra(m, )] < o+ 124 1742 [ (L) do < s
and
a+3/2 a—1/2 « 2
[Ra(m,n)| < -+ 152 0m+ 10717 [ (1= )2 de < o

which are enough to prove (IV.7) in these cases.
We deal now with the most delicate integral Ro(m,n). We recover some notation
from the proof of Proposition IV.2.3 and denote

Tm,) = [ Hoalelple @) — e @) (o)

and
x=1-1/(n+1)2

S(m,n) = Ua (1 — () /2plet 18 pleh) _ peh)y () -
rz=—1+1/(n+1)2
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By (IV.10), using that A\%) # A@+18) and A@) £ A\0+18) e obtain that

S(m+2,n)+J(m+2,n) S(m,n)+ J(m,n)

(IV.20) Ra(m,n) =

Agﬁfﬁ — @) o A@B) _ y(a+1,5)
_ S(m,n)+J(m,n)  2(2m+a+ 5+ 3)(S(m,n) + J(m,n))
AL = AP A = AT G = Ay

We use (IV.11) and (IV.12) to obtain that

(IV.21)

22m +a+ B+ 3)(S(m,n) + J(m,n)) . C
()\(04/3) _ )\(a+l,,8))(>\$7c:,ﬁ) _ )\(aﬂ,ﬁ))

m+2 n n N |n—m\2

From (II.13), (II.12), Lemmas IV.3.1 and IV.3.2, we have

|S(m,n)| < C
and hence
S(m,n) C
V.22 < .
( ) )\5;#32) _ )\%a+1,6) In — m|?

Now, to analyse the term J(m,n) we will use (I1.7). Therefore, taking the nota-

tion 1=1/(n1)?
) rz=1-1/(n+
) = Vs (M58 — 3.4 0

Y
z=—1+1/(n+1)2

where

H, p(7)
1—=z

Y

Hap(z) =

Ti(m,n) = [ (14 2)Has(@) = 20— 22)H, 5(x)

I
x (pl) — pleBY (2)p et (2) dpg p(x),

and
Tu(m,n) = [ (1= a)H @) + (8= 0= 1= (0 + 5+ 3))H, ()
x (P () — Pl (@) )plett D (x) dpara p (),
we have

AL 7 (m,n)

- /1 Ho (@) (Do (@) — @D (2)) LAt (1) i ()

2

Sm.m) + [ 17 Haslple) = o) @ (w) e 5

Sm,m) + [ Hap(@L™ () = o) @)ple™9(2) dte s
2

+ Ty (m,n) — Ty(m,n).
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We use now the identity

(IV.23) L (il —ple ™) (@) = My (it () = pi®) () + (i = Al ()

m m

to deduce that

)\1(1044-175)\7(7”7 TL) - ‘§<m n) + /\m+2 j(m7 n)
+ 2(2m +a+ 5 + B)J(ma TL) + Tl(m> n) - T2<m7 Tl)

In this way,
(IV.24) .
J(m,n)  =S(m,n) =2(2m + a+ B+ 3)J(m,n) — Ti(m,n) + Tz(m, n)

(@B) _ y(a+1,8) (@.B) _ (a+1 B2
Atz = An (Aniz = An )?

From (IV.12), we deduce the estimate

22m +a+ B+ 3)J(m,n) C
()\(an) . )\%OH-I,B))Q — |n _ m|2.

Then, it suffices to show that
(IV.25) S (m, n)| + | T3 (m, n)| + |To(m, n)] < C(n+ 1)

because using (IV.20), (IV.21), (IV.22), and (IV.24), the proof of (IV.7) for n > m
will be completed.

From (II.13), (II.12), Lemmas IV.3.1 and IV.3.2, and using the bounds |H, s(x)| <
C(1 — )72 and |H,, 4(x)| < C(1 — )72, for —1 <z < 1, we obtain the estimate

IS(m,n)| < C(n+ 1)

Now we decompose Ti(m,n) and Ty(m,n) according the intervals Vi = [—1 +
/(n+1)2%-1+1/(m+ 1)), Va =[-1+1/(m+1)*1—-1/(m+1)?], and V5 =
(1—-1/(m+1)>,1—1/(n+ 1)?. Using (I1.13), Lemma IV.3.2, and the estimate

(14 2)Hap(z) —2(1 — 2®)H, 4(2)] < C(1+2)(1 - x) 732, —l<z<l,

for 2m/3 < n < 3m/2 and a > —1/2 we have
[Ty(m,n)| < C ((m + 1)5+3/2/ (1+ 3;)5/2+3/4 dz
\%1
+m+1) [ (14221 - 2)

Vs

+(m+1)a+3/2/

(1= z)/2-5/4 da:> <Cn+ 1>
V3

Finally, by (I1.13), Lemma IV.3.1, and the bound
(1= a?)Hy 5(2) +2(8 —a—1—(a+B+3)a)H,, 45(z)| < C(1—2)7°%, —1<w<],
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IV.3. Proofs of Propositions IV.2.3 and 1V.2.4

we can show that for 2m/3 <n <3m/2 and o > —1/2,

Ty(m, n)| < C ((m + 1)6—1/2/ (1422 Vde 4+ [ (1—2)2de
|41 Va

+m 1) [

(1 — 2)*/2-9/4 da:) <C(n+1),
V3

and the proof of (IV.25) is completed.

Now we will prove the estimate (IV.8) for n < m.

Again, we decompose the difference R (m,n + 2) — R (m, n) into three
integrals R (m, n), Ry(m,n), and R5(m,n), over the intervals I] = (=1, —1+1/(m+
12), I = [—~1+1/(m+1)%1—1/(m+1)2], I = (1 — 1/(m + 1)%,1). We use (IL.13)
and Lemma IV.3.1 and we deduce the estimates

R (m,n)| < Clm + 1720+ 17742 [ (14 2) da <

i (m+ 1)
and
C
a+1/2 a+1/2 a+1/2
Riim, ] < Clmo+ 1)+ )7 [ (1= )P de <

We analyse now the term R)(m,n). By (IV.13), using that )\51121,5) # A\? and
Mea+bhB) £ Af) Hit s possible to prove the identity

S'(m,n+2)—J(mn+2) S'(m,n)—J(m,n)

Ry(m,n) = _
_ S/(ma n) — j/(mv 7’L> . 2(2TL +a+ B + 4)(5”(’)71, 7’L> — ‘]/(mv n))
where

J'(m,n) = /, Ho p(@)ple? (2) (pys"” () = pe (@) dpta ()

and

/ —1/2(e.8) (@+1,6) (a-+1,8) 2=1-1/(m+1)2
8'(m, ) = Unro (1= ()29, o5 = pfe 19 ) a)

o= 141/ (m+1)2

By (IV.14) and (IV.15) we obtain that

n+2 a |n_m|2.

2(2n+a+ﬂ+4)(5’(m,n)—J’(m,n))‘ - C

Now, from (I1.13), (II.12), and Lemmas IV.3.1 and IV.3.2, we deduce the estimate

|8’ (m,n)| < C
and therefore
S'(m,n) C
| S P
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IV. THE RIESZ TRANSFORMS

We deal now with the term J'(m,n). By using (II.6) we have that

A 2T (m, n)

a+1, o « o
], Has@) W57 (@) = o9 (@) L7 pe ) () ()
8mom)+ [ L9 (o35 = ) (0)ple ) (2) ()
2

§'mm) + [, Has(@) L2 G5 = o) @)ps (@) dpa ()
2

- Tll(m7 TZ) - Té(ma TL),

Il
2

where

- x=1-1/(m+1)?
a+1, a a
S/(ma TL) - an,,B <Hoc,,3<p$1+—; - p'gz +176))7p$7175)> (ZL‘)

Y
x=—141/(m+1)2

T{(m,n) = [ ((1+2)Hop(a) +2(1 = 2 H, (2))
X (™" = P (@)pl 2 (@) dpse o (),

and
Tym,n) = [ (1= a®)H (@) + (8 = a = (a+ 5 + 2)a) H 5(x)

x (PO (@) — plet D (@))pleD (@) dptep ().

Applying (IV.23) we get

J'(m,n) ~8'(m,n) —22n + a+ B+ 4).J (m,n) + T/ (m,n) + T4(m, n)

From (IV.15), it is easy to show that

22n+a+ B +4)J'(m,n) C
AR =X | T I mf

To estimate the term &'(m, n) we use (11.13), (I1.12), Lemmas IV.3.1 and IV.3.2, and
the estimates |Ho5(2)| < C(1 —2)™Y2, [H) 4(z)| < C(1 — )72, for =1 <z < 1.
Then, N

S’ (m,n)| < C(m+1)?

and N
S'(m,n) C
O | < o=

Finally, we estimate the terms 7] (m, n) and Ty(m, n). We split both of them according
to the intervals V{ = [—141/(m+1)%, —1+41/(n+1)?), Vj = [-1+41/(n+1)?,1-1/(n+
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1)?], and Vi = (1 —1/(n+1)%,1 — 1/(m + 1)?]. Thus, using (I.13), Lemma IV.3.2,
and the estimate

(1+2)Hop(z) — 2(1 — 2®)Hl 4(z)] < C(1+2)(1 —2)"?, —-l<z<l,

for 2m/3 <n <3m/2 and a > —1/2 we have

| T7(m,n)| < C <(n - 1)*3*3/2/ (14 2)5/243/4 4y
v

Fn+1) [ (1+2)20—a) 2 de

(n+ 1)‘”5/2/
Vi

(1 —z)/273/ dm) < CO(m+1)>2
Moreover, by (I1.13), Lemma IV.3.1, and the estimate
(1 —2®)H} 4(x) +2(8 — o — (o + B+ 2)x) H], 4(x)| < C(1 — )32 —l<a<l,

we conclude that for 2m/3 <n <3m/2 and o, 8 > —1/2,

1Ty (m,n)| < C ((n - 1)5*1/2/ (L4 2)?2 Ve + | (1 —2)2de
Vl’ V2’

(1

(1 —x)/>74 dm) < C(m+1)?
4

and the proof of the proposition is finished. O
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CHAPTER V

THE LITTLEWOOD-PALEY-STEIN g,-FUNCTIONS

This chapter concludes the discrete Harmonic Analysis carried out in this dis-
sertation. After studying the heat semigroup and the Riesz transforms associated
with discrete Jacobi expansions we are now concern in the study of other classical
operators in Harmonic Analysis: the Littlewood-Paley-Stein gi-functions.

The history of gi-functions goes back to the seminal paper by J. E. Littlewood
and R. E. A. C. Paley [35], published in 1936, where they introduced the g-function
(k = 1) for the trigonometric Fourier series. The extension to the Fourier transform
on R? was given by E. M. Stein in [57] more than twenty years later. He himself
treated the question in a very abstract setting in [59]. In the last few years, there
has been a deep research on these operators in different contexts and considering
weights. For example, for the Hankel transform they were studied in [11], for Jacobi
expansions in [46], for Laguerre expansions in [47], for Hermite expansions in [65],
and for Fourier-Bessel expansions in [16].

Our work in this chapter will generalise the ones in [17] and [10] for the discrete
Laplacian Aq and for the A-Laplacian A,. In the first case, the corresponding g;-
functions were analysed for £ = 1 and in the second one, they considered the more
general case k > 1.

Let us now introduce the gi-functions associated with the discrete Laplacian
J@P) The definition is given via the heat semigroup that we investigated in Chap-
ter I1I (see (I11.2)). The Littlewood-Paley-Stein g,(f"g )_functions associated with 7 (@)

are
9 1/2
W)

V) () = (/0 o

It is very common to define gi-functions in terms of the Poisson semigroup instead
of the heat semigroup. In our case the Poisson semigroup can be defined by subordi-
nation through the identity (II1.10) and then we have the géa’ﬁ )_functions

9 1/2
g;“@(f)(n):(/ £ dt) Lok>1
0

The chapter is organised in the following way: In the first section we state the
main theorem concerning mapping properties of the g,(f’ﬂ )_functions on the spaces
?(N,w), 1 < p < oo, and we present some corollaries such as the boundedness of
g,(ca’ﬂ ) and a result about Laplace type multipliers. In the next section, we prove the
main theorem. Later, we give the estimates that allow us to apply classical vector-
valued Calderén-Zygmund theory in spaces of homogeneous type in the proof of the
main theorem. Finally, the last sections contain the proofs of the corresponding

corollaries.

" s

* (ap)
@Pt 7 f(n)
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V. THE LITTLEWOOD-PALEY-STEIN ¢;-FUNCTIONS

(a,3)

V.1 Mapping properties of the g, "’-functions

The main result of this chapter states that the g,(ga’ﬁ )_functions defined by (V.1) are

bounded from ?(N, w) into itself for o, 5 > —1/2. In fact, there exists an equivalence

in those spaces between the norm of an appropriate sequence f and the norm of gff‘ﬁ ),

that is:

Theorem V.1.1. Let o, > —1/2, 1 <p < 00, and w € Ay(N). Then,

(V.2)  Cillflemw < 167 (Do < Collfloww,  f € CN)NENw),

where Cy and Cy are positive constants independent of f.

We obtain some results that can be deduced from this theorem. The first one
establishes the same (P-estimates for the g,(f’ﬁ )_functions.

Corollary V.1.2. Let a, f > —1/2, 1 < p < o0, and w € A,(N). Then,

Cillf ot < 1o (Dlleww < Collflloouw, — f € EMN)NEN,w),
where Cy and Cy are positive constants independent of f.

We also get a result about Laplace type multipliers as a consequence of Theo-
rem V.1.1. Given a bounded function M defined on [0, 2], the multiplier associated
with M is the operator, initially defined on ¢*(N),

Tarf(n) = e (M(1 — ) Fap),

where F, 5 is given by (I1.15). We say that T is a Laplace type multiplier when

M(z) = x/ooo e a(t)dt,

with a being a bounded function. From a spectral point of view, Th; = M (J@9).
The Laplace type multipliers were introduced by Stein in [59, Chapter 2]. There,

it is observed that they satisfy |[2*M®) ()| < Oy for k = 0,1,..., and then form a

subclass of Marcinkiewicz multipliers. The result for the operators T}, is the follow-

ing.

Theorem V.1.3. Let a, f > —1/2, 1 <p < 00, and w € Ay(N). Then,
ITaef ey < Clfllomwy, — f € CN) NEN,w),

where C' is a constant independent of f.

In addition, from the identity

Yy Zz /OO —xtt—i’y dt
- - , € R,
v I'(1—ivy) Jo ‘ 7

we deduce the following corollary.
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V.2. Proof of Theorem V.1.1

Corollary V.1.4. Let o, > —1/2, 1 < p < 00, and w € A,(N). Then,
1T ey < Cllfllerway, S € CEN)NEN,w),
where C' is a constant independent of f.

As we mentioned in the introduction of the chapter, the proof of Theorem V.1.1 is
postponed to the next section and the proofs of Corollary V.1.2 and Theorem V.1.3
are included in Sections V.4 and V.5, respectively.

V.2 Proof of Theorem V.1.1

We devote this section to prove Theorem V.1.1. First, we will see that the second
inequality in (V.2) implies the first one. Later, two appropriate reductions will show
that the former can be deduced from the case (o, ) = (—1/2,—-1/2) and k = 1.
This particular case will be obtained from classical vector-valued Calderén-Zygmund
theory in spaces of homogeneous type (see [53] and [55]).

We consider the Banach space B, = L2 ((07 00), 1?1 dt), with £ > 1, and the
operator

G Z f(m (m,n),
where
(a.5) * (o)
Gt,k’ (m,n) = 8tth (m,n)

= (1) [ (1= e I @l (1) dp ).

Then, it is clear that
9" () = | G157 £ (n)

By

A first tool to prove Theorem V.1.1 is the following result about the £2.-boundedness
of the ¢{*”-functions,

Lemma V.2.1. Let o, > —1/2 and k > 1. Then,

. L(2k)
(V.3) 9" (Dl = 1l

Proof. For a sequence f € ¢*(N), it is satisfied that

G () = (~1F [ (L= 2 e O B (@) (2) dy (2
= (SO (1 = e O, ),
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V. THE LITTLEWOOD-PALEY-STEIN ¢;-FUNCTIONS

with F, g defined by (II.15). Then, by using Parseval’s identity (I1.16), we have
9™ ()i = Z A e (D N O
/ t2k 12|ca5 i k —t( a,ﬁ)|2dt
= [ / (1= 2)e 20| By o (o) 2 djta )
_/ (1 — 2)2*|Fy 5 )|2/ 2h=1,-2t(1-2) 4 djte 5(2)
0
O [ | Fusla) P die ()

I'(2k)
= om I flle2 )

and the proof is completed.

Now, let us see that

(V.4) 195 () vy < Coll Fllew vy

implies the reverse inequality

(V.5) @i < Clla™? () lev@iw)-

Polarising the identity (V.3), we have

Z/ (&fk t(aﬂ)f(n)> (;wt(“’ﬁ)h(n)> @t

22k

i £ (n)h(m)

and, obviously,

<C Z 9 n)gi? (h)(n).

Taking h(n) = w'/?(n) fi(n), we have

Z f(n 1/p

WG| < €S g ' ) (o)

=C f: g™ () )P (nyw ™ (n) g™ (WP f1) (n)
< Cllg ““( e 19577 (0 F1) ot 4,00y
where w' = w™/®=1). Note that w € A,(N) implies w’ € A, (N) and, by (V.4),
1gx™” W% )l gy < ClH0M Fill it sy = Il -
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V.2. Proof of Theorem V.1.1

So, we obtain that
z () fin)| < Cllge™” (el fills

and taking the supremum over all f; € ¢'(N) such that || f 1l vy < 1, we conclude
the inequality (V.5).

In this way, we have reduced the proof of Theorem V.1.1 to prove (V.4). Now,
we proceed with two additional reductions. First, we are going to use a proper
transplantation operator to deduce (V.4) from the case (o, ) = (—1/2,—1/2) for

k > 1. Finally, we will see how to obtain (V.4) for g,(C_I/Q’_l/Z) with £ > 1 from
the case k = 1. These reductions in the proof are inspired by the work in [25] (see
also [10, Section 4]).

For f € (*(N) we define the transplantation operator

’/3f Z f(m Kg’ﬁ n,m)

m=0

where 1
75 N (03
K 3(n,m) = L 12957 (@)P' (@) dity jorasaszesy2(2).

This operator was analysed in [5] in connection with a classical result by R. Askey
[7]. The precise result in [5] is the following theorem.

Theorem V.2.2 (Theorem 1.1 in [5]). Let o, 8,7, > —1/2, with (o, B) # (7, 0).
(1) If 1 <p < oo and w € A,(N), then

1725 sy < Cllflleiwy, € CON) NN, w),

where C'is a constant independent of f. Consequently, the operator TWB extends
uniquely to a bounded linear operator from ¢P(N,w) into itself.

(it) If w € A1(N), then
T35 leso@uy < Cllfllagwy, — f € CMN)NEN,w),

where C' is a constant independent of f. Consequently, the operator T 7.0 o.p extends
uniquely to a bounded linear operator from (*(N,w) into £2°°(N,w).

By a result due to J.-L. Krivine (see [34, Theorem 1.f.14]), it is possible to give,
in an obvious way, a vector-valued extension of the transplantation operator to the
space By, denoted by Tl’g, satisfying

IT, gf“z” (Naw) = C||f\|e” (N,w)s I <p<oo,

with weights in A,(N).

In this way, we note that

1/2,—1/2)n—1/2,—1/2
(V.6) G f =T, G 2T Py

@,
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V. THE LITTLEWOOD-PALEY-STEIN ¢;-FUNCTIONS

Indeed, we have

1/ _ 19 oF 19
G§7k1/2, I/Q)Ta,,}?/l 1/2f(n) atkWt 1/2, 1/2)T 1/2 1/2f( )
—1/2,-1/2), . —1/2,—1/2, .
- zf<m>ZG£,k/ PG )KL (G,m)
m=0 §=0

and, by using (I1.17) and the identities
—1/2,-1/2) - ~1/2,-1/2 (1= (—1/2.—
T A R O (L
and
1/2,-1/2 —1/2,-1/2 a
Ko P Gom) = P21 = ) BV PR ),
we deduce that
o~ (—1/2,-1/2) / . —1/2,-1/2, .
S GG KT Gm)

=0 ’
1
= (-1 /_1(1 — z)ke R pl 2D () @B (1) dptg o1 74.5/2-14().

Applying a similar argument to the other composition the proof of (V.6) follows.

Now, let us see that it is enough to analyse the gg_l/ 2712 _function. In fact, using
induction we can deduce the boundedness of the g,(jl/ 2712 _functions for k > 1. Let

us suppose that the operator GE;I/Z_I/Q) is bounded from (*(N,w) into £5 (N, w).
Taking £ = 1 and applying again Krivine’s theorem, we deduce that the operator
5 (—1/2,-1/2 :

G§,1 /2-1/2) :Eﬁk(N, w) — éﬁkxﬁl(N w), given by

{fs(n)}sz0 — {Gt 11/2 - fs}s>0,

~1/2,-1/2) G( 1/2,-1/2) .

is bounded. Moreover, G is a bounded operator from ¢?(N, w)

into 45, .5, (N,w). Now, using the 1dent1ty

0 1/2,—1/2) o (=1/2,—1/2) ok (=1/2,-1/2)
o (Wt o Vs ) ) = pam W

)
u=s-+t

we have

Hégll/z,q/z G( 1/2, 71/2)f

Bk xB1

L
_/ / £)2k-1
[

1 2k+1
~ 2k + 1)(2k) / o

—1/2,—1/2
915:-5—1/ / )(f)

T (2k+1)(2k)

1 2
Wi1/2-12) ds dt

Ouk+1

u=s+t
2

k41
4 dr dt

W12-172) ¢
auk-‘rl u

u=r

8k+
(—1/2,-1/2) f' / )21 gt dr

Tk—‘,—l

8+W(

Opk+1 dr
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V.3. Proofs of Propositions V.2.3 and V.2.4

Finally, to complete the proof of Theorem V.1.1 we have to prove (V.4) for (o, 8) =
(—1/2,—1/2) and k = 1. This fact will be a consequence of the following propositions.

Proposition V.2.3. Let n,m € N with n # m. Then,

19 C
1/2,-1/2
(V.7) |G ey <
Moreover
(V.8) 1G22 (n,n) |, < C
Proposition V.2.4. Let n,m € N with n # m. Then,
179 _1/9._ C
HGEJl/Q, 1/2)<m + 1,77/) . G§711/2, 1/2)(m’n)“31 S m

The proofs of these propositions are found in the next section. In addition, note
that we have only included one of the estimates related to the regularity properties
of Calderén-Zygmund theory because, as in the case of the kernel Kt(a’ﬂ ) for the heat
semigroup Wt(a’ﬁ), we have that GE;”Z*”” (m,n) = GEEl/Q’fl/m (n,m).

Now, by using that

g ) < | Y Fm)GEYE T P )|+ )G (0, m)
m=0
m#n B,

=:T1f(n) +Taf(n),

we can apply Lemma V.2.1, (V.7) of Proposition V.2.3, and Proposition V.2.4 to
deduce, from the classical vector-valued Calderén-Zygmund theory in spaces of ho-
mogeneous type, the inequality

I T3S Nler o) < Cllfller @)

By

and (V.8) to obtain that

T2 fller @iy < Cllfllereavis

finishing the proof of Theorem V.1.1.

V.3 Proofs of Propositions V.2.3 and V.24

The identity (see [51, p. 456])
1 ™
—/ e*°5% cos(mb) df = I,,,(2), |arg(z)| < m,
7 Jo

where I,,, denotes the Bessel function of imaginary argument of order m, implies (see
also (I1.18))

(V.9) K2 (m,n) = e (Lo () + Lo (1), nym #0
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(V.10)
K7 (m,0) = V2e 'L (1), and  K{T2TYP(0,0) = V2L (1),

To simplify notation, we set K;(n) = e 'I,(t).

We note that the proofs of Propositions V.2.3 and V.2.4 are similar to the one
given in [17, Proposition 4] but we have included them for a self-contained exposition
of the dissertation and to fix some details.

Proof of Proposition V.2.3. The identity [48, eq. 10.29.1]

21, (1) = I (t) + I (2)

yields
0Ki(n) 1
(V.11) 5 §(Kt(n+1) —2Ki(n) + Ki(n — 1)), n>1,
nd DK (0)
8’; = K,(1) — K,(0).

The next identity is known as Schlafli’s integral representation of Poisson type for
modified Bessel functions (see [33, eq. (5.10.22)]):

- e (1 — %) V2ds, |argz| <,

v 1 1
(V.12) I,(z) = TR T+ 1/2) /_1 V>

Integrating by parts once and twice in (V.12), we have, respectively, the identities

Zu—l 1 ) 3 1
- _ —zs _ v—3/2 -
(V.13) I,(z) TR T —1/2) /_1 e *s(1—s%) ds, v> 5
and
2V 2 1 1+ zs 3
.14 [zz = / s "1 — 2\v—5/2 2
(V.14) (2) TR —3/3) ) e . s(1 —s%) ds, v> 5

Then from (V.11), using (V.12), (V.13), and (V.14) with v = n — 1, v = n, and
v =n + 1, respectively, we deduce that, for n > 1,

0Ki(n 1
) (D) + ().
where
Ti(n) = 2 /1 6—t(1+s)8(1 _ SQ)n—3/2 ds
’ V21T (n —1/2) J-1
and

tn—l

Va2 10(n — 1/2

1
]2715(71) = ) /_1 e—t(l—i—s)(l + 8)2(1 o SQ)n—3/2 ds.
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V.3. Proofs of Propositions V.2.3 and V.2.4

Now, for n > 2,

7(0(n = 1/2))|| 11.e(n) I,

1 o0 1 1
W/ t2n 3/ e (1+s)5(1 — SZ)n—3/2 ds/_l eft(1+r)7,<1 . T2)n73/2 dr
= Q- z/ / sr(l—s7)" 3/2(1 R /0 203t 2547) gt s dly
['(2n — 2) i 3/2(1 — p2\n—3/2
5 / / oo a-r) dsdr
S o2 2_8_7».)2712
—1)(2v — 1) (u(l — )" 32(v(1 — v))"—3/2
:r(zn—z)/ / 2u— 1)(@2v = D(u(l —u)" P o)
0 Jo (u + v)2n—2
where in the last step, we have applied the change of variables s = 2u — 1 and
r=2v—1, and

eI, < O o = oy 1 dua
n — 1 _3/9 1/v Zn73/2
—CM/(l—v)” //0/ Wdzdv
n — 1 a/ o 4n—3/2
<O (00 ) ([ )
C
T (- 1/2

In a similar way and again for n > 2, we obtain that

2 16F 2n) (uwv)"2((1 = w)(1 — v))" 32
||12,t(n)||1531 = —1/2))2 / / (0 1 0)2n du dv
and
F(QTL) 1 - 00 Zn+1/2
] 2 ( 2(1 _ 4)n—3/2 ) o
[ L24(n) ||z, < C(F(n —1/2))2 /0 vi(l—v) dv /0 (1+2)%n dz
__ ¢
(n+1/2)
Hence,
(V.15) HaKt(n) <% forn>2
ot |5, n’
Now, we prove that
9K,(0) 0K, (1)
1 :
g et
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By Theorem II.1.3, it is clear that

aKt(O) _ l Q /ﬂ- eft(lfcose) do
ot B, ot Jo B,

1 ™

=— / e~t=eos9) (1 _ cos @) df
T [lJo B
1 s

< —/ (1 —cosf) He’t(lfcose) < C.
mJo By

3Kt(1)

Similarly, we obtain that H S C' and the proof of (V.16) is finished.
Finally, using (V.9), (V.lO), (V.15), (V.16), and the identity

we conclude the proof of the proposition. m

Proof of the Proposition V.2.4. By using (V.9) and (V.10) the proof will follow from
the estimate

C
<, for n # 0.
B,

(V.17) H (Ki(n + 1) — Ki(n))

Using (V.11), we have

9 Kin+1) — Ki(n)) = ;(Kt(n +2) —-3Ki(n+1)+3Ki(n) — Kiy(n—1)).

(V.18) =

Integrating by parts three times in (V.12) gives
ZV*3
V7273 (v — 5/2)

1 22243 3 )
% / e %8 S(S z +2 Sz + )(1 . 52)1/—7/2 dS, v> =
-1 z 2

(V.19) I(z) = —

Then, using (V.12), (V.13), (V.14), and (V.19) with v =n—1, v =n, v = n + 1,
and v = n + 2, respectively, (V.18) becomes

at(Kt(n +1)— Ki(n)) = _21 (3J1¢(n) +3J24(n) + J54(n)),

0
where
Jlt(n> _ tn—3 /1 e,t(lJrs)S(l N 52)7173/2 ds
' V21T (n — 1/2) J-1 )
n—2
Jor(n) = l /1 e,t(1+s)s(1 +5)(1— 32)”’3/2 ds
’ V2T (n —1/2) J- :
and
n—1
J3(n) = t /1 e_t(1+s)(1 +5)3(1 — 82)n_3/2 ds.
| VA2 T (n— 1/2) J-
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V.3. Proofs of Propositions V.2.3 and V.2.4

To estimate these inequalities we proceed as in the previous proposition. In fact, for
n >4,

,  AT(2n—4)
el = )7
Lt (1= 2u)(1 = 20) (u(1 — )" 32 (v(1 — v))"=3/2
X/o /0 (u+ o)z du dv,
and

9 ['(2n —4) 1, 3/
I a8, < Oy () w0 =0 )

, _ 4T(2n—2)
| J2,¢(n) |5, = 7(T(n —1/2))?
/ / (2u = 1)(20 = D(uwo)" (L —w)(1 —v)" 2
(u+ v)2n—2 ’
and

2 F(2n — 2) ! 2 n—3/2
[ Jo.e(n) 5, < Cm (/0 v (1 —v) / dv)

and finally,

16F 2n) (uv) n+3/2 (1—u)(1— U))n73/2
Jso(n)|3, = / / dud
aelml, = o o wdv,

and
2 I'(2n) Ly n—3/2
||J3,t(n)||18%1 < Cm </O v (1 —v) / dv)
00 Zn+3/2 C
g </o <1+>d> S

We deduce (V.17) from the previous estimates for n > 4. The remainder cases can
be proved as (V.16) in the previous proposition and then,

O (Ki(n+1) - Ky(n))

<C =1,2,3. O
Hat — ) n ) <

B,
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V.4 Proof of Corollary V.1.2

We are going to prove Corollary V.1.2. The Poisson semigroup {Pt(a’ﬁ )}tZO was
given by (II1.10). Then, it is easy to check that

PO ) = 3 Fm)KeD (m,n),

m=0

where 1
KD mm) = [ D @)l (2) dj o).

Hence, we have the following result for the g,(f”B )_functions which is the analogue of
Lemma V.2.1.

Lemma V.4.1. Let a,f > —1/2 and k > 1. Then,

. T(2k)
o™ (D ey =~ 1 ey

This lemma can be proved following step by step the proof of Lemma V.2.1, so
we omit the details. Now, using polarisation, we deduce the identity

- a * s
Fh(n) [T (gre? ) (g )
,;O Z otk otk !
From this fact, we obtain the inequality
1 lleny < Cllgi™” (P v
from the direct inequality
(V.20) 9™ (N)llery < Cll S leririan

as we did in the proof of Theorem V.1.1. Finally, inequality (V.20) is an immediate
consequence of the following lemma.

22k

Lemma V.4.2. Let o, > —1. Then

5 [k/2] 5
o (f)n) < 3 A987(F) (),
=0

where A; are some constants and [-] denotes the floor function.

Proof. First, we observe that

o 2 (k/2] ki th—2j

—h|—| = B; ——h A

otk <4u> 20 7 Osk— (s) _ 2 (du)k-3’

)= T du
for some constants B;. Then, from (II1.10), we have

oF ( B) [k/2] % U @kfj th—2j
— P B; — (@.8) ——d
TANEAL) JZ; 0 Vu f) iz | (du)t !
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V.5. Proof of Theorem V.1.3

and, by Theorem II.1.3,

[k/2]
g (f)(n) < 3 B;P(n),
j=0

where

k—j
SLWED ()

Osk—i %

Pi(n) :\/_/\/_ (/t4k4;1

Now, by using an appropriate change of variables, we have

i
%Ws( P f(n)

1 e ° ok—2j-1
Pj(n) = E 0 ﬁ (/0 §
— 5P

and the result follows.

V.5 Proof of Theorem V.1.3

In order to prove Theorem V.1.3, we need only prove that
(V.21) g (Tuf)(n) < Cgs™" (H)(n),
since by Theorem V.1.1 we get that

Tl < ClO™ P (Taef)llgiwy < ClgS™ (Dl < ClF llev o

Moreover, it suffices to prove (V.21) for sequences in cyy. First, we have

Tufln) =~ [ als) s W f(n) ds

which is an elementary consequence of the relation

[ MO = 2 (@ 1) dp ()

-1

— [l /’ (1= 2)e*0ple?) ()l () dpto, () ds

= [T a) o [ e 0D @)l ) dp ) ds.

Then, applying the semigroup property of Wt(a’ﬁ ) we obtain that

WO D)) = = [ al) 5 W (n) ds
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and hence,
0 a,B o 90 045)
ST f)0) = = [T als) Wi () ds
SN )
= — [ als) WP fn) ds
In this way,
0 ds
a < (045 P
(%Wt ( C/ 8SQW5 f(n)
. 92 9 1/2
—1/2 2| Y y(ap)
< Ct (/t s 852W f(n) ds) :
Finally,
00 0 2
07 Tuf))? = [Tt S (D)) at
2
< (8
C/ / a82W V()| dsdt
2
-/ W“‘ f(n)| ds = C(gy™ f(n))?

and the proof of (V.21) is completed.
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CONCLUSIONS AND FURTHER WORK

The main goal of this dissertation has been to study some classical operators in
Harmonic Analysis in a discrete setting for Jacobi expansions. To do so, the central
object to consider has been the discrete Laplacian J(# related to the three-term
recurrence relation for Jacobi polynomials.

After some premilinaries, in Chapter III we investigated the heat initial-value
problem associated with J(*#) and we showed that a solution of it is the heat semi-
group {Wt(a’ﬁ )}tzo- Some conditions on the parameters o and 3 imply the positivity
of the semigroup. It is interesting to ask if those conditions on o and g are also suffi-
cient to obtain a characterization of the positivity of {Wt(a’ﬁ )}tzo- Finally, we proved
that the heat maximal operator is bounded from (N, w) into itself, 1 < p < oo, and
a weak type inequality in the case p = 1. As a consequence, similar bounds were
given for the Poisson maximal operator P The proofs rely on some size and
regularity estimates to apply discrete vector-valued local Calderén-Zygmund theory.

The Riesz transforms are the main objects in Chapter IV. In order to define them
we had to give the Riesz potentials (or fractional integrals) (—J7(*#)? and turn to
a limit process. By using the Calderén-Zygmund theory (only the scalar case was
needed) we provided weighted ¢P-estimates for these operators, 1 < p < oo, and a
weighted weak type inequality for p = 1. A deep analysis of potential operators,
namely fractional derivatives and Riesz potentials (or fractional integrals), could be
carried out in the context of Jacobi matrices as we did for the heat semigroup.

Finally, we dealt with Littlewood-Paley-Stein g;-functions in Chapter V. The main
theorem of this chapter contains mapping properties for the g,(f"g )_functions associ-
ated with the heat semigroup Wt(a’ﬁ ). In this case, classical vector-valued Calderén-
Zygmund theory in spaces of homogeneous type plays a fundamental role in the proof
and we also used a transplantation result. The combination of both ingredients in
the proof excludes the weak type inequality. It would be interesting to study the
boundedness when p = 1. Some corollaries were derived from this result. The first
one is about mapping properties for the g,(f’ﬁ )_functions associated with the Poisson
semigroup {Pt(a’ﬁ )}t207 1 < p < oco. We also gave a proof of the boundedness of
Laplace type multipliers which appear naturally in this context. This allowed us to
show the same bounds for the imaginary powers of J(®#).

It is worth pointing out that the above-mentioned results were stated for o, 8 >
—1/2. The main reason is the use of estimates for the Jacobi polynomials which hold
for a, f > —1/2. It would be desirable to extend this range to «, 5 > —1 which is
the natural one in the Jacobi setting. In addition, an open problem is to develop the
whole analysis in a more symmetric context. Again, the formulas available for Jacobi
polynomials give somehow more importance to the parameter o over g and then, the
operator J(*#) losses the symmetry which does have the operator Aq.
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Also, we suggest the study of other families of classical orthogonal polynomials
such as Laguerre and Hermite polynomials. The case of the Jacobi matrices and the
higher dimensional setting seem to be much more abstract and complex.
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CONCLUSIONES Y TRABAJO FUTURO

El principal objetivo de esta memoria era estudiar algunos operadores del analisis
armoénico en un contexto discreto para desarrollos de Jacobi. Para ello se ha conside-
rado el laplaciano discreto J (@) asociado a la relacién de recurrencia a tres términos
de los polinomios de Jacobi.

Tras algunos preliminares, en el Capitulo III se analiz6 el problema de valor inicial
para la ecuacién del calor asociada al operador J(®#) y se obtuvo una solucién en
términos del semigrupo del calor {Wt(a’ﬂ )}tzo- Vimos que ciertas condiciones sobre los
parametros o y # implican la positividad del semigrupo. Es interesante preguntarse
si esas condiciones sobre o v 8 caracterizan la positividad de {Wt(a’ﬁ ) }>0. Por tltimo,
probamos que el operador maximal del calor estd acotado de ¢?(N,w) en si mismo
cuando 1 < p < oo y obtuvimos una desigualdad de tipo débil en el caso en que
p = 1. Como consecuencia se dieron las mismas acotaciones para el operador maximal
de Poisson P\”. Las pruebas se basan en demostrar estimaciones de tamafo y
regularidad para poder aplicar la teoria local y discreta de Calderén-Zygmund para
operadores con valores vectoriales.

El objeto principal del Capitulo IV son las transformadas de Riesz. Para dar una
definicién tuvimos que presentar los potenciales de Riesz (también llamados integrales
fraccionarias) (—J (@) y utilizar un proceso de limite. Gracias a la teorfa discreta
de Calderén-Zygmund (en este caso era suficiente el caso escalar) pudimos probar
acotaciones en espacios ¥ con peso para esos operadores, 1 < p < 0o, y acotaciones
de tipo débil cuando p = 1. Podria plantearse un estudio con mas detalle de los
operadores potenciales, es decir, las derivadas fraccionarias y los potenciales de Riesz
(o integrales fraccionarias), en el contexto de las matrices de Jacobi, algo que ya
hicimos para el semigrupo del calor.

Finalmente tratamos las gi-funciones de Littlewood-Paley-Stein en el Capitulo V.

El teorema principal aqui muestra la acotacion de las g,g,a’ﬂ )_funciones asociadas al se-

migrupo del calor Wt(a’ﬁ ). En este caso, la pieza fundamental en la prueba era la teoria
clasica de Calderén-Zygmund para operadores con valores vectoriales en espacios de
tipo homogéneo, aunque también se hacia uso de un resultado de transplantacion. La
combinacion de ambos impide obtener desigualdades de tipo débil. Seria de interés
estudiar la acotacion cuando p = 1. De este resultado obtuvimos varios corolarios. El
primero muestra la acotacién de las ggca’ﬁ )_funciones asocidas al semigrupo de Poisson
{Pt(a’ﬁ )}tzo, 1 < p < oco. También se dio la misma acotaciéon para multiplicadores
de tipo Laplace que aparecen de forma natural en este contexto. Esto implicaba de
forma inmediata la acotacién de las potencias imaginarias de J(®#).

Es importante resaltar que los resultados anteriores se obtuvieron para «, [ >
—1/2. Esto se debe a que usamos estimaciones para los polinomios de Jacobi vélidas
para «, 3 > —1/2. Seria interesante ampliar este rango a «, [ > —1 pues ese es el
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natural en el contexto de los polinomios de Jacobi. Ademés, queda como problema
abierto desarrollar todo este analisis en un contexto méas simétrico, porque de algin
modo las féormulas que hemos utilizado priorizan el pardmetro o provocando una
pérdida de simetria en el operador J(*# que no ocurre en el caso de Ay.

También sugerimos considerar otras familias de polinomios ortogonales clasicos
como las familias de los polinomios de Laguerre o Hermite. El analisis completo en
el contexto de las matrices de Jacobi y el estudio de dimensiones superiores parecen
ser mucho mas abstractos y complejos.
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This dissertation is based on some papers. We enumerate here a list containing
all of them.

1. A. ArReNAs, O. CIAURRI, AND E. LABARGA, Discrete Harmonic Analysis
Associated with Jacobi Expansions I: The Heat Semigroup, submitted for pub-
lication. Available on arXiv: 1806.00056 (2018).

2. A. ARENAS, O. CIAURRI, AND E. LABARGA, Discrete Harmonic Analysis

Associated with Jacobi Expansions II: The Riesz Transform, submitted for
publication. Available on arXiv:1902.01761 (2019).

3. A. Arenas, O. CIAURRI, AND E. LABARGA, Discrete Harmonic Analysis
Associated with Jacobi Expansions II1: The Littlewood-Paley-Stein gi-functions
and the Laplace Type Multipliers, submitted for publication. Available on
arXiv:1906.07999 (2019).

The third chapter of this dissertation is based on the first work on the list. There,
we studied the heat initial-value problem associated with J(*#) and we obtain an
expression for the heat semigroup {Wt(a’ﬁ )}t20~ We also showed the positivity of
this semigroup by assuming some conditions on the parameters o and S. Finally,
we proved weighted inequalities for the heat maximal operator (a, 5 > —1/2) by
applying discrete vector-valued local Calderén-Zygmund theory and derived similar
ones for the Poisson maximal operator by subordination.

The fourth chapter of this dissertation is based on the second work on the list.
We defined the Riesz transforms associated with 7(® by a standard limit argument
and we proved weighted inequalities for them («, 5 > —1/2) by using discrete local
Calderén-Zygmund theory.

The fifth chapter is devoted to investigate the Littlewood-Paley-Stein g,(ca’ﬂ )
functions associated with J(® . Tt is based on the third item on the list. In this
work one can find weighted inequalities for g,(ca’ﬁ ) and the similar ones for g,(ca’ﬁ ), the
gi-functions associated with the Poisson semigroup {Pt(a’ﬁ )}tZO- From these results
we obtain some corollaries about the boundedness of the Laplace tygae multipliers
and imaginary powers of J@®. The proof of the main theorem for g\*” ) uses clas-
sical vector-valued Calderén-Zygmund theory in spaces of homogeneous type and a
transplantation result presented in [5].

During the PhD period I have had the opportunity to produce (in collaboration)
other research papers and preprints:
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PUBLICACIONES

El contenido de esta memoria se basa en varios articulos de investigacion que
pasamos a enumerar a continuacion:

1. A. ArRENAS, O. CIAURRI Y E. LABARGA, Discrete Harmonic Analysis Associa-
ted with Jacobi Expansions I: The Heat Semigroup, enviado para publicacion.
Disponible en arXiv: 1806.00056 (2018).

2. A. ARENAS, O. CIAURRI Y E. LABARGA, Discrete Harmonic Analysis Associa-
ted with Jacobi Expansions II: The Riesz Transform, enviado para publicacion.
Disponible en arXiv:1902.01761 (2019).

3. A. ArRENAS, O. CIAURRI Y E. LABARGA, Discrete Harmonic Analysis As-
sociated with Jacobi Expansions III: The Littlewood-Paley-Stein g-functions
and the Laplace Type Multipliers, enviado para publicacion. Disponible en ar-
Xiv:1906.07999 (2019).

El tercer capitulo de esta memoria se basa en el primero de estos trabajos. Alli
estudiamos el problema de valor inicial para la ecuacion del calor asociada al operador
J@B) v obtuvimos una expresién para el semigrupo del calor {Wt(a’ﬁ )}tZO- Ademas
mostramos la positividad del semigrupo bajo ciertas condiciones sobre los parametros
«a v (. Finalmente dimos acotaciones con peso para el operador maximal del calor
(con a, 8 > —1/2) por medio de la teoria local y discreta de Calderén-Zygmund
para operadores vector valuados y dedujimos acotaciones analogas para el operador
maximal de Poisson por un proceso de subordinacion.

El cuarto capitulo de la memoria se basa en el segundo trabajo de la lista donde
definimos las transformadas de Riesz asociadas a 7 (@“#) mediante un proceso de limite
y probamos acotaciones con peso para éstas («, § > —1/2) utilizando la teoria local
y discreta de Calderén-Zygmund.

El quinto capitulo se dedicé al estudio de las g,(f”B )_funciones de Littlewood-Paley-
Stein asociadas a J(@*#) y se basa en el tercer articulo de la lista. En ese trabajo se
pueden encontrar estimacinoes con peso para los operadores g,(ca’ﬂ ) y las correspon-
dientes para gff"ﬁ ), las gi-funciones asociadas al semigrupo de Poisson {Pt(a’ﬁ )}tzo-
De estos resultados obtuvimos otros sobre la acotacion de multiplicadores de tipo
Laplace y potencias imaginarias de J(*#). La prueba del teorema principal para las
g,(fﬁ )_funciones requiere de la teoria clasica de Calderén-Zygmund en espacios de tipo
homogéneo para operadores con valores vectoriales y un resultado de transplantacién
presentado en [5].

Durante mi etapa como estudiante de doctorado tuve la oportunidad de elaborar

(junto con diferentes autores) otros articulos de investigacion:
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