PRINCIPIA 22(1): 171-188 (2018) doi: 10.5007/1808-1711.2018v22n1p171
Published by NEL — Epistemology and Logic Research Group, Federal University of Santa Catarina (UFSC), Brazil.

INCONSISTENCY, PARACONSISTENCY AND w-INCONSISTENCY

BRUNO DA RE

Universidad de Buenos Aires - IIF-CONICET, ARGENTINA
brunohoraciodare@gmail.com

Abstract. In this paper I'll explore the relation between w-inconsistency and plain incon-
sistency, in the context of theories that intend to capture semantic concepts. In particular, I'll
focus on two very well known inconsistent but non-trivial theories of truth: LP and STTT.
Both have the interesting feature of being able to handle semantic and arithmetic concepts,
maintaining the standard model. However, it can be easily shown that both theories are w-
inconsistent. Although usually a theory of truth is generally expected to be w-consistent, all
conceptual concerns don’t apply to inconsistent theories. Finally, I'll explore if it’s possible to
have an inconsistent, but w-consistent theory of truth, restricting my analysis to substructural
theories.
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1. Introduction

In this paper I will explore the relation between w-inconsistency and plain inconsis-
tency, in the context of theories that intend to capture semantic concepts, such as
truth.! As it’s very well known, expressing the concept of truth inside a classical for-
mal theory (such as an extension of arithmetic), satisfying very weak principles, leads
to paradoxes. The most famous paradox of this kind is the so-called ‘liar paradox’. In
a classical context, if we were able to express sentences such as the following one:

A The sentence A is not true

(the liar sentence) we would be in trouble, since we cannot assign to it any stable
semantic value. It’s easy to check that, in a classical framework, from assuming that
A is true, it follows that is not true, and from assuming that it’s not true it follows
that is true.

However, when we reason in natural language, we use the concept of truth. So,
in order to capture this notion in a formal setting, we would like to build theories
capable to express semantical concepts avoiding triviality. In other words, any formal
theory of truth should be capable to express this kind of sentences, and to be non-
trivial. Given the limitations of classical logic, many theorists have tried to capture the
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concept of truth appealing to non-classical approaches (for a general view of these
approaches, see e.g. Field (2008)).

In particular, I'll consider two inconsistent theories of truth: LP and STTT. The
former is a paraconsistent theory, developed by Priest (see e.g. 1979; 2002; 2006)
and semantic paradoxes are avoided allowing true contradictions. On the other hand,
STTT, even though it’s an inconsistent theory of truth, is not paraconsistent. It was
developed in Ripley (2012), Cobreros, Egré, Ripley and van Rooij (2013) and the
derivation of the usual paradoxes is avoided rejecting the metarule of cut (in fact,
the resulting logic is not transitive).

One of the desirable features of a theory of truth based on an arithmetical theory
is to keep the standard model. Let’s recall that a theory & is w-inconsistent if and
only if there is a formula ¢ such that 5 ¢(n), for each n € w, but it’s also the case
that 5 —Vx¢(x).2 Informally, if a theory is w-inconsistent, but consistent, it’s easy
to see that the models of the theory cannot be the standard one. Intuitively, that’s
because, if for each natural number n, ¢ (77) it’s true, there must be an object in the
domain of the model that is not a natural number, given that =V x ¢ (x) is also true.

So far, to rule out the standard model of arithmetic can be seen as a technical lim-
itation of a given arithmetical theory. However, there are many conceptual problem:s,
if the resulting theory is w-inconsistent, but consistent. For instance, Barrio (2010),
p-381 claims that:

A theory of truth should be w-consistent because, if it is not, this theory may
not be interpreted as speaking (only) about the intended ontology of the
theory to which it applies.

Therefore, the preservation of the intended ontology of the base theory is an
indispensable condition for being considered an acceptable theory of truth. Also, it’s
worth noting that if we cannot have the standard model of the base theory, then
we are not able anymore to interpret our truth predicate as legitimately expressing
the concept of truth. This is because in the domains of the models we don’t have
only standard numbers anymore and so, the truth predicate is satisfied by constants
that are not codifying sentences. In other words, given that w-inconsistent theories
of truth interfere in the ontology of the model of the base theory (ruling out the
intended interpretation of the language of arithmetic), the resulting theory cannot
be interpreted as intended. The problem is not the existence of non-standard models
but that these type of theories only have non-standard models as a consequence
of introducing axioms and rules that try to capture the concept of truth. Then, c-
inconsistent, but consistent, theories of truth cannot preserve the standard semantic
values for at least some interpretation.

Usually, w-inconsistency (Field 2008, Leitgeb 2001, Barrio 2010) is taken equiv-
alent to non-standardness (and it is natural since, usually, the context is a consistent
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one). However, in the context of inconsistent theories of truth, it’s possible to avoid
the problems that carries out the w-inconsistency: w-inconsistency doesn’t imply to
rule out the standard model. Nonetheless, as far as I know, there has not been in
the literature any attempt to analyze this phenomenon in the context of inconsistent
theories (except for Fjellstad (2016)). In section 2, I will explore the relation be-
tween w-inconsistency and inconsistency, considering two theories: one inconsistent
and paraconsistent theory, LP, and the other inconsistent, but not paraconsistent,
STTT. In section 3, I will try to explore the possibility of building an inconsistent but
w-consistent substructural theory of truth. Lastly, section 4 will be devoted to final
remarks.

2. Paraconsistent and Inconsistent theories of truth: the case
of LP and STTT

In this section, I'll consider w-inconsistent, and inconsistent, theories of truth. In-
stead of doing it in general, we will focus on two very known inconsistent theories
of truth: LP and STTT. The former is a paraconsistent theory, developed by Priest
(see e.g. 1979; 2006). The latter, even though it’s an inconsistent theory of truth, it’s
not paraconsistent, was developed in Ripley (2012), Cobreros, Egré, Ripley and van
Rooij (2013). Before doing that, for the sake of clarity, we should begin with two
definitions:

Definition 2.1. Let’s say that a theory & is inconsistent® if and only if there is a
sentence A such that -4 A and 5, —A.

Definition 2.2. Let’s say that a theory & is paraconsistent if and only if there are
two sentences A and B, such that A, —~A¥, B.*

2.1. The case of LP

Firstly, we will present the logic LP. This logic was introduced by Priest (1979)° and is
a paraconsistent logic, since it invalidates the rule of explosion. The logic LP is defined
in a standard first order language, where {—, Vv, 3} are taken as the primitive logical
vocabulary,® ¥ = {0,1/2,1} is the set of semantic values, £ ={1/2,1} the set of
designated one. Let M = (9, .#), a LP-model, where D # ), and .# is a function such
that assign each constant an object of the domain 2 and for each n-ary predicate, a
total function from 2" to ¥. Considering also in the usual way variable assignment,
we have that for each valuation v from the object variables into the domain D and
every two formulae A and B of the language we define [|A||y, to be the semantic
value of Ain M, v:
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lAGx, ...t Iy = IA((v(x), ..., I(t),...))
negation: || =Allm,, =1 — [lAllmy

disjunction: [|AV Blly, = max{||Alfm,y; [IBllm, }

existential: [|[AxA(X)|ly, = supr{lAC)|ly 1l : v(¥) = v'(y), for all variables
except possibly x}

We define validity in the usual way, as preservation of designated value: ' F;, B
if and only if for every model, M, if ||y|ly, € {1/2,1}, for each y €T, then ||B|y, €
{1/2,1}.

So, we will work in a first order language. However, since it has an heuristic
value, let’s introduce the truth-functions of the connectives as in the propositional
case, defined by the following matrices:

11 172 o P11 1/2 0 il
1|1 1/2 o0 1|1 1 1 1] o0
/21 1/2 1/2  1/2|1 1/2 1/2  1/2|1/2
o1 1 1 0|1 1/2 0 0| 1

Thus, these truth tables are very indicative of the behavior of the logical con-
nectives and the corresponding interaction between the different semantic values.
Usually, in the literature about semantic paradoxes, the intermediate semantic value
is interpreted as a glut of truth values. In other words, if a sentence is evaluated as
1/2, the sentence is interpreted as true and false. This way of interpreting the inter-
mediate value is compatible with the philosophical posture adopted and defended
by Priest, among others, that is called dialetheism. The dialetheists think that there
are true contradictions in the world, and to use this logic is a way of making sense
to that belief (see v.g. Priest (1979; 1989), among others). If we adopt this way of
interpreting the intermediate value, we can say that validity in LP is transmission of
truth, and, as in the classical case, we will always go from true premises to a true
conclusion.”

As mentioned before, a very well known feature of this logic is the failure of
the explosion rule, which is the main feature of paraconsistency®. It’s easy to check,
inspecting the valuations, that A A —A F;p B, where A and B are sentences of the
language. It’s enough that A be true and false, but B just false.

Going back to our main goal, Priest has shown how to add a transparent truth
predicate to an arithmetical theory built over this logic, avoiding triviality. Trans-
parency means that for every model and every sentence A, A and T"A™ receive the
same semantic value. In particulay, in Priest (2002), pp.351-354 he shows how to
build a transparent theory of truth based on first order Peano arithmetic with LP as
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the base logic. Obviously, since the truth predicate is transparent the theory will val-
idate all the expected naive properties, such as T-schema’: E TTA7 < A, for every
sentence A of the language. Also, it satisfies the stronger rules:

EA F-A

NEC-CONEC ————= —“NEC--CONEC ———=
ETTAT F-TrA™

Actually, in (2006), p.236, Priest says:

Of course, since the extension of the language with a truth predicate is con-
servative, if we start with a consistent arithmetic, the purely arithmetic frag-
ment of the theory with the truth predicate will also be consistent. So the
inconsistency generated by the truth predicate gives no reason, as such, to
suppose that the purely arithmetic fragment is inconsistent.'®

In other words, even though paraconsistent theorists may favour inconsistent
arithmetic, they can build inconsistent theories of truth that are consistent with re-
gard to the arithmetic language.!! So, it’s possible to have the standard model of
arithmetic, although the theory extended is inconsistent.

Nevertheless, here arithmetic is only used to provide enough resources in order
to talk about the sentences of the theory. Let’s call LP the non-trivial theory consisting
in all of the theorems of arithmetic and a transparent truth predicate, built over the
logic LP. As we mentioned before, the main idea of LP solution of semantic paradoxes
is to treat paradoxical sentences like being true and false, i.e. dialetheias. Recall the
liar sentence, A, the sentence that says about itself that is not true. Reasoning in a
classical frame, if we assume that it’s true, then conclude that it’s false, and vice versa.
In a dialetheist framework, this sentence is considered true and false. So, in every
LP-model this sentence will receive the intermediate value (||Ally;,=1/2). Therefore,
looking at the notion of validity, this sentence will have designated value in every
model. However, looking at the behaviour of the negation in LP, the negation of the
liar sentence will receive the intermediate value in every model. In other words, both
the liar sentence and his negation are true in every model: M F;p A and M F;p =4,
for every M, LP-model. The paradoxical sentences and their negations are in both the
extension and the anti-extension of the truth predicate. In this way, paraconsistent
theorists avoid the trivialization.'2

It's worth noting that w-inconsistency has to do with a syntactical problem. How-
ever, we will analyze the case of LP from a semantical point of view.!3

Remark 2.3. LP is w-inconsistent.'#

Proof. Here we adapt the strategy used in Mcgee (1985). Using arithmetic, we can
represent the function f, defined in the following way:
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e f(0,x)=x
o f(1,x)=Tx
o f(N+1,x)=TFf(m,x)."°

This is the famous McGee function used in (1985). So, given that f is representable
in arithmetic, we can obtain the following instance of the diagonalization lemma:*®

pe— IxTf(x,"u™)

where u is the so called McGee’s sentence (due to Mcgee (1985)), and of course,
U« Ax—Tf(x,"u") is true in every LP-model.

It is easy to see that, for each model, the McGee sentence and the sentence that
is materially equivalent to it must both be designated. As an anonymous reviewer
noted, it’s worth pointing out that the reason for this is not modus ponens. In fact,
trivially, in LP, the liar sentence, A is materially equivalent in every model to the
sentence 2+2=>5 (in the sense that A «<» 2+ 2 = 5 is the case, since the material
conditional is very weak). And, of course, this last sentence (2+2=5) is not true in
LP. In the particular case we are dealing with, both sentences (4 and 3x—T f (x,"u ™))
are designated in every model because of the way f was built and the fact that the
truth predicate is transparent. More specifically, by transparency and the definition
of f, it’s easy to show that for every LP-model, |||y, nor ||[3x=T f (x,"u ")y, can
be non-designated. O

Nonetheless, there is a simpler way of proving this. We can derive w-inconsistency
directly from inconsistency. Let’s take the liar sentence A. This sentence is the fixed
point of =T (x), and in every model, since the truth predicate is transparent, has
the intermediate value. In other words, for every model LP-model M, |[Ally, =
INT( Al = 1/2. But, as [T("Ally,, = 1/2, then [|=VxTf (x," A7)l > O,
and thenFpp =VxTf(x," A7), butFp T f(n, A) for eachn € w, because ||=T("A )|y,
=|IT("AMllmy = 1/2. So, w-inconsistency in the LP context can be seen as a conse-
quence of inconsistency, i.e. it doesn’t have any substantial impact over the models
or the ontology of the theory.!”

2.2. The case of STTT

In this subsection, we’ll focus on a substructural logic for transparent truth: STTT.
Substructural logics are logics that reject some of the structural rules,'® i.e. the rules
that govern the very notion of logical consequence. So, we must work with a pre-
sentation in sequent calculus, because it makes explicit the structural rules and the
operational rules (those governing the logical connectives). The sequents are nota-
tionally: I' = A, where I is the multiset of premises and A is the multiset of conclu-
sions. The difference between multisets and sets is that in the multisets the different
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occurrences of a given member count. In this way {A,A} and {A} are the same set but
different multisets. Let’s start introducing the logic ST.

Definition 2.4. (ST) Let ', A, I1, and X be (finite) multisets of formulas, let ¢ and
4 be formulas. The system ST is given by the following rules:

Structural rules

ReﬂeXiVity m

Lo DAA=A ne L=AAA
[LA= A T=AA
r=A r=A

LWT25A RWTAA

Operational rules

I,(A),(B)=> A gy L= AA r=A,B
[LAAB= A I = A,AAB
INFAéA ILB=A [,(A),(B)=A

TAVB= A RV—TaAvB=>aA
= AA Y,B=II n, DA=B.A
~ T I,y A-B=ILA ~“ T=>A->B,A
A=A I'=>AA I=AA A=A
LY RY

VxAlx/t],T = A I=>Vxdx/a,A “ —AT=>a N Ts-aa

Where the operational rules are the rules that regiment the logical vocabulary, i.e.
the usual connectives and quantifiers =, A, V, — and V. On the other hand, structural
rules are related with the very notion of logical consequence, and don’t involve any
particular logical vocabulary (connective or quantifier). In this context, the structural
rules are contraction (C), weakening (W) and reflexivity. In the above presentation
of ST, we didn’t include the structural rule of cut:

T=AA AT
I,E=1,A

Cut
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It’s not difficult to check that, in fact, the above presentation of ST is the usual
presentation of classical logic (actually, ST and classical logic are the same logic).
So, not including cut is not a problem at all, since in classical logic cut is admissible.
In other words, in classical logic, including cut doesn’t modify the set of derivable
sequents (for details, see e.g. Paoli (2013)). The main distinction between ST and
classical logic has to do with the theory of truth STTT.

Definition 2.5. (STTT) The theory of truth STTT consists in adding to the logic ST
the following rules for the truth predicate T:

LT& RT&
TTALT=>A I[L=>A,TTAT

Where "A7 is the name of the sentence A.!” We’ll call this theory STTT.2? The
most attractive feature of STTT is that it’s just classical logic plus a transparent truth
predicate, but surprisingly it’s not trivial (Ripley, 2012)! Given that the rule of cut
is eliminable in classical logic, STTT restricted to logical vocabulary coincides in its
inferences with the classical inferences.?! Because of that, we cannot say that STTT
is paraconsistent.

Remark 2.6. STTT is not paraconsistent.

Proof. : It’s easy to derive explosion, given that the rules for negation are classical.

L. A=A
Rw A=
A -A>B

O

In Ripley (2012), the author gives a complete semantics for this calculus. Intu-
itively, given a sequent I' = A, a counterexample consists in treating the premises
as strictly true and the conclusion as strictly false. More formally, if we take the set
of values as ¥ = {0,1/2,1} and the interpretation of these values as: strictly true
(false) for the value 1 (0) and tolerantly true/false for the value 1/2, a counterexam-
ple would be such that v(I') = 1 and v(A) = 0. For instance, regarding the negation,
checking the rules, if A is strictly true (false) — A is strictly false (true). On the other
hand, if A is tolerant then — A is tolerant. In other words, — can be understood as
an operator that represents what is called “classical negation" in paraconsistent con-
text. So, the idea is that A F B is valid if and only if it cannot be the case that A be
strictly true and B strictly false. As mentioned, this semantic (formally developed) is
complete with respect to the sequent calculus above presented (in Ripley (2012) it’s
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shown in detail). From this point of view, it’s easy to see why explosion is valid: A, =
A F B is valid because it’s impossible that the premises be strictly true.

However, although STTT is not paraconsistent, it is inconsistent. In this frame,
every paradoxical sentence is taken as tolerant, and so, both = A and = —A are valid
(derivable), because in each case satisfy the definition. In a more formal fashion:

LT T"A)=>T(AY RT T"A)=>T(A"
A=>T(AY T("A)=>A
S .; ALTCAD= .; = 2,-T("AY)
us'l.—k,li llS.l.—:l’A
LC———— RC————
A= =>A

but we cannot cut A = and = A. Therefore, this is a counterexample to transitivity.

So far, we didn’t mention the relation between STTT and w-inconsistency. In Co-
breros, Egré, Ripley and van Rooij (2013) the authors show that if we add arithmetic
to STTT we have a theory that has the standard model. However, later in Cobreros,
Egré, Ripley and van Rooij (2013), p.860, comparing STTT plus arithmetic with the
theory FS,?? Cobreros et al. say:

Further, FS is w-inconsistent, and so can have no standard models. STTT, on
the other hand, is shown to have standard models by the Kripke construction.
In this regard, it is worth noting that STTTp,, which contains the composi-
tional principles, PA, and a transparent truth predicate, seems to more than
satisfy the conditions for the ‘negative result’ in McGee 1985, showing that
any system meeting weaker conditions than these must be w-inconsistent.
(It is this result that shows FS to be w-inconsistent.) Nonetheless, the re-
sult does not apply to STTTp,, as McGee’s argument depends on assuming
transitivity.

However, recently, Fjellstad in (2016) has shown that STTT plus Robinson arith-
metic is w-inconsistent (even though as it was mentioned it’s proven that it doesn’t
lack the standard model).? The idea behind the proof of w-inconsistency relies on
defining the same function used in the last section. Taking the same terminology used
above, let’s say f is the function and we obtain the following instance of the diag-
onalization lemma = u «— Ix—T(x,"u"). Then, Fjellstad shows without cut that
= Ix—T(x,"u™) and for each n, = Tf(n, " u").2*

From a semantical view, once transitivity is rejected, it’s easy to see how w-
inconsistency is compatible with standardness. Let’s take y. As = 7, then the sen-
tence can be tolerantly true. And, also we have Tf(n,"y") = for each n in w, and
this doesn’t imply that each instance is strictly false. So, once we don’t have transi-
tivity and we have transparency of the truth predicate, we have = vy and y =, that
doesn’t imply triviality, given that y is just tolerantly true/false.
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3. A generalization

In this section I investigate the relation between inconsistent and w-inconsistent the-
ories in a more abstract fashion. I would like to answer the following question: can
an inconsistent theory be w-consistent? This is not so easy to answer. Firstly, the
very question can be put in doubt by many authors. In the literature the notion of
w-consistency have been confused many times. Perhaps, one of the most important
reasons for that is that there is not consensus at all about what inconsistency means
(and therefore consistency). For instance in a recent paper, Walter Carnielli (2011)
shows in details these multiple definitions and conceptions about inconsistency.
However, when he looks at the notion of w-inconsistent theories, in Carnielli (2011),
p.95 claims:

Godel’s results (later refined by Rosser) originally presupposed the notion of
w-consistency [...] An w-consistent theory is not only (syntactically) non-
contradictory (that is, does not prove any single contradiction), but also
avoids proving certain infinite collections of sentences that are intuitively
contradictory.

If this is right, then, it’s impossible to build any w-consistent but inconsistent
theory of truth. Let’s recall that a theory is w-consistent if and only if it is not c-
inconsistent. So, if w-consistency implied consistency, then inconsistency would im-
ply w-inconsistency. In a classical frame, where negation is explosive is easy to check
that it is the case. But, what is the situation in an inconsistent context?

Since the notion of w-inconsistency is syntactic, let’s express the following in
a syntactic way. Let’s assume an inconsistent theory, such that exists a sentence A,
with = A and A =. Then, Fjellstad (2016) shows the following derivation of w-
inconsistency from inconsistency, that I'll call 2 ,:

A=
]]:\//\V At=t=>
LV ANt=t=>

Vx (AAX=X) >
= Yx (A A x=X)

But, also we have that:

for each n € w.
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In other words, if the logic accepts the usual operational and structural rules and
it’s inconsistent, then it’s also w-inconsistent. It’s easy to check that it’s the case of
the theory built over STTT.2® This theory rejects some classical meta rules, but none
of the involved in the derivation above mentioned.

So, looking at the derivation 2, one may wonder if a theory of truth could be
inconsistent but w-consistent. This is not an easy question to answer, because there
is not any standard syntactic method to show the w-consistency of a theory. Usually,
as we treat with consistent theories, it’s enough to show that the theory has the
standard model. Nevertheless, as we’ve shown in the last section, w-inconsistency
doesn’t entail non-standardness in the context of inconsistent theories.

Before doing that, one may wonder why it would be desirable to build an incon-
sistent but w-consistent theory of truth. It there would be many reasons for doing
that, among others, one could argue as follows. Both of the two inconsistent theories
above presented treat McGee’s sentence like a paradoxical sentence. However, it’s
possible to think that the liar sentence and McGee’s sentence are different types of
sentences. The first one is genuinely paradoxical, i.e. it leads to trivialization of classi-
cal theories. However, the second one is perfectly compatible with the usual classical
theories. In fact, in a consistent theory of truth, this kind of sentence doesn’t lead
to paradoxes. So, why would we consider both as being of the same kind? Someone
whose aim is to distinguish different kind of semantic oddness could be interested in
treating differently to these two sentences. In what follows, we will not insist on this
point, since our aim is just exploratory.

3.1. The substructural case

Given that the question whether it is possible to find a w-consistent and inconsistent
theory of truth is very broad, let us simply focus on substructural theories of truth.

As mentioned before (see the Section [2.2), we will consider four structural rules:
contraction, weakening, reflexivity and cut. So, in this context we will take a logic to
be substructural, if some of these rules is/are not admissible.

Now, turning our attention to the derivation 2 4, it seems that the only structural
rule playing a role there is weakening. In other words, one might be inclined to think
that rejecting weakening is enough to break the relation between w-inconsistency
and inconsistency. In this section, first, we are going to show that it’s not the case,
i.e. it’'s not enough to reject weakening in order to get w-consistency. The reason
for this is that the derivation of w-inconsistency still obtains if we use a different
kind of vocabulary, i.e. additive vocabulary. Next, we will show that even if we stick
to multiplicative vocabulary and reject weakening, although the derivation 2, is
blocked, the very theory is trivial, due to Curry’s paradox (and so the theory is trivially
w-inconsistent). Finally, in order to avoid triviality and block the derivation 2, two
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options still remains: either to abandon weakening and contraction in a multiplicative
frame (adopting some subsystem of Linear Logic) or to reject weakening and cut, also
in a multiplicative frame. The first option is not available for us, since the resulting
theory is consistent (see, e.g. Mares and Paoli (2014)). The second one is what we
consider the only possible route.

In order to enter into the details referred in the last paragraph, we need to begin
with the distinction between additive and multiplicative vocabulary. Once we reject
contraction and/or weakening the language can be divided into two categories: the
additive and the multiplicative. That is, the rules for the connectives can be presented
in two main different ways.?” For instance, let’s take the conjunction. One could
present the rules for conjunction in these ways:28

L A), B), I'=A R I'=>AA I'=>A,B
N AMBI= A 4 T=A,AB

or:

g ABT=A hg TZAA  ESILB
® A®BI= A ® T= A, A®B

where the first two rules are the so-called additive rules for conjunction and the
second two, the so-called multiplicative ones.??3° It’s easy to show that A@B<>AMB
holds in classical logic. In fact, all we need in order to prove this is contraction and
weakening. In particular, weakening in one direction:
LW S W arsE
AB=ANB
A®B = AMB

L®

and contraction in the other one:

A=A B=B

ﬁ? AB=>A®B
LleH&B$A®B
Lg ANB.ANBS>A®B

ANB=A®B

So, with this structural rules in place, both connectives are the same. However,
this equivalence fails once we abandon at least one of these rules. In this way, go-
ing back to the derivation of w-inconsistency from plain inconsistency (2 ,), even
though we can reject weakening, we must reject also I, because we can build the
following derivation (24), even without weakening:
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_ A=
ANt=t=>
Vx(ANx=x)=>

= aVx(AMx = x)

L
LY

But, also we have that:

for each n € w where, clearly, we didn’t use any structural rule explicitly. In
other words, what this derivation shows is that it’s possible, in principle, to build an
inconsistent theory of truth that blocks the usual proof of w-inconsistency. Here we
have shown that it’s not enough to reject weakening. We must also reject the additive
rules for conjunction.

However, as far as I know, there have not been proposed in the literature any in-
consistent theory of truth based on a sequent calculus that accepts the multiplicative
operational rules but rejects weakening.?! The reason for this is that Curry’s paradox
and related paradoxes still obtain in this kind of framework. Let’s recall the rules for
the conditional presented in Section [2.2}32

Ir=AA ILB=>YX I,A=B,A

L— R—

ILILA—-B=>A,X '=>A—-B,A

Let’s define a sentence k (the Curry’s sentence) to be equivalent to T("x ") — A,
where A is some arbitrary sentence.
So, we can derive A, and therefore trivialize the theory.

T« =>Tr("x™) A=A

SuL; 2 IO TR 2 A=A
’ T("«M,T((k)=>A T("kM=>T(«") A=A
L;_) Tk )= A Su]];'_’LT Tk ), T(k) A=A
Sub. LT =>T(k)—A ’ LC T("«"), T((xk)=>A
’ = T("x7) T((k)=>A
Cut SA

Therefore, to reject weakening and reject additive operational rules is not suffi-
cient in order to avoid this kind of derivation. In this vein, it seems that in order to
block the derivation above presented and the usual proofs of w-inconsistency, could
be possible to adopt a theory that not only rejects weakening but also rejects cut.
This also has to do with the fact that the proof of w-inconsistency in Fjellstad (2016)

PRINCIPIA 22(1): 171-188 (2018)



184 Bruno Da Ré

that avoids using cut, requires the use of weakening several times.>> So, the logic
that admits only multiplicative vocabulary and rejects cut and weakening would be
an interesting candidate for being considered as a base theory of a theory of truth
inconsistent but w-consistent. However, so far, there is not anyone in the literature
who defended this logic.

Regarding the other structural rules, we could also consider a theory of truth
based on the multiplicative fragment of Linear Logic (a logic without contraction
and without weakening). This theory is non-trivial, since is a subtheory of the theory
of truth based on Linear Logic. However, this theory is consistent. And, surprisingly,
it's paraconsistent.343°

Another interesting point to explore is how is the relation between w-inconsis-
tency and inconsistency from the point of view of the models. In a more general
respect, intuitively, if a theory is w-inconsistent and has the standard model, can be
consistent? Let’s see. Assume we have a theory &, such that there is a formula ¢,
T E ¢(n), for each n € w, and F E =V x ¢ (x). From the point of view of the models,
if 7 E =V¥Yx¢(x) and the domain of the model is composed just for numbers, it must
be the case that there must be a constant ¢ that refers to an object of the domain (a
number) such that 7 F —¢(c), which contradicts F F ¢ (n), for each n € w, or c do
not refer to a number and so the theory lacks the standard model. So, in this way,
it seems impossible for a theory to be w-inconsistent, to have the standard model,
but to be consistent. In the other way around, if the models of our theory accept a
sentence and its negation (suppose A and — A), it seems possible to be w-inconsistent,
since it has to do with the interpretation and the kind of quantifiers. However, the
question is so general and further research needs to be done, in order to answer it.

4. Conclusion and further research

In this paper I tried to explore the relation between w-inconsistency and inconsis-
tency. In this vein, I have analyzed the fact that the two most popular inconsistent
theories of truth, STTT and LP, are also w-inconsistent. However, both of them main-
tains the standard model, avoiding the usual concerns that affect to w-inconsistent
theories of truth.

On the other hand, I analyzed the relation between inconsistent and w-inconsis-
tent theories of truth in a more abstract fashion. In this way, the main question of
section 3 was: is it possible to build inconsistent but w-consistent theories of truth?
In order to answer it, I focused on substructural theories. In particular, I showed
that some derivations of w-inconsistency are blocked if we consider a theory without
weakening, without cut and formulated on the multiplicative vocabulary. One pos-
sible motivation to consider this kind of theory is that this allows us to distinguish
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paradoxical sentences, such as the liar sentence, from pathological but not strictly
speaking paradoxical sentences, such as the McGee’s sentence. Of course, these kind
of theories would be extremely weak, as they should invalidate a lot of very plau-
sible principles. Also, I didn’t provide a proof of w-consistency, because the usual
strategy fails in this case, but just showed that the standard derivations are blocked.
Also, it would be interesting to analyze if the uses of weakening in other proofs of
w-inconsistency, for instance the one given in Fjellstad (2016), can be replaced. So,
I analyzed the phenomenon from a general perspective and I think that further re-
search still needs to be done, in order to evaluate if it’s possible to get w-consistent
but inconsistent theories of truth.
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Notes

! 1 will focus on theories of truth. So, many things I will say here are not applicable to other
types of theories.

2 Here I'm assuming familiarity with Godel codes and overline notation. For details, see e.g.
Halbach (2011).

3 As an anonymous reviewer suggested, it'’s worth pointing out that here we are consider-
ing to be inconsistent as “negation inconsistent” (to imply some formula and its negation).
Negation consistency should not be confused with Post-consistency, i.e. non-triviality. For the
sake of clarity, in this paper, when we talk about inconsistent theories, we refer to negation
inconsistent theories, and not to Post-inconsistent ones. For the latter, we will use the label
“trivial theories”.

4 Although we are using F for defining these notions, throughout this paper, we will also use
these concepts in a semantical way.

> Many authors have pointed out that its propositional part was introduced in Asenjo (1966).
However, this discussion is not relevant for the present purposes.

6 As usual the other connectives and quantifiers as as A, — and Y are definable.

7 Of course, since this is a dialetheist interpretation of the logic, it’s possible to go from true
premises to a false conclusion (obviously, also true).

8 In this context, it’s not relevant to make the distinction between AA —A}¥ B and A, ~A ¥ B.
Here the comma on the left side is equivalent to conjunction

° He also shows how to add to this theory a conditional that satisfies modus ponens. Recall
that this inference (A,A — B F B) is invalid in LP (take a model M, such that [|A[|y;,=1/2
and Blly,,=0).

10 Even though, he adds that the truth predicate should be part of the pure theories, arguing
for inconsistent arithmetic.

! Interesting as it is, however, here we won’t discuss if the arithmetic is consistent or not.
For consulting details of inconsistent arithmetic, such as finite models, see for instance Priest
(1997; 2000).
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12 1¢'s not the aim of this paper to focus on the formal features that allow to this theory to
manage semantic vocabulary. So, this brief introduction should be taken just as an intuitive
idea of the technical aspects. The details can be consulted in Priest (2002; 2006).

13 Here, we follow the usual way of introducing these kind of theories, i.e. semantically.
However, it’s worth mentioning that it’s possible to give syntactic presentations, for instance
tableaux or sequent-calculi (see Priest (2008), Avron (1991), Ripley (2012), among many
others).

14 Here we generalize the syntactic concept to a semantic one in the obvious way.

15 Roughly speaking, for a numeral 71, the function f (7, x) returns the representation in the
theory (a numeral) of applying n-times the T predicate. Usually, this representation is pre-
sented using dot notation. However, for readability reasons I will omit under dots. For details
about representability of functions and for McGee’s function in particular, see Halbach (2011)
and Mcgee (1985), respectively.

16 As an anonymous reviewer suggested, it’s not obvious at all how arithmetical theories
behave in paraconsistent contexts. For instance, diagonalization holds in this context. In order
to see the details, Priest (2006).

17 As an anonymous reviewer suggested, it'’s worth pointing out that although we present a
derivation of w-inconsistency not appealing to McGee’s sentence, the reason for presenting
McGee’s argument will become more evident later, when we discuss the possibility of distin-
guishing paradoxical sentences such as A and problematic, but not paradoxical sentences,
such as McGee’s one.

18 Here I will not discuss if LP admits a substructural presentation as it’s argued in Shapiro
(2016). Instead, I use the usual categorizations (see for instance Beall and Ripley (2014)).
19 For the time being, it’s enough to assume we have an stock of distinguished names for the
sentences, such that there is a bijection between each distinguished name and each sentence.
For details, see Ripley (2012). In this way, we can talk about the sentences of the language
and generate self reference. Later we will build self-referential sentences with arithmetic.

20 This theory was first introduced semantically. However as we will mention later the theory
is sound and complete with respect to this sequent calculus. In this sense, even though we
are not following the original order of the presentation, the relevant technical issues are the
same.

21 Obviously, although cut is admissible in classical logic, once we add a transparent truth
predicate, cut is not admissible anymore. Also, of course, STTT doesn’t coincide with classical
logic in its metainferences.

22 FS is an axiomatic theory of truth formulated in a Hilbert-style calculus, with a truth pred-
icate satisfying NEC and CONEC. It was introduced by Friedman and Sheard (1987), and
studied by Halbach (1994; 2011). One of the distinctive features of this theory is to be w-
inconsistency. The usual way of proving this is using the McGee’s argument above presented
(see e.g. Halbach (1994)).

23 He formulates Robinson Arithmetic with sequents, extending STTT, and shows that the
McGee sentence can be defined in this framework and leads to w-inconsistency.

24 This is just an scheme of the proof. For seeing the details of the derivation, we would have
to introduce Robinson Arithmetic and show that each step can be proved. That’s done in
Fjellstad (2016).
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25 Let’s recall that along this paper, and for what follows, we use the definition of inconsis-
tency given above (see Deﬁnition.

26 From a semantical point of view, the same happens with the theory built over LP.

27 It’s not the aim of this paper to take a deep look into this division. To see more details, can
be consulted e.g. Paoli (2013).

28 The parentheses in the additive rules indicate that in order to apply the rule only one of
the formulae is required. Thus, this is an abbreviation of two rules.

29 There are alternative terminologies for these two kinds of connectives. Sometimes, instead
of using ‘additive/multiplicative’, can be found the use of ‘extensional/intensional’ or ‘lattice-
/group-theoretic’.

30 In the case of single-premise rules, to apply the additive rule requires the occurrence in the
premise of exactly one of the formulae to be connected. In the case of multi-premise rules,
to apply the additive rule requires in both premises the same context.

31 There are proposals of theories of truth based on Linear Logic (that also rejects contrac-
tion), for instance Mares and Paoli (2014), but these theories are consistent.

32 Note that these rules are multiplicative.

33 It would be interesting to explore if these uses of weakening could be replaced in some
way. If it were the case, then we could claim that every inconsistent theory of truth is w-
inconsistent. Interesting as it is, I let this for further research.

34 It’s easy to check this point, in the following way:

Reﬂex1z1_’|fy ASA
AA=

but since in Linear Logic you don’t have weakening, A,~A # B. So the theory is paraconsis-
tent, but it’s consistent.

35 Another possible option is rejecting reflexivity. A non-reflexive theory of truth has been
developed in French (2016). However, since the only initial sequents are instances of re-
flexivity, non reflexive theories doesn’t prove any sequent (although they still validate many
meta-inferences). Therefore, we can say that the logical relation in the inferential level is the
empty relation (because there are not valid sequents), and therefore non-reflexive logics are
trivially consistent (since there is not any sentence such that the theory proves it and proves
its negation). So this possibility is trivially discarded.
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