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Abstract

Damping plays an important role in science and engineering. A mathematically simple, but physically realizable
hysteretic damping model is still pending. In this letter, starting from the transfer function, a pseudo ordinary
differential equation was derived by augmenting the differential order. This is a standard linear ODE, involving only

differential terms, but integrals.
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Resumen

La amortiguacion juega un papel importante en la ciencia y en la ingenieria. Aln esta pendiente un modelo de
amortiguamiento histerético matematicamente simple, pero fisicamente realizable. En esta carta, a partir de la funcion
de transferencia, derivamos una pseudo ecuacion diferencial ordinaria al aumentar el orden diferencial. Se trata de una
EDO lineal estandar, sélo con términos diferenciales, pero integrales.
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1. INTRODUCTION

Coulomb damping is introduced in a physical textbook as
the simplest friction model, but it is nonlinear. In contrast,
an engineering textbook prefers to a linear model. A linear
viscous damping model is the simplest mathematically. To
account for the frequency dependent property of a realistic
energy dissipating mechanism, a general-purposed
damping model assumes that the energy loss per cycle
varies versus the vibration frequency [1].

Experiments have shown that the simplest form, a
frequency independent model, could cover the damping
property of many materials. This frequency independent
model, or “rate-independent” damping model, has
alternative names such as linear hysteretic damping,
structural damping, material damping, complex stiffness,
and internal damping. While the rate-independent damping
model looks simple in the frequency domain, it has an
unusual characteristic in the time domain which has
puzzled scientists for a long time [2, 3, 4, 5, 6, 7]. The
characteristic in question is the model has a non-causal
response to the impulse before the impulse is applied to the
system. Another issue is the equivalent ordinary
differential equation (ODE), which has also fascinated
scientists for a long time. The current consensus is this has
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been solved by using integro-differential equations [8].

A pseudo ODE was derived by augmenting the
differential order in this letter. This is a standard linear
ODE, involving only differential terms, but integrals.

I1. ODE FOR HYSTERETIC DAMPER

A single-degree-of-freedom (SDOF) vibration with the
linear hysteretic damper has a frequency response function
as

1

Hje)= m(jo)? +k(1+ jn signw)

@

where m and k are the system mass and stiffness,
respectively. >0 is the loss-factor.

Assume that the excitation and response are f(t) and
X(t), and their Fourier transform are F(jw) and X(jw),
respectively. In light of the linear system theory,

F(jo)

X (Je) =H(jo)F(jo) = m(jw)? + k(L+ jn signw)

O]

that is
http://www.journal.lapen.org.mx



Kui Fu Chen
m(je)* X (jeo) + kX (jo) + jn sig o (jo)=F(jo). ()

The Hilbert transform H [x(t)] is defined as

R(t) = H[x(V)] = [i@dr @)

t—-7

and in the frequency domain, Eq. (4) is equivalent to
X () = jsign(@)X (o), (5)

here X(w) is the Fourier transform of X(t) . In light of
Egs. (4) and (5), and the differential property, the time

domain equivalent of Eq. (3) is
mx" + kX +kx = f(t). (6)

Eg. (6) contains an integral, and is not a standard ODE.
According to the Hilbert transform definition, we have

X(t) = HIHIXOT = —X(t) , )

d (t)] _ dAHx(®)]

H
dt dt

®)

Eq. (7) is easily comprehended from Eq. (5). Eq. (8) is due
to the linear property of the differential operation and
Hilbert transform. X(t) can be solved from Eq. (6) as

follows

f (t) — mx" —kx
kn .

X =

©)

Applying the Hilbert transform to both sides of Eq. (6)
leads to (combining with Eq. (7) and Eq. (8))

mR” —kpx + k& = f (t)vb® - 4ac . (10)
Thus, we have
f(t) + knx — kR
gr TO+kipx—kx (1)

m
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Substituting Eq. (9) into Eq. (11) leads to

Cpf ) - fO)+ k@ +Dx+mx”

mrn
Applying differential operations twice upon Eq. (6) leads
to

)’i "

(12)

mx® + knpR" + kx" = £7(t) (13)

Substituting Eq. (12) into Eq. (13) yields

mx® & 2kmx” + k% (5 +1)x = mf "(t) + K[ (t) = T (1)].
(14)

That is a standard ODE with an augmented order.

REFERENCES

[1] Crandall, S. H., The role of damping in vibration
theory, J. Sound. Vib. 11, 3-18 (1970).

[2] Crandall, S. H., New hysteretic damping model?,
Mech. Res. Commun. 22, 201 (1995).

[3] Gaul, L., Bohlen, S., Kempfle, S., Transient and forced
oscillations of systems with constant hysteretic damping,
Mech. Res. Commun. 12, 187-201 (1985).

[4] Inaudi, J. A., Kelly, J. M., Linear hysteretic damping
and the Hilbert transform, J. Eng. Mech.-ASCE 121, 626-
632 (1995).

[5] Jones, D. I. G., Impulse response function of a damped
single degree of freedom system, J. Sound. Vib. 106, 353-
356 (1986).

[6] Milne, H. K., The impulse response function of a single
degree of freedom system with hysteretic damping, J.
Sound. Vib. 100, 590-593 (1985).

[7] Spanos, P. D., Zeldin, B. A., Pitfalls of deterministic
and random analyses of systems with hysteresis, J. Eng.
Mech.-ASCE 126, 1108-1110 (2000).

[8] Inaudi, J. A., Makris, N., Time-domain analysis of
linear hysteretic damping, Earthqg. Eng. Struct. D 25, 529-
545 (1996).

http://www.journal.lapen.org.mx



	Kui Fu Chen
	(Received 7 February 2010; accepted 15 May 2010)
	I. INTRODUCTION
	II. ODE FOR HYSTERETIC DAMPER




