An alternative proof of the g-lemma of finite-time

thermodynamics

J. Gonzalez-Ayala, F. J. Lopez-Ramos, L. A. Arias-Hernandez, F. Angulo-Brown

EDVCATIO PHYSICORVM

QVO NON ASCENDAM ¢

e

Escuela Superior de Fisica y Matematicas, Instituto Politécnico Nacional,
Unidad Profesional “Adolfo Lopez Mateos™, Zacatenco, Delegacion Gustavo A. Madero,
Edificio 9, CP 07738, México D. F.

E-mail: noldor_21@yahoo.com.mx

(Received 27 March 2010; accepted 9 May 2010)

Abstract
In this paper we present an alternative proof of the so-named g-lemma of finite-time thermodynamics. It is shown that
g-lemma does not impose any restriction on the heat transfer laws or reflect any kind of criterion on whether a heat
transfer law proposal could be valid in nature or not, however, the possibilities to work with new heat exchange
models can be reached since combinations of heat transfer laws may be treated by using the invariant form of the g
function.
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Resumen
En este articulo se presenta una demostracion alternativa del llamado lema g de la termodindmica de tiempos finitos.
Se muestra que el lema g no impone restriccion alguna sobre las funciones de transferencia de calor o que represente
algin criterio para validar o no funciones de transferencia de calor para ser consideradas como validas en la
naturaleza, sin embargo, utilizando la forma invariante de la funcién g(n) (que no depende las funciones de
transferencia de calor entre los acoplamientos) es posible trabajar con nuevos modelos de intercambio de calor.

Palabras clave: Lema g, maquina de Curzon-Ahlborn, leyes de transferencia de calor.

PACS: 44.60.+K; 44.90.+C

1. INTRODUCTION

Classical equilibrium thermodynamics (CET) has played a
very important role in the analysis and design of thermal
engines [1]. The main role of CET within the study of
thermal engines has consisted in providing superior or
inferior bounds for process variables such as efficiency,
work, heat and others. However, the CET bounds are only
achievable in the reversible limit and usually they are far
away from typical real values of the corresponding heat
engine characteristics. Since around three decades finite-
time thermodynamics (FTT) has been developed [2, 3, 4,
5, 6, 7, 8, 9]. One of the main purposes of FTT has been
to formulate heat engine models under more realistic
conditions than those of CET. By means of FTT heat
engine models a reasonable good agreement between
theoretical values of process variables and experimental
data has been obtained [10, 11, 12, 13, 14, 15]. Practically
all FTT models are elaborated within the context of
optimization criteria, such as minimization of entropy
generation [16], maximization of power output [10],
optimization of profits [17] and maximization of a kind of
ecological function [18]. In 1975, Curzon and Ahlborn
[10] introduced a Carnot-like thermal engine in which
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there is no thermal equilibrium between the working fluid
and the thermal reservoirs at the isothermal branches of
the cycle. These authors demonstrated that such an engine
produces nonzero power (contrary to the Carnot reversible
engine), and that the power output can be maximized by
varying the temperatures of the cycle's isothermal
branches. The efficiency under maximum power
conditions is [10],

T2

Mea=1- |7~ 1)

where T; and T, are the temperatures of the hot and cold
thermal reservoirs, respectively. Eq. (1) was obtained
assuming that heat flows between thermal reservoirs and
working fluid obey a Newton's cooling law, so this result
depends on the type of heat transfer law. If a different one
is used, Eg. (1) is not obtained [19, 20]. In 1991, an
ecological optimization criterion for FTT-thermal cycles
was proposed [18]. This criterion consists of the
maximization of a function E that represents a good trade
off between high power output and low entropy
production. This function is given by
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E =P -Tya, )

where P is the power output of the cycle, o the total
entropy production (system plus surroundings) per cycle,
and T, the cold reservoir temperature. The FTT-regime
under maximum-E function leads to the following
properties [18, 21]: the semisum property and the 75-25
corollary; that is, the maximum ecological efficiency is,

1
ng =~ 5 Mc +Nca), ©)

where 7 is the Carnot efficiency and n¢,4 is the maximum
power efficiency. On the other hand, when E function is
maximized, the CA-cycle has a configuration that
produces around 75% of the maximum power and only
about 25% of the entropy produced under the maximum
power regime [18, 21]. In ref. [21] it was showed that the
semisum formula (Eqg. (3)) and the 75-25 corollary are
general  properties of CA-endoreversible  cycles,
independent of the heat transfer laws used in a CA-engine
model. These demonstrations were made by means of the
so-called g(n) function (g-lemma) [21]. In the present
article we show an alternative demonstration of the so
called g-lemma and we discuss the possibility that through
g-lemma new heat transfer laws can be proposed. The
article is organized as follows: In Sect. Il, we present a
resume of the g-lemma; in Sect. Ill, we show an
alternative proof of this lemma; and we present some
examples of unusual heat transfer “laws” that satisfy the g-
lemma; in Sect. IV we briefly comment the lack of
requirements on heat transfer laws necessary to comply g-
lemma and finally some conclusions are given.

Il. THE g FUNCTION AND g-LEMMA

For CA cycles, it was shown in Ref. [11] that the power
output P and the universe’s entropy production ¢ are
linked by [Py(x,¥)/on(x,y)] = g(x,y) = [Pop(x,¥)/
gDPxy, where Gry=r17271-72-x—y  with
x=T,—-Ty, and y =T,, — T, (see Figure 1), and the
subscripts N and DP refer to Newton’s and Dulong-Petit’s
laws of cooling respectively. These expressions were
derived in the context of a CA treatment using the
variables x and y. However, when one adopts a treatment
based on only one variable [3], namely the efficiency 7,
the expression for g(x, y) becomes [18]

T1Ton — 1
—-T2—nT1  nc¢—

gn) = T1 T;. 4)

Thus, for the two heat transfer laws mentioned, we have

P(n) = gmam), ®)

besides, for instance, for heat transfer laws of the form,

Ql = a(le_lew)
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and

Q2 = B(T5,~T5), (6)
a, B being thermal conductances and k = 1,2, ...,n (for
example, k=1 for Newton heat transfer law), the
functions P(n) and o(n) are given by [21, 22]

a-mkrf-r§

)2 = : 7
) ynﬁ(l—n)nffﬁu—n)k @
and
o(n) = [Ty —To][(1—m)* Tf —TF] @®)
Ny -m+hz-nk

with y = af/(a + ). On the other hand, if the heat
transfer laws at the couplings between the working fluid
and heat reservoirs have the form

Q =a(T; - le)k,
and

Q2 = B(Tp — T, ©)
with k > 0 (for example, k = 5/4 for the Dulong-Petit

heat transfer law), functions P(n) and o(n) are given by
[21, 22],

k
_ p 1 A-—n)T—T
P(U) - aﬁ 1-n [al/k+ﬁ1/k(1—n)(k_1)/k] ’ (10)
and
o) = 24T, (A-mTi =T ]"
1 nr  1-, al/k+ﬁ1/k(1—n)(k—1)/k

(11)

It was demonstrated in Ref. [21] that the function g(n)
given by Eq. (4), which links power output with entropy
production is independent of any heat transfer law used in
an endoreversible CA cycle. Starting from Figure 1, we
have that the universe entropy production per cycle is
given by

(12)

By using the endoreversibility hypothesis [10], which is

@ _ o

) 13
Tow  Tiw (13)

Eqg. (12) reduces to

a=&—ﬁ>0.

T, T (14)
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If we use the first law of thermodynamics, we get

_Ql—P Ql_ (1 1) P
=L b 0 (z-5) -
T; Ty o T T

where P is the work per cycle period (power output of one
cycle). Multiplying Eq. (15) by n we obtain

(15)

no =nQq (—2 - Tll) - % (16)
which becomes
PO) = one oD, an
or
P(n) = —=Ty0(n). (18)

Thus it was determined that the g(n) function is
independent of the heat transfer law corresponding to Q;
and @Q,, which along Egs. (12-18) are not specified.

FIGURE 1. CA cycle.

111 ALTERNATIVE PROOF OF THE g-
LEMMA

Let suppose two arbitrary “laws” (laws-like) of heat

Q2 = Bfo(T2, Ty, (19)

Q1 = afi(Ty, Thy),

where Ty = Ty, = Toy = Ts.
Lat. Am. J. Phys. Educ. Vol. 4, No. 2, May 2010

269

An alternative proof of the g-lemma of finite-time thermodynamics.
Endoreversible hypothesis (ERH) establishes that [10]:

T% = T‘j—i. (20)
Because the internal part is a Carnot engine, then
n=1- 2—: (21)
Substituting Eqgs. (19) in Eq. (20) we obtain:
le fz (T2, Taw) = fi(T1, Taw), (22)

where y = Solvmg for Eqs (21) and (22) lead to

the foIIowmg relation,

ﬁfZ(TZ'TZW) = fl(Tl'le)' (23)

The power output P and the entropy production per cycle
o are related to Q, and Q, as follows [10],

P=1Q:il =1 o=-2+2 (2
1 2
thus, from Eq. (23), both of them are functions of 7,

PO = 1L = B| fo(To, Tou) = B Fo(T5, Tow), (25)
[ B

o) = [~ T £ AT, (26)
and therefore, by rewriting Eq. (26)

1-n)T1-T:
o(n) = B[ G2 (T Tow), (27)

finally, we arrive to the desired result obtained in [21] and
[18],

P(n)

_ _Nhhn  _ m
—_— T,.
a(m)

A-mMT1-T2  nc—

gn) = (28)

Thus, the function g(n) does not depend on the particular
form of the functions f; (T, Ty, ) and £, (T, Ty, ).

A. Examples

Below there are some examples of heat transfer laws-like
different from the usual cases. Those heat transfer laws-
like in each case permit that heat flows from the hot to the
cold bodies.

A.1 Example 1

Given the heat transport laws,

O =a(M — T, ), Q=BT — D™ (29)
http://www.journal.lapen.org.mx
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That is, different heat laws at upper and lower thermal
couplings. Applying directly the Egs. (25) and (27) from
the last proof,

P() = f 5 (T = T™, (30)
o(n) = B [t (T — )™, (31)
and then,
P TThm 7
90 = ey T AT, m—n '

That is the g(n) function, so the g-lemma is fulfilled.
One might consider from Egs. (30) and (31) that the value
of Ty, Iis free to be chosen in the (T,,T;) interval (see
Figure 1).

From the ERH we have,

le (TZW - TZ)m = (Tl - TlW )! (32)

the solutions to this equation are plotted in Figure 2.

500 F ' ' g
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FIGURE 2. The solution to the ERH and n =1 —Ty,, /Ty,, are
plotted for the values of n = 0.35, T; = 400, T, = 200, k = 1.7,
m=2andy = 1.

0 100

200 400 500

Note that some values of T;,, and T,,, that solve ERH are
such that T;,, <T,, or Ty <T,, or T, <T, which are
not desired, only by restricting T;,, and T,,, to comply that
the internal efficiency is a Carnot efficiency, one physical
result is obtained. The shaded triangle in Figure 2 is
actually the physical region where T;,, and T,, can take
values, the point of the curve that cross the right-bottom
corner of the triangle correspond to the case where the CA
engine is a Carnot engine (n = 1 — T, /T;) and points that
cross the hypotenuse of the triangle correspond to zero
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efficiency. Any laws-like proposed in the examples of this
work have a similar behavior.

The reason to have only one valid solution for Ty,, and T,
in the physical region might not be answered by just
considering first and second laws of thermodynamics (g-
lemma is a compactification of both laws), but another
criteria must be applied to answer this question, this is not
discussed in the present work.

A.2 Example 2.
Let
Q =aln- and = pln 2 Bw (33)
1w
be the heat transfer laws-like.
By using the ERH:
0 _ Q% Tw)pTw _ oy
H T Ty = ()/ T2w) In T, in T1y'’ (34)
and
T, w
n=1-2x (21)
and then replacing Eq. (21) into Eq. (34) yields to,
Ly I (35)
1-7 T2 Tiw
Thus
— qlnL _ Tow
P(n) = alnle Bln Tz
Y T2W TZW ( > T2W
=a In— — l—= —_— l—
1-n T, Aln T, 1- A T,
—p(L_ Tow _ p( 1\ 2w
_ﬁ(1—n 1) In T, _3(1—n)ln T, ' (36)
and
ozlnT—1 lnTz—W &y
T T 1w B Tw
oty = — T 4 _< 1L
— B TZW
=ma—(-F+1-n)m= @)

and therefore,

ﬁ(lnn) T1T2n _.n

= = T,.
B (T2 1-n)Ty T, -2
Tz(l_n)( ot n)  A=mTi=Tp — ne-n

g =

That is, the g(n) function again for logarithmic heat
transfer laws-like.

A.3 Example 3.

Let be,

http://www.journal.lapen.org.mx



Q. = asenh (TT—l - 1), and

1w

Q; = fsenh (2 - 1). (38)
T2
By using the ERH, we get,
4 Tow _ T
(E) senh (E — ) = senh (E — 1). (39)
Therefore
P() = (& — B)senh (2 - 1),
—(__F £ Tow _
o(n) = ( o + Tz) senh ( m 1), (40)
1 1 TyT.
_ —-n _ 1127
90m) = ;(_24_ 1— 77) CA-mN-T,
L,(1-m\ T

The same result that the previous one.

From Ex. 2 and 3, one can see that if Q; =
afi(Ty/Ty,) and Q, = Bf5(Ts, /T,), we end up with the
following expression:

H)rE) =46

And following from this point as it was showed in the
demonstration (Egs. 23-28), the same result will be
obtained despite the form of the heat transfer functions
used at the couplings between working fluid and heat
reservoirs.

(41)

IV. REQUIREMENTS ON HEAT TRANSFER
LAWS TO COMPLY g LEMMA

The following section is intended to see if it is possible to
find heat transfer laws which do not satisfy g-lemma.
By definition,

_ P(m) _ T Tyn
om @A-mT-T,

gm)

where Ty, T, are fixed parameters.

Let Q; and Q, be the heat transfer laws in a CA cycle.
Note that the input conditions given are the temperatures
T, and T,. With these transfer laws P and o are calculated.

Again, ERH establishes '[hatTQ—1 = TQ—Z, it is known that [3],
1w 2w
c=2_%U5 (42)
T, T

and P being a fraction of the input heat per cycle, it has the
form

P = r]Ql! (43)
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then:

P_ nQ1 _ nNhTy
ek P TR (44)
T2 T1 191 2

Let's inquire which conditions must be satisfied, if any, by
Q; and Q, to fulfill g-lemma. If it is taken for granted that,

nT1iT, T1Tyn

=g =————, 45
Tlg—i—Tz 9 T-T—nTy (45)
Q
=T10—21—T2 =T, —T, —nT, (46)
we obtain the well known relation
Q2 _
Q1

as it should happen. Moreover, since the internal machine
is a Carnot engine, it holds that,

~Lw (21)

n - 1 Ty
In the CA cycle Ty,, and T,,, are the variables to find. But
as Q1 = Q1(Thy) and Q; = Q (T3, We expect that

Q
Q_i = f(let TZW)’

(48)
is a function of Ty, and T,, (the real variables to find
since T; and T, are taken as fixed parameters), which
implies that:

f(T1W'T2w) =1- n. (49)
Egs. (21) and (48) form a system of two equations with
two unknowns (Ty,, and T, ), since n is given and because
the system is soluble, g-lemma is satisfied. Therefore, it
suffices to find the value of Ty, (or Ty, ) to find T, (or
T;,,) and with (21) and (48) to find the other one. This is
shown in the following example.

A. Example 4.

Using the heat transfer laws-like from Example 2:

Q1 = a’(lnT1 - lnle),

Q; = B(InTy, — InTy), (50)
_ & _ ﬁ(lnTzW—lTLTz)
L=m = = aunti—inty)’ (51)

From Eq. (21) Ty, = Ty, (1 —n), replacing T,, in Eq.
(51)
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_p = BT Am)— InTp]
l=n=7 (InTi—InTy,) ' (52)

solving for T;,, we get:

1
FEAm, [HEp
Ty = [—1 rE— , (53)

implying that Q; and Q, satisfy g-lemma (45).

V. CONCLUSIONS

It has been presented an alternative proof of g-lemma of
finite time thermodynamics. It is also notable that the heat
transfer functions need to be not physically acceptable, nor
even real. It was known that g(n) does not depend on the
heat laws, but it was doubtful whether any heat laws agree
whit the g-lemma or just a few would satisfy it. The
arbitrariness in the choice of the heat transfer laws in Eqgs.
(19) is an indicative that apparently shows that the nature
of the heat exchange is not subject to any restriction
imposed by g-lemma. However, it is quite interesting that
the nature of the heat exchange between the stores
T, » Ty, and T,, — T, may be different (for example,
radiative the first one and convective the second one) and
the g-lemma is still valid.
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