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We introduce and characterize the class £, of polynomials between Banach spaces
whose restrictions to Dunford—Pettis (DP) sets are weakly continuous. All the weakly
compact and the scalar valued polynomials belong to #,4. We prove that a Banach space £
has the Dunford — Pettis (DP) property if and only if every P € 2, is weakly sequentially
continuous. This result contains a characterization of the DP property given in [3],
answering a question of Pelczynsky: E has the DP property if and only if any weakly
compact polynomial on E takes weak Cauchy sequences into convergent ones. It also extends
other characterizations of the DP property by operators to the case of polynomials. Other
properties of polynomials between Banach spaces are obtained.

E, F and G will denote Banach spaces. E* will be the dual of E, and IN the set of
natural numbers. A subset ACE is a DP set if for any weakly compact operator
T: E— F, T(A) is relatively compact in F. We say that A c E is a Rosenthal subset if
every sequence in A has a weak Cauchy subsequence. An operator T: E — F is completely
continuous if it takes weakly null sequences into null sequences. T is Rosenthal if it takes
the unit ball of £ into a Rosenthal subset of F. E has the DP property if every weakly
compact operator T: E — F is completely continuous.

For n € N, L("E,F) denotes the vector space of all n—linear continuous mappings from
E"=Ex® xE into F. Any map P:E——F of the form P(z)= A(z,..,z), where
A€ L("E,F), is called an n—homogeneous continuous polynomial, and we shall write
Pe P ("E,F). When F is the scalar field, we simply write L(*E) or #("E), respectively.
P e 2 (™E,F) is said to be (weakly) compact if it takes the unit ball of E into a relatively
(wéakly) compact subset of F.

We shall need the following characterizations of the ideal WCo o Co of all operators
T: E — F such that Ko T is compact for every weakly compact operator K: F — G:

PROPOSITION 1. Let T: E— F be an operator and T*: F* — E¥* its adjoint. The
following assertions are equivalent:
a) T belongs to the operator ideal WCo o Co.

1 Supported in part by DGICYT Grant PB88—0417.
2 Supported in part by DGICYT Grant PB87-1031.

17



18 M. GONZALEZ AND J.M. GUTIERREZ

b) For every weakly compact operator K: F — cq, Ko T is compact
¢) TBg is a DP set in F.
d) T* is completely continuous.

We denote by Cyi(E,F) and C,qy(E,F) the space of all mappings f: E — F which
are weakly continuous when restricted to weakly compact and DP sets, respectively.
Cyuk(E,F) can also be described as the space of all weakly sequentially continuous mappings,
i.e. mappings taking weakly convergent sequences into convergent omes. It is easy to show
that Cy(E,F)c Cyy(E,F)c C(E,F), where C(E,F) is the space of all continuous
mappings from E to F. We denote 2y, (*E,F) = Cyo(E,F)n P ("E,F) for a=k or d.

For an operator S: G — E, we shall denote by Sk: Gk — E* the operator given by
Sk(zq,.:.,24) = (821,-.-,57}), where z4,...,z4 € G.

THEOREM 2. Let S: G — E be an operator in the ideal WCo Lo Co. Then, for every
- k€N, the operator S%: L(*E) — L(¥G) given by 5% (A) = A o Sk, is completely continvous.

COROLLARY 3. ([4]) If E* has the Schur property, then so have L(*E) and 2 (*E) for
every ke N.

THEOREM 4. The spaces P (¥E) and 2 ,4(*E) coincide for every k€ N.

PROPOSITION 5. Given k€N and a polynomial Pe 2 (*E, F), the following assertions.
are equivalent:
a) P€ Pyq(*E,F).
b) For any operator S: G — E in the ideal WCo o Co, Po S is compact.
¢) P takes DP sets into relatively compact ones.
d) P is weakly uniformly continuous on DP sets of E.

Given a polynomial Pe #(*E,F), its adjoint is the bounded linear map
P*: F* — 2 (kE), defined by P*()=yoP (¢ € F*). It is proved in [5, Prop. 2.1] that
Pe #(E,F) is weakly compact if and only if P* is weakly compact.

PROPOSITION 6. A polynomial P€ P (XE,F) has Rosenthal adjoint if and only if there

ezists a space G whose dual contains no copy of £y, a polynomzal Pe #(*E,G) and an
operator j: G — F such that joP = P.

THEOREM 7. If P€ 2 (FE,F) has Rosenthal adjoint, then P€ P q4(*E,F).

THEOREM 8. The following assertions are equivalent:
a) E has the Dunford — Pettis property.
b) For every Banach space Fandn €N, 2,4("E,F) = P, (*E,F).
'c) For every Banach space F and n €N, every polynomml P e #("E,F) with Rosenthal
adjoint belongs to Py ("E,F).
d) For every Banach space F and n € N, every weakly compact polynomial P € #(*E,F)
belongs to Py ("E,F). :



POLYNOMIAL DUNFORD-PETTIS PROPERTY 19

e) For some n € N, every weakly compact polynomial P € P (*E,cq) belongs to P ("E,cq).

The equivalence a) & b) was obtained by Ryan [3], answering a question of Pelczyhski
[2]. The relations a) & ¢) and a¢) & c¢) for n =1 may be found in [2, Prop. 4] and
[1, Th. 11], respectively.
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